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ABSTRACT

In this paper, we first introduce the notion of double Satake diagrams for compact symmetric triads.
In terms of this notion, we give an alternative proof for the classification theorem for compact
symmetric triads, which was originally given by Toshihiko Matsuki. Secondly, we introduce the
notion of canonical forms for compact symmetric triads, and prove the existence of canonical forms
for compact simple symmetric triads. We also give some properties for canonical forms.
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1. Introduction

A compact symmetric triad is a triple (G, 61, 62) which consists of a compact connected semisimple Lie group
G and two involutions ¢, and 6, on it. The study of compact symmetric triads is motivated by the geometry
of Hermann actions. If we denote by K; the identity component of the fixed point subgroup of G for §;,i =1, 2,
then G/K; is a compact Riemannian symmetric space. The natural isometric action of K, on G/Kj is called
the Hermann action of K> on G/K;. In the case when 6, = 63, we have K; = K5, and the Hermann action
is nothing but the isotropy action on G/K;. It is known that Hermann actions have a geometrically good
property, the so-called hyperpolarity ([6]). In general, an isometric action of a compact connected Lie group on a
Riemannian manifold is called hyperpolar, if there exists a connected closed flat submanifold that meets all orbits
orthogonally. Such a submanifold is called a section or a canonical form of the action. It is known that any section
becomes a totally geodesic submanifold. The classification of hyperpolar actions on compact Riemannian
symmetric spaces was given by Kollross ([14]). By his classification most of hyperpolar actions on compact
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Riemannian symmetric spaces are given by Hermann actions. It is expected that a further development of the
theory for compact symmetric triads promotes a precise understanding of Hermann actions and their orbits.

In this paper, we first study the classification theory for compact symmetric triads. Matsuki ([15]) introduced
a non-trivial equivalence relation ~ on compact symmetric triads (Definition 2.2). Roughly speaking, if two
compact symmetric triads are isomorphic with respect to ~, then their Hermann actions are essentially the
same. Our concern is to classify the local isomorphism classes of compact symmetric triads. For this, we
will generalize the method to classify compact symmetric pairs due to Araki ([1]). In fact, he obtained the
local isomorphism classes of compact symmetric pairs in terms of Satake diagrams. Then, we introduce the
notion of double Satake diagrams as a generalization of Satake diagrams (Definition 4.5). The equivalence
relation ~ induces a natural equivalence relation on double Satake diagrams. In fact, the local isomorphism
of a compact symmetric triad determines that of a double Satake diagram, and this correspondence becomes
bijective (Theorem 5.12, Lemma 5.13). By using the results we obtain the classification of the local isomorphism
classes of compact symmetric triads, namely, the classification of double Satake diagrams (Theorem 5.18)
derives that of the local isomorphism classes of compact symmetric triads (Corollary 5.19). Our classification is
listed in Table 4. In addition, for each isomorphism class of compact symmetric triads, we can give the method
to determine its rank and order by means of the corresponding double Satake diagram, which are also given in
the same table. Although the original classification of compact symmetric triads was given by Matsuki ([15]),
such data are advantages of our classification. Our motivation for giving the alternative proof comes from the
study of not only Hermann action but also the classification of noncompact symmetric pairs in terms of the
theory for compact symmetric triads ([2]). The results of this paper plays an important role in the forthcoming
paper [3].

Next we study canonical forms for compact symmetric triads. Intuitively, for the isomorphism class
(G, 61,02)], a canonical form is defined as a representative of [(G, 61, 62)] which has the most easy structure
in [(G, 6, 62)]. Our precise definition of the canonical form of [(G, 61, 65)] is given in Definition 6.1. We prove
the existence of canonical forms in the case when G is simple (Theorem 6.6). As mentioned above, if two
compact symmetric triads are isomorphic to each other, then so are their Hermann actions. Nevertheless,
we find that there is a difference in understandability between their Hermann actions. Hence it is necessary
to choose a canonical form in the isomorphic class. This is significant to study canonical forms of compact
symmetric triads. For example, in the case when [(G, 0;,6,)] is commutable, its canonical form is given by a
commutative compact symmetric triad (G, 0/, 05) ~ (G, 01, 02). The second author ([9]) developed a systematic
method to study orbits of Hermann actions for such (G, 61, 65). By applying his method, many mathematicians
contributed to study commutative Hermann actions (for example, [10], [11], [17], [18], [20]). On the other hand,
the study of Hermann actions for non-commutable case was found in [5] and [19], and their studies were based
on the classification. For further direction, we should construct a unified theory for the geometry of Hermann
actions whether (G, 01, 62) is commutative or not, and expect that the canonical forms plays a important role in
such a study.

The organization of this paper is as follows: In Section 2, we recall the notion of compact symmetric
triads. We define the rank and the order for a compact symmetric triad and for its isomorphism class. The
hyperpolarity of a Hermann action is also explained. In Section 3, we recall that the local isomorphism classes
of compact symmetric pairs correspond to o-systems and Satake diagrams. In Section 4, we first introduce
the notion of double o-systems. We also define an equivalence relation on double o-systems based on the
equivalence relation ~ (Subsection 4.1). Next, we introduce the notion of double Satake diagrams and their
isomorphism classes for double o-systems (Subsection 4.2). In Section 5, we introduce the notion of double
Satake diagrams for compact symmetric triads. We prove Theorems 5.12 and 5.18 mentioned above. We
determine the rank and the order for the isomorphism classes of compact simple symmetric triads based on the
classification. Furthermore, we give special isomorphisms for compact simple symmetric triads and determine
which compact simple symmetric triads are self-dual. In Section 6, we introduce the notion of the canonicality
for compact symmetric triads (Subsection 6.1), and prove its existence (Theorem 6.6 in Subsection 6.2). We also
give some properties for the rank and the order of a canonical form (Subsection 6.3).

2. Compact symmetric triads

2.1. Compact symmetric triads and Hermann actions

Let G be a compact connected semisimple Lie group, and 6,6, be two involutions of G. We call the triplet
(G, 61,02) a compact symmetric triad. Denote by K; (i = 1, 2) the identity component of the fixed point subgroup
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of §; in G. Then G/ K; is a compact Riemannian symmetric space with respect to the Riemannian metric induced
from a bi-invariant Riemannian metric on G. The natural isometric action of K5 on G/ K} is called the Hermann
action.

In what follows, we show that the Hermann action is a hyperpolar action. In particular, we give its section.
We also recall an equivalence relation on compact symmetric triads which was introduced by Matsuki ([16]).
Then we observe that two compact symmetric triads are isomorphic in his sense, then their Hermann actions
are essentially the same.

Let g be the Lie algebra of G and exp : g — G denote the exponential map. For each i = 1, 2, the differential
df; of 0; at the identity element in G gives an involution of g, which we write the same symbol 6; if there is
no confusion. Let g = & & my = €2 & my be the canonical decompositions of g for 6, and 6,, respectively. We set
912 = (X cg|0.0,(X)=X}={X cg|0,(X)=0(X)} = g?%. Then g?+%2 becomes a (1, 6,)-invariant Lie
subalgebra of g. Clearly, 6; = 6, holds on g?1%. The canonical decomposition of g?1% for 61| 4,0, is given by

99192 = (El n Eg) D (m1 ﬁmg).

Let a be a maximal abelian subspace of m; N m,. It is known that A := exp(a) is closed in G. Hence, A becomes
a compact connected abelian Lie subgroup of G, that is, a toral subgroup. The following theorem was proved
by Hermann.

Theorem 2.1 ([8]). Retain the notation as above. Then,
G = K1 AKy = K9 AK].

Let m : G — G/K; denote the natural projection. Then 7 (A) is a flat totally geodesic submanifold of G/Kj.
It follows from Theorem 2.1 that each K»-orbit intersects 7 (A). In fact, it is shown that 7; (4) gives a section of
the Hermann action K5 on G/K;. Hence this action is hyperpolar.

Let Aut(G) denote the group of automorphisms on G and Int(G) the group of inner automorphisms on G.
Then Int(G) is a normal subgroup of Aut(G). Matsuki ([16]) introduced the following equivalence relation on
compact symmetric triads.

Definition 2.2. Two compact symmetric triads (G,6:,6:) and (G,#6!,6,) are isomorphic, which we write
(G,0:1,02) ~ (G,0],05), if there exist ¢ € Aut(G) and 7 € Int(G) satisfying the following relations:

1

0y = b1t 04 =Tplhp!

1 (2.1)
Geometrically, (G, 61, 62) ~ (G, 0/, 05) means that their Hermann actions are isomorphic. Indeed, we obtain an
isomorphism between them as follows. Assume that there exist ¢ € Aut(G) and 7 € Int(G) as in (2.1). Denote
by K the identity component of the fixed point subgroup of ¢} in G. We obtain an isometric isomorphism
®:G/K, — G/K| by
®:G/K1 — G/Ky; gK1 — ¢(9)K].

Then the K»>-action on G/K; is isomorphic to the 7—!(K})-action on G/ K via ®.

The Lie subgroups K1 N K> and G%% := {g € G | 6162(g) = g} of G play a fundamental role in the study of
(G, 61,02). However, their Lie group structures and even their Lie algebra structures depend on the choice of a
representative of its isomorphism class [(G, 01, 62)]. We expect that these structures are determined by taking a
representative with ‘easy structure’ in [(G, 61, 2)]. We will introduce such a representative as a canonical form
in Section 6, which is one of the main subjects of the present paper.

2.2. Rank and order for compact symmetric triads

We define the rank of a compact symmetric triad (G, 61, 62) as the dimension of a maximal abelian subspace
a of my Nmy, which we write rank(G, 01, 62). Its well-definedness is shown by the Ad(K; N K»)-conjugacy for
maximal abelian subspaces of m; Nmy, where Ad denotes the adjoint representation of G. Since the tangent
space of 7 (A) gives the normal space of a principal orbit of K, on G/ K, the rank is equal to the cohomogeneity
of the action. Hence, for two compact symmetric triads (G, 01, 02) ~ (G, 01,05), the cohomogeneity of the K>-
action on G/ K; is equal to that of the Kj-action on G/K). Namely, we have the following lemma.

Lemma 2.3. Assume that two compact symmetric triads (G,61,0-) and (G,01,0%) satisfies (G,01,02) ~ (G,01,05).
Then we have rank(G, 61,02) = rank(G, 0}, 05). Hence we define the rank of the isomorphism class (G, 61,02)] of
(G, 01,02) as that of (G, 01, 02), which we write rank[(G, 01, 02)].
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Let (G, 01, 62) be a compact symmetric triad and a a maximal abelian subspace of m; N m,. Then there exists a
maximal abelian subspace of m; containing a for each i = 1, 2. However, [a;, az] = {0} does not hold in general.
In the case when [a;, as] # {0}, there exist no maximal abelian subalgebras t of g such that t contains both a;
and ay. On the other hand, retaking (G, 61, 62) in its isomorphism class if necessary, the following lemma holds.

Lemma 2.4. There exists a compact symmetric triad (G, 601,65) ~ (G, 01, 62) and a maximal abelian subalgebra t of g
satisfying the following conditions:

(1) a1 :=tNmy and afy, ;= t N m} are maximal abelian subspaces of my and wl, respectively. In particular, tis (61, 65)-
invariant.

(2) a:=tN(my Nmy) is a maximal abelian subspace of mq N m,.

Proof. Let a be a maximal abelian subspace of m; Nm;. Let a; be a maximal abelian subspace of m; containing
a. We define a closed subgroup N (a) of G by N(a) := {g € G | Ad(g)a = a}. Since G is compact, so is N(a). Then
the identity component N (a), of N(a) becomes a compact connected Lie group. Furthermore, its Lie algebra
n(a) has the following expression:

n(a) ={X eg|[X,a] Ca}.

Since [a;,a] C [a;,a;] = {0} holds, we have a; C n(a). Hence a; is an abelian subalgebra of n(a). By general theory
of compact connected Lie groups, there exists g € N(a)o satisfying [a;, Ad(g)az] = {0}. We set 05 := 7,057, "
Then we have df) = Ad(g)df2Ad(g)~" and m), = Ad(g)m,. From the inclusion a C a3, we get a = Ad(g)a C
Ad(g)ag =: a,, C m. This yields a C a; N aj. In addition, by the maximality of a, we obtain a = a; N aj. Since
[a1,a5] = {0} holds, there exists a maximal abelian subalgebra t of g containing a; and a5. This t satisfies the
two conditions as in the statement. O

We denote by rank(G) the rank of the compact connected semisimple Lie group G, and by rank(G, 6;) the
rank of the compact symmetric pair (G, 6;). From Lemma 2.4 we have the following corollary.

Corollary 2.5. If rank(G) = rank(G, 61), then rank(G, 62) = rank(G, 61, 62) holds.

Proof. The statement of this corollary is independent of the choice of a representative in the isomorphism class
[(G, 61,02)]. By Lemma 2.4 we may assume that there exists a maximal abelian subalgebra t of g such that t N m;
(¢ = 1,2) is a maximal abelian subspace of m;, and that t N (m; N my) is a maximal abelian subspace of m; N m,.
Then we have t C m; by rank(G) = rank(G, 6). This implies rank(G, 01, 02) = dim(tNm; Nmy) = dim(tNmy) =
rank(G, 62). Thus, we have completed the proof. O

We will define the order for the isomorphism class [(G, 1, 02)]. For the representative (G, 6., 62), the order
of the composition 66>, which we write ord(6:6;), is defined by the smallest positive integer k satisfying
(6162)F = 1. If there is no such k, then 6,0, has infinite order, which we write ord(6,6,) = co. The value of
ord(6:162) depends on the choice of a representative of [(G, 01, 62)]. We define the order of the isomorphism class
[(G,01,02)] by

ord[(G, 01,02)] :== min{ord(0165) | (G, 61,05) ~ (G, 61,02)} € NU {oo}.

It will be shown later that [(G, 61, §2)] has a finite order in the case when G is simple.

Here, we observe compact symmetric triads with low order. For two involutions #; and 6, on G, we write
61 ~ 0 if there exists 7 € Int(Q) satisfying 6> = 7617~ . A compact symmetric triad (G, 61, 6,) satisfying 6, ~ 62
is isomorphic to (G, 61, 61). Hence, for a compact symmetric triad (G, 61, 62), the order of [(G, 61, 602)] is equal to
one if and only if #; ~ 62 holds. The Hermann action induced from such (G, 61, 62) is nothing but the isotropy
action K; on G/K;. In other words, (G, 61, 62) with 6, ¢ 6, gives a nontrivial Hermann action. The isotropy
actions of compact symmetric spaces have been studied by many geometers. Therefore we will mainly focus
our attention on compact symmetric triads (G, 01, 62) with 0; ¢ 6. A compact symmetric triad (G, 01, 02) is said
to be commutative, if 61605 = 626, holds. Clearly, ord[(G, 61, 62)] < 2holds if and only if [(G, 61, 02)] is commutable,
i.e., there exists a commutative compact symmetric triad (G, 61, 05) ~ (G, 61,02).

