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Abstract

This paper aims to investigate the existence, uniqueness and stability results for a new
class of ®-Caputo generalized proportional fractional (GPF) differential Langevin equa-
tion. We present and discuss some of the characteristics of the generalized proportional
fractional derivative which can be considered as generalization and modification of the
fractional conformable derivative by generating ®-Caputo generalized proportional frac-
tional derivatives involving exponential functions in it’s kernel also this kind of fractional
derivative generalize the well-known fractional derivatives, for different values of function
®. Utilizing Krasnoselskii’s fixed point theorem and the Banach contraction principle, we
established results on existence and uniqueness, we also examine various types of stability,
including Ulam-Hyers stability and generalized Ulam-Hyers stability. As an application,
we provide an example to illustrate our theoretical result.
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1. Introduction

Fractional differential equations (FDEs) have recently captured the attention of many
mathematicians, because it can effectively represent a variety of scientific phenomena, and
has been proven to be effective in physics, mechanics, biology, chemistry, and control theory
, and other domains for example, see [7,9,11,14,15,23-31,33,35-37,40-44,46,49-51,54,55].

In 1908, Paul Langevin introduced the Langevin equation in the form m% = —y‘fl—f +

n(7) where, ‘fl—f denotes the particle’s velocity, m is its mass, and 7(7) represents a noise
term accounting for collisions with fluid molecules [13]. To eliminate the noise term, math-
ematicians employed fractional-order differential equations, making it crucial to study
Langevin equations through fractional derivatives. In this context, Kubo (1966) intro-
duced the generalized Langevin equation by incorporating a fractional memory kernel to
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represent memory and fractal characteristics [39]. With the rapid advancement of frac-
tional calculus in the early 1990s, Mainardi et al. introduced the fractional Langevin
equation [47,48] ; see also [17,18] for additional details.

There are several methods for defining fractional integrals and derivatives, with the
Riemann-Liouville and Caputo definitions being the most widely recognized. In [6],
Almeida introduced a generalization known as the ®-Caputo fractional derivative. For
further details on ®-Caputo and Caputo fractional derivatives, readers may refer to [3,5,
6,10,12,34,45,53].

In [19], Jarad et al. as the modification of the conformable derivatives [2,22], the authors
introduced a new type of fractional derivative, known as the generalized proportional
fractional GPF derivative. Anderson et al. [8] were able to handle with the fact that the
fractional conformable derivative does not tends to the original function where the order
x tends to 0, by defining the proportional derivative of order x by

DXb(n) = &(x, mb(n) + &0, mb' (1),

where £1,& : [0,1] x R — [0, 00) are continuous functions such that, for all n € R,
lim &1(x,n) =1, lim &(x,n) =0, lim & (x,n) =0, im &(x,n) =1,
x—0+t x—07F x—1— x—1—

and &1 (x,n) # 0,&(x,n) # 0,x € [0,1], by this modifications, the new proportional de-
rivative tends to the initial function when y tends to 0.
In the previous few decades, authors are interested to study this new fractional deriv-
ative, in [4], Ahmed et al. examined the existence and uniqueness of solutions for the
fractional Langevin equation involving generalized Liouville-Caputo fractional derivatives.
By applying Krasnoselskiis fixed point theorem and the Banach fixed point theorem, they
established the intended results.

Inspired by the aforementioned works, we build on their ideas in this paper to examine
the existence results for problems of this form

DN (DT () +vw(n) = b(rw(r), 7 € A= [0,

w(’Y) =0, w(d) — ibijgix;q)w(/ﬂ). (1.1)
=1

Where G@f‘yﬁ“@ and QQ,T;X;@ are the ®-Caputo GPF derivative of order o, 0 < o < 1 and

@, 0 < w < 1, respectively. jfix;(b is the GPF integral of order 3; > 0, x € (0,1], v > 0,
v eRi=1,..,n,7v <k <..<kp<dandh e CAxRR).

The originality of this work lies in examining a novel and challenging type of fractional
derivative, known as the ®-Caputo GPF derivative. This derivative generalizes several

well-known fractional derivatives for various choices of the function ®, such as

e When ®(7) = 7, problem (1.1) simplifies to the Caputo GPF derivative.

e When ®(7) = log(7), problem (1.1) simplifies to Caputo-Hadamard GPF deriva-
tive.

e When ®(7) = 77, problem (1.1) simplifies to Caputo-Katugampola GPF derivative.

The structure of this paper is as follows: Section 2 reviews key notations, definitions,
and lemmas from fractional calculus that are essential to our study. In Section 3, we
establish existence results for problem (1.1) using Krasnoselskiis fixed-point theorem, and
we address the uniqueness result via Banachs contraction principle. Section 4 examines the
UlamHyers stability and generalized UlamHyers stability of solutions for problem (1.1).
Finally, an example is presented to illustrate the main results.
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2. Preliminaries

C(A,R) denote the Banach space of all continuous functions from A into R with the
norm defined by [|h]| = suprca{|b(7)|}. We denote by C"(A,R) the n-times absolutely

continuous functions given by C™"(A,R) = {h A — R; pD ¢ C(A,R)}. B, denote
the closed ball centered at 0 with radius p. We denote by L'(A,R) the space of Lebesgue

integrable real-valued functions on A equipped with the norm ||b||,1 = [ [b(7)|dT.
A

Definition 2.1 ([1,21]). For y € (0,1]. Let &;,& : [0,1] x R — [0, 00) be continuous
functions such that, for all 7 € R,

lim ‘El(XvT) =1, lim 52(X77_) =0, lim §I(X77—) =0, lim {2()(7 T) =1,

x—0t x—0t x—1— x—1-

and & (x, 7) # 0,&(x, 7) # 0, x € [0,1]. Let ® be a strictly increasing continuous function,
then the proportional derivative of order x of h with respect to @ is defined as follows:

