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ABSTRACT. Let R(G) be the character ring of a finite group G. We consider
the question whether the representation type of R(G) is finite or infinite. We
show that if R(G) is representation-finite, then exp(G) is cube-free and the
Sylow subgroups of G are cyclic, elementary-abelian, or nonabelian of order
8. Moreover, we give further necessary as well as some sufficient conditions on

the structure of G for the finiteness of the representation type of R(G).
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1. Introduction

Let G be a finite group and R(G) be the character ring of G, i.e. the Grothendieck
ring of the semiring of complex characters of G with canonical addition and mul-
tiplication induced by the tensor product of characters. The aim of this article is
to determine the representation type of R(G) only by information on the group
structure of G.

It is not difficult to show R(G) = Z[Irr(G)] where Irr(G) denotes the set of
irreducible (complex) characters of G. Thus, R(G) is a Z-order in the Q-algebra
Q ®z R(G). That is why we can apply the well-developed representation theory of
orders (see e.g. [12]). This approach has been pursued successfully for the determi-
nation of the representation type of the group ring ZG of G [3, 23, 24, 31] and the
Burnside ring of G [35]. Since ZG and R(G) are isomorphic for an abelian group G,
we obtain that R(G) is representation-finite if and only if all Sylow subgroups of G
are cyclic and the exponent exp(G) of G is cube-free.

For a nonabelian group G, the structure of R(G) differs from the structure of
ZG. However, we have strong criteria for the finiteness of the representation type
of a commutative order. Jones has established a local-global principle [31] and
Jacobinski as well as Drozd and Roiter proved that for a Dedekind ring R with
quotient field K, the representation type of a separable commutative R-order A
can be read off the structure of the A-module A’/A where A’ denotes the maximal
R-order in K®p A [16, 30] (see also [22] for the proof of this result).
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We will see how these criteria can be applied to determine the representation
type of R(G) in Section 2. There, we recall some properties of the maximal order

/

R(G)" and construct special functions in R(G)’. This leads to a reduction of our
problem to a question on the rational p’-sections of G. In particular, we obtain
that R(G) has infinite representation type if G contains an element of order p* for
some prime p.

In Section 3, we show that if R(G) is representation-finite, then G has at most
one nonabelian composition factor and we determine all possible isomorphism types
a component of G may have. Afterwards, we prove that if R(G) has finite repre-
sentation type, then the Sylow p-subgroups of G are cyclic of order at most p?,
elementary-abelian, or nonabelian of order 8. We follow the same approach as
Costantini and Jabara did in [10] where groups in which any two cyclic subgroups
of the same order are conjugate are considered. Here, the classification of finite
simple groups is used several times.

In Section 4, we try to find sufficient conditions for R(G) having finite represen-
tation type. At first, we show that if G has only cyclic Sylow subgroups, then R(G)
is representation-finite if and only if |G| is cube-free. Next, we consider groups with
elementary-abelian Sylow p-subgroups. We will not get complete results there, but
these results will be sufficient to prove that for a group G of odd order, R(G) has
finite representation type if and only if all Sylow subgroups of G are cyclic of order
< p?. We close by giving a list of properties which a group of even order whose

character ring is representation-finite must have.

2. Reduction on rational p’-sections

At first, we fix some notation used in this paper. Throughout this article, G is
a finite group with character ring R(G). For g,h € G, we write g ~g h or simply
g ~ h if g and h are conjugate in G. The conjugacy class of g is clg(g) and Cg(g)
denotes the centralizer of ¢ in G. For a subgroup H < G, N¢g(H) is the normalizer
and Cg(H) the centralizer of H in G.

Recall that for a prime p and some g € G, there exist unique elements z,y € G
such that g = xy = yx, the order of = is a power of p, and the order of y is prime
to p. Then, x is called the p-part of g and y is the p’-part of g. We will write
gp for the p-part and g, for the p’-part of g in the following. Moreover, we can
define an equivalence relation on G where g,h € G are equivalent if and only if
gp and h, are conjugate in GG. The equivalence classes are called p-sections of G.
Analogously, we obtain an equivalence relation on G if we replace g, by g,y and hy,

by h, respectively. Here, the equivalence classes are called p’-sections of G.
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The notations in connection with characters coincide with the notations in [29].
Additionally, we write 1 for the trivial character of a finite group and set ¢, = €27/
for n € N. If K is an algebraic number field, Og denotes the ring of integers of K.
Moreover, for a finite field extension /K and x € L, we write Ny /g () for the norm
of  and Try /k(z) or just Tr(x) for the trace of x. Finally, if R is a Dedekind ring
with quotient field K and A is an R-order in a separable commutative K-algebra
A, then A’ denotes the maximal R-order in A. For a prime ideal p of R, we set
Ay = Ry, ®g A for the localization at p. We say that A is representation-finite
if there exist only finitely many isomorphism classes of indecomposable A-lattices.
Recall that a A-lattice is a finitely generated A-module which is projective as an
R-module.

As mentioned in the introduction, we will make use of some strong general results

on the representation type of orders, for example of the following.

Theorem 2.1 (Jacobinski/Drozd-Roiter). Let R be a Dedekind domain whose quo-
tient field K is a global field or the completion of a global field. Let A be a separable
commutative finite-dimensional K-algebra, and A be an R-order in A. The order A

is representation-finite if and only if

(1) for the A-module A’ /A, there exists a generating set consisting of two ele-
ments,

(2) the A-module rad(A’/A) is cyclic.