The following proposition gives a sufficient condition that the order of [(G, 01, 6,)] is equal to one.

Proposition 2.6. Let (G,61,0-) and (G,01,0%) be two compact symmetric triads satisfying (G, 01,02) ~ (G, 07, 05).
Assume that there exists n € N such that (0102)™ = 1 and (01605)" "1 = 1. Then we have 6, ~ 0. In particular, 0 ~ 0,
holds.
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Proof. Without loss of generalities we may assume that 6] = 6; and 65 = 7027~ for some 7 € Int(G). Then, we
have (6,05)" "1 = (0;70,7=1)"0, (7027 1). Hence it is sufficient to show that there exists 7; € Int(G) such that
(917’6‘27_1>n91 = T192T;1.

Let us consider the case when n is even: n =2m for some m € N. Then we have (6;70>771)"0; =
(017057 1)01 (017027~ 1)™. Let g be in G satisfying 7 = 7,. Since 0;7, = 79,(4)0; holds, there exists 7 € Int(G)
satisfying (61702771)™ = 71(0162)™. From (6,602)*™ = 1, we obtain

(917_927_—1)7191 = 71(9102)m01(0291)m7f1 = 71(9192)2m€1Tf1 = T191Tf1.

In the case when n is odd, a similar argument shows that there exists 7; € Int(G) such that (61707 1)"60; =
T1027] I Thus, we have complete the proof. O

Here, let us consider the case when the rank of [(G, 01, 62)] is equal to zero. Then K, acts transitively on G/K;
by Theorem 2.1. Furthermore, the value of the order of ¢/ 65 is independent of the choice of a representative
(G,01,05) in [(G,01,02)], namely, the following proposition holds.

Proposition 2.7. Assume that the rank of [(G,01,602)] is equal to zero. If (G, 61,02) ~ (G, 61,065) then, ord(#,02) =
ord(60}6%) holds.

Proof. Tt follows from (G, 6,,62) ~ (G, 0}, 65) that there exist ¢ € Aut(G) and g € G satisfying the following
relation:

0 = ot by =Tepba0p7, ", 22)
where 7, is an inner automorphism of G defined by 7,(h) = ghg™' (h € G). By applying Theorem 2.1
to (G,01,05) we have ki € K{ and k; € K} satisfying g = k}k}. Here, we have used the assumption
rank[(G, 61,02)] = 0. Then from (2.2) we obtain

9/1 = Tk19/17—1;1 = (Tkﬁ@)gl(ﬂcﬁp)_l»
6‘5 = Tk-;leéTk?z = Tl;zl(Tszkl (»092307-];17—];1)7762 = (Tkl @)92(7—161 @)_1'

This obeys ord(6162) = ord(6165). Thus we have completed the proof. O

2.3. Compact symmetric triads at the Lie algebra level

In the present paper, we will also treat compact symmetric triads at the Lie algebra level. A compact
symmetric triad at the Lie algebra level is a triplet (g, 61, #2) which consists of a compact semisimple Lie algebra
g and two involutions #; and 6, of g. Let Aut(g) denote the group of automorphisms on g and Int(g) the group
of inner automorphisms on g. Then Int(g) is a normal subgroup of Aut(g). Let us define the Lie algebra version
of Definition 2.2 as follows.

Definition 2.8. Two compact symmetric triads (g,6:1,602) and (g,6;,65) are isomorphic, which we write
(g,61,02) ~ (g,01,05), if there exist ¢ € Aut(g) and 7 € Int(g) satisfying the following relations:

1

0y = 1", 04 =Tpbhhp!

71

Let us consider a correspondence between the Lie group level and the Lie algebra level for compact
symmetric triads. For a compact symmetric triad (G, 61, 62) at the Lie group level, (g, d¢:,dfs) gives a compact
symmetric triad at the Lie algebra level. Then (g, df:,df2) is called the compact symmetric triad at the Lie
algebra level associated with (G, 01, 65). We find that for two compact symmetric triads (G, 61, 6>) and (G, 07, 05),
(G,61,62) ~ (G, 0, 05) implies (g, db,db>) ~ (g,db],dd). We say that two compact symmetric triads (G, 6, 6-)
and (G, 01, 6) are locally isomorphic, if (g, d61,df2) ~ (g, dd}, db5) holds.

Conversely, for a compact symmetric triad (g, 61, 62) at the Lie algebra level, there exists a compact symmetric
triad (G, ©1, ©,) satisfying (g, d©1,dO2) = (g, 01, 62), where g is the Lie algebra of G. Indeed, let G denote the
universal covering group of a connected Lie group with Lie algebra g or the adjoin group of g. Then we can get
0, as the extension of 6, to an involution of G.

Let (g,61,02) be a compact symmetric triad at the Lie algebra level. The rank of (g, 61, 62) is defined as the
dimension of a maximal abelian subspace of m; N my. We define the rank of [(g, 61, 62)] by that of (g,61,62). In
a similar manner, the orders of (g, 61, 62) and its isomorphic class [(g, 61, 62)] are defined in the same way as in
the case of the Lie group level. We denote by rank((g, 61, 62)] the rank of [(g, 61, 62)], and by ord[(g, 61, 62)] the
order of [(g, 01, 62)].

By definition we have the following lemma.
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Lemma 2.9. For any compact symmetric triad (G, 61,62), we have rank[(G, 01, 62)] = rank|(g, df:, db2)].
In order to state a similar result for the order, we prepare the following lemma.

Lemma 2.10. An automorphism 6 of G is the identity transformation on it if and only if so is its differential d6 on g.
We omit the details of the proof. The following lemma follows immediately from Lemma 2.10.

Lemma 2.11. Let (G, 61,02) be a compact symmetric triad. Then ord(61602) = ord(d61db2) holds. In particular, we have
ord[(G, 01, 02)] = ord[(g, db1, df2)].

Lemma 2.12. Let (G, 6, 62) be a compact symmetric triad. Assume that there exists a maximal abelian subalgebra t of g
such that t N m; and t N (my N me) are maximal abelian subspaces of m; and my N my, respectively. Then 61 ~ 05 implies
ord(d91d92|t) = 1.

Proof. Tt follows from 6, ~ 6, we have df; = Ad(g)d#,Ad(g)~" for some g € G. By Theorem 2.1 there exist k; €
K, and H € tN (m; Nmy) such that g = ky exp(H )k, holds. Here, we have used the maximality of t N (m; N'my)
in m; N'my. Then we have

Ad(g)do1Ad(g) ™" = Ad(k2)e®? D Ad(ky)dOy Ad(ky) e 2D Ad (ky) !
= Ad(kq)edH)dg e ~2dH) Ad(ky) 7t

from which dfy = ¢24(H)dg,e=2d(H) holds. Since the automorphism e*d(7) gives the identity transformation on
t, we obtain d92|t = db, |{. This ylelds 0rd(d91d02|t) =1. ]

3. o-systems, Satake diagrams and compact symmetric pairs

In this section, we recall the notions of o-systems, Satake diagrams and compact symmetric pairs. We refer
to the references [7] and [24], for example. The contents of this section will be generalized in Sections 4 and 5.

3.1. Root systems

We begin with recalling the definition of a root system. Let t be a finite dimensional real vector space. Fix
an inner product (, ) on t. We write ||a|| = (a, a)!/? as the norm of a € t. For a € t — {0} we define a linear
isometry w, € O(t) by
(o, H)

e

wo(H)=H -2 (H € t).

Then w,, satisfies w2 = 1 and w, (o) = —a.

Definition 3.1. A finite subset A C t — {0} is called a root system of t, if it satisfies the following two conditions:
(1) t=spang(A).

(o, B) (o, B)

[[a]? a2
In addition, a root system A is said to be reduced, if it satisfies the following condition:

(3) If « and B are in A with 8 = ma, then m = %1 holds.

(2) Ifaand B arein A, then w,(8) =5 —2 aisin A, and 2 isin Z.

A root system A of t is said to be reducible if there exist two non-empty subsets A; and A, of A satisfying
the following conditions:
A=A UA; ANA =0, (A1, As) = {0},

Otherwise it is said to be irreducible. Any root system is decomposed into irreducible ones, namely, there exist
unique irreducible root systems A;,...,A; up to permutation of the indices such that A = A, U---UA; and
that (A;, A;) = {0} for 1 <i # j < [. This decomposition of A is called the irreducible decomposition of A.

Let A and A’ be reduced root systems of t and t, respectively. It is shown that, if A and A’ are irreducible,
then, for any linear isomorphism ¢ : t — t’ satisfying ¢(A) = A’, we have

2 B:0) _y(eB)0@) o

lex]| ()l
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Based on this observation we define an isomorphism of root systems as follows: A linear isomorphism ¢ : t — t/
satisfying ¢(A) = A’ is called an isomorphism of root systems between A and A’. Two root systems A and A’
are isomorphic, which we write A ~ A’, if there exists such ¢. Then we have p(A) = A’. We find that ~ gives an
equivalence relation on the set of root systems.

In the case when t =, (, ) = (, ), A = A’, an isomorphism ¢ : t — t of A is called an automorphism of A.
Denote by Aut(A) the group of automorphisms of A. It is clear that Aut(A) is a finite group. The subgroup of
O(t) generated by {w, | @ € A} is called the Weyl group of A, which we write W(A). Then W(A) is a normal
subgroup of Aut(A). In particular, W(A) is a finite group.

3.2. o-systems

Let A be a reduced root system of t. Let o : t — t be an involutive linear isometry of A, which we call an
involution. Then the pair (A, o) is called a o-system of t. If we put t+° := {H € t | o(H) = +£H}, then we have
an orthogonal decomposition t = t” ¢ t~7 with respect to the inner product ( , ). The rank of (A, o) is defined
as the dimension of t”, which we write rank(A, ). By definition, we have rank(A, o) < rank(A). Letpr : t — {7
denote the orthogonal projection, that is,

1
pr:t—1t7; Hw— §(H+O'(H)).

Set Ag:={a e A|pr(a) =0} ={a € A]o(a) = —a}. Then A satisfies Ag = —Agand a + g € Agforall o, 8 €
Ao with a + 5 € A. We call such a subset of A a closed subsystem of A. Then A, becomes a root system of
spang (Ag).

A o-system (A, o) is said to be o-reducible if there exist two non-empty o-invariant subsets A; and A, of A
satisfying the following conditions:

A=AUAy, ATNAy=0, (A, Ap) ={0}.

Otherwise it is said to be o-irreducible. Any o-system is decomposed into o-irreducible ones, that is, there exist
unique mutually orthogonal, o-irreducible o-systems (A1,01), ..., (A;,01) up to permutation of the indices
such that A= A; U---UA; and 0 = g; holds on A, for each 1 < j <. Then this decomposition is called the
o-irreducible decomposition of the o-system (A, o), which we write

(A,0) = (Aq,01)U---U (A, 0).

It is clear that (A, ¢) is o-irreducible if A is irreducible as a root system. Two o-systems (A, o) and (A’, ¢’) are
said to be isomorphic, which we write (A, o) ~ (A’, 0’), if there exists an isomorphism ¢ : t — t’ of root systems
satisfying o’ = pop~!. We call such ¢ an isomorphism of o-systems. Then ~ gives an equivalence relation on
the set of o-systems. We find that if (A, o) ~ (A’, 0’), then their rank are the same.

3.3. Normal o-systems and their Satake diagrams

A o-system (A, o) is said to be normal if o(a) — a ¢ A for all @ € A. For a normal o-system (A, o), Araki ([1])
proved that the set {pr(a) | o € A — Ay} =: £ becomes a root system of t” (see also [24, Proposition 1.1.3.1]),
which is called the restricted root system of (A, ). Then we have rank(X) = rank(A, o). The equivalence relation
~ is compatible with the normality of a o-system. Namely, if (A, o) ~ (A’,¢’) and (A, o) is normal, then (A’, o)
is also normal. In addition, if we denote by ¥’ the restricted root system of (A’,¢’), then ¥ ~ ¥’ holds as root
systems.

Now, let us recall the notion of Satake diagrams for normal o-systems. Let (A, o) be a normal o-system.
Let IT be a fundamental system of A. The positive root system A* for II is described by A* = {3~ | maa €
A | mg € Zso}, where Zsq := {m € Z | m > 0}. Then Il is called a o-fundamental system, if o(c) is in A* for all
a € AT — Ag. It is known that a o-fundamental system always exists (cf. [1, p. 11]). The following lemma will
be needed later.

Lemma 3.2. Let I1 be a o-fundamental system. For any ¢ € Aut(A), o(I1) is a (pop~')-fundamental system of A.

The proof is straightforward and is omitted. Let II be a o-fundamental system of A. It is known that
IIN Ag =: Iy is a fundamental system of A (cf. [24, p. 23]). Denote by (Ilj)z the Z-submodule of t generated by
IIy. It follows from [24, Lemma 1.1.3.2] that there exists uniquely a permutation p : IT — Iy — II — I, of order
two such that

o(a) =p(a) (mod(Ily)z),
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which is called the Satake involution of (A, o) associated with II. Then the Satake diagram S = S(I1, IIy, p) of (A, o)
associated with II is described as follows: In the Dynkin diagram of II, every root in Il is replaced from a white
circle to a black circle, and two roots a, o’ € II — I, with o # o’ are connected by a curved arrow if p(a) = o'.

The normal o-system (A, o) can be reconstructed from S(II, IIy, p). The Dynkin diagram of II determines the
structures of A, t = spang (II) and (, ). We write IT = {a, . .., oy} with [ = rank(A). By renumbering the indices
if necessary, we may assume that there exists /1, I, < [ such that

IT—Tg = {1, o 0y 1y ey Oyl QU gLy - - - > Oy 205 )

and
plaj) =05 (1<5<N), plou,j) = ap 4,45 (1 <5 <o),

In particular, I, is equal to the number of arrows in S(II, Iy, p). From this assumption the cardinality of Il
is equal to [ — (I; + 2ly) =: ly. Clearly, IIy = {y—iy+1,-..,a;} holds. For 1 < j <1, the condition p(a;) = o
implies that

aj —olay) € Z Zoy C t7°. (3.1)

Furthermore, for 1 < 5/ <y, from p(oy, +;/) = @, 41,457 we have

l

75y — ol 450) = Qg — Qg+ Y mkan, (32)
k=l—lo+1
for some integers m;_; 41, . .., m;. Hence it follows from (3.1) and (3.2) that the (—1)-eigenspace t? of o in t

has the following description:

l lo

l
7= Rlax —o(ar)) = > Rlau,1jr —apsi,45) S >, Ray

k=1 §'=1 k=l—lo+1

In addition, we obtain t” as the orthogonal complement of t~“ in t. Thus, the action of o on A is reconstructed.
In particular, we get rank(A,0) =1 — (lo +1lp) =1 + la.