DY) = €106 7Ih(7) + o) g 2.)
by setting &1(x,7) = x — 1 and &(x,7) = x, (2.1) becomes
DX(r) = (1 - x)h(r) + x o) (2.2)

o'(r)
Definition 2.2 ([1,20,21]). For x € (0,1], ¢ € C with Re(os) > 0 and ® € C([y,],R)
with ® > 0. The ® — GPF integral of order o of a function h € L*([y,d], R) with respect

to @ is defined as follows:
. 1 T x=1 —d(s o—
) = oy / % PO NG () ((r) — D(s)7 "h(s)ds,  (2.3)
where T'(.) is the gamma function.
Definition 2.3 ([20,21]). For x € (0,1], 0 € C with Re(c) > 0 and ® € C"([7, d],R) with
®'(7) > 0. The ®-Caputo GPF derivative of order o of a function h € C™([v,d],R) with
respect to @ is defined as follows:

. 1 T ox=1 - —o—
€0 ;P _ (@M)=26) G/ (o) (B(1T) — B(s))" 7 L prx:®
07X0() = =gy | (5) (®(7) — 2(s) O(s)ds,
(2.4)
where n — 1 < 0 < n, n = [Re(o)] + 1 where [Re(o)] is the integer part of Re(o), and
(D"5%)(r) = (D¥¥h ()" with D¥®b(r) = (1 )h(r) + x 3.

Lemma 2.4 ([20,21]). For x € (0,1], o, € C with Re(o) > 0 and Re(w) > 0. If
h e C([y,0],R) then we have

~Y 7(I>/" ) 7(p ~ ) 74)
IENIT(r) = 3TT(r), T > (2.5)

Lemma 2.5 ([20,21]). Let x € (0,1], 0 >0, v >0 and 7 € A. Then

() (30T O () — 0 ) ()
_ T 2 @@-2m) g (r) — () oto-
Tt ()~ ()

(I’L) < ngﬁ(;q)e%(q)(’r)—@("/))(q)(,r) _ @(7))1;_1) (T)

_ XTP()  xl(@(r)-a(y) B oo
R v R CIORL D i
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Lemma 2.6 ([20,21]). Let x € (0,1], n € N, b € L'([y, 6], R) and 37X € AC"([y, 4], R).
Then

n—1 o—k
~OX; o XL (@ (r)—d(v)) k=X (®(1) — @(7v))
IEEDTX)(7) = b(r) — e % PPN Y () T (26)

k=0

Theorem 2.7 (Krasnoselskiis fixed point theorem, [38]). Let B be a nonempty bounded
closed convex subset of a Banach space X.
Let X1, Ko : B — X, be two continuous operators satisfying:
(i)- Kiv + Koz € B, whenever v,z € B,
(ii)- K1 is compact and continuous,
(iii)- Ko is a contraction mapping.
Then, there exists a fixed point w € B such that Kiw + Kow = w.

Theorem 2.8 (Banachs fixed point theorem, [16]). Let X be a Banach space, C' a closed
subset of X. Then any contraction mapping K from C' into itself has a unique fized point.

3. Main result

Lemma 3.1. Let v > 0,0< 0 <1, 0< w <1, f € C(A,R) and v € R. Then the
function w is a solution of the following boundary value problem:

@Qiic;d)( QQ,YW;X;CDw(T) + yw(T)) =f(r), 7T€A:=[y,0],

" . 3.1
w(y) =0, w(d) = Zbijfix’(bw(m), v < ki <6, (3.1)
i=1
if and only if
@ X (B(1)—2(7))
_ ~n@tox;® L~ ® (®(1) — ®(v))%e x
wir) = T — 3 el + OX7L(w + 1)
| T )~ TS+ AT ()~ ST )
1 T T S wto—
- xw+ar<w+a>/ OO () (@(7) - 0(s) 7 f(s)ds
gl
vy [T TR @) () - a5 (e
2l
N (®(7) — (I)(,y))weXT_l(‘I’(T)—‘I’(’Y))
Ox=I(w + 1)
- 1 MXTL (@ (k) —D(s o408 —
[Z XW+O’+51I‘ w+0+6)/ e X ((I'( z) <I>( ))q)/(s)((b(fﬂ) _(I)(S)) + +ﬁb 1f(8)d$
i=1 7
1 ’ =2 —@s w+o—
et ) T T )(@(0) - ()T )
g
05—
+ wa;(w) / eXTl(‘P(J)*@(S))(I)/(S)((I)((s) N (I)(S))wflw(s)ds (3.2)
v
- 1 Ri X1 (g () h
Y imrm gy ) @) @) (s,
i=1 i
where
_ @ 5 (20) (7))  n N o L (@(8)—® (7))
o= (2= 20P"e - (Bl) — DY) e * £0. (3.3)

.
X“T(w+1) -t XwJ“ﬁiI‘(w +8i+1)

=1
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Proof. Firstly, applying the ® — GPF integral of order o to both sides of (3.1) we obtain
by using Lemma 2.6

D7) + vu(r) = 3TPH(r) + doeT (PO 7OD, (3.4)
where dj is constant. Secondly, applying the ® — GPF integral of order w to both sides of
(3.4) we obtain by using Lemma 2.6.

(D(r) — B())7e T *O0D
X7I(w +1)

w(r) = j,ywja’x;(bf(T)—l/j,yw.ﬁx;q)IU(T)-i-do —|—d1€ X —L(®(r)— CI>(’Y))

(3.5)
where d; is constant. Next, by using the boundary condition w(y) = 0 in (3.5) we obtain
dy = 0 then

(D(7) — (I)(,Y))we%@(ﬂ—q’(v))

— ~W+<77X§‘1’ 7X7
=17 J d, 3.6
w(r) = 3% 7N0f(r) — 2T () 4 do e 69
n
then, by using the boundary condition w(d) = > Lﬂﬁix;@w(m) in (3.6) we obtain
i=1
1< @ - D
do _ 6 [Z Li~$++a+ﬁz,x7 f(l‘iz) _ j?jg X P f(5) + ,/J w,x;P ) —v Z Lij,yw++ﬁl7X7 w(fﬁz‘)] ,
i=1 i=1
(3.7)

where © is given by (3.3). Substituting the value of dy in (3 6) we obtain

(B(r) — B(7))=e 5 (M-20)
Ox“I(w + 1)

w(r) = 3557 (7) — 3T P w(r) +

n
[Z Lz~w+a+ﬂz,x, f(lii) _ jifja’x;q)f@) + I/J w,x; P ) _ VZ Li~$j6¢,x;¢w(ﬁi)] )
- (3.8)

The converse follows by direct computation that the solution w(7) given by (3.2) satisfies
problem (3.1) under the given boundary conditions. O
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4. Existence and uniqueness results for problem (1.1)

In this section, we present the results on existence and uniqueness for problem (1.1).