However, in general, it will not suffice to set A = R(G) and apply the theorem
since it might be too complicated to find a minimal generating system for the R(G)-
module R(G)'/R(G) or rad(R(G)'/R(G)) respectively. A more promising way is
to combine Theorem 2.1 with the local-global principle of Jones [31]. This leads to
the following result [36].

Corollary 2.2 (Reichenbach). Let R be a Dedekind domain whose quotient field K
is a global field or the completion of a global field. Let A be a separable commutative
finite-dimensional K-algebra, and A be an R-order in A. Moreover, let a € R such
that aA’ C A for the mazimal R-order A’ in A. Then, A has finite representation
type if and only if for any prime ideal p of R containing aR, the Ry-order A, is

representation-finite.

In this article, we are going to determine the representation type of R(G) by
applying Corollary 2.2 with R = Z, K = Q, and A = R(G). Hence, for certain
primes p, we have to determine the respective representation type of the Z,-order
R(G)p. This can be done by applying Theorem 2.1 with R = Z,), K = Q, and
A = R(G),.
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Most of the assumptions of Theorem 2.1 and Corollary 2.2 are clearly satisfied
in these cases. It remains to show that Q ® R(G) (we always write ® for ®y in
this article) as well as Q ®z,,, R(G), are separable algebras, and that there exists
a positive integer a such that aR(G)" C R(G). The first assertion follows from the
fact that Q(() ® R(G) is a split semisimple Q((||)-algebra. The second assertion
holds due to [20] where |G| - R(G)" C R(G) has been shown. This also means that
we only have to consider the prime divisors of |G| in the following.

As we have already seen, the maximal order R(G)" plays an important role in
our approach. That is why we recall some facts about R(G)’. The general theory
of orders yields that R(G)’ consists of those functions of Q ® R(G) whose values on
the elements of G are algebraic integers. This leads to a further description which
gives more information on the structure of R(G)’. Here, we make use of the notion
of Q-classes of G.

For g € GG, the Q-class of g is the set of all elements of G which are Q-conjugate
to g. Let n := exp(G). We say that the elements g, h € G are Q-conjugate in G if
an integer z with ged(z,n) = 1 and some o € Gal(Q(¢,,)/Q) with o({,) = (7 exist
such that g and h* are conjugate in G. This definition is due to Berman who has
introduced the more general notion of K-classes for a field K whose characteristic
is either 0 or prime to |G| [1, 2]. In the case K = Q this yields the Q-classes of G
as defined above.

We remark that in general, a Q-class of G is not a rational conjugacy class of G.
A conjugacy class C of G is a rational conjugacy class if and only if C' is already
a Q-class. It can easily be seen that two elements g, h € G are Q-conjugate if and
only if the cyclic subgroups (g) and (h) are conjugate.

As for the conjugacy classes of G, we can define p-sections and p’-sections for
the Q-classes of G. The group Gal(Q((,)/Q) acts on the conjugacy classes of G
by o(clg(x)) = clg(at) for 0 € Gal(Q(¢,)/Q), x € G, and the well defined integer
t satisfying 1 <t < n as well as 0(¢,) = ¢%. If S is a union of conjugacy classes
Cy,...,Ck, we set 0(S) = 0(Cy) U ... Uod(Ck) accordingly. Thus, Gal(Q(¢,)/Q)
also acts on the p-sections and the p’-sections of G respectively. We are interested

in the p’-sections primarily.

Definition 2.3. Let p be a prime, S be a p-section of G, and G := Gal(Q(Cexp(c))/Q)-
Then, we call, |J,cg 0(S) a rational p’-section of G.

This means that a rational p’-section of G is a p’-section of Q-classes. Two
elements g, h € G lie in the same rational p’-section if and only if (g,/) and (h,)
are conjugate in G. In particular, a rational p’-section can contain nonrational

conjugacy classes.
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We assign algebraic number fields to the conjugacy classes and the Q-classes of G
as follows. Let Cq,...,Ck be the Q-classes of G and let C1, ...,y be the conjugacy
classes of G such that C; C C; for i = 1,...,k. For z; € C;, we set Q(C;) =
Q(x(z;) : x € Irr(G)). Obviously, this definition is independent of the choice of ;.
Moreover, we get Q(C;) = Q(C;) if we set Q(C;) = Q(x(y:) : x € Irr(G)) for some
y; € C;. These definitions give rise to a Q-algebra @le Q(C;) where the product of
two elements is given by component-wise multiplication. By using this, we obtain

an alternative description for R(G)’ [20].

Theorem 2.4. Let Cy,...,Ci be the Q-classes of G, and {x1,...,xx} be a set of
representatives of these Q-classes with x; € C; fori =1,...,k. Then, we have an

isomorphism of Q-algebras

k

Qe R(G) > PQC), a@¢— (ad(@r),...,ab(zy)).

i=1

This yields an isomorphism

k
R(G)/ = @OQ(Q) .
=1

Remark 2.5. The determination of the degree of the field extension Q(C;)/Q is
a crucial part in the proof of Theorem 2.4. This uses the fact that given a con-

jugacy class C of G and some x € C, there is a canonical isomorphism between

Gal(Q(C(ay)/Q(C)) and Ng((z))/Ca(x) (see e.g. [34]).

Using the description @le Oq(c,) instead of R(G)’ has a significant advantage.
While for ¢,n € R(G)’, it is difficult to decompose n into a linear combination
of the irreducible characters of G, the product of a,b € EBf:l Oq(c;) with a =
(a1,...,a;) and b = (by,...,bx) is just ab = (a1by,...,axbg). That is why we
identify the class functions in R(G)’ with elements of Eszl Og(c;) and the class
functions in Q ® R(G) with elements of the algebra @le Q(C;) in the following.