Let us explain that the definition of the Satake diagram of (A,o) is independent of the choice of o-
fundamental systems. Suppose that IT is another o-fundamental system of A. Set II; := I N A,. We denote
by j the Satake involution associated with II. Then it follows from [22, Proposition A in Appendix] that there
exists w € W(A) satisfying IT = w(IT) and wo = ow. Thus, we have Ty = w(Ily) and w(p(a)) = p(w(a)) for all
o € IT — IIy. Then we write

S(Ha HOap) = S(H/’ Hé)ap/)'

Definition 3.3. Let (A,0) and (A’,¢’) be two normal o-systems, and S(II,IIy, p) and S(II',IIj, p’) denote
the Satake diagrams of (A,o) and (A’,¢’), respectively. We write S(II, Iy, p) ~ S(IT', IIj), p’) if there exists an
isomorphism ¢ : II — II' of Dynkin diagrams such that ¢(Ily) = IIj, and ¢ (p(«)) = p'(¥(«)) for all a € II — II,.
We call such 7 an isomorphism of Satake diagrams. Then ~ gives an equivalence relation for Satake diagrams.

By the reconstruction of (A, o) from S(II, I1y, p) we have the following lemma:

Lemma 3.4. Retain the notation as in Definition 3.3. Then, (A, o) ~ (A', ') if and only if S(I1, 11y, p) ~ S(II',1I{,, p’).
In particular, any isomorphism of Satake diagrams can be extended to an isomorphism of o-systems.

3.4. Compact symmetric pairs and their Satake diagrams

Let G be a compact connected semisimple Lie group, and 6 be an involution of G. We call the pair (G,0) a
compact symmetric pair. Denote by g the Lie algebra of G. Fix an ad(g)-invariant inner product (, ) on g. The
differential df of 6 at the identity element in G gives an involution of g, which we write the same symbol ¢
if there is no confusion. Let g = g’ © g=% =: £ & m be the canonical decomposition of g for §. Take a maximal
abelian subalgebra t of g such that t "' m is a maximal abelian subspace of m. This implies that t is f-invariant.

Let A(C t) denote the root system of g with respect to t. Since # induces an automorphism of A, the pair
(A, 0) := (A, —0]¢) gives a o-system of t. It follows from [24, Lemma 1.1.3.6] that (A, o) is normal. We call it the
o-system of (G,0) (or (g,6)) for t. We will show that the o-system (A, o) is uniquely determined from (G, 6)
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up to isomorphism. Let t' be another maximal abelian subalgebra of g such that t' "' m is a maximal abelian
subspace of m. Denote by (A’, ¢’) := (A’, —0|y) the o-system of (G, 0) for t'. Let K be the identity component of
the fixed point subgroup of ¢ in G. From the Ad(K)-conjugacy of maximal abelian subspaces of m, there exists
k € K satisfying ¢ N m = Ad(k)(tNm). In addition, there also exists k' € K satisfying the following relations
(cf. [23, Proposition 5]):

Ad(K)H)=H (Hetnm), AdE)AdE)(ENE) =t NE

If we put & := k'k € K, then we have Ad(k)(tnm) = ¢ Nm and Ad(k)(tN¢€) = ¢ N €. This obeys Ad(k)(t) = t'.
Thus, we obtain

(A%, 0") = (Ad(k)(A), —(Ad(R)OAA(R) ™) s gty ) = (A, —b]0) = (A, 0).

®
We define the Satake diagram of (G, 6) as that of (A, ), which is uniquely determined up to isomorphisms due
to Lemma 3.4.

Two compact symmetric pairs (G, 6) and (G, ¢') are said to be isomorphic, which we write (G, §) ~ (G,¢'),
if there exists ¢ € Aut(G) satisfying 6’ = pp~'. Then their Satake diagrams are isomorphic in the sense of
Definition 3.3. In order to consider the converse (see Theorem 3.9 for the precise statement), we will recall the
result for compact symmetric pairs due to Araki ([1]).

Let (G,0) and (G, 0’) be two compact symmetric pairs. Let t be a maximal abelian subalgebra of g such that
tNm and tNm’ are maximal abelian subspace of m and m’, respectively. The following theorem states that, if
their differentials df and d#’ coincide with each other on t, then # and ¢’ are the same on the whole G up to the
Int(G)-conjugacy.

Theorem 3.5 (Araki). Retain the notation above. Assume that df|y = d@’| holds. Then, there exists H € t N m satisfying
do’ = e dge=2d(H) [ addition, §' = 1,07, ' holds for h = exp(H ), where 1, denotes the inner automorphism of G
defined by g — hgh™?.

Here, we note that, under the assumption of this theorem, df|; = df’|; implies t N m = tNm’. Theorem 3.5
will be used in the proof of Theorem 5.12. For the completeness of our proof of Theorem 5.12, we will prove
Theorem 3.5 (see [1, Theorem 2.14] for the original statement and its proof).

For this purpose we need some preparation. We first restate Theorem 3.5 in terms of the complexification
of g. Let g© denote the complexification of g. We write df¢ and df'C as the complexifications of df and
d¥’, respectively. Then it is sufficient to show that, if df|; = df’| holds, then there exists H € t N m satisfying
do'C = e2d(H) 9Ce—2d(H) Tn order to give such H, we next recall the result for compact symmetric pairs due to
Klein ([12]). In fact, following to his result, we can obtain a description for the action of df on g* by means of
the corresponding Satake diagram.

Let (G, 6) be a compact symmetric pair. Take a maximal abelian subalgebra t of g such that t N m is a maximal
abelian subspace of m. Denote by A the root system of g with respect to t. We write the root space decomposition
of the complexification g as follows:

g(C =t° @ Z g(tv a)a

a€A

where g(t,a) := {X € ¢ | [H,X] = V—1{a, H)X, H € t}. For each a € A, g(t, @) is a complex one dimensional
subspace of g¢. A family {X,}.ca of vectors in g€ is called a Chevalley basis of g©, if it satisfies the following
conditions:

(1) Foreacha € A, X, is a nonzero vector in g(t, ).
(2) [Xa, X o] =—vV—laforae A.

(3) There exists a family {cop | o, € A,a+ 8 € A} of real numbers satisfying [X,, Xg] = co g Xat+p and
Ca,p = —C—q,—f3-

(4) [Xa X5 =0fora,BeAwitha+8¢AU{0}

For formal reasons we put ¢, 3 =0 for a,5 € A with a+ 8 ¢ AU{0}. Then {c, g} is called the Chevalley
constants associated with {X,}.ecan. We note that a Chevalley basis is not a basis of the whole g® but the
subspace ) . 9(t, ). It is known that a Chevalley basis exists (see [13, Theorem 6.6, Chapter VI] for the
proof).
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We extend (, ) to a complex bilinear form on g©, which is denote by the same symbol (, ). Then it is ad(g®)-
invariant and nondegenerate. For each o € A, by taking the scalar product of both sides of [X,, X_,] = —v/~1a
with a we get (X,, X_,) = —1. We write X the complex conjugate of X € g* with respect to g in g*. By a similar
argument in the proof of [12, Proposition 3.5] we obtain the following lemma.

Lemma 3.6. There exists a Chevalley basis {Xa}aen of oC which satisfies X, = —X_, for a € A. Then we have
(Xo, Xo) =1

Let {X,}aca be a Chevalley basis of g*. The complexification of # will be denoted by the same symbol 6.
For each a € A, it follows from 6(g(t, ) = g(t, 0(a)) that there exists a nonzero complex number s, satisfying
0(Xo) = 5aXg(a)- The family {s. }aena is called the Klein constants of (g, 0) associated with {X,}aca. Then we

get sg(a) = s, ' because of #? = 1. Furthermore, if X, = —X_, holds for o € A, then {s, }aca has the following
properties:

Lemma 3.7 ([12, Proposition 4.1]). Assume that { X, }aen satisfies Xo = —X_, for o € A. Let aand (3 be in A.
(1) We have s_,, =3, = s, *. In particular, |s,| = 1 holds.
(2) If6(B) = B, then g(t, B) C €. In particular, we get sg = 1.

Fix an element H € t. We have another involution ¢’ := ¢24(#)ge=2d(H) of g, which satisfies | = 6. Set m’ :=
g% = ) (m). Then we obtain t N m’ = ¢24(H)(t N m), from which t N m’ is a maximal abelian subspace of m’.

Denote by {s/, }aca the Klein constants of (g, §) associated with { X, }aca. Then we have s/, = eV 1{H.0(@) =) 5
fora € A.
The following lemma is useful in our proof of Theorem 3.5.

Lemma 3.8. Let {X,}aca be a Chevalley basis of g€ satisfying X, = —X_, fora € A. Weput Ag = {a € A | 0(a) =
a}. Assume that ~v1,...,v, (r € N) are in A — Ay which satisfy {6(y1) —y1,...,0(7) — ¥ }H(C tNm) are linearly
independent. Then, for any us, . ..,u, € U(1), there exists H € t N\ m satisfying the following relation:

uj = e/ "IHIN =g (1< <), (3.3)

J

Proof. For each 1 < j < r, it follows from Lemma 3.7, (1) that there exists ¢; € R satisfying Sy; = eV=1ti Since
u; is also in U(1), there exists v; € R satisfying u; = e¥~1%. We define a matrix C by

C ::( <9(’Yj) - 'Yjaa(’Yk) — k) )1§j,k§r ’

It follows from the assumption that the square matrix C'is invertible. Let k1, ..., h, be real numbers defined by
hq vy — 1t
=C!
h,. Uy —

Then, if we put H := >~ _, h(0(7%) — 7%) € tNm, then the following relation holds:
vj =tj+(H,0(y;) —v) (A<j<r).
Thus we obtain the assertion because H satisfies (3.3). O
Now, we are ready to prove Theorem 3.5.

Proof of Theorem 3.5. Let {X,}nca be a Chevalley basis of ¢ with X, = —X_,. Denote by {sataea
(resp. {s), }aca) the Klein constants of (g, 6) (resp. (g, ¢')) associated with {X, }nca. By the assumption 6| = ¢'|¢
we obtain (A, —0|¢) = (A, —¢']¢) =: (A, o). Set r :=rank(A, o). Let II be a o-fundamental system of A, and
Iy :=IINAy. We can take ay,...,a, € I -1y such that {0(a1) — a,...,0(a,) — . }(C tNm) are linearly
independent (cf. [24, p. 23]). By applying Lemma 3.8 to s, ,...,s, € U(1), there exists H € tNm satisfying
the following relation:

s = e\/?l<H’9(aj)_aj>saj (1<j<r).

@
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Then we have ¢’ = ¢*1(H)ge=24H) on 377 g(t, ;). Furthermore, if we put

hi=te > a(tB) @) (9t a;) @ a(t,~0(ay))),

Bellp

then we have 0’ = e2d(H)ge=2d(H) on the subset hUh of g*. Since g is generated by hUD, we have 0/ =
e2d(H)ge=ad(H) on ¢C. Therefore we have completed the proof. O

The following theorem is shown by Lemma 3.4 and Theorem 3.5.

Theorem 3.9. Let (G,0) and (G, 8") be two compact symmetric pairs. Then the followings conditions are equivalent:

,0)an ,0") are locally 1somorphic, namely, there exists ¢ € Aut(g) satisfyin = pdfp™".
(1) (G,6) and (G, ') are locally isomorphi ly, there exi A isfying df’ = odfp—!

(2) The o-systems of (G, 0) and (G, 0") are isomorphic.

(8) The Satake diagrams of (G, 8) and (G, 0") are isomorphic.

In addition, in the case when G is simply-connected or when G is the adjoint group, (G, 0) and (G, ¢’) are isomorphic if
and only if one of the above conditions (1)—(3) holds.

An abstract o-system (A, o) is said to be admissible, if there exists a compact symmetric pair whose o-
system is isomorphic to (A, o). Clearly, any admissible o-system is normal. Araki ([1, No. 5.11]) determined
the admissibilities of abstract normal o-systems based on the classification. As a consequence of Theorem 3.9,
he gave an alternative proof of Cartan’s classification for compact symmetric pairs at the Lie algebra level.
Hence the locally isomorphism class of a compact symmetric pair is represented by a diagram. Furthermore,
we can determine the restricted root system of (G, §) with multiplicity by means of the Satake diagram, which
characterizes the local isomorphism classes of compact symmetric pairs. This is a significance to give the
alternative proof. In Section 5, we will generalize this method to classify compact symmetric triads at the
Lie algebra level.

Here, in order to present concrete examples of compact symmetric triads, we give an explicit description of
the classification for the isomorphism classes of compact symmetric pairs (g, 6) at the Lie algebra level. The
following theorem gives a criterion for two compact symmetric pairs to be isomorphic to each other.

Theorem 3.10. Assume that g is simple. Two compact symmetric pairs (g, 0) and (g,6") are isomorphic if and only if the
fixed point subalgebras € and ¥ are isomorphic as Lie algebras.

The proof is essentially due to Helgason ([7]).

Proof. The necessity is clear. In order to prove the sufficiency we assume that ¢ and £ are isomorphic. We
extend # and ¢’ to complex linear involutions on g€, which we write ¢ and 6'C, respectively. Then the fixed
point subalgebras of §€ and ¢'C are isomorphic to each other. It follows from [7, Theorem 6.2, Chapter X] that 6©
and 60'C are Aut(g®)-conjugate. In addition, by [7, Proposition 1.4, Chapter X] there exists ¢ € Aut(g) satisfying
0’ = php~—!. Hence the assertion holds. O

From Theorem 3.10 there is no confusion when we write [(g,¥)] in place of [(g,6)]. Table 1 exhibits the
classification of the fixed point subalgebras of involutions on g. In Section 5, we will classify compact simple
symmetric triads at the Lie algebra level, based on the classification for compact simple symmetric pairs.
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Table 1. The classification of fixed point subalgebras of involutions ([7, TABLE V, p. 518])

g Fixed point subalgebra

su(n)  so(n),sp(n/2) (n:even), s(u(a) ® u(d)) (a +b=n)
so(n) so(a) ®so(b) (a+b=n#24),u(n/2) (n> 6, even)
(

sp(n) u(n), sp(a) @ sp(b) (a+b=n)
¢s sp(4), su(6) & su(2), s0(10) & s0(2), 4
er s5u(8), s0(12) @ su(2), eg © s0(2)
es 50(16), e7 B s5u(2)
f4 5p(3) @ su(2), so(9)
92 su(2) @ su(2)

4. Double Satake diagrams for double o-systems

In this section, we will introduce the notions of double o-systems and double Satake diagrams, which are
generalizations of o-systems and Satake diagrams, respectively. Based on the equivalence relation for compact
symmetric triads, we define equivalence relations for double o-systems and for double Satake diagrams. In
Theorem 4.7 we give a necessary and sufficient condition for two double o-systems to be equivalent. As
explained in more detail in Section 5, this theorem plays a fundamental role in the definition of double Satake
diagrams for compact symmetric triads. We also define the rank and the order for the equivalence class of a
double o-systems. We will discuss a geometrical meaning of the rank in Sections 5. On the other hand, we
will show the relation of the ranks and the orders between compact symmetric triads and double o-systems in
Section 6.