In view of Lemma 3.1 we define the operator X : € — C by

B(r) - B(y))7e T P0)
Ox“I'(w + 1)

(Kw)(r) = TP w(r)) — vIT P u(r) +

x [Zbﬂff T (154, w(ki)) — T (5,w(0)) + vIT (o)
i=1

n

Z +/31,X‘1> Kz)]7

_ 1 T AT @O G ) (B () — BN (s, w(s))ds
_er(wm/ @' (5) (B(7) — D())7 (s, w(s)d

2 ! Te%(Q(T)_é(S)) "(s 7) — ®(5))7 Lw(s)ds
) ¥'(5)(@(r) — 2(5))7 L (s)d

(®(1) — (I)(,y))we%(@(T)—@(V))
Ox“I(w + 1)

= 1 B XL (@) B (5))
X Lgu w+0+ﬁlr(w+0+6i)/7 e x '(s)

X (@ (ki) — ®(s)TH (s, w(s))ds

_.I_

4
Xw—l—al‘}w_’_o_)/y e x T@0)- (5))@/<8)(@(5) — ®(s))" T (s, w(s))ds
+ I/XWI}(?D) [y(s BXT_l(q)(ts)*‘b(s))q)/(s)(q)(&) . q)(s))wflw(s)ds (41)

n 1 Ki Xifl(<1>(n-)_q>(s)) , Bt
— L; e X o 0] S ) Ri) — b S i wl(s dS ’
izzl X“’*ﬂiF(wmi)L (5)(2 (ki) — (s)) (s)

where € = C([y, d],R) denotes the Banach space of all continuous functions from [y, d]
into R with the norm ||w|| := sup{|w(7)|; T € [v,d]}.

To address the existence and uniqueness results for problem (1.1), we introduce the
following notations to streamline the computations.

(®(6) = (M) | (B(d) = 2(v)7
w+"F(w+a+ 1) [0x"T'(w+1)

) — DENTIT L (8(5) = ()7
[Z | ’ w+0+ﬁzl“(w +o+ 6+ 1) + Xw+or(w +o+ 1)‘| ) (4'2)

A =

B — [y (200) = 2(y)* | (2(9) — ()7
X% (w+1) |O|x®'(w + 1)

(@) — — B(y)) 7
X [ wF(w—i— Z| | Wrﬁzr (@ + B + 1 )1} (4.3)

We reveal the principal results under the following hypotheses.
(Hy): |b(myv) = h(1,w)| < Llv —w| ; L >0, for each 7 € [, ] and v,w € R.
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(H2): b : [v,6] x R — R is a continuous function and there exist non-negative con-
tinuous function v, such that |h(7,w)| < ¥(7), (r,w) € [y,0] x R, with |[¢| =

suprefy,)[Y(7)-
(H3): B < 1, where B is given by (4.3).

4.1. Existence result based on Krasnoselskii fixed point theorem

Theorem 4.1. Assume that (Hs) and (Hs) are satisfied. Then, there exists at least one
solution for the problem (1.1) on [y, d].

Proof. Let sup,cpyq|¢(7)| = [[¢]| and B, = {w € C; [|w|| < r}, where r > HwH , We will

demonstrate that the operator K defined by (4.1) satisfies the conditions of Krasnoselsku s
fixed point theorem. To do this, we decompose the operator X into the sum of two
operators, X1 and Ko, defined on B,., as follows:

(FK1w)(7)
2N/ (5)(@(r) — @(5)) =7 h (s, w(s))ds

- Xw+aI‘ w+o- /y

(8(1) = D(y))e T FO 0D
@XWF(w—I—l)

- () gy
x [E:ILZ w+o+Bi T ( w+a+ﬁz /v v ¥ls)
X (ki) — ®(5) (s, w(s))ds

0
- i ] T O @) - ()T s wls)ds, (4

+ OxFT'(w + 1)
L [0 @020 g () (0(8) — D)) Lao(s)ds
e @/()(D(5) — 0(s))=w(s)d (45)
. n ) 1 ki eXT(Q(M)—cb(s)) (s o) — ot B $)ds
> w1 . B(5)(@(s0) — 2(s) 7 ()

For any v, w € B, we have
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1/71 Te%(@(T)_é(s)) '(s ) — ®(s))T L w(s)|ds
+ | |pr(w)/7 D' (s)(D(7) — @(s))" " |w(s)|d

(2(r) - @ ())e T *T )
|@|xwr<w +1)

X

|Jl ‘Ll| w+o-+,8 F WTL o+ BZ)
[ RO ) — @) s, ) s
v

_ L P ee-e) gy (o
i s / : @ (5)(2(5) — 2(3))=*7 (s, w(s))|ds

1 0 XL (@(0)=0(s)) g ey
e / e &' (5)(D(6) — ®(5))7 w(s)|ds

- 1 " (@) B(5)) g +6i-1
+ v L /ex ‘ D' (8)(P(k;) — D(8))" P Hw(s)|ds|,
| I;I !XW%F(WJF&) ) ()(®(rs) — D(s)) w(s)]

—1
using (H;) and the property e'x (2 -2() <lfor0<y<s<t<T <4 we obtain

— w+a -
e
(®(5) — — @(7))w+a+ﬁ
B Te 17 Z' e eV L

(@) - 207+
LA

+Z| il W+5Fw:—)ﬁ)+1)| I

(©(0) = 2()"F7 | (2(d) — (1)~
< IIzZJ{ (@ o 1) + |©|x=T(w + 1)

(@( ) ¢(7))w‘w|
“l(w +1)

Z| N = B(y) T (®(9) — 2(7))7*
w*"*BI‘w—i—o—&—ﬂl +1) x¥tI(w+o+1)

}

((6) — 2(7)”
Xx®(w + 1)

(®(0) —®()* | (®(9) — 2(7)
+|“’|”|{ L@ +1) 0T (@ + 1)

B(y))=Hh
+Z| it W+Br w+ﬁ 1) }
< ||¢HQL+ |w[B,
< [[fI20 + 7B,

<,
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where 20 and B are given by (4.2) and (4.3), then || Xiv + Kow]|| < r, which leads to
Kiv 4+ Kow € B,.