This leads us to the question which elements of Z,) ® @?:1 Oqg(c,) also lie in
R(G), if p is a prime dividing |G|. We are going to answer this question for some
special integer-valued class functions which have nonzero values on only a few Q-
classes in Lemmas 2.6 and 2.7. Prior to this we need to introduce further notation.

Let S be a union of Q-classes of G. For a ring T of algebraic numbers, we define

ChT(S)::{ = Y ayw:ayeT, zp(z):OforzgéS}.

x€lrr(G)

Moreover, we set Ch(S) := Chg(S).
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Lemma 2.6. Let p be a prime and S := {x € G : p{|Cq(z)|}. Then,
R(G), N Chg(S) = Chg, (S).

Proof. Let ¢ = (cxp(); and {z1,. .., 2z, } be a transversal for the conjugacy classes
contained in S. It suffices to show that any ¢; € Ch(S) satisfying ¢1(z;) € pZ]e],
i =1,...,k, has the form 1 = pypy for some @3 € Ch(S). Suppose ¢1(z;) = pr;
for some r; € Z[e], i =1,...,k. For g € G, let ¥4 be the function with J,(z) =1 if
x € G is conjugate to g and ¥,4(z) = 0 else. Then, the orthogonality relations yield

1 _
g =15~ >, xlgTx-
x€lrr(G)
That is why
k
— . —1
- Zprz'&z1 Z (Z ‘OG Zz i )) X -
i=1 XGIrr (G)

The denominators of the inner sums are coprime to p by assumption. Applying this

and @1 € Ch(S), we conclude that the inner sums are contained in Z respectively.

Hence,
—1
p2i= Y (Z |CG G ))X
x€lrr(G)
is an element of Ch(S) with ¢1 = pys. O

By Lemma 2.6, we do not need to consider the Q-classes of G containing elements
whose centralizers have orders coprime to p when we determine the representation

type of R(G),. We partition the remaining classes into p’-sections.

Lemma 2.7. Let p be a prime, and x € G be an element whose order is not divisible

by p. Then, the function v, with

1, gp lies in the Q-class of

ve(g) =
0, else

is contained in R(G),.

Proof. Let g € G with g = x, and S; be the Q-class of g. Then, S; can be
partitioned into conjugacy classes C1,...,Ck. Let y1,...,yr € G be representatives
of C1,...,Cy. For the function s, of G with ¥s,(y) =1 fory € Sy and s, (y) =0
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for y € G\ Sy, we obtain

k k 1 - 1 k B
z9sg=Za9yi=Zm > Xy 1)><=|CG(9)| > <Zx(yi1)>x

i=1 i=1 x€Irr(G) x€lrr(G) \i=1

1 —1
:m Z Z U(X(Zh )) X

x€Irr(G) \oeGal(Q(cla(y1))/Q)

- ¥ Tro(elo (y))/0 (X(#1 1))
ICc(9)]

x€lrr(G)

The coefficients of the irreducible characters in this sum all lie in Q, whence Js, €
R(G),,.

Let S denote the rational p’-section of z in G. Then, S is a union of Q-classes
Si,...,8 of G. Thus, v, = Vs, + ... + s, where Js;(h) = 1 for h € S; and
Vs, (h) =0 for h € G\'Sj, j € {1,...,¢}. Since each ¥s; is contained in R(G);,, Vs
also lies in R(G)),.

Let & be an rth root of unity where r is the p’-part of |G|, and p be a maximal ideal
in Z[e] containing p. Then, the function 7, given by 7, (g) = 1 if g,/ is conjugate to
zin G and 7,(g) = 0 else lies in (Z[e]), ® R(G) by [29, Lemma 8.19]. Hence, for a
transversal {Z1,...,Z,} of the conjugacy classes contained in the Q-class of z, we

get vy = Uz, + ...+ Uz, . This implies v, € R(G), N ((Z[e])p ® R(G)) = R(G),. O

Remark 2.8. By Lemma 2.7, the function ¢ € Q® R(G) lies in R(G), if and only
if vz lies in R(G), for any p'-element x € G. For rational p'-sections S, ..., Sk,

if

a1, B1 generate the R(G),-module (R(G);, N Chg(S1))/(R(G), N Chy(S1)),

ok, Br. generate the R(G),-module (R(G),, N Cho(Sk))/(R(G), N Cho(Sk)),
then a1 + ...+ ap and 1+ ...+ B generate the R(G)p-module
(R(G),, N Chqg(S1U...US))/(R(G), NChy(S1U...US)).

Analogously, the radical of R(G),/R(G), is cyclic if and only if for each ratio-
nal p'-section S, the R(G),-module rad((R(G);, N Cho(S))/(R(G), N Chg(S))) is
cyclic. Thus, the representation type of R(G), can be determined by considering

the rational p'-sections of G separately.

These observations yield a necessary condition for R(G) having finite represen-

tation type.
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Theorem 2.9. Let p be a prime, and S be a rational p’-section of G contain-
ing a + 1 different Q-classes. Then, any generating system of the R(G),-module
R(G),/R(G), contains at least a elements.