4.1. Double o-systems

Let t be a finite dimensional real vector space. Fix an inner product (, ) on t. Let A be a reduced root system
of t. For two involutions o; and o3 on A, the triplet (A, 01, 02) is called a double o-system of t. In this paper, o1
and o9 are not necessarily commutative unless otherwise stated. Based on the equivalence relation for compact
symmetric triads as in Definition 2.2, we introduce an equivalence relation ~ on double o-systems as follows.

Definition 4.1. Two double o-systems (A, 01, 02) and (A’, o, 04) are isomorphic, which we write (A, 01, 02) ~
(A, 0f,0%), if there exist an isomorphism ¢ :t— t' of root systems between A and A’, and w' € W(A'
satisfying the following relations:

oy = oo, oy =w'poap w' (4.1)
We write [(A, 01, 02)] the isomorphism class of (A, o1, 02).

A double o-system (A, 01,05) is said to be normal, if both (A, 01) and (A, 02) are normal as o-systems.
The normality of a double o-system is compatible with ~, namely, for two double o-systems (A, o1, 02) and
(A', 01, 04) satisfying (A, 01,02) ~ (A, 04, 0%), if (A, 01,05) is normal, then so is (A’, o1, 7%).

Definition 4.2. Let (A, 01, 02) be a normal double o-system.

(1) A fundamental system II of A is called a (o1, 02)-fundamental system, if II is both o1- and o2-fundamental
systems.

(2) (A, o01,02) is said to be canonical, if A admits a (o1, 02)-fundamental system.

Proposition 4.3. For any normal double o-system (A, o1,02), there exists a normal double o-system (A, o1, 0%) ~
(A, 01, 09) such that (A, o1, 0%) is canonical.
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Proof. For i =1,2, let II; be a o;-fundamental system of A. Since W(A) acts transitively on the set of
fundamental systems of A, there exists w € W(A) such that IT; = w(Ilz) =: I. If we put o} := wosw™?!, then
(A, 01,0%) ~ (A, 01,02) holds. It follows from Lemma 3.2 that IT is a o5-fundamental system. Hence we get the
assertion. O

In general, a normal double o-system (A, o1, 05) is not necessarily canonical. Furthermore, there exist two
normal double o-systems (A, 01, 02) # (A, 01, 0%) such that they are canonical and that (A, 02) ~ (A, %) holds.
Before giving an example we prepare the following notation.

Notation 1. Let eq,. .., e, be the canonical basis of R". We write D;" = {e; ¢, | 1 <i < j <r} as the set of all
the positive roots for the root system of type D with rank  ([4]). Then the following gives the set of all the
simple roots for D;:

D={a1 =€ —€2,...,0_1=€_1—€r,Qr =€r_1+ €}

Example 4.4. Let (A, o) be the o-system corresponding to the compact symmetric pair (so0(8),50(3) & s0(5)).
Then we have A = {+e; t¢; | 1 <i < j < 4}. There exists a o-fundamental system IT = {c, ..., a4} of A such
that its Satake diagram is described as follows:

Then we have o : (a1, as, a3, a4) — (a1, a2, cu, aig). Clearly, (A, o, o) gives a trivial example of canonical normal
double o-systems. In what follows, we shall give an example of normal double o-system (A,o,0’) such
that (A, 0,0’) ~ (A, 0,0) is not canonical. Furthermore, we give another example of normal double o-system
(A,0,0") such that (A, 0,6") is canonical, (A, o) ~ (A,¢”) and (A, 0,0”) # (A, 0,0).

We define an automorphism w € Aut(A) by w : (e1, ez, e3,e4) — (€1, €2, €4, €3). Then w € W(A) holds. If we
put o’ := wow™?!, then (A,0,0') ~ (A,0,0) is a normal double o-system. In addition, from ord(co’) =2 #
ord(oo), (A, 0,0") cannot be canonical due to Theorem 4.7 as will be seen later.

Let x be an automorphism of A with order three defined by & : (a1, ag, a3, o) — (o, az, a1, a3). We set
0" :=kor~'. Then (A,0) ~ (A,0”) holds. In addition, (A, ¢”) is normal. Hence the double o-system (A, o, ")
is normal. It follows from x(IT) = II that II becomes a ¢”-fundamental system by Lemma 3.2. This yields that
(A, 0,0") is canonical. Since the order of oo’ has three, we have ord(cc) # ord(cco”). Thus (A, 0,0) # (A, 0,0")
holds by means of Theorem 4.7.

4.2. Double Satake diagrams

Let (A,01,02) be a canonical normal double o-system, and II be a (o1, 02)-fundamental system of A.
Set A;o:={a € A|o(a) =—a} for i =1,2. We denote by S; = S(IL,II; o, p;) the Satake diagram of (A, o;)
associated with II, where II,; ; :=II N A,; ¢ and p; is the Satake involution. We note that these Satake diagrams
S1 and S» are described from the common Dynkin diagram of II.

Definition 4.5. Retain the notation above. The pair (S, 52) is called the double Satake diagram of (A, o1,02)
associated with II.

Let us prove that the double Satake diagram (51, 52) of (A, 01,02) is independent of the choice of II. Let
II' be another (01, 02)-fundamental system of A, and (S}, S5) denote the double Satake diagram of (A, 01, 02)
associated with II'. It follows from [22, Proposition A in Appendix] that there exist w; € W(A),, and w; €
W(A),, satisfying wq (II) = I’ = wy(IT), where W (A),, := {w € W(A) | o,w = wo; }. Since the action of W(A) is
simply transitive, we obtain w := w; = wy € W(A),, N W(A),,. Thus, we get

S1 =151, S2=255.
Then we write (S1, S2) = (57, 5%).

Definition 4.6. Two double Satake diagrams (57, S2) and (57, S5) are isomorphic, if there exists a common
isomorphism ¢ of Satake diagrams between S; and S} for i = 1,2. Then we write (51, S2) ~ (51, S2) for short.
Such ¢ is called an isomorphism of double Satake diagrams. We denote by [(S1, S2)] the isomorphism class of
(S1,52).
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Theorem 4.7. Let (A, 01,02) and (A', o, 0%) be two canonical double o-systems of t and t, respectively. Let (S1, S2)
and (S, S5) denote their double Satake diagrams. Then, the following three condition are equivalent:

(1) (A, 01,02) ~ (A, 01, 05).
(2) There exists an isomorphism ¢ : t — t' of root systems between A and A’ satisfying o = o0~ fori=1,2.
(3) (S1,82) ~ (51,53).

In particular, we have dim(t* N t°2) = dim(¢'1 N ¢72) and ord(oy03) = ord(c’,a}).

Proof. 1t is sufficient to show (1) = (2) and (2) < (3) because (2) = (1) is clear.

(1) = (2): Assume that (A, 01, 02) ~ (A, 01, 0%). Then there exist an isomorphism ¢ : A - A’ and v’ € W(A")
satisfying (4.1). Let IT and II' be a (o1, 02)-fundamental system of A and a (o7, 05)-fundamental system of A’,
respectively. It follows from Lemma 3.2 that ¢(I1) is a (0], o2~ !)-fundamental system of A’. Then there exist
wy € W(A"),;, and wy € W(A'),, satisfying the following relations:

I = wi(p(ID), 11’ = wh(w'p(ID)),

from which we have w/(¢(II)) = whw'(¢(IT)). This yields w’ = w} 'w). If we put ¢’ :=w/y, then it is an
isomorphism of root systems which satisfies o} = wjojw|™! = ¢'o1¢'~! and

-1 !/ /—1 1,,/—1_ 1

-1 _ /=1y, /—1 __ / — -1 _ ’—
w' T wy T = wy(wy T wipoeT wy wy)wy = @logp’ T

0y = wyopwy = wy(w'poap
Hence we have the implication (1) = (2).

(2) = (3): Let p: t — ' be an isomorphism of root systems between A and A’ satisfying o] = go;0~! for
i=1,2. If I is a (01, 02)-fundamental system of A, then ¢(II) is a (o, 04)-fundamental system of A’. This
implies (51, S2) ~ (S7,55).

(3) = (2): Let ¢ : II — II' be an isomorphism of double Satake diagrams between (Si,S2) and (S7,55). We
extend ¢ to an isomorphism 1 of root systems between A and A’ (cf. Lemma 3.4). The ¢ satisfies o = tho;p !
for i = 1,2. Thus, we have the implication (3) = (2).

From the above argument we have completed the proof. O

For two double o-systems (A, 01,02) and (A', 0}, 0%), we write (A, 01,02) = (A, 0}, %) if they satisfies the
condition stated in Theorem 4.7, (2). Then = gives an equivalence relation on the set of double o-systems.

We define the rank and the order for the isomorphism class of a normal double o-system (A, o4,02) as
follows: For a canonical representative (A, 01,0%) € [(A, 01,02)],

rank[(A, 01, 05)] := dim(£72 N172),  ord[(A, o1, 02)] := ord(d} ).

It follows from Theorem 4.7 that the values of dim(t”1 Nt°2) and ord(c/c}) are independent of the choice of
(A, 01, 0%). Thus the rank and the order of [(A, 0, 02)] are well-defined. Since ¢/ % induces a permutation of A,
the order of [(A, 01, 02)] is finite. As will be shown later, in the case when G is simple, the rank and the order of
(G, 04, 02)] coincide with those of [(A, 01, 02)] (see Theorem 6.12).

5. Double Satake diagrams for compact symmetric triads

In Subsection 5.1, we give a normal double o-system for a compact symmetric triad. In Subsection 5.2, we
define a quasi-canonical compact symmetric triad as a compact symmetric triad which admits a canonical
normal double o-system. Furthermore, we prove that, for any compact symmetric triad (G, 6, 62), there exists
(G, 07,65) ~ (G, 6,,65) such that (G, 6,65) is quasi-canonical. In Subsection 5.3, we introduce the notion of
double Satake diagrams for quasi-canonical compact symmetric triads. We will show that the isomorphism
class of a compact symmetric triad uniquely determines the double Satake diagram up to isomorphism
(Propositions 5.5 and 5.11). For its converse, we generalize Theorem 3.9 to compact symmetric triads, which is
given in Theorem 5.12. In Subsection 5.4, we classify compact symmetric triads (G, 6, 62) such that G is simple
in terms of double Satake diagrams. Our classification will be given in Corollary 5.19. In addition, we give
some results by means of the classification.
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5.1. Double o-systems for compact symmetric triads

5.1.1. Construction of double o-systems from compact symmetric triads Let (G,01,0-) be a compact symmetric triad
and t be a maximal abelian subalgebra of g such that t N m; is a maximal abelian subspace of m; (cf. Lemma 2.4).
Denote by A the root system of g with respect to t. Then, for each i =1, 2, (A, 0;) := (A, —db;]¢) gives a normal
o-system of A. Hence (A, 01,02) becomes a normal double o-system. We call (A, o1, 02) the double o-system
of (G, 01, 62) with respect to t. We will show that the double o-system (A, 01, 02) is uniquely determined up to
isomorphism, that is, we have the following lemma.

Lemma 5.1. Let t' be another maximal abelian subalgebra of g such that ' 0w, is a maximal abelian subspace of m; and
(A, 0!, 0%) denote the corresponding normal double o-system. Then we have (A, 01,02) ~ (A, 01, 0%).

Proof. By the choices of t and t/, there exist v; € Int(¢;) and v, € Int(€;) satisfying vy (t) = t' = 1»(t) (cf. [23,
Proposition 5]). In particular, v; ' v5(t) = t holds. Thus we obtain

(A, 01, 0%) = (11(A), —v1dbrvy |, 1), =1 (v "dBavr )y o)

~ (A, =dbh |, (v1 o) |(—dba]) (vy o) o)
~ (A,O’l,dg).

Hence we have the assertion. O

Lemma 5.2. Let (G, 0},05) ~ (G, 61, 02) be another compact symmetric triad and ' be a maximal abelian subalgebra of
g such that ¢ Nw} (i = 1,2) is a maximal abelian subspaces of w). Let (A’ o}, 0%) be the corresponding normal double
o-system of (G, 01, 65). Then we have (A, 01,02) ~ (A, 0}, 0%).

Proof. Tt is sufficient to consider the case when 6] = 6; and 6, = 7027~ for some 7 € Int(G). Then 7(t) is 65-
invariant and 7(t) N m} is a maximal abelian subspace of mj,. Furthermore, 7(A) is the root system of g with
respect to 7(t). f we put 0§ = —db:|, () and o5 = —db|.(y), then (7(A), o7, 03 ) gives the normal double s-system
of (G, 01,6) corresponding to 7(t). By Lemma 5.1 we have (A’, o7, 0%) ~ (7(A), of, 04). On the other hand, we
have (7(A), o/, oY) ~ (A, 01,02). Indeed, there exists v; € Int(#;) such that v (t) = 7(t), from which 771y (t) = t
holds. Hence we have

(T(A),07,05) = (A, =77 017](, =dB2|) ~ (A, (77 ) [((=dbr| ) (v 7)) —dbelo).
We have complete the proof. O

5.1.2. Another interpretation of the rank for compact symmetric triads As shown in Section 2, the rank of a compact
symmetric triad (G, 01, 02) coincides with the cohomogeneity of the Hermann action induced from (G, 61, 62).
We give another interpretation of the rank in terms of the double o-system of (G, 61,62). More precisely, we
prove the following proposition.

Proposition 5.3. Let t be a maximal abelian subalgebra of g such that t N, (i = 1,2) is a maximal abelian subspace of
m;, and (A, 01,03) := (A, —db |, —db2|¢). Then we have:

rank(G, 01, 03) = max{dim(t”* N st”2) | s € W(A)}.

Proof. First, we prove
rank(G, 01, 02) > max{dim(t°* N st”2) | s € W(A)}. (5.1)

Let s be in W(A) and g be an element of G with Ad(g)| = s. If we put 65 = 7,6,7,", then (G, 61, 63) is a compact
symmetric triad which is isomorphic to (G, 01, 6). Furthermore, we find that t”* N st”> = tN (m; Nm}) is an
abelian subspace of m; N mj,. Hence we have

rank(G, 61, 02) = rank(G, 01, 65) > dim(t”* N st72).

By the arbitrariness of s, this yields (5.1).