Since b is continuous, then the operator X is continuous and it is uniformly bounded on
B, as:

|(Kyw) (7))
< ML e%(é(T)—¢(S))@/(s)(@(7) _ (I)(s))w-i-a—l‘b(s’w(s))‘ds
L (@) - B(y))7e T @20

O (w + 1)

n
1
X Lg
+o+05; .
Ll XFHoHAT (w + o + B;)

</ T @R G () (@) — D(5)) T (s, w(s))|ds
Y

5 x-1
+ m [ O ) @(5) 257+ o, w<s>>|ds] ,

(2(0) — 2(7)=* | (2(8) — ()~
< HwH{XerUI‘(w +o+1) + |O|x®I'(w + 1)

n (P(ki) — (I)(/y))w-i-a-i-ﬁi (®(5) — @(7))w+0
X Lz:l |Li|Xw+U+/BiF(w Yo+ Bit+1) + T (@t ot 1)1 }7

then we obtain

[Hrwl] < 2A[[], (4.6)

where 2 is given by (4.2), by (4.6) the operator X; is uniformly bounded on B,.

Next, we prove that the operator X; is compact, for that let 71,72 € [v,d] such that
T < To, then we obtain
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(K1) (r2) - (Frw)(m)
1 7 / W10 — W10 —
< ST T / ¥(5) [(@(r2) — B(5)7H7 = (@(r) = B(s))7H7 ]
< (s, w(s)) | ds
T ), YO~ 0T (s w(s) s
XZTol(w + o) ’

[(@(12) — @(7))7e T @D POD (@) — ()= 5 PO
O[x=(w + 1)

n. 1 ke , N B(g))FTToHBi— s w(s s

" [;“xmﬂﬁfr(mam@-)[y @ (5)(B(s) — (s) T (s, w(s))|d

1=

+

d
— @’mf’-lm(s,w(s))ws],

X7HT(@w +0) Jy

vl /n@%s)[(%) 0(s)) 71— (@() - 0(s)) 7 ds

~ xFtT(w + o)

ST | ku / (I)/ (I)(S))w+a—1d8

X@toT (w + o)
‘(@(7.2) — B(v))%e X (2(m2)—2() _ (®(r1) — (ID(,Y))weXT_l((I’(Tl)*‘I’(’Y))‘
OxFL (e + 1)

n
Il / -
o/ — B(s))=rorhitlg
" [;L XFHAD (w + o + i) ) ’

"¢“ / @/w+a—ld81’

XZtl(w + o) Jy

vl /“cb'(s)[(@(m) 0(s)) 71— (@(m) - 0(s)) 7+ ds

XTI (w + o)

ST | ’W}H / (I)/ (I)(s))w+a—1d8

XZToT(w + o)

+

‘((I)(TQ) . @(’y))we X —L(®(r2)—®(7)) _ (®(ry) — (I)(,y))wexT_l(q’(Tl)*q’(’Y))’
©[x=I'(w + 1)

+

o 41 | .
x @%X“"*ﬁi%wwﬁ 7y (@) — @)

[l
Xt (w+o+1)

+ (®(8) — @())"* |,

the right hand side tends to zero as 7@ — 71, independently of w € B, which leads

o |[(Kiw)(m2) — (Kiw)(m1)] — 0 as @ — 71. Therefore, K; is equicontinuous and
consequently, X, is relatively compact on B,.. By the ArzelaAscoli theorem, it follows
that X7 is compact on B,..
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In the final step, we will show that Xs is a contraction, for that let w,v € €, and for
T € [, 0] we have

|(K2v)(7) + (Kow)(7)|

# e%(é(f)—é(s)) /(s ) BN u(s) — w(s)lds
L (@0 - B(y))me T @20
|®|pr(w+ 1)

L @) -e(s) g NN
Xh”vmmn/e P ($)(B(5) — B(s))7fo(s) — w(s)lds

n
1
+ vl ) ful :
; XFHAT (w + Bi)

x/WeﬁWﬂW%“W¢mm@mg_¢@»w%rwwg-wu@u%,
Y

(2(0) — 2(v))“
X®T(w + 1)

X®T(w + 1) |O|x*T'(w + 1)

Which implies || Kov — Kow|| < Bljv — w||, where B is given by (4.3), it follows by using
(H3) that K9 is a contraction mapping. Finally by Krasnoselskii fixed point theorem, we
deduce that the problem (1.1) has at least one solution on [v, d]. O

gu—mpq“ﬂﬁ—ém»w+<w®—@m»w

g w+ﬁzr w+ﬂz+1)

< Blo—ul.

2. Uniqueness result based on Banach fixed point theorem

The second result on existence and uniqueness will be derived using Banach’s fixed
point theorem.

Theorem 4.2. Assume that (Hy) is verified. If LA+ B < 1, where A and B are respec-
tively given by (4.2) and (4.3), then the problem (1.1) has a unique solution on [, d].

Proof. Consider the operator X defined in (4.1). The problem (1.1) is then can be
transformed into a fixed point problem w = Kw. By using Banach contraction principle
we will show that X has a unique fixed point.

We set sup,cpy,5) = [h(7,0)] = M < o0, and choose p > 0 such that

o
P=1 " ta—

B, ={w € C([y,d],R); |Jw|| < p)}, where A, B are respectively given by (4.2) and (4.3).
Step 1: We show that XB, C B,,.
For any w € B, we have

[0(7, w(T))| < [b(7, w(7)) = b(7,0)[ + [B(7, 0)],
< Llw(r)[ + M,
< Llw|+M,

(4.7)
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then we have

(D(7) — @(’y))we%@(ﬂ_@(’y))
©x*T'(w + 1)

< I, w(r))| + I ()] +

[Z%Uw”w“x@! (ris w(i)| + TZ7P 08, w(8)] + ]I |w (6))

+\V\wa+@x@ wi >\],
< m [ D ) () — 0(6) 7 ol

+Ivlwr1< ) ;‘fx"_l@(”‘I’“))@’(s)(@(T)—@(s))“Hw(s)rds

((r) — B(7))Te x OO [ 1
+ |®|wa(w+1) [;|Li|xw+‘7+5iF(w+a+5i)