Proof. Let € = (exp(a)> C15 -+ -, Cay1 be the Q-classes in S, and x1 € C1,..., 2411 €
Ca+1. As in the proof of Lemma 2.7, we can show that there exist functions ¢; €
R(G);, with ;(z) = 1 for v € Cj and p;(z) =0 forx € G\Cj, j=1,...,a+ 1.
Certainly, the ¢; do not lie in R(G), since for z; € C; and xj, € Ci, j # k, we have
w;(x;) # @;(xk) (mod p) for a maximal ideal p of Z[e] containing p.

We choose 91, ..., € R(G);, such that ¢ + R(G)p, ..., ¥n + R(G), are gen-
erators of the R(G),-module R(G);,/R(G),. Then, for any j € {1,...,a+ 1}, we
can find A1 j,..., Any1; € R(G)p such that Ay ;91 + ...+ A j¥n + Ang1,; = @;5.
We define

F:R(G), = (Ze)/p)*T, d 0 (1) +p,. .., 9 (@ag1) + ).

Then, F(¢1),...,F(pat1) are linearly independent in the Z[e]/p-vector space
(Z[e]/p)*Tt, ie. F(p1)s.-., Fpar1) form a basis of this vector space. Moreover,
the F()\; ;) induce multiplications with scalars in (Z[e]/p)**! since A; j(z) = \i ;(y)
(mod p) for x,y € S. Therefore, F(1),...,F (1), F(1) also generate the vector
space (Z[e]/p)**! and we conclude n > a. O

Corollary 2.10. Let G have a rational p’-section containing at least four Q-classes
for some prime p. Then, R(G) has infinite representation type. In particular, the

character ring of a group whose exponent is not cube-free has infinite representation

type.

Next, we focus our attention on certain functions in R(G);, which are defined by

their values on the p-parts of the elements of G.

Definition 2.11. Let p be a prime dividing |G|. For a positive integer i, we define
the class function u; by

L Kgp)l =p'

0, else

wi(g) == for g € G.
Lemma 2.12. Let p be a prime dividing |G|, and k be the largest integer such that
p" divides exp(G). Then, p; € R(G);,\ R(G), fori=0,... k.

Proof. It is clear that yu; lies in R(G);, for i = 1,...,k since similarly to v, in
Lemma 2.7, we can regard p; as a function on the Q-classes of G. If pu; was also
contained in R(G),, then p;(g) = 1:(g,r) (mod p) would hold for any g € G where

p denotes a maximal ideal of Z[(exp()] containing p. Now, there exists an element
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x € G of order p, whence p;(z) =1 % 0 = p;(1) (mod p) for i > 0. Moreover,

G contains an element y of order p so that ug does also not lie in R(G) because
po(y) =0# 1 = po(1) (mod p). 0

We conclude this section by proving a kind of an orthogonality relation for the
characters of G. From this, we obtain functions in R(G)" which are nonzero only on
a certain cyclic subgroup of G (and its conjugates in G) or only on the generators

of this subgroup (and their conjugates) respectively.

Lemma 2.13. Let x € G, and e be an |(x)|th root of unity. Moreover, let ay(y)(€)
be the multiplicity of the linear character A € Irr({z)) in x(yy such that \(z) = ¢.
Then, for g € G,

Dty (©)x(9)
x€lrr(G)
\C|‘<Gz(>g|)\ ) 3 a(e®), g~g ¥ for somek €Z
- o€Gal(Q(¢()))/Qcla(9)))
0, else
|Cq(z
S (R S o(eh). g~ ot forsome ke

= o€Gal(Q(¢|(ay)/Qcla (x)))

0, else.

Proof. Let A € Irr((x)) be the character with A\(x) = e. Then
> axm@x) = X eN@x(@) = X my X Ax(hTHx(9)

x€Irr(G) x€Irr(G) XEIrr(G) he( )

1 ) 1

= @ STAR) DT x(n 7> Z h)|Cal(g
he(x) x€lrr(G)

‘?f;ﬁﬂ > a(e*), g~g 2" for some k € Z
= o€Gal(Q(¢|(4)))/Qclc (9)))

0, else

|ISZ:EQ(?<Q ‘);3(32@)%1 lc{(%ﬁ” . > o), grgat forakelZ
= (@) 0 €Gal(Q(()(a))/Qcla (@)) )

0, else

1Cq(z
—U\llﬁ(c<(g<>x))l)‘|.|faf>‘)l . > o(e*), g~g a* for some k € Z

= o€Gal(Q(¢|(a))/Qclg (2)))

0, else.
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3. Sylow subgroups of groups whose character rings have finite

representation type

We want to ascertain what the Sylow subgroups of G can look like if R(G) is
representation-finite. We start with a trivial lemma which we will apply in several

proofs to get reductions.

Lemma 3.1. Let N be a normal subgroup of G. Then, for any prime p, the number
of Q-classes of p-elements in G/N does not exceed the number of Q-classes of p-
elements in G. Moreover, if © € G is a p-element, then the Q-class of x in G

contains at least as many conjugacy classes as the Q-class of N in G/N.

Proof. Clearly, if g,z,y € G are such that grg~' = y, then gNzNg 'N =
grg~'N = yN. Thus, if C1,...,Cy are the conjugacy classes of G, then C1, ..., C},
are the conjugacy classes of G/N with C; = C; for some i # j possibly. Addition-
ally, any p-element T € G/N has a preimage x € G which is also a p-element. I

For the abelian Sylow subgroups of G, it is easy to get a very restrictive assertion.

Theorem 3.2. Let p be a prime and P € Syl,(G) be abelian. If R(G) has finite

representation type, then P is cyclic of order < p? or elementary-abelian.

Proof. Suppose P is neither cyclic of order p? nor elementary-abelian. We show
that G has at least four Q-classes of p-elements in G.