Next, we show the reverse inequality of (5.1). It follows from Lemma 2.4 that there exist a compact
symmetric triad (G,01,605) ~ (G, 6,,6>) and a maximal abelian subalgebra t' such that ' Nm] (i =1,2) is a
maximal abelian subspace of m;, and that ¢ N (m} Nm}) is a maximal abelian subspace of m} N mj,. We write
(A, 0,0h) == (A, —0]|v, —05]¢) as the double o-system of (G, 0}, 65). From Lemma 5.1, (G, 61, 02) ~ (G, 0}, 05)

dergipark.org.tr/en/pub/iejg 480


https://dergipark.org.tr/en/pub/iejg

K. Baba & O. Ikawa

yields (A, 01,09) ~ (A', 0}, 0%). Then there exist an isomorphism ¢ : A — A’ of root systems and s € W(A)
satisfying o} = o1~ and o)), = psoas o1, from which we get

dim (71 N 72) = dim(p(t7) N @(st72)) = dim(£7* N st72).

Hence we obtain ) )
rank(G, 01, 63) = dim(t7r N t72) < max{dim(t7* N st??) | s € W(A)}.

From the above we have complete the proof. O

5.2. Quasi-canonical forms in compact symmetric triads

5.2.1. Definition and existence for quasi-canonical compact symmetric triads Let us introduce the notion of a quasi-
canonical compact symmetric triad as follows.

Definition 5.4. A compact symmetric triad (G, 61, 6-) is said to be quasi-canonical, if there exists a maximal
abelian subalgebra t of g which satisfies the following conditions:

(1) tNnm;is a maximal abelian subspace of m; for ¢ = 1,2.

(2) The normal double o-system (A, 01, 02) := (A, —db: ¢, —db2]¢) is canonical, that is, there exists a (o1, 02)-
fundamental system of A.

Then, t is said to be quasi-canonical with respect to (G,#61,62). A quasi-canonical form of [(G,6:,62)] is a
representative (G,07,05) of the isomorphism class [(G,01,62)] such that (G,07,65) is quasi-canonical as a
compact symmetric triad.

Proposition 5.5. For a compact symmetric triad (G, 01,05), there exists a quasi-canonical compact symmetric triad
(G7 917 912) ~ (G7 917 92)

Proof. Let (G, 6,,62) be a compact symmetric triad and t be a maximal abelian subalgebra of g such that t N m;
is a maximal abelian subspace of m;. Denote by (A, 0y,03) the corresponding normal double o-system of
(G,01,02). Let II; be a o;-fundamental system of A. Since N(t) acts transitively on the set of fundamental
systems of A, there exists g € N(t) satisfying IT; = Ad(g)(Ilz). If we put 6} := 7,6,7,", then it is verified that
(G,01,05) ~ (G,01,05) is quasi-canonical. O

In Section 6, we will define the notion of a canonicality for compact symmetric triads, which is a stronger
condition than the quasi-canonicality (see Definition 6.1). Furthermore, in the case when G is simple, we will
prove that the existence of a representative of [(G, 61, 62)] which is canonical as a compact symmetric triad (see
Theorem 6.6).

5.2.2. Commutative compact symmetric triads are quasi-canonical The following proposition means that a quasi-
canonical compact symmetric triad is a generalization of a commutative one.

Proposition 5.6. Any commutative compact symmetric triad is quasi-canonical.

The proof of this proposition consists of the following three lemmas, which are essentially due to
Oshima-Sekiguchi ([21]). Roughly speaking, the first lemma states that Lemma 2.4 holds without changing
representatives of [(G, 61,6,)] in the case when (G, 61, 6,) is commutative.

Lemma 5.7. Assume that (G,01,02) is commutative. Then there exists a maximal abelian subalgebra t of g such that
tNm; and t N (my N my) are maximal abelian subspaces of m; and my N my, respectively. In particular, (G, 61, 02) satisfies
the condition (1) as in Definition 5.4.

Proof. From 6,60, = 0,0, we have g = (¢; N€y) & (my Nma) & (81 Nmg) & (my NEy). Let a be a maximal abelian
subspace of m; Nmy. Let a;, be a maximal abelian subspace of m; containing a. In a similar argument in the
proofs of [21, Lemmas (2.2) and (2.4)], it is shown that a; and a5 are (1, §2)-invariant and that [a;, a2] = {0}. In
particular, a; + as is an abelian subalgebra of g. Let t be a maximal abelian subalgebra of g containing a; + as.
Since t contains a; and as, it is shown that tis (6;, 6)-invariant. We also obtain t " m; = a; and t N (m; Nmy) = a.
Hence we get the assertion. O

Lemma 5.8. Assume that (G,601,0,) is commutative. Let t be a maximal abelian subalgebra of g which satisfies the
condition stated in Lemma 5.7. Set ag := tNmy and a := t N (my Nmy). Then, we have the followings:
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(1) We denote by X, the restricted root system of (G,6,) with respect to ay. For A € ¥o with (A, a) = {0}, we have
alag, \) C €5, where
glaz, \) :=={X e g® | [H,X] =V—-1(\,H)X,H € a,}.

(2) We denote by A the root system of g with respect to t. For o € A with (o, a) = {0}, if (v, az) # {0} holds, then we
obtain {«, a;) = {0}.

We omit its proof since one can prove this lemma by a similar argument in the proofs of [21, Lemmas (2.7)
and (2.8)].

Lemma 5.9. Retain the notations (G, 61, 62) and t as in Lemma 5.7. Let A be the root system of g with respect to t, and
0; := —db;|¢ for i = 1,2. Then there exists a (o1, 02)-fundamental system of A. Hence (G, 601, 02) satisfies the condition
(2) as in Definition 5.4.

Proof. Leta, :==tNm,; (i =1,2),and a := tN (my Nmy). Then tis decomposed into t = a @& (a; N€2) B (a2 N¥y) B
(tN (¢ NEy)). Take a ordered basis of {X;,Yy, Z;, W,.} such that {X;}, {Yi}, {Z;} and {W,} are bases of qa,
a1 NEy, ax NEy and tN (8 N Ey), respectively. We denote by AT the set of positive roots in A with respect to
the lexicographic ordering > of t with respect to this basis. We obtain a fundamental system II of A such that
AT = {DaenMae € A mg € Z>o}. A similar argument as in [21, p. 453] shows that IT becomes a (o1, 02)-
fundamental system of A by means of Lemma 5.8. O

From the above argument we conclude that Proposition 5.6 holds.

5.3. Double Satake diagrams for compact symmetric triads

Let us explain our construction of the double Satake diagram from a quasi-canonical compact symmetric
triad. Let (G, 61, 62) be a quasi-canonical compact symmetric triad and t be a quasi-canonical maximal abelian
subalgebra of g with respect to (G, 61, 62). Denote by A the root system of g with respect to t. Then we obtain a
normal double o-system (A, o1, 02) := (A, —db:|¢, —d2|¢). It follows from the quasi-canonicality of (G, 61,62)
that (A,01,02) becomes canonical in the sense of Definition 4.2. We define the double Satake diagram of
(G, 61,02) as that of (A, 01, 02). Then the definition of the double Satake diagram of (G, 61, 6,) is independent of
the choice of t. Indeed, we can show the following lemma.

Lemma 5.10. Let t' be another quasi-canonical maximal abelian subalgebra of g with respect to (G, 61, 02). We denote by
(A, 0, 0h) == (A, —db1|v, —db2|y) the corresponding canonical normal double o-system of (G, 61,02). Then we have
(A, 01,092) = (A, 01, 0%). Therefore the double Satake diagram of (A, o1, 02) is isomorphic to that of (A', o}, d}).

The proof is omitted since it is immediate from Theorem 4.7 and Lemma 5.1.

We next show that the double Satake diagram of a quasi-canonical compact symmetric triad is independent
of the choice of the representative of its isomorphism class, namely, we have the following proposition, which
is immediate from Theorem 4.7 and Lemma 5.2.

Proposition 5.11. Let (G, 01,04) ~ (G, 61,02) be another quasi-canonical compact symmetric triad and (A', o1, 0}) be
the corresponding canonical normal double o-system of (G, 01, 6%). Then we have (A, 01,02) = (A, 01, 0%).

It follows from Propositions 5.5 and 5.11 that, for a compact symmetric triad (G, 61, 6), its isomorphism class
[(G, 61,02)] uniquely determines the double Satake diagram up to isomorphism. In fact, the converse also holds
as shown in the following theorem.

Theorem 5.12. Let (G, 61,02) and (G, 61,0%) be two compact symmetric triads. We write (A, o1, 02) and (A, o1, 0%)
as the corresponding canonical normal double o-systems of the isomorphism classes [(G,601,62)] and [(G,61,65)],
respectively. We also write (S1, S2) and (S}, S%) as the double Satake diagrams of (A, 01, 02) and (A', o, o), respectively.
Then the following conditions are equivalent:

(1) (G,61,02) and (G, 01,0%) are locally isomorphic, namely, there exist ¢ € Aut(g) and 7 € Int(g) satisfying df] =

edby =t and db, = TpdOe L.

(2) (A,01,02) ~ (A0, 0h).
(3) (S1,82) ~ (57,5%).

In addition, in the case when G is simply-connected or when G is the adjoint group, (G, 61,02) and (G, 01,0%) are
isomorphic if and only if one of the above conditions (1)—(3) holds.
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Proof. The implication (1) = (2) follows from Propositions 5.5 and 5.11. We obtain (2) < (3) from Theorem 4.7.
We prove the implication (2) = (1). Without loss of generalities we may assume that (G, 01, 02) and (G, 0/, 65)
are quasi-canonical. We write (A, 01, 02) = (A, —db1|¢, —db2|¢) and (A, o7, 05) = (A, —db |y, —db5]|v). It follows
from Theorem 4.7 that there exists an isomorphism ¢ : t = t' of root systems between A and A’ satisfying
ol = ot fori=1,2.
Let ¢ be an automorphism of g with ¢|¢ = ¢. Since df}|¢ = pdb1 ¢! |¢ holds, it follows from Theorem 3.5 that
there exists H| € t' Nm] such that
o), = ) 3qg, 3= tem2dU) (5.2)

In addition, from d}|y = e*d(71) gdhy—te—2d(H1)|, there also exists Hj € ¢’ Nm) such that

dol = ?d(H3) gad(H1) g0, 51 p—ad(Hi) o —ad(Hy) (5.3)
By combining (5.2) and (5.3), we find that (G, 6, 6,) and (G, 07, 05) are locally isomorphic. Therefore we have
completed the proof. O

5.4. The classification of compact symmetric triads by double Satake diagrams

In this subsection, we consider the classification problem for compact symmetric triads at the Lie algebra
level.

5.4.1. Reduction of the problem A compact symmetric triad (g, 61,6-) is said to be irreducible, if it does not admit
non-trivial (6, §;)-invariant ideals of g (cf. [16, p. 48]). Any compact symmetric triad (g, 61, 62) is decomposed
into irreducible ones, namely, there exist unique irreducible compact symmetric triads (g(*), 99), Hél)), ey
(g, 0%“,9%’“)) such that g = g @ --- @ g and that §; = Hlm holds on g\¥) for i = 1,2 and j = 1,..., k. Then
we write

(97 b1, 92) = (g(l)a 99)’ 951)> ©---® (g(k)v egk)7 eék)>'

This decomposition is called the irreducible decomposition of (g,#:,62). The equivalence relation ~ is
compatible with the irreducibility of a compact symmetric triad, that s, if (g, 61, 02) ~ (g, 6}, 65) and (g, 01, 02) is
irreducible, then (g, 6/, 65) is also irreducible. This means that the classification problem for compact symmetric
triads reduces to that for irreducible ones. Clearly, (g, 61, 02) is irreducible if g is simple. Irreducible compact
symmetric triads (g, 01, #2) can be classified depending on whether g is simple or not. In the present paper, we
only deal with the classification problem for compact symmetric triads (g, 61, 62) such that g is simple.

Let g be any fixed compact simple Lie algebra. We write Inv(g) as the set of all the involutions on g. We will
explain our strategy to find all elements of the set 7 (g) := {[(g, 61, 62)] | 61,62 € Inv(g)}. Denote by Inv(g)/Aut(g)
the set of conjugacy classes in Aut(g) of the elements in Inv(g). Let [¢;] be in Inv(g)/Aut(g) for i = 1,2, and &,
denote the fixed point subalgebra of 6; in g. We set

g(g7klag2) = {[(97%0191@1717%0202@271)] | ©1, P2 S AU-t(g)}

Then 7 (g) has the following decomposition:

T(g) = U T (g,t1,8) (disjoint union).
[01],62]€Tnv(a) /Aut(g)

Thus, it is sufficient to determine 7 (g, ¢, £5) for each [01], [02] € Inv(g)/Aut(g).

For this purpose we make use of the classification of Inv(g)/Aut(g) and a one-to-one correspondence between
T (g,%1,t2) and the set 5 (51, S2) which is defined as follows: We may assume that (g, 61, 62) is quasi-canonical
(cf. Proposition 5.5). Let (A, 01, 02) be the double o-system of (g, 01, 02) and IT be a (01, 02)-fundamental system
of A. We write (S1,52) = (S(I1, 111 0, p1), S(IL, 12 9, p2)) as the double Satake diagram associated with II. We
define

DS (S1,52) = {[(¢1 - S1,%2 - S2)| | ¥1,92 € Aut(ll)}
={[(S1,¢ - S2)] | ¥ € Aut(I)}, (54
where ©; - S; is the Satake diagram defined by 1; - S; = S(II, ; (I, o), ¥; - p;) with ¢, - p; = 1/)1'?91‘@/’;1‘1'1—%(1'1@0)-

Here, we describe the one-to-one correspondence between 7 (g, £1,€:) and 9% (S51,S2). Let [(g, 6!, 65)] be in
T (g, t1,€2) such that (g,07,05) is quasi-canonical. Denote by (57, 55) the double Satake diagram of (g, 0/, 65).
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By Theorem 3.9 it follows from (g,6;) ~ (g,6;) that there exists an isomorphism 1; : S; — S, of Satake
diagrams. Then we have (S, 55) = (1 - S1,%2 - S2) ~ (S1,%7 "4 - S2), so that [(S], S5)] = [(S1,v; "t - So)] is
in 94 (51, 52) from (5.4). Furthermore, it can be shown that the following correspondence is well-defined in
terms of Theorem 5.12, (1) = (3):

T (g, t1,8) = DS (S1,52); [(g,01,0)] — [(S1,55)]. (5.5)

Lemma 5.13. The correspondence (5.5) is bijective.

Proof. We first prove that (5.5) is injective. Let [(g, 61, 65)], [(g,67,6%)] be in T (g, €1, €2) such that (g,61,65) and
(g,07,05) are quasi-canonical. We write (S7, S5) and (S7,S5) as the double Satake diagrams of (g, 67, 65) and
(g,67,0%), respectively. If [(S7,55)] = [(S7, S%)] holds, then we obtain [(g,6},05)] = [(g, 67,65 )] from Theorem
512, (3) = (1).