</ ) ¢ () (1) — B(5)) T (s, w(s)|ds
v

J xX—-1
ey ) ¢ OO @) - 06T (o () s

9
+er1< | e OO (5)(@5) @57 ()l

|V|Z|Ll —STAT w—i_ﬁz)/ 'e%(¢(ni)—¢(s))¢/(s)((I)(,{i) —(I)(S))w+ﬂi_1|w(s)|ds ’

L(@()—®(s)) .
using (H1) and the property e x <lforO0<y<s<t<rt<ditleads to



®-Caputo generalized proportional fractional differential Langevin equation

((5) — @(1))+ ((5) — @(1)°
)] < w+ar(w+a+1) (Chl +30) 15 S p ey 1

_ ki) — B(y))= o
L (@)~ () lD (Bw) = 2N

|O|x='(w + 1) x®totbil(w + o+ B + 1)

(®(6) — @)™ (@(5) — ()"
T + o 71 Clv! M) + v U =T+ 1)

o( w+B;
+Z| il wwrw:)ﬁ)ﬂ)‘ |]’

(2(0) = 2™ (2(6) = (1)7
< (Elwl+ ) { x=teT(w+ o+ 1) * OIx=T (@ + 1)

(P(ki) = @)™ 7*F (®(8) = 2(y)=*
lz| il XxTtotBil(w+ o+ B + 1) + Xt (w+o+1)

}

(2(9) — 2(v)”
x=T'(w+1)

(®(0) —2()7 | (®(9) = 2(v)”
*“"”'{ FT(@+1) Ol (@ + 1)

}

(®(ki) — (7)™
+Z| =t 4 1)

< (L\w\ + M)A + |w|B,

< (Lhw| + M)A + pB,
<p

which implies that XB, C B,.

Step 2: We show that the operator X is a contraction.
For any v, w € C, and for 7 € [v, ], we have

|(Kv)(7) = (Kw)(7)]
< 37X (7, 0(7)) — b(r w(7))] + VIT P u(r) - w(7))

(®(7) — (13(7))1”6)(7_1(@(7)_@(7)) n
1O[x*I'(w + 1)

+ 377 (5,0(8)) — h(5, w(5))]

=1

,~w P ~TT <I>
T U[I2 o 6) r+|u|zrazwﬁx o(r >—w<m>|],

(®(0) = 2(y)Z™ | (B(9) = 2(7))”
< o= w!){ w+"F(w +o+1) " BT (w +1)

Z ’ ‘ (I)(’Y>)w+g+5‘ ((I)(6) B q)(,y))w+a
W*“T"‘ﬁzf(w—f—a—i—ﬁz—i— 1) x=tT(w+o+1)

XZT(w + 1) |O|x®(w + 1)

|

}

(2(6) — @ ()~
XZT(w + 1)

— B(y)) =
+Z| ! w—s—ﬂzI‘w—i—ﬁ-i- 1)

< (LQH—%)\U —w),

S [ l3TE I (1, v (k) — Bk, w ()|

13
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which implies, |Kv—Kw| < (LA+B)|jv—w]|. As LA+DB < 1, then K is a contraction.
Therefore, by Banach fixed-point theorem, the operator X has a unique fixed point which
is indeed the unique solution of problem (1.1). O

5. Ulam-Hyers stability analysis

In this section, we focus on studying the UlamHyers (U-H) and generalized Ulam-Hyers
(G-U-H) stability for problem (1.1).

Let £ > 0, we consider the following inequality

| D72 (DT i(r) + vi(r)) — b(r,W(r)| <& TEA=[10,  (5.1)

Definition 5.1 ([32,52]). The problem (1.1) is U-H stable if there exists A > 0, such that
for each € > 0 and for each solution @ € € of inequality (5.1), there exists w, € € solution
of the problem (1.1) complying with

| —wl| < Ae. (5.2)

Definition 5.2 ([32,52]). The problem (1.1) is G-U-H stable if there exists ¢ € € with
©(0) = 0, such that for each ¢ > 0 and for each solution @ € € of inequality (5.1), there
exists w € € solution of the problem (1.1) complying with.

[@ —w|| < ¢(e). (5.3)

Remark 5.3 ([32,52]). A function @ € € is a solution of inequalities (5.1) if and only if
there exists a function § € C such that

i- lo(7)| <e,
ii- for 7 € [v,9] :

DN (DN Vi(r) + vin(7)) = bir, @(7)) + a(7). (5.4)

To streamline the computations, we introduce the following notations:

o, _ (B0) - @E)THT L (@0) —9()

Xw+"l“(w+o+1) wF(er 1)
((I)((s) Z ‘ ‘ é(’y))w—i_g—i_ﬁi
|Ox=I( w—i—l ‘i w+‘7+ﬁzf(w+a+ﬂz—|—l)

(@(0) — ‘P(v))w“’ (@(0) — (7))~

w+"F(w+a+1) sl XZT(w+1)
— w+pBi
+ v Z| 2| w+3lf ;)—(:’I)B)Z Nk (5.5)
0y = ((I)((;) — (b(’}/))w—‘ro— (56)

XZtol(w+o+1)’

Theorem 5.4. Assume that (Hy) hold, if Q1 < 1 then the problem (1.1) is UlamHyers
stable on [vy,0] and consequently is generalized UlamHyers stable, where Q1 is given by
(5.5).