Since P is abelian, two elements of P are conjugate in G if and only if they are
conjugate in Ng(P). That is why we assume P<G. By Corollary 2.10, exp(P) < p?
if R(G) has finite representation type. Thus, P is isomorphic to a direct product
A:= 7, x...x Z, of cyclic groups Z1, ..., Z, of order p or p2. In the following, we
identify A and P.

Suppose |Z;| = p and |Z;| = p? for some i,j € {1,...,7}. W.lo.g. leti=1
and j = 2. We write Z; = (z1) and Zy = (22). Then, there is no x € A such that
2P = (z1,1,...,1) whereas (1,22,1,...,1)? = (1,25,1,...,1). Hence, (21,1,...,1)
and (1,25,1,...,1) lie in different Q-classes of G. This implies that the Q-classes
of 1, (21,1,...,1), (1,25,1,...,1) and (1, 22,1,...,1) in G are pairwise disjoint.

Finally, we assume P = C}’}z for some integer n with n > 2. Then, P contains
exactly p>® —1— (p" —1) = p"(p" — 1) elements of order p?, that means P contains
exactly p"~(p™ — 1)/(p — 1) cyclic subgroups of order p?. If G has at most three
Q-classes of p-elements, then these cyclic subgroups are conjugate in G. Thus, G
acts transitively on the set M of cyclic subgroups of order p? of G. For H € M, this
yields a bijection G/stabg(H) — M. Now, P is contained in stabg(H), so p does
not divide |G : stabg(H)|. On the other hand, p divides | M| = p"~(p" —1)(p—1).
This contradicts |G : stabg(H)| = |[M|. O
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3.1. Nonabelian composition factors. In this section, we consider the possible
number and the possible isomorphism types of the nonabelian composition factors
of a group G whose character ring has finite representation type. Moreover, we will
show that if G has a component, then this must be a Hall subgroup of G.

As usual, we write F(G) for the Fitting subgroup of G and F(G) for the layer of
G. The generalized Fitting subgroup is denoted by F*(G). Moreover, we use the
notation in the Atlas [8] for the finite simple groups except for the classical groups.
We write PSL(n, ¢) for the projective special linear group of degree n over a field of
q elements and PSU(n, ¢) for the projective special unitary group of degree n over
a field of ¢? elements. Finally, Sp(2n, ¢) is the (nonprojective) symplectic group of

degree 2n over a field of ¢ elements.

Lemma 3.3. Let G be a group of even order such that R(G) has finite representa-

tion type. Then, there is only one class of involutions in G.

Proof. The conjugacy class of an involution coincides with its Q-class in G. Hence,
G contains at most two conjugacy classes of involutions. Moreover, if G has an
element of order 4, then all involutions of G are conjugate.

Let P € Syly(G) with exp(P) = 2, i.e. P is elementary-abelian. We assume that
there are two classes of involutions in G. Then, there are also two classes Cy,Cs
of involutions in Ng(P). For x € Cy, we get |C1] = |[Ng(P) : Cns(p)(x)|. Since
P < Cng(py(x), this implies that |C1] is odd. However, |Cy| is odd by the same
argument, so |P| = 1+ |Cy| + |Cs| is odd. This is impossible as P is a nontrivial

2-group. ]

Lemma 3.4. Let G be a nonsolvable group with at most three Q-classes of 2-
elements. Then, there is mo normal subgroup in G which is isomorphic to a direct

product of two or more nonabelian simple groups.

Proof. Suppose G possesses a normal subgroup N = S; X ... x S, where each
S; is a nonabelian simple group. Then, we find involutions t; € S1,...,t, € S,
by the Theorem of Feit and Thompson. Certainly, the orders of the centralizers
of (t1,...,tn) and (t1,...,tn—1,1g,) in G are different. Hence, (t1,...,t,) and
(t1,...,tn_1,1g, ) are not conjugate in G.

Now, G contains at least two conjugacy classes of involutions. Thus, there are
no further classes of involutions and no element of order 4 in G since G has at
most three classes of 2-elements. That is why G contains exactly two classes of
involutions and the Sylow 2-subgroups of G are elementary-abelian. But then, the
same arguments as in the proof of Lemma 3.3 would yield that there is some Sylow

2-subgroup of odd order in G. a
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Proposition 3.5. Let G be a group whose character ring has finite representation

type. Then, G has at most one nonabelian composition factor.

Proof. Suppose G is not solvable. Since R(G) has finite representation type, G
has at most three Q-classes of 2-elements. Moreover, Lemma 3.1 yields that each of
the groups G/F(G), (G/F(Q))/F(G/F(Q)), etc. has also at most three Q-classes
of 2-elements.

Thus, we may assume that F*(G) = E(G) is a direct product of simple groups
and G contains at most three Q-classes of 2-elements. By Lemma 3.4, F*(QG)
is simple, and since Cq(F*(GQ)) < F*(G), we obtain Cg(F*(G)) = 1. Hence,
G/F*(G) is isomorphic to a subgroup of Out(F*(G)) which is solvable by the

Schreier conjecture. O

Now, we want to answer the question what a component of G can look like if
R(G) is representation-finite. For this, we need two Lemmas which can be found
in [44].

Lemma 3.6 (Yamaki). Let G be a nonabelian simple group in which all involutions
are conjugate. Then, G is isomorphic to one of the following groups:
(1) Alternating groups: As, Ag, Az,
(2) Groups of Lie-Type: PSL(2,q), PSL(3,q), PSL(4,q), PSU(3,q), PSU(4,q),
°Da(q), Ga2(q), *Go(3°"H1), 2By (2°"H1),
(3) Sporadic groups: Myy, Mas, Mas, Jy, Js, McL, O'N, Ly, Th.