Next, we prove that (5.5) is surjective. Let [(S],55)] be in 9% (S1,S52). Then, for each i =1,2, there
exists ¢; € Aut(Il) satisfying S = 1); - S;. Let ¢; be an automorphism of g such that ¢;|i = ¢; holds. Then
(9, 010107 ", pabaipy ') gives a compact symmetric triad. Let (A, o, o) be its double o-system. Since IT becomes a
(0}, oh)-fundamental system, (g, p101¢; ', wabfap, ') is quasi-canonical and its double Satake diagram coincides
with (57, 55). Thus we have complete the proof. O

5.4.2. The classification Under the above argument we first determine %% (S1, S2) for [01], [62] € Inv(g)/Aut(g).
This can be easily obtained by means of the structure of Aut(II) and the table of Satake diagrams of compact
symmetric pairs (cf. [7, TABLE VI]). Our determination will be given in Theorem 5.18.

Following to [7, Chapter X, Theorem 3.29] the structure of Aut(II) is given as follows:

{1} (g=su(2),50(2m +1),8p(n), e7, es, 1, 92),
Aut(Il) =< Zy (g =su(n) (n > 3),s0(2m) (m > 5), ¢g),
Ss  (g=150(3)),

where Z; and &3 are the cyclic group of order two and the symmetric group of order three, respectively. Clearly,
in the case when Aut(Il) = {1}, 2 (51, S2) consists of only one element, that is, 2.5 (51, S2) = {[(S1, S2)]}. For
the others, we will obtain 2.4 (51, S2) by a case-by-case verification based on the classification of Inv(g)/Aut(g)
as shown in Table 1.

Let us consider the case when Aut(Il) =7Z,. We first determine 9% (S1,S52) for (g,8) = (g,8) =
(so(4m),u(2m)) with m > 3.

Example 5.14. Let (g,¢1) = (g, &) = (so(4m),u(2m)) with m > 3. Denote by (A, o1, 02) the double o-system of
a quasi canonical form (g, 61, 62). Let Il be a (01, 02)-fundamental system of A. If we write IT = {c, ..., a2, } as
in Notation 1, then Aut(II) is generated by

7: I =1L (a1, .. Qom—2, @2m—1, Qam) — (A1, ..., Q2m—2, A2, Q2m—1)-

Denote by S; = S(II,II; o, p;) the Satake diagram of (A, o;) associated with II. Then, for each ¢ = 1,2, the
graph of S; coincides with that of S(II,IIy,p) or S(II,7(Ily),7 - p)) as in Table 2. It can be shown that
(S(IL, o, p), S(IL, g, p)) and (S(IL, g, p), SII, 7(Ily), 7 - p)) give a complete representative of 9.5 (S, Sz).

Table 2. Satake diagram of (so(4m), u(2m)) with m > 3

S(H7H0ap) S(HaT(H0)7T p))
® (am—1 o Qam—1
aq Qo Qom—3 o1 (%) Qom—3
° o— —e Q2m—2 [} O— —e d O9m—2
o Qom ® (o

Except for this example among compact symmetric triads (g, 01, 602) with Aut(II) = Z, it is verified that
DS (51,852) = {[(S1, S2)]} holds by means of the following lemma.

dergipark.org.tr/en/pub/iejg 484


https://dergipark.org.tr/en/pub/iejg

K. Baba & O. Ikawa

Lemma 5.15. Assume that Sy or Sy is invariant under the action of Aut(IL), that is, there exists i € {1, 2} such that
S; =1 - S; holds for all i € Aut(II). Then we have DS (S1, S2) = {[(S1, S2)]}-

We omit its proof since this lemma is easily shown by the definition of 9. (S1, S2).

Example 5.16. Let us consider the case when (g, %) = (su(n),s0(n)) and (g, %) = (su(n),s(u(a) ® u(b))) with
n > 3. Since the Satake diagram S; contains no black circles and no curved arrows, S; is invariant under the
action of Aut(Il). From Lemma 5.15 we get 2. (51, S2) = {[(S1,52)]}-

From the above argument we conclude that 2.5 (S:, S2) have been determined in the case when Aut(II) = Zs.
Finally, we consider the case when Aut(Il) = Gs.

Example 5.17. Let g = s0(8). From Table 1 we have {[(s0(8),0)] | 6 € Inv(s0(8))} = {[(s0(8),50(a) ® s0(8 — a))] |
a=1,2,3,4}. Here, we have used a special isomorphism u(4) ~ s0(2) & s0(6). Our argument proceeds by a
case-by-case argument as follows.

We first consider the case when (g, £1) or (g, £2) is isomorphic to (s0(8),50(4) @ s0(4)). A similar manner as in
Example 5.16 obeys 9. (S1, S2) = {[(S1, 52)]}.

Next, let us consider the case when (g,%) = (s0(8),s0(a) ® s0(8 — a)) and (g, t2) = (s0(8),50(c) ® s0(8 — ¢))
for some a,c € {1,2,3}. Denote by (A, 01,02) the double o-system of a quasi-canonical form (g, 61,62). Let
II be a (01, 092)-fundamental system of A. If we write II = {a1, a2, 3, u} as in Notation 1, then Aut(II) =
{1, K, k%, 7, k7Y, k27K ~2} holds, where k, 7 € Aut(Il) are defined by & : (a1, ag, ag, ag) — (g, a2, a1, a3) and
by 7 : (a1, a2, a3, a4) = (a1, a2, a4, a3). Denote by S; the Satake diagram of (A, ;) associated with II. Then,
there exist 1,1’ € {1, k, k?} satisfying Sy = S(IL, (IT{"), 1 - p(@) and S, = S(IL, ' (TI("), v - p©), where the
Satake diagram S(II, w(Hé*)), - p™*)) are in Table 3 for ¢ € {1, k, k?}. We write S*¥ := S(II, 1/)(1'[(()*)), Y - p™)) for
short. Then it can be verified that 2 (51, S2) = {[(S®!, 5¢1)], [(S*!, S%*)]} holds by a case-by-case verification.
For example, in the case when a = 1,¢ = 2, we have (S, §21) % (11, §2+) L (§11 §2+%) This implies that
(St1,8%1) and (S, S%%) give a complete representative of 2% (51, S).

Table 3. Satake diagram of (s0(8),s0(a) ® s0(8 —a)) witha =1,2,3

a  SILIEY p®)  SILAISY), k- p@)  SALAIY), 52 - p@)

a3
°

(%1 OLQ/
o o
\14
.
e%}
°

o 042/

O )
\\044
[ ]
a3
Q

[e%} Oég/

O O

e

as

[ )
[e%1 O[Q/

\044
(]

a3
o

(%1 052/
° o
\14
.
e%
o

o Ctg/

[ ] o}
\\044
[ ]
Qs
O

o 042/

(@] O

}\\:?

From the above argument we conclude:

Theorem 5.18. Fix a compact simple Lie algebra g. Let [61], [#2] € Inv(g)/Aut(g) such that (g, 61, 02) is quasi-canonical.
Denote by (S1, S2) the double Satake diagram corresponding to (g, 61,062). Then we obtain DS (S, Sz) as follows:

(1) Let g # so(4m) withm > 2: DF (51, S2) = {[(S1,52)]} holds.

(2) Let g = so(4m) withm > 3:

(2-a) In the case when (g, ;) = (so(4m),u(2m)) for i = 1,2, the two double Satake diagrams (S(IL, 11y, p), S(II, IIy, p))
and (S(I1, Iy, p), S(IL, 7(Ily), T - p)) as in Example 5.14 give a complete representative of DS (S1, Sa).

(2-b) Otherwise, D (S1,S2) = {[(S1,52)]} holds.
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(3) Let g = s0(8):
(3-a) In the case when ¢, or ¥, is isomorphic to so(4) © s0(4), DS (51, 52) = {[(S1, S2)]} holds.

(8-b) Otherwise, there exist a,c€{1,2,3} such that (g,%) = (s0(8),s0(a)Dso(8—a)) and (g,t)=
(50(8),50(c) ®s0(8 —¢)). Then, the two double Satake diagrams (S(IL,TI,p(@), ST, p®))) and
(SAL I p(@), S(I1, k(TI(7), k- p(©))) as in Example 5.17 give a complete representative of DS (Sy, S,).

As a corollary of Theorem 5.18 we can obtain 7 (g, €1, &) for [01], [02] € Inv(g)/Aut(g). In order to present our
determination of 7 (g, 1, ;) we prepare the following notation.

Notation 2. In order to give involutions on a compact simple Lie algebra g, we utilize the following notation:
If I,, denotes the unit matrix of order n, then we put

Ia O 0 _In
Iy = <o _Ib> € GL(a+b,R), J,= <In 5 > € GL(2n,R), (5.6)

and J;L = In—l,n-‘rlj’n S GL(2’I’L, R)

Corollary 5.19. Fix a compact simple Lie algebra g. Then we have:
(1) Let g # so(4dm) with m > 2: T (g, ¥, ) = {[(g, 601, 62)]} holds.
(2) Let g = so(4dm) withm > 3:

(2-a) In the case when (g,%¥;) = (so(4m),u(2m)) for i = 1,2, (S(II, 1y, p), S(II, 11y, p)), (S(IL, o, p), ST, 7(Iy), T -
p)) as in Example 5.14 correspond to the two compact symmetric triads

(s0(4m), Ad(Jom), Ad(Jom)), (s0(4m), Ad(Jom), Ad(J5,,)), (5.7)

respectively. Furthermore, the compact symmetric triads (5.7) give a complete representative of
T (s0(4m), u(2m), u(2m)).

(2-b) Otherwise, T (s0(4m), t1,%2) = {[(s0(4m), 01, 62)]} holds.

(3) Let g = s0(8):

(3-a) In the case when ¢ or ¥ is isomorphic to so(4) @ so(4), we have T (s0(8), 1, 2) = {[(s0(8), 61, 02)]}.
)

(3-b) Otherwise, we have (g, ) = (s0(8),s0(a) ®s0(8 —a)) and (g, ) = (s0(8),50(c) ®s50(8 —¢)) for some a,c €
{1,2,3}. Then, (S(I1, 11, p@), S(IL, T, p(©))) and (ST, p@), S(IT, k(TI), k - p(©))) as in Example 5.17
correspond to the two compact symmetric triads

(50(8),Ad(Iy8_a), Ad(Ies_c)), (50(8),Ad(Ing o), KAd(I.g )& 1), (5.8)

respectively, where F denotes the extension of x to an automorphism of so(8). Furthermore, (5.8) give a complete
representative of 7 (s0(8), £1, &2).

From Corollary 5.19, with a few exceptions, the isomorphism class [(g,61,62)] is uniquely determined
by means of the Lie algebra structures of ¢ and ¢. Then, there is no confusion when we write
[(g,%1,82)] in place of [(g,61,02)] except for compact simple symmetric triads as in Corollary 5.19, (2-
a) and (3-b). On the other hand, in the case of (2-a) in Corollary 5.19, we shall use the symbols
[(so(4m),u(2m),u(2m))] and [(so(4m), u(2m), u(2m)’)] as the isomorphism classes of (so(4m), Ad(Jap,), Ad(J2rm))
and (so(4m),Ad(Jom), Ad(J5,,)), respectively. In the case of (3-b) in Corollary 5.19, we shall also
write [(s0(8),50(a) ®50(8 —a),s0(c) ®so(8 —c))] and [(s0(8),s0(a) D s0(8 — a),k(so(c) ®so(8 —c)))] as the
isomorphism classes of (s0(8), Ad(I,8—q), Ad(Is5—)) and (s0(8), Ad(Iy,5-a), KAd(I.s_c)Rk '), respectively.

5.4.3. Determination of rank and order for double o-systems Based on the classification, we will determine the rank
and the order of the double o-system (A, o1, 02) for compact symmetric triads (g, 61, 2) such that g is simple.
Since (A, 01, 02) is canonical, we have rank[(A, 01, 02)] = rank(A, 01, 02) and ord[(A, 01, 02)] = ord(A, 01, 03).

First, we consider the case when ¢; ~ 65. Then (A, 01, 02) ~ (A, 01,01) holds. Since (A, 01, 01) is canonical, by
Theorem 4.7, we obtain rank(A, o1, 03) = rank(A, 01, 01) = rank(g, 1) and ord(A, 01,02) = ord(A, 01,01) = 1. In
addition, we have the value of rank(g, 6;) from TABLE V in [7]. Thus, we have determined rank[(A, 01, 02)] and
ord[(A, 01, 02)] in the case when 6, ~ 0.

Secondly, we consider the case when 6; o 6,. In a similar manner as in Subsection 3.3, (A, 01, 02) can be
reconstructed from its double Satake diagram. Then, a direct calculation gives the rank and the order of
(A, g1, 0‘2).
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Example 5.20. Let (g, £, €2) = (s0(8),50(1) ® s0(7), Z(s0(2) @ 50(6))) and (A, 01, 02) denote its double o-system.
Then, (S(IT, IV, pM), S(I1, k(TI{), & - p®)) as in Table 3 gives the double Satake diagram of (A, 0y, 03). We
write Il = {a, ..., a4} by means of the standard basis ey, ..., e4 of R* as in Notation 1. Under this setting, we
have

01(61,62763764) = (61,*627*63, *64), 02(61762,63764) = (62761764,63)' (5-9)

Since we have
7 n th = Rel n (R(el + 62) D R(eg + 64)) = {0},

rank(A, o1, 02) = 0 holds. We also obtain ord(A, o1, 02) = 4 by means of (5.9).

We can carry out a similar calculation for the other compact symmetric triads (g, 61, 62) such that g is simple
and that 6; % 65. Then, we have the following proposition.

Proposition 5.21. Table 4 exhibits the ranks and the orders of the isomorphism classes of the double o-systems
corresponding to compact symmetric triads (g, 61,62) such that g is simple and that 61 £ 0.

Remark 5.22. As will be shown later, Table 4 exhibits the ranks and the orders of the isomorphism classes of
compact symmetric triads (G, 61, 62) such that G is simple. Indeed, this is shown by means of Theorems 6.6 and
6.12 in the next section.