Proof. Let £ > 0, and w € C satisfies inequality (5.1), and w € € be the unique solution
of the problem (1.1) with the conditions w(y) = w(y), @(6) = w(é), then by Lemma 2.6,
we obtain
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w(r) = 35, w(r) — AT w(r) + T = 20T Tem-em)

vt Ox=I(w + 1)
X [; LZ-”’YW++U+5¢,X;¢’{)(I%7 w(m)) . j,?fg’x;(bh(é, w(é)) n I/J oD (5)
-y Lﬂijﬁi’x;@w(mi)] ,
=1
1 ’ E g w+0—
= Erm ey ), ¢ T @) — 06T (s, wls)ds
v
1 T x— B
— UW/ €XT1(<I>(7') CD(S))@,(S)((I)(T) _ (I)(S))w—lw(s)ds
Y
(®(r) — B(7))7e X (BD~*) zn: ,
@XWF(’W + 1) pt 23 Xw-i-a-l—ﬁir(w Lo+ ﬁz)

« / T @)= g (6 (D (1) — D)) (s, w(s))ds
Y

5 x-1
e LT (6 00) - ()7 (s, w(e))ds

L L [0 @0 -0() g (Tl s)ds
e | @/(5)(@(5) — B(5))7 w(s)d

Ri x-1 P(ki)—P(s w+Bi—
- VZ w+ﬂzF (@ + Bs) / ¢ (Bl V! (5)(@ (k) — (s)) 7
Since, w € C satisfies inequality (5.1) by using Remark 5.3 we have

{ DTN (DT (r) + vib(r)) = b(r, w(r)) + (7). T € A= [7,3],
@) =w(y) , () =w(),

then by Lemma 2.6, we obtain

15

w(s)ds|,

(5.8)
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(D(7) — @(7))we%(¢(7)_®(7))
Ox7T'(w + 1)

‘ [Z I (kg (i) = T8, @ (8)) + vIT T (6)
=1

n
—v Z Lij,ywjﬁi’x;q)@(/‘éi)] + jw-HT,X;‘Pg(T)’
=1

. 1 T XT_l(CI)(T)f'I)(s)) (s ) — s))Fto— s. w(s))ds
- e ) @/ (5) (®(7) — ()7 (s 0(s))d

—1/71 TeXT_l(q)(T)_q)(s)) "(s ) — ®(s))" Lw(s)ds
=/ @'(5)(2(r) - B(s)™(s)d

X% (w
(B(r) = d(y))7eT PPN [ 1
i
Ox=I(w + 1) S XFHOT (@ + o + i)

X / RO (5 (@ (7) — D(s))T (s, i (s))ds
Y

s [ O (5)(@(6) — 0(5) 7 (s, ()

d _
bt / 5 (PO—2ED g/ (5)((8) — B(s))™ Vais(s)ds
X w) Jy

()
Yty O 6 (B0 — @) (s .

1 T X1 (a(r)-(s)) oo
iy ] T 6 @(r) - ()T g, (5.9

for each 7 € [y, d], we have

| (7) — w(r)|
gjw+ax¢|b(7 w(T)) — b(7, (T |+|y]3wx<1>| (7‘)—12)(7')|
(@(r) = B())Te T P07 “”[ J3ZH I b s (1)) — b(r, @
[ S s wte) ~ i)

+jw+ox, ’h (S,UJ 5)) b(T ’U} ’+‘V‘~wx@‘w(5)—w(5)’

+ jw+ox<1>|

+,,,,wa+mq> |w(rs) — (k)] a(n)l,

using (Hy), the property e S @M-2() <lfor0<y<s<t<7<9dand Remark 5.3
leads to
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HUNJ - wH < ((I)((s) — (I)(/Y))w—‘_g
- XW+‘7P(w +o+1)

(®(5) — ZI | (B(s1) — ()=
|@|XWF w—i— ‘i w+"+51 Nw+o+6;+1)
(®(5) — ‘I’(’Y))w” (®(5) — ‘I’(’Y))w
w+0F(w+a+ 1) X% (w + 1)
) wthi ) ) wto
+ v Z | z| w+521—1 (@ _(:/)B) 1) @ —wll| + iwig)r(w 3:737)_'_ 1)8’

~ (®(6) — e()™* (@(0) — (v)*
<@ - ”{ w+or(w+a+1)L X7I(@w +1)

R T (R
|@|XWF w—l— . w+‘7+5lF(w+a+ﬁl+l)
(®(0) — q’(v))w” (2(0) — 2(v))”
W+C’I‘(w +o+ 1) X®T(w + 1)

_ w+Bi _ w+o

xXZT(w + 1)

i — v + [

Lllw — w

L@ = wl| + |v]

[ — wl

+ [v]

L+ |v|

+B8i+1) Xt T (w+o+1) "
< Hw — wHQl + Qge,
< M||w — w|| + e,
Qy

<
—1-0

€,

which implies,
Qs
1—

[0 —w] <

€. (5.10)

Q
By setting A = 1 2 , where ©; and €2y are given by (5.5) and (5.6), we obtain

— 8]
@ — wl|| < Ae. (5.11)

This proves that the problem (1.1), is U-H stable.
consequently, by setting p(e) = Ae with ¢(0) = 0 we get

@ —w|| < ¢(e). (5.12)
This shows that the problem (1.1) is G-H-U stable. O
6. Example
Consider the following problem
3 1.¢ 5 1.¢ -
355 (b 55,0, 2 ]
€813 3 €833 z = A:=]|0,1
Do < Do+ w(T) + 3w(7)> 4+ e (1 + \w(r)|)’ TE 0,1]; (6.1)
1
w(0) =0, w(1) = %3%%(;) + gyé,éw(;.
3 ) 1 3 3 )
Where o Sllw 8’1X 3,37 0, 0 ! [0, 1] 5 " =2 =
e
b1 = ,ﬁg g —Z,I{Q—Zand@(T) 3
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T
For (1,w) € [0,1] x Ry, we define h(r,w) = 4€+ = (HLU)) b is a continuous function,
furthermore for every 7 € [0,1] and v, w € R we have

1 vV —w
(o) =)l < |2 e
1

1
By setting £ = £ > 0 the hypotheses (H7) holds. Next by using the data given above, we

get : |©] = 0.884357, /A = 0.824175, B = 0.076381.
Then

LA 4B =0.2 x 0.824175 + 0.076381 ~ 0.241216 < 1.

The problem (6.1) satisfies all the hypothesis of Theorem 4.2, thus, the problem (6.1) has
a unique solution on [0, 1]. Additionally, ; = 0.785426 < 1. Hence, using Theorem 5.4,
the problem (6.1) is both UlamHyers and also generalized UlamHyers stable on [0, 1].