Lemma 3.7 (Yamaki). There ezists no finite simple group G such that G has more
than one conjugacy class of involutions and all involutions in G are conjugate under

Aut(Q).

Theorem 3.8. Let N be a nonabelian quasisimple normal subgroup of a group G
whose character ring has finite representation type. Then, ged(|N|,|G : N|) =1

and N is isomorphic to one of the following groups:

(1) PSL(2,q) where ¢ > 2 is even and ¢*> — 1 is cube-free,

(2) PSL(2,q) where g > 3 is odd and none of the integers q, g+ 1 and ¢ — 1 is
divisible by 16 or the third power of an odd prime,

(3) SL(2,p) where p > 2 is an odd prime and p+1 as well as p—1 are cube-free,

(4) Az,

(5) Ji.

Proof. At first, we assume that N is simple and consider the isomorphism type of
N. By the Lemmas 3.3 and 3.7, we conclude that IV is one of the simple groups in
the list of Lemma 3.6. Moreover, the involutions of N and G\ N are not conjugate,

so Lemma 3.3 yields that there is no involution in G\ N. In addition, if N contains
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an element of order 4, then G/N has odd order since otherwise, G would have four
Q-classes of 2-elements in contradiction to Corollary 2.10.

Now, we go through the list of Lemma 3.6 step by step.

o As, Ag, A7

Each of these groups occurs in the list above since A5 = PSL(2,5) and Ag =
PSL(2,9).

e PSL(2,q)

Let N = PSL(2,q) with ¢ even. Then N contains elements of order ¢ — 1 and
g+ 1 respectively. Hence, ¢ — 1 and ¢+ 1, or equivalently ¢®> — 1, must be cube-free.

We set N = PSL(2,q) with ¢ = p* where p is odd. Then, there are elements
of order (¢ — 1)/2 and (g + 1)/2 respectively in N. Thus, ¢+ 1 and ¢ — 1 are not
divisible by 16 or the third power of a prime.

Suppose k > 3. Then, N contains exactly two conjugacy classes of elements of
order p. We choose representatives  and y of these classes. The automorphism
group of N is described in [43] for instance. We obtain that G contains a subgroup
isomorphic to PGL(2, q) if « and y are conjugate in G. However, the image of the
diagonal matrix diag(1, —1) € GL(2,¢) in PGL(2, ¢) has order 2. Hence, PGL(2, q)
has two classes of involutions and only one of them contains elements of N. Con-
sequently, G has also two classes of involutions in contradiction to the assertion of
Lemma 3.3. That is why = and y lie in different conjugacy classes of G.

If ¢ =1 (mod 4), the character table of PSL(2,q) shows x(1) = x(z) = x(v)
(mod p?) for any x € Irr(N), so x(1) = x(x) = x(y) (mod p?) for any x € Irr(G).
Therefore, the functions ¢; and @ with

p, g~ Db, g~
e1(9)=Sp, g~y and  @2(9) =< —p, g~y
0, else 0, else

lie in rad(R(G);) \ R(G),.

Suppose there exist o € rad(R(G);,) and 11,72, %1, %2 € R(G), such that ¢, =

ma+ 1 and 2 = n2a + 2. Then, pa(z) # @2(y) (mod p?) implies a(z) # a(y)
(mod p?) since n2(z) = 1n2(y) (mod p?) and Yo (x) = 92(y) (mod p?). On the other
hand, we have (o1 — ¥1)(z) = (o1 — ¥1)(y) (mod p?). Now, ma(z) = nea(y)
(mod p?) which yields that p divides 71 (x) and 7;(y). But then, n1a(1) = nia(x)
(mod p?). However, (o1 —1)(1) Z (p1 —41)(z) (mod p?) because 1 (1) — 11 () is
divisible by p? whereas ¢1(1) #Z ¢1(z) (mod p?). Consequently, rad(R(G),/R(G)p)
is not cyclic, so R(G) would have infinite representation type.

We can argue similarly in the case ¢ = 3 (mod 4). Let p be the maximal ideal

in Og(, ) containing p. Then, x(1) = x(x) = x(y) (mod p?) for any x € Irr(N).
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Obviously, the same congruences hold for x € Irr(G). Thus, the functions ¢; and
o with

p, g~ Vb, g~z
e1(9)=<p, g~y and  wa(9) =S —/=p, g~y

0, else 0, else

lie in rad(R(G);,) \ R(G),. Analogously to the case ¢ = 1 (mod 4), we can show that
there exist no o € rad(R(G);) and 11, 12, ¢¥1, 2 € R(G), such that @1 = ma + Y
and @y = mpa + 1P. This implies that rad(R(G);,/R(G),) is not cyclic, so the
representation type of R(G) would be infinite.

e PSL(3,q) and PSU(3,q)

The character tables of PSL(3, ¢) and PSU(3, ¢) have been determined in [39]. If
q is odd, then PSL(3, ¢) and PSU(3, ¢) contain elements of order 8. Hence, N cannot
be isomorphic to one of these groups. Let ¢ be even. Since PSU(3,2) is solvable
and PSL(3,2) = PSL(2,7), we may assume g > 2. Then, the Sylow 2-subgroups
of PSU(3, q) are Suzuki 2-groups of type B. We will show in Lemma 3.16 that the
character ring of a group whose Sylow 2-subgroups are Suzuki 2-groups of type B,
C, or D has infinite representation type. Thus, we only have to consider the groups
PSL(3,q), ¢ > 2 even.