Table 4. Rank and order for double o-system corresponding to (g, 61, 62) with 61 £ 0

(g,t1, ) Rank Order Remark

(su(2m), so(2m), sp(m)) m — 1 2

(su(n),so(n), s(u(a) @ u(b))) a 2 n > 2a

4 (a:odd,m > a),
2 (otherwise)

(su(2m), sp(m), s(u(a) ® u(b))) [i}

(su(n), s(u(a) @ u(d)), s(u(c) & u(d))) a 2 a<c<d<b
(so(n),so(a) @ so(b),so(c) @ sa(d)) a 2 a<c<d<b
2 a,c) =(2,2)),
(50(8),50(a) @ so(b), A(so(c) @ so(d))) 1 ((a,c) =(2,{2,3})), 4 ((ufc)=(1’2)’(2’3>)’
2 (a0 =69) 6 ((a,0) = (1,8)

(s0(2m), so(a) ® so(b), u(m)) [3}

4 (a:odd,m > a),
2 (otherwise)

(so(4m), u(2m), u(2m)’) m — 1 2

(sp(n), u(n), sp(a) ® sp(b)) “ 2 i
(sp(n), sp(a) & sp(b), sp(c) @ sp(d)) @ 2 S
(eg, 5p(4), su(6) @ su(2)) 4 2
(eg,sp(4),s0(10) P s0(2)) 2 2
(e, 5p(4), fa) 2 >
(e, 5u(6) & su(2), 50(10) & s0(2)) 2 2
(¢, 5(6) ® su(2), f4) ! 2
(eg,50(10) @ s0(2), fq) * 2
(e7,5u(8),s0(12) @ su(2)) 4 2
(e7,5u(8), eg @ s50(2)) 3 2
(e7,50(12) ® su(2), eq @ s0(2)) 2 :
(eg.50(16), e7 @ su(2)) 4 2
(f4,5u(2) ® sp(3), 50(9)) ! :

5.4.4. Special isomorphism and self-duality First, we consider special isomorphisms for compact symmetric
triads. In the theory of compact Lie algebras, there are some special isomorphisms for low-dimensional
compact Lie algebras (cf. [7, pp. 519-520]). Hence we find that there are some overlaps in Table 1. This obeys
special isomorphisms for compact symmetric triads with low rank as follows.

Corollary 5.23. The following relations hold:
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(1) (s0(8),u(4),s0(4) ®s0(4)) ~ (s0(8),50(2) P 50(6),50(4) P s0(4))
(2) (s0(5),50(1) ®s0(4),50(2) Bso(3)) ~ (sp(2),sp(1) ®sp(1),u(2)).
(3) (su(4),s0(4),sp(2)) ~ (s0(6),50(3) @ s50(3),s0(1) ® s0(5)).

(4) (su(4),s0(4),s(u(2) ®u(2))) ~ (s0(6),50(3) ®s0(3),s0(2) ®so(4))
(5) (su(4),s0(4),s(u(l) ®u(3))) ~ (s0(6),s0(3) & s0(3),u(3)).

(6) (su(4),sp(2),5(u(2) ®u(2))) ~ (s0(6),s0(1) ®s0(5),s0(2) @ s0(4))
(7) (su(4),5p(2),5(u(1) ®u(3))) ~ (s0(6),50(1) ® 50(5), u(3))

8) (su(4),s(u(2) @u(2)),s(u(l) ®@u(3))) ~ (so(6),50(2) ®so(4),u(3))

Proof. (1) For i = 1,2, let 6; and 0, be the involutions of g = s0(8) defined by
01 = Ad(l26), 07 =Ad(Jy), 02=1045=Ad(Is4).

Then we have £ ~ 50(2) ®s0(6) ~u(4) ~ ¢ and & =¥, ~ s0(4) © s0(4). It follows from Corollary 5.19, (3-a)
that (g, 61, 62) ~ (g,61,65) holds. In a similar argument we get (2)—-(8). O

A compact symmetric triad (g, 61, 6-) is said to be self-dual, if it satisfies (g, 01, 02) ~ (g, 02, 61). Secondly, we
classify self-dual compact symmetric triads (g, 61, 62) in the case when g is simple. It is verified that, if two
compact symmetric triads (g, 61, 02) and (g, 6, 85) are isomorphic, and (g, 61, 62) is self-dual, then so is (g, 6%, 65).
In the case when 6; ~ 0, it follows from (g,6;,01) ~ (g, 61,02) that (g,01,62) is self-dual. In the case when
61 # 62, we can determine whether (g, 61, 62) is self-dual or not by means of our classification as follows.

Corollary 5.24. Let 6, and 65 be involutions on a compact simple Lie algebra with 01 + 0s. The only self-dual compact
symmetric triads are given by (so(4m), Ad(Jam), Ad(JL,,)) with m > 3, and by (s0(8), Ad(Iy.s-a), FAd(I4s—a)R 1)
with a € {1,2,3}.

In particular, €, ~ €, implies that (g, 61,0-) is self-dual.

Proof. Itis clear that, if (g, 01, 02) is self-dual, then £, ~ £, holds. Conversely, from the classification for compact
symmetric triads, the only compact symmetric triads (g, 01, 62) satisfying £; ~ ¢, are ones as in the statement.
Furthermore, it is verified that they are self-dual as follows: By using Ad(I2,,,—1,2m+1)* = 1 we have

(97 913 02) = (50(4m)7 Ad(JQm)7 Ad(IQm—1,2m+1)Ad(JQm)Ad(IQm—l,Qm—Q—l)il)
~ (s0(4m), Ad(I2m—1 2m+1)Ad(J2m)Ad(T2m—1 2m+1) "' Ad(J2m))
= (g,02,01).

It is shown that the double Satake diagram for (so(8),Ad(I,s-a),RAd(Il,s_q)5 ") and that for
(s0(8), kKAd(ly8—a)i ', Ad(Iss-0)) are isomorphic. Thus, by Theorem 5.12, (3)= (1) we have
(50(8), Ad(Is,8-a), FRAA(I48—a)R ") ~(50(8), KAd(I4,8—a)fk ', Ad(I,5—4)). Hence we have the assertion. O

6. Canonical forms in compact symmetric triads

In Subsection 6.1, we define the canonicality for compact symmetric triads, and give concrete examples of
canonical compact symmetric triads. In Subsection 6.2, for any compact symmetric triad (G, 61, 62), we prove
the existence of a canonical one (G, 6, 65) ~ (G, 61, 6>) in the case when G is simple. In Subsection 6.3, we give
properties of canonical compact symmetric triads (Theorem 6.12).

6.1. Definition and examples for canonical compact symmetric triads
Let G be a compact connected semisimple Lie group, and g denote its Lie algebra.

Definition 6.1. A compact symmetric triad (G, 61, 02) is said to be canonical, if there exists a maximal abelian
subalgebra t of g which satisfies the following conditions:

(C1) tis quasi-canonical with respect to (G, 01, 65), that is, t satisfies the conditions (1) and (2) as in Definition
5.4.
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(CZ) ord(9102) = ord(d91d02|t).

Then, t is said to be canonical with respect to (G, 6:,6:). A canonical form of [(G,6:,6:)] is a representative
(G, 01, 05) of the isomorphism class [(G, 01, 02)] such that (G, 8}, 6}) is canonical as a compact symmetric triad.

In the case when (G, 01, 6,) is canonical, the condition (C2) implies that ord(6162) and ord[(G, 61, 82)] are finite.
Here, we give examples of canonical compact symmetric triads as follows.

Example 6.2. For any involution 6 on G, (G, §,6) is canonical. Indeed, let t be a maximal abelian subalgebra
of g such that tNm is a maximal abelian subspace of m. Then (G, 0, 0) and t satisfy the two conditions as in
Definition 6.1.

Example 6.3. Any commutative compact symmetric triad (G, 01, 62) with 8; 7 6, is canonical. Indeed, it follows
from Lemma 5.7 that there exists a maximal abelian subalgebra t of g such that tNm; and tN (m; Nmy) are
maximal abelian subspaces of m; and m; Nmy, respectively. We have shown that t is quasi-canonical with
respect to (G, 61, 62). In addition, from Lemma 2.12 we obtain 2 < ord(df;df|¢) < ord(6162) = 2. In particular, t
satisfies the condition (C2).

In some sense, the canonical forms are not uniquely determined, namely, there exist two compact symmetric

triads (G, 01, 602) ~ (G, 07, 05) such that they are canonical and that (G, 6, 6,) and (G, 07, 05) are not equivalent
under the following equivalence relation =.
Definition 6.4. Two compact symmetric triads (G, 61, 62), (G, 0}, 6;) satisfy (G, 01, 02) = (G, 01, 05), if there exists
¢ € Aut(G) satisfying 0] = o6~ ! and 0, = pf20~ . In a similar manner, we define an equivalence relation on
the set of compact symmetric triads at the Lie algebra level. By the definition (G, 01, 02) = (G, 01, 05) implies
(G, 61,62) ~ (G, 0, 65). The converse does not hold in general.

The following example gives compact symmetric triad (G, 01,602) ~ (G, 07, 05) such that they are canonical
and that (G, 61,02) # (G, 61, 05) at the Lie algebra level. We find that another example is given in [2, Examples
2.14-16].

Example 6.5. Let g = su(4m) with m > 1. We define two involutions 6 and 6’ of g as follows:
G(Z) = Za el(Z) - IQ'rn,Q’mZIQ'rn,2m (Z S g))

where I5,,, 2, is defined in (5.6). Then we have 86’ = §’6. Furthermore, g% = s0(4m) and

o = {< ZOl Zoz ) %éff;ﬁ”ﬁo }5(u(2m) @ u(2m)).

If we put
1 I v—1I
! _ 2m 2m
Izm,2m - \/5 ( /_]-IQm IQm ) S SU(4m)7
then the product I3, 5,, I2m,2m (I3, 2,,) " has the following expression:
_ @ —/ =115,
Iém,2m12m72m('[ém,2m) t= < \/jll2m 0] ? > =: Ié/m.,Qm € SU(4m)

Since (13, 9,,)° = Ism holds, we have another involution §” := Ad(1},,, ,,,) of g. Then 0" satisfies 66" = 0”6 and

0" ~ 0". In addition, we have g?" ~ g% = s(u(2m) ® u(2m)).
Now, let us consider the following two compact symmetric triads:

(g,01,02) = (su(4m),0,6"), (g,07,05) = (su(4m),0,0").
It follows from Corollary 5.19 that (g, 61, 02) ~ (g, 0}, 65) holds. In addition, by Example 6.3 they are canonical.
A direct calculation shows that

LNt = {( )él )?2 ) ‘ X1,X5 € 50(2m)} = 50(2m) ® s0(2m),

, ;o X1 X2 X1 EEU(QTTZ), ~
El HEQ = {< 7X2 Xl ) ’ )(2 c g[(?m,R),Xg _ tX2 — u(2m)

This implies that £; N £, is not isomorphic to ¢ N &,. Thus, we have (g,61,02) # (g, 0}, 65).

It can be proved the uniqueness of canonical forms by imposing an additional condition on the definition.
However, when we observe at least the commutative case, we do not need to determine a canonical form
uniquely.
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6.2. Existence for canonical compact symmetric triads
The purpose of this subsection is to prove the following.

Theorem 6.6. Assume that G is simple. For any compact symmetric triad (G, 01, 02), there exists a canonical compact
symmetric triad (G, 6,65) ~ (G, 61, 65).

Without loss of generalities we may assume that (G, 61, 6>) is quasi-canonical by Proposition 5.5. Let t be a
maximal abelian subalgebra of g which is quasi-canonical with respect to (G, 61, 62). Denote by (A, 01,02) =
(A, —db,|¢, —dbs|¢) the double o-system of (G,01,0,). Let Il be a (01, 02)-fundamental system of A.

Lemma 6.7. Let n = ord(0102|¢) € N. Then, we have:
(1) Forany § € Iy o UIly o, we have (61602)™ = 1 on the root space g(t, §).

(2) The order of the automorphism 6102 on g satisfies (6162)™ = 1 if and only if (0102)™ = 1 holds on g(t, o) for all
acll— (Hl,O U H270).

Proof. (1) Let 8 beinII; o U Iy . It can be verified that (6,62)" = 1 holds on g(t, 3) by a case-by-case verification.
Let us consider the case when n is odd and g € II, . It is sufficient to show (6261)" = 1 on g(t, 8). If we write
n =20+ 1, then (6102)"(3) = B yields 62((61602)'(B)) = (8162)"(3). Hence we get g(t, ) C €5 and g(t, (6162)'(8)) C
t5 by Lemma 3.7, (2). For any X € g(t, 3), we obtain

(0261)™(X) = (02601)%0:,X = (0201)'02((6:62)' (X)) = X.

For the other cases, a similar argument shows that (6,62)" =1 on g(t, 3) for each 3 € II; o U Ty o.
(2) The necessity is clear. We will only prove the sufficiency. From (1), we have (6162)" = 1on ) g(t, a).
This yields (6162)™ = 1 on aC, equivalently, (#102)™ = 1 on g. Thus we have the assertion. O

In order to prove Theorem 6.6 we need to give a refinement of Lemma 6.7, (2) (see Lemma 6.11). Let (G, 61, 65)
be a quasi-canonical compact symmetric triad and t be a quasi-canonical maximal abelian subalgebra of g with
respect to (G, 01, 02). Denote by (S (I, II; o, p1), S2(IL, 5 0, p2)) the corresponding double Satake diagram of
(G,01,602). We put n = ord(0102]¢). Let pr: t — tN (my Nmy) be the orthogonal projection. Then, for any « € ¢,
we have

pria) = 2 3 ((0:0"(0) 0,010 (@)} = L3 ((012) (@) — 620616 (@),
k=0 k=0
which is also expressed as
prie) = -3 (020204 (H — 0,(H). 61)
k=0

The following lemma is fundamental in our argument.
Lemma 6.8. Under the above settings, we have:
(1) Fixie{1,2}. Forany o, 8 € I — 11, o, « = p;(B) yields pr(a) = pr(B).
(2) pr(a) =0holds forall o € I1; o UTI5 o

This lemma can be shown by means of the expression (6.1). We omit the detail.
We set IIy = {o € IT | pr(o) = 0}. By Lemma 6.8, (2), we have II; o UIly o C II,. In fact, it is verified that I, is
expressed as
Iy = HLO @] Hg’o @] {a ell — (HLO @] H270) | pl(a) S Hz’o or pg(a) S HI,O}-

In the case when (G, 61, 62) is commutative, it follows from Lemma 5.8, (2) that ITy = II; ¢ U II5  holds.
Let IT* be a subset of IT — II satisfying

{a,pi(a),pa(e) |a e T} =TT -1l

with minimum cardinality among all such subsets. We call such IT* a core of IT — II,. Clearly, if IT = II,, then we
have IT* = (. By means of the Satake involutions p1, p2, we can reconstruct II; and IT — II, from II; o U Il o and
IT*, respectively, Then, II is obtained from IT* UII; g UIl5 o and so is A™.

By Lemma 5.8, we get tN (m; Nmy) = pr(spangll) = spang {pr(a) | a € II —IIy}. Furthermore, we have the
following proposition.
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Proposition 6.9. Assume that G is simple. Then, there exists a core II* C II — I, satisfying the following conditions:
(1) {pr(a)| « € II*} are linearly independent.
(2) tN(my Nmy) = spang{pr(a) | o € II*}.
In particular, the cardinality of II* is equal to the dimension of t N (my Nmy).
The proof is given by a case-by-case verification based on the classification.