7. Conclusion

In this paper, we have explored the existence, uniqueness, and stability results for a new
class of ®-Caputo generalized proportional fractional differential Langevin equations. The
novelty of the problem lies in its investigation under the ®-Caputo generalized proportional
fractional derivative, which is more general than the traditional fractional derivatives such
as the Caputo fractional derivative, Caputo-Hadamard fractional derivative, and Caputo-
Katugampola fractional derivative, for various values of the function ®. We established
the existence and uniqueness results for problem (1.1) using standard fixed point theorems
(Krasnoselskii’s fixed point theorem and the Banach contraction principle). Additionally,
we examined the stability of the problem using Ulam-Hyers and generalized Ulam-Hyers
stability. Finally, a numerical example is provided to illustrate the obtained results. As a
direction for future research, we aim to extend these results to study the ®-Hilfer gener-
alized proportional fractional derivative, along with graphical and numerical examples.

Acknowledgments

The authors would like to thank the referees for the valuable comments and suggestions
that improve the quality of our paper.

Data Availability

The data used to support the finding of this study are available from the corresponding
author upon request.

Conflicts Of Interest

The authors declare that they have no conflicts of interest.

Author contributions. All the co-authors have contributed equally in all aspects of the
preparation of this submission.

Funding. Not applicable.



1]

[18]

[19]

®-Caputo generalized proportional fractional differential Langevin equation 19

References

M. 1. Abbas, Investigation of Langevin equation in terms of generalized proportional
fractional derivatives with respect to another function. Filomat. 35(12), 4073-4085,
2021.

T. Abdeljawad, On conformable fractional calculus, J. Comput. Appl. Math. 279,
57-66, 2013.

M.S. Abdo, S.K. Panchal and A.M. Saeed, Fractional boundary value problem with
-Caputo fractional derivative, Proc.Indian Acad. Sci. 129 (5), 65 2019.

B. Ahmad, M. Alghanmi, A. Alsaedi, H. M. Srivastava and S. K. Ntouyas, The
Langevin Equation in Terms of Generalized Liouville-Caputo Derivatives with Non-
local Boundary Conditions Involving a Generalized Fractional Integral, Mathematics
7(6), 533, 2019.

R. Almeida, M. Jleli and B. Samet, A numerical study of fractional relazationoscilla-
tion equations involving y-Caputo fractional derivative. Rev. R. Acad. Cienc. Exactas
Fs. Nat. Ser. A Mat. Nat 113(3), 1873-1891, 2019.

R. Almeida, A.B. Malinowska and M.T.T. Monteiro, Fractional differential equations
with a Caputo derivative with respect to a kernel function and their applications,
Math. Meth. Appl. Sci. 41 , 336352, 2018.

H. M Alshehri and A. Khan, A Fractional Order Hepatitis C Mathematical Model
with MittagLeffler Kernel. J. Funct. Spaces, 2021(1), 2524027, 2021.

D. R. Anderson and D. J. Ulness, Newly defined conformable derivatives, Adv. Dyn.
Sys. App. 10, 109-137, 2015.

S. Asawasamrit, A. Kijjathanakorn, S. K. Ntouya and J. Tariboon, Nonlocal boundary
value problems for Hilfer fractional differential equations, B. Korean Math. Soc., 55,
1639-1657, 2018.

A. Baihi, A. Kajouni, K. Hilal and H. Lmou, Laplace transform method for a coupled
system of (p, q)-Caputo fractional differential equations . J. Appl. Math. Comput.
1-20, 2024.

P. Bedi, A. Kumar, T. Abdeljawad and A. Khan, Study of Hilfer fractional evolution
equations by the properties of controllability and stability. Alex. Eng. J. 60(4), 3741-
3749, 2021.

P. Bedi, A. Kumar, T. Abdeljawad, A. Khan and J. F. Gémez-Aguilar, Mild solutions
of coupled hybrid fractional order system with CaputoHadamard derivatives. Fractals,
29(6), 2150158, 2021.

W. T. Coffey, Y. P. Kalmykov and J. T. Waldron, The Langevin Equation: with
applications to stochastic problems in physics, chemistry and electrical engineering,
World Sci, Singapore, 2004.

K. Diethelm, The Analysis of Fractional Differential Equations, Lect. Notes Math,
Springer: New York, NY, USA, 2010.

L. Gaul, P. Klein and S. Kemple, Damping description involving fractional operators,
Mech. Syst. Signal Process 5, 81-88, 1991.

A.Granas and J. Dugundji, Fized Point Theory, Springer, New York 2003.

K. Hilal, A. Kajouni and H. Lmou, Boundary Value Problem for the Langevin Equa-
tion and Inclusion with the Hilfer Fractional Derivative. Int. J. Differ. Equ. 2022,
3386198, 2022.

K. Hilal, A. Kajouni and H. Lmou, Fxistence and stability results for a coupled system
of Hilfer fractional Langevin equation with non local integral boundary value condi-
tions. Filomat, 37, 1241-1259, 2023.

F. Jarad, T. Abdeljawad and J. Alzabut, Generalized fractional derivatives generated
by a class of local proportional derivatives, Eur. Phys. J. Special Topics 226, 3457-
3471, 2017.



20

[20]

[21]
22]

[23]

[28]

[29]

[30]

[31]

32]

[35]

[36]

[37]
[38]

[39]

H. Lmou, K. Hilal, A. Kajouni

F. Jarad, T. Abdeljawad, S. Rashid and Z. Hammouch, More properties of the pro-
portional fractional integrals and derivatives of a function with respect to another
function, Adv. Difference Equ. 2020, 303, 2020.

F. Jarad, M. A. Alqudah and T. Abdeljawad, On more general forms of proportional
fractional operators, Open Math. 18, 167176, 2020.

R. Khalil, M. Al Horani, A. Yousef and M. Sababheh, A new definition of fractional
derivative, J. Comput. Appl. Math. 264, 65-70, 2014.

A. Khan and T. Abdeljawad, On existence results of coupled pantograph discrete frac-
tional order difference equations with numerical application. Results Control Optim.
13, 100307, 2023.

A. Khan, T. Abdeljawad and M. A. Alqudah, Neural networking study of worms in
a wireless sensor model in the sense of fractal fractional. AIMS Math. 8(11), 26406-
26424, 2023.

H. Khan, T. Abdeljawad, J. F. Gémez-Aguilar, H. Tajadodi and A. Khan, Fractional
order Volterra integro-differential equation with Mittag-Leffler kernel. Fractals, 29(6),
2150154, 2021.