At first, let N = PSL(3, q) with ¢ = 2 (mod 3). Moreover, let ¢ be a root of unity
of order ¢ — 1. Then, the elements z,y,z € N corresponding to the images of the
diagonal matrices X = diag(¢,¢,¢72), Y = diag(¢,¢?,¢?) and Z = diag(¢,¢ 1, 1)
in PSL(3, q) lie in three different Q-classes of N. Now, |Cn(x)| is even whereas
|Cn(y)| and |Cn(2)| are odd, so z is neither Q-conjugate to y nor to z in G.
Moreover, z and z~! are conjugate in N while  and y~' lie in different conjugacy
classes of N. Since N contains elements of order 4, |G : N| is odd. This implies
that y and z are not Q-conjugate in G, so G has at least three Q-classes of elements
of order ¢ — 1. For some prime ¢ dividing ¢ — 1, this yields that G contains at least
four Q-classes of ¢-elements.

Next, we suppose N = PSL(3,q) with ¢ = 1 (mod 3). Then, N has three Q-
classes of elements of order 4. These classes must form a single Q-class in G. The
outer automorphisms of N can be found in [43]. We obtain that G contains a
subgroup isomorphic to PGL(3, q).

We identify N with PSL(3,¢). The elements
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lie in GL(3,q) for some 1 # w € F, with w® = 1. Obviously, their images X,Y,Z
in PGL(3, q) are different. Moreover, these images are pairwise not Q-conjugate in
PGL(3, q), since Z is not Q-conjugate to any diagonal matrix in GL(3, ¢) (see [40]),
and det(X) = 1 # det(Y).

Certainly, the Q-class of X in G contains exactly the elements of order 3 in N.
Thus, X cannot be Q-conjugate to Y or Z in G. If Y and Z were also not Q-
conjugate in G, then G would contain at least four Q-classes of 3-elements. On the
other hand, if Y and Z were Q-conjugate in G, then G/N would act transitively
on the set of the Q-classes of Y and Z. But then, |G/N| would be even which is

impossible since N contains elements of order 4.

e PSL(4,q) and PSU(4, q)

For ¢ odd, the groups PSL(4,q) and PSU(4,¢) contain elements of order 8.
Hence, N is not isomorphic to one of these groups. Moreover, if ¢ is even, then
there exist two conjugacy classes of involutions in PSL(4,¢) and PSU(4, q) respec-
tively [17, 18]. The Lemmas 3.7 and 3.3 now yield that IV is not isomorphic to such

a group.

* °Dy(q)

The conjugacy classes of the groups D4(q) have been determined in [13]. In
particular, we learn from this article that D4(q) contains elements of order 8.
Thus, N 2 3D4(q).

* Ga(q)
The groups G2(q) also possess elements of order 8 as we can detect from [33] (for

q odd) and [9] (for g even). Thus, N 2 G2(q).

o 2Go(32711)

Suppose N = 2(G5(3?"+1). Then, the Sylow 3-subgroups of N are nonabelian
of exponent 9, and two Sylow 3-subgroups P, P, € Syls(N) either coincide or
intersect trivially [42]. Additionally, Z(P;) and P; \ Z(P;) contain elements of
order 3. Consequently, G would have at least four QQ-classes of 3-elements, so the

representation type of R(G) would be infinite.

o 2B,(227H1)

Suppose N 22 2B,5(22"+1) and P € Syl,(N). By [41], we get |P| = |Z(P)|? and
the involutions of P are permuted transitively by a cyclic subgroup of N. This
implies that P is a Suzuki 2-group of type A [26]. In Lemma 3.15, we will show
that R(H) has infinite representation type if H is a finite group whose Sylow 2-
subgroups are Suzuki 2-groups of type A. Since |G/N]| is odd, R(G) would have

infinite representation type.
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e Sporadic groups

Let N be isomorphic to a sporadic group in the list of Lemma 3.6. Each of the
groups M1, Mooy, Mas, J3, McL, O'N, Ly, and Th possesses elements of order 8.
Hence, N = J;.

After considering simple groups N, we now assume that N is quasisimple with
Z(N) # 1. For a prime p, Lemma 3.1 yields that N/Z(N) has at most as many
Q-classes of p-elements as N does. That is why N/Z(N) is isomorphic to PSL(2, ¢),
Az, J1, PSU(3,q) (¢ > 2 even), or 2By (22"+1).

The Schur multipliers of PSL(2,2") (n > 2), Ji, and 2B2(2?"*1) (n > 1) are
trivial. Thus, N/Z(N) cannot be isomorphic to one of these groups. The Schur
multiplier of 2By (8) is isomorphic to C3. If N/Z(N) = 2By(8) and Z(N) # 1,
then G would possess more than three Q-classes of 2-elements. Similarly, for some
even prime power ¢ > 2, a central extension of PSU(3,¢q) has either Sylow 2-
subgroups which are Suzuki 2-groups of type B or contains more than three Q-
classes of 2-elements. Since PSL(2,4) = PSL(2,5), it remains to consider the cases
N/Z(N) 2 A7 and N/Z(N) = PSL(2, q) with ¢ > 3 odd.