Example 6.10. Let us consider the case when (g, ¥, %) = (s0(8),50(3) ® s0(5), <(s50(3) B s0(5))). Its double
Satake diagram is given by (S(IT, p(II{*), p®)), S(IT, k(TI), k. - p®)) as in Table 3. Then ITI* = {a, a3} gives
a core of II — II,. Since we have

1
pr(az) = az, pr(az) = g(oq + as + ayq),

{pr(cz),pr(az)} are linearly independent. From dim(tN(m;Nmy))=2, we have tN(mNmy) =
spang{pr(az), pr(as)}.

In a similar manner, we can prove Proposition 6.9 for the other cases. We omit the details.
The following is a refinement of Lemma 6.7, (2).

Lemma 6.11. Let n = ord(0162|¢) € N and 1I* C II — I, be a core. Then the order of the automorphism 616 on g
satisfies (0102)" = 1 if and only if (6162)™ = 1 holds on g(t, ) for all o € TI*.

Proof. We will only prove the sufficiency. We define a subspace h of g as follows:

h=te > (gts)est-8)e Y (s(ta)@at,—a)).

BEIl1,oUIl2 o acll*

By the definition, we have (#:162)” =1 on h. This implies that (6:62)" =1 holds on §h + 61 (h) + 62(h). Since
b+ 601(h) + 02(h) generates g&, we get (6162)" = 1 on g&. Thus we have the assertion. O

We are ready to prove Theorem 6.6.

Proof of Theorem 6.6. Without loss of generalities we may assume that (G, 6,,6,) is quasi-canonical. Let t be a
maximal abelian subalgebra of g which is quasi-canonical with respect to (G, 61,02). Let n = ord(6162];) and
IT* C II — II; be a core as in Proposition 6.9.

First, we show ord(6,6;) = n in the case when IT* = (). Indeed, we get ord(6,62) > ord(6102|¢) = n. In addition,
Lemma 6.7, (1), we have (6:02)" = 1. Hence, we obtain ord(6,62) = n, so that (G, 6;, 62) is canonical.

Secondly, we consider the case when II* # (). For any H € tN (m; Nmy), if we put g = exp(H), then Ad(g)
gives the identity transformation on t. Hence t is also quasi-canonical with respect to (G, 61, 7,027, ") =
(G, 61,05). Then it is sufficient to show that there exists H € tN (m; Nmy) such that (6;65)™ = 1 holds.

Let H be any element in tN (m; N'm2). Let { X, }aea be a Chevalley basis of g© with X, = —X_,, (cf. Lemma
3.6). For each a € A, we define a complex numbers S, by (6162)" X, = SoX,. By the definition, we have
(0105)" X, = eV =120 pr(@)H) g X for each a € A. Then, it follows from Lemma 6.11 that (6,65)" = 1 holds
if and only if eV~ pr™(@.H) g — 1 for all a € II*. From Lemma 3.7 it is shown that |S,| = 1 holds, so
that there exists u, € R such that S, = eV~1“s. It follows from Proposition 6.9, (1) that the square matrix
({pr(c),pr(B)))a,pen- is invertible, so that the following equation has a solution H:

@2n - pr(a),H) +uq =0 (a€Il”).

Then (6,604)™ = 1 holds for the solution H.
From the above argument, we have complete the proof. O

6.3. Properties of canonical compact symmetric triads

The purpose of this subsection is to prove the following.

Theorem 6.12. Assume that G is simple. Let (G,01,02) be a canonical compact symmetric triad. Then, the followings
hold:
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(1) Let t be a maximal abelian subalgebra of g which is canonical with respect to (G, 61, 62). Then, t N (my Nmy) is a
maximal abelian subspace of m; N my.

(2) OI‘d[(G, 61, 92)] = 0rd(0192).

Remark 6.13. Let (G, 6,,6,) be a canonical compact symmetric triad and t be a canonical maximal abelian
subalgebra of g with respect to (G, 01, 62). Then, if §; and 60, is commutative on t, then [(G, 61, 62)] is commutable.
In addition, Theorem 6.12, (2) implies that the converse is also true in the case when G is simple. Thus, we have
the complete classification of commutable compact symmetric triads [(G, 61, 62)] by means of Table 4. We note
that, if the simple Lie group G is of exceptional type, then [(G, 6;,62)] is commutable.

6.3.1. Proof of Theorem 6.12, (1) We give two sufficient conditions for t* N t?> to be a maximal abelian subspace
of m; Nmy. One is that (G, 61, 63) is commutative as shown in Lemma 5.7. The other is the following lemma.

Lemma 6.14. Let (G, 61, 62) be a compact symmetric triad and t be a maximal abelian subalgebra of g such that tNm;
(i = 1,2) is a maximal abelian subspace of m;. We denote by (A, 01, 02) the double o-system of (G, 61, 62) with respect to
t. Then the following holds:

dim(t7* N t72) < min{rank(G, 6;) | i = 1, 2}. (6.2)

Furthermore, if the equality in this inequality holds, then t°* N 172 = t N (my N my) becomes a maximal abelian subspace
0fm1 N ms.

Proof. By the definition we have the inequality (6.2). Assume that the equality in (6.2) holds. Let a be a maximal
abelian subspace of m; N my containing t”* N t”2. From dim(a) < rank(G, 6;), we have dim(t”* Nt72) < dim(a) <
min{rank(G, 6;) | ¢ = 1,2}. By the assumption we obtain t’* N t?> = a. Thus, we have the assertion.

There are some non-commutative, canonical compact symmetric triads such that the equality in (6.2) does
not hold. In the case when G is simple, we can classify such compact symmetric triads at the Lie algebra level
by means of Table 4, which are listed in Table 5.

Table 5. Canonical compact symmetric triads (G,6:,6;) satisfying ord(6,62) >3 and dim(t” Nt72) <
min{rank(G, ;) | i = 1,2}

(9,8,8) Remark

(su(2a+2b+2),sp(a+b+1),5u2a+1)Gu(2b+1))) 0<a<b
(s0(2a 4+ 2b+2),50(2a + 1) ®so(2b+ 1),u(a+b+1)) 0<a<b
(s0(8),50(1) @ s0(7), &(s0(c) @ s0(8 —¢))) c=1,2,3
(s0(8),50(2) ® 50(6), &(s0(c) B s0(8 —¢))) c=2,3
(s0(8),50(3) ®s0(5), &(s0(3) ® s0(5)))

For these canonical compact symmetric triads, we will prove Theorem 6.12, (1) by a case-by-case verification.
Example 6.15. Let us consider the case when (g, £, ¢2) = (50(8),50(3) @ s50(5), (50(3) @ s0(5))). Then we have
2 = dim(t7! Nt7?) < max{dim(t”* N st°?) | s € W(A)} < 3.

We will show that max{dim(t* N st°2) | s € W(A)} = 2. Under Notation 1 we have
t7t =Res D R(eg — e2) DR(ex —e3), t72 =R(eg —ea +e3 —eq) D R(ea — e3) @ R(es + e4).

Suppose for contradiction that there exists s € W(A) satisfying dim(t* N st?2) = 3. Then we have s~!1t7* = t72.
It follows from the expression of t°! that there exists j € {1,2,3,4} satisfying e; € w™'t71. This contradicts
that t”> does not contain all the vectors e, e2, €3, 4. In addition, by Proposition 5.3 we obtain dim(t”* N t72) =
max{dim(t7* N st”2) | s € W(A)} = rank(G, 61, 02).

In a similar manner as in Example 6.15, we have Theorem 6.12, (1) for (g, £,€2) = (s0(8),s0(a) ® so0(8 —
a), k(s0(c) @ s0(8 — ¢))) with (a,c) = (1,{1,2,3}), (2,{2, 3}).

dergipark.org.tr/en/pub/iejg 492


https://dergipark.org.tr/en/pub/iejg

K. Baba & O. Ikawa

Example 6.16. Let us consider the case when (g, ¢, £2) = (s0(2a + 2b+ 2),50(2a + 1) & s0(2b+ 1), u(a + b+ 1))
with 0 < a < b. We will show the following relation:

rank(g, ?1, EQ) = a(z dlm(f N (m1 N m2)))
We define two involutions 6/, 85 on so(2a + 2b + 2) as follows:
01(X) = Inat1,2041 X Toag1 20401, 05(X) = Jago1 XJ N

Then we have g% =s0(2a+1)®s0(2b+1) and g% =u(a+b+1). By the classification, (g,0,,6,) is in
[(g, %1, &2)]. From

Owis O W O
w J[ 0 0. o o
N w O Oz O

0] 0] O Op_a

m,nm,=g"%nNg W eso(2a+1) p,

we obtain
X
[m] Nmb,mi Nmj| = 0 X X €s50(2a+1) p =50(2a+1)
0]
Forany Z € [m{ Nmj, m} Nm)] and Y € m) Nm), with
X Osars O W O
_ ) . 0] Op—a 0] 0]
Z= X Y=l'w 0 0wa O |
) O ) O Oy
we have
Osas1 O [X,W] O
[ 0 0. O o)
ZYI=lxw] O Omu O
0 ) O Op—q
This yields

([my AYmy, my Amo] @ my N my, (my N my, my N my))
~ (50(2a+ 1) ®s0(2a + 1), A(s0(2a + 1) ® s0(2a + 1))).

Hence we get
rank(g, €1, &) = rank(g, 61, 05) = rank(s0(2a + 1)) =

so that t N (m; N'my) is a maximal abelian subspace of m; N m,.

Example 6.17. Let us consider the case when (g, 1, 2) = (su(2a + 2b+ 2),sp(a + b+ 1),5(u(2a + 1) ® u(2b + 1)))
with 0 < a < b. It is sufficient to show rank(g, ¢, £2) = a. We define two involutions 67, 6, on su(2a + 2b + 2) as
follows:

01(X) = Jarsr X yis 05(X) = Dario641 X I2at1,2641-

Then we have g% = sp(a+ b+ 1) and g% = s(u(2a + 1) ® u(2b + 1)), from which (g,0},605) is in [(g, €1, £5)]. A
direct calculation shows

Owiin O Y O
w J[ 0 0. o o
B Y O Ozp41 O

0] O O Op_a

m,Nm,=g"%nNg Y =-'Y € M(2a+1,C)

In the case when a = 0, we have my N'my = {0}. This implies that rank(g, ¢1, £2) = rank(g, 6}, 6,) = 0 = a. In what
follows, we assume that a > 1. Since 1(2a + 1) can be expressed by

u(2a + 1) = spang{XY - YX | X, Y € gl(n,C),'X = - X,'Y = Y},
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we have

[m] Nmb,mi Nmy| = X eu2a+1) p =u(2a+1).

>

Hence we get
([m] Nmi,m) Nm)] & m) Nmj, [m) Nm), m) Nmj)) ~ (so(da + 2),u(2a + 1)),
from which rank(g, £, &) = rank(so(4a + 2),u(2a¢ + 1)) = a.

From the above argument we have complete the proof of Theorem 6.12, (1).

6.3.2. Proof of Theorem 6.12, (2) In the rest of this paper, we give the proof of Theorem 6.12, (2). In the case
when rank(G, 01, 62) = 0, we have ord[(G, 01, 62)] = ord(6,602) by Proposition 2.7. In what follows, we will prove
ord[(G, 61, 02)] = ord(6162) in the case when rank(G, 61,62) > 1. Our proof is based on a case-by-case verification
for the order of a canonical one (G, 61, §2). We note that n := ord(6:162) € {1, 2, 3,4, 6} holds by the classification.

In the case when n = 1, we have 1 < ord[(G, 61, 02)] < ord(6162) = 1. This yields ord[(G, 61, 02)] = ord(6162).

Next, we consider the case when n = 2. Suppose for a contradiction that there exists (G, 0}, 05) ~ (G,01,02)
such that ord(0165) = 1. Then we have ] = 6. As explained in Example 6.2, (G, 07, #') is canonical. If we denote
by (A',01,01) = (A, —db|¢, —db |¢) the double o-system of (G, 61, 67), then we have (A, 01,02) = (A, 01,07)
by Proposition 5.11. This yields 1 = ord(d6;d6|¢) = ord(df:dfz|¢) = 2, which is a contradiction. Thus we have
2 < Ol"d[(GY7 91, 02)} < ord(@lﬁg) = 2, that iS, OI‘d[(G, 91, 02)] = ord(0192).

Here, we note that n = 6 implies rank(G, 61, 62) = 0 by the classification. Hence the rest of our proof consists
of the case when n € {3,4}, so that (G, 6,,62) or (G, 62,0:) is locally isomorphic to one of the following two
cases among the compact symmetric triads:

(Case 1) (g,t1,%2) = (s0(8),s0(a) ®s50(8 — a),k(s50(3) ®so(5))) for a = 2, 3: First, we consider the case when
a = 2. Then we have ord(6,02) = 4. Since ¢, # £, obeys 6, # 02, we have ord[(G, 01, 05)] > 2. Suppose for a
contradiction that there exists (G, 0],65) ~ (G, 01,62) such that ord(0}65) = 2. As explained in Example 6.3,
(G,0!,05) is canonical. Let (A’ 0},0%) = (A, —db} |¢, —db5|v) denote the double o-system of (G, 6}, 05). From
(A, 01,09) = (A, 01, 04), we have 2 = ord(df|db)|v) = ord(df,db2|¢) = 4, which is contradiction. Furthermore,
from (6102)* = 1, it can be verified that there exist no compact symmetric triads (G, 07, 05) ~ (G, 61, 02) satisfying
ord(#;05) = 3 by Proposition 2.6. Thus we have ord[(G, 01, 02)] = ord(6,62).

Secondly, we consider the case when a = 3. Then we have rank(G, 6, 6,) = 2 and ord(#:6-) = 3. Suppose for
a contradiction that there exists (G, 07, 6}) ~ (G, 01, 62) such that ord(0;6}) = 1, thatis, 8] = 6. Let (A’,0},0}) =
(A, —db}|¢,—db}|v) denote the double o-system of (G,07,6)). From (A, 01,02) = (A’,01,0}]), we have 2 =
dim(t7* N 72) = dim(t1 N °1) = 3, which is contradiction. In a similar argument as in the case when a = 2,
it can be shown that there exist no compact symmetric triads (G, 61,65) ~ (G, 61,62) satisfying ord(6;605) = 2.
Thus, we have ord[(G, 61, 02)] = ord(616-2).

(Case 2) (g, t1,t) = (su(2m),sp(m),s(u(2a + 1) @ u(2b+ 1))) or (s0(2m),s0(2a + 1) ® s0(2b + 1), u(m)) for a <
b, m = a + b+ 1: Then we have ord(6,62) = 4 and 6, # 6. By a similar argument as in (Case 1), a = 2, it can be
shown that ord[(G, 61, 02)] = ord(6162).

From the above argument we have complete the proof of Theorem 6.12, (2).
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