A. Khan, H. M. Alshehri, T. Abdeljawad, Q. M. Al-Mdallal, H. Khan, Stability anal-
ysis of fractional nabla difference COVID-19 model. Results Phys. 22, 103888, 2021.
H. Khan, J. F. Gomez-Aguilar, T. Abdeljawad and A. Khan, FEzistence results and
stability criteria for ABC-fuzzy-Volterra integro-differential equation. Fractals, 28(8),
2040048, 2020.

H. Khan, J. F. Gémez-Aguilar, A. Khan and T. S. Khan, Stability analysis for frac-
tional order advectionreaction diffusion system. Physica A. 521, 737-751, 2019.

H. Khan, M. Ibrahim, A. H. Abdel-Aty, M. M. Khashan, F. A. Khan and A. Khan, A
fractional order Covid-19 epidemic model with Mittag-Leffler kernel. Chaos Solitons
Fractals, 148, 111030, 2021.

A. Khan, Z. A. Khan, T. Abdeljawad and H. Khan, Analytical analysis of fractional-
order sequential hybrid system with numerical application. Adv. Contin. Discrete Mod-
els. 2022(1), 12, 2022.

H. Khan, A. Khan, W. Chen and K. Shah, Stability analysis and a numerical scheme
for fractional KleinGordon equations. Math. Methods Appl. Sci, 42(2), 723-732, 2019.
A. Khan, H. Khan, J. F. Gémez-Aguilar and T. Abdeljawad, Ezistence and Hyers-
Ulam stability for a nonlinear singular fractional differential equations with Mittag-
Leffler kernel. Chaos Solitons Fractals. 127, 422-427, 2019.

H. Khan, Y. Li, A. Khan and A. Khan, Ezistence of solution for a fractionalorder
Lotka Volterra reactiondiffusion model with MittagLeffier kernel. Math. Methods Appl.
Sci., 42(9), 3377-3387, 2019.

A. Khan, M. I. Syam, A. Zada and H. Khan, Stability analysis of nonlinear fractional
differential equations with Caputo and Riemann-Liouville derivatives, Eur. Phys. J.
Plus. 133(7), 1-9, 2018.

H. Khan, C. Tung, A. Alkhazan, B. Ameen and A. Khan, A generalization of
Minkowskis inequality by Hahn integral operator. J. Taibah Univ. Sci. 12(5), 506-
513, 2018.

H. Khan, C. Tung, D. Baleanu, A. Khan and A. Alkhazzan, Inequalities for n-class of
functions using the Saigo fractional integral operator. Rev. R. Acad. Cienc. Exactas
Fs. Nat. Ser. A Mat. Nat., 113, 2407-2420, 2019.

A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and applications of fractional
differential equations, Amsterdam: Elsevier, 2006.

M. A. Krasnoselskii, Two remarks on the method of successive approrimations, Us-
pekhi Mat. Nauk, Vol. 10, Iss. 1(63) , 123127, 1955.

R. Kubo, The fluctuation-dissipation theorem, Rep. Prog. Phys. 29, 255284, 1966.



[40]

[41]

[42]
[43]

[44]

[45]

[46]

[47]

®-Caputo generalized proportional fractional differential Langevin equation 21

Z.H. Liu and J.H. Sun, Nonlinear boundary value problems of fractional differential
systems, Comp. Math. Appl. 64, 463-475, 2012.

H. Lmou, K. Elkhalloufy, K. Hilal and A. Kajouni, Topological degree method for a
new class of ®-Hilfer fractional differential Langevin equation. Gulf J. Math. 17(2),
5-19, 2024.

H. Lmou, K. Hilal and A. Kajouni, A New Result for 1-Hilfer Fractional Pantograph-
Type Langevin Equation and Inclusions. J. Math. 2022, 2441628, 2022.

H. Lmou, K. Hilal and A. Kajouni, On a class of fractional Langevin inclusion with
multi-point boundary conditions. Bol. Soc. Parana. Mat. 41, 13, 2023.

H. Lmou, K. Hilal and A. Kajouni, Topological degree method for a 1 -Hilfer fractional
differential equation involving two different fractional orders. J. Math. Sci. 280(2),
212-223, 2024.

H. Lmou, K. Hilal and A. Kajouni, On a new class of ®-Caputo-type fractional dif-
ferential Langevin equations involving the p-Laplacian operator. Bol. Soc. Mat. Mex.
30(2), 61, 2024.

F. Mainardi, Fractional diffusive waves in viscoelastic solids, in: J.L.. Wegner, F.R.
Norwood (Eds.), Nonlinear Waves in Solids, Fairfield, 1995.

F. Mainardi and P. Pironi, The fractional langevin equation: Brownian motion revis-
ited, Extracta Math. 10, 14054, 1966.

F. Mainardi, P. Pironi and F. Tampieri, On a generalization of the Basset problem
via fractional calculus, Tabarrok B, Dost S, editors. Proceedings CANCAM 95, 2.
Canada: University of Victoria, 95, 836837, 1995.

R. Metzler and J. Klafter, Boundary value problems for fractional diffusione quations,
Phys. A 278, 107-125, 2000.

K.S. Miller and B. Ross, An Introduction to the Fractional Calculus and Differential
Equations, John Wiley: New York, NY, USA, 1993.

C. Ravichandran, K. Logeswari, A. Khan, T. Abdeljawad and J. F. Gémez-Aguilar,
An epidemiological model for computer virus with AtanganaBaleanu fractional deriv-
ative. Results Phys. 51, 106601, 2023.

I. A. Rus, Ulam stabilities of ordinary differential equations in a Banach space,
Carpathian J. Math. 26, 103-107, 2010.

B. Samet and H. Aydi, Lyapunov-type inequalities for an anti-periodic fractional
boundary value problem involving -Caputo fractional derivative. J. Inequal. Appl.
2018(1), 1-11, 2018.

A. Shah, R. A. Khan, A. Khan, H. Khan and J. F. GémezAguilar, Investigation
of a system of nonlinear fractional order hybrid differential equations under usual
boundary conditions for existence of solution. Math. Methods Appl. Sci. 44(2), 1628-
1638, 2021.

A. A. Thirthar, P. Panja, A. Khan and M. A. Alqudah, An ecosystem model with
memory effect considering global warming. J. Theor. Biol, 419, 13-22, 2017.