Suppose N/Z(N) = Ag or A;. Then, N/Z(N) contains two Q-classes of ele-
ments of order 2 and 3 respectively. Moreover, the Schur multiplier of N/Z(N) is
isomorphic to Cg. If both of the Q-classes of elements of order 3 in N were con-
jugate in G, then |G/N| would be even. But this implies that G has at least four
Q-classes of 2-elements since Ag as well as A7 contain elements of order 4. Hence,
G would contain more than three Q-classes of 2-elements or 3-elements respectively
if Z(N)# 1 and N/Z(N) = Ag or Ar.

Suppose N/Z(N) = PSL(2,q) with ¢ > 3 odd. Since PSL(2,9) = Ag, we may
assume ¢ # 9. Then, the Schur multiplier of N/Z(N) is isomorphic to Cs, whence
N = SL(2,q). If ¢ = p* with k& > 3, then the same arguments as for PSL(2, ¢) would
yield that R(G) has infinite representation type. Furthermore, SL(2,¢q) contains
elements of order ¢+ 1 and g — 1 respectively, so ¢+ 1 and ¢ — 1 must be cube-free.
However, p? — 1 is divisible by 8 for any odd prime p. Thus, we conclude that ¢ is
already prime.

Lastly, we show gcd(|N|,|G : N|) = 1. Since N is isomorphic to one of the
groups PSL(2, q), SL(2,p), A7 or Ji, there is no nontrivial element of odd order in
N which centralizes a Sylow 2-subgroup of N. As already mentioned, G \ N does
not contain any involution.

Let p be an odd prime and suppose that there exist p-elements z € N and
y € G\ N. If y commutes with every element of N, then y and zy lie in different Q-

classes of G because xy does not centralize any Sylow 2-subgroup of G. Certainly,
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neither y nor zy is conjugate to a power of . Hence, G would have at least four
Q-classes of p-elements.

Obviously, there is also no element of order 4 in G\ N which centralizes N since
its square would lie in N. Thus, any element of G \ N whose order is not prime to
|N| acts nontrivially on N by conjugation.

As is well known, Out(J;) = 1 and Out(A;) = Cs. Since A7 possesses elements
of order 4, we conclude immediately G = N if N is isomorphic to J; or Az.

Let ¢ be an odd prime and N 22 PSL(2,¢/). Then, the outer automorphism
group of N has order 2f. We have already seen that f < 2 and G has no subgroup
isomorphic to PGL(2,¢/). Hence, for f = 1, there is no element in G\ N acting
nontrivially on N. Moreover, if f = 2, then any element of G \ N which acts
nontrivially on N would be a 2-element. However, N contains elements of order 4
in this case. That is why |G : N| is odd.

Likewise, there is no element in G \ N acting nontrivially on N if N = SL(2, ),
since any nontrivial automorphism of odd order of SL(2,¢) induces a nontrivial
automorphism of odd order of PSL(2, ¢).

Finally, suppose N = PSL(2,2/). Then, the outer automorphism group of N is
a cyclic group of order f. We have to exclude that p divides f and one of 2f 41 or
2/ — 1. We show that in this case, 2/ + 1 or 2/ — 1 is even divisible by p?. Hence,
G would have at least four Q-classes of p-elements.

Let p divide f and 2f — 1. Then, there exists a positive integer k such that
f = kp. Thus, 2% = (2¥)P = 2/ =1 (mod p). That is why the first and the second
factor of

—

p7 .
2kP — 1= (28 —1)- (2K 2R ok 1) = (26— 1)) (2F)
=0
are both divisible by p, whence p? divides 2/ — 1.
Now, let p divide f and 2/ 4 1. Clearly, we can find a positive integer k such
that f = kp. Then, —2% = (-2%)? = -2/ =1 (mod p). Again, both factors of
p—1 )
2P 4 1= (28 1) - (K7D 2P ok r) = (2K 1) ) (—28)
i=0
are divisible by p, so p? divides 2/ + 1.
Thus, we have excluded all cases with ged(|N|, |G : N|) > 1 and the theorem is
proved. (Il

Corollary 3.9. Let G be a group such that R(G) has finite representation type,
and N be a nonabelian quasisimple normal subgroup of G. Let p be an odd prime

which divides |N|. Then, the Sylow p-subgroups of G are abelian.
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Proof. By Theorem 3.8, the Sylow p-subgroups of G coincide with the Sylow p-
subgroups of V. That is why we just go through the list of Theorem 3.8. The Sylow
p-subgroups of PSL(2, q) are elementary-abelian or cyclic depending on whether ¢
is a power of p or not. Likewise, the Sylow p-subgroups of SL(2,¢q) are cyclic if ¢
is prime. Moreover, it is well known that the Sylow p-subgroups of A; and J; are

also abelian. O

The character rings of the groups in the list of Theorem 3.8 have indeed finite
representation type. For a group G of this list, Theorem 4.6, which we will prove
in Section 4.1, yields that R(G), has finite representation type if the Sylow p-
subgroups of G are cyclic. Hence, we only have to consider such primes p for which
the Sylow p-subgroups of G are not cyclic.

Let G be any group of the list in Theorem 3.8, and p be a prime such that
the Sylow p-subgroups of G are not cyclic. Looking at the character table of
GG, we observe that any rational p’-section of G has at most two Q-classes and
each Q-class is already a conjugacy class (see Appendix respectively [8] for Ji).
Moreover, it is easy to show that rad(R(G),/R(G),) is cyclic for G = PSL(2, p?)
and that rad(R(G)5/R(G)z) is cyclic for G = PSL(2,pf) with f € {1,2}. Finally,
rad(R(A7)5/R(A7)2) and rad(R(A7)5/R(A7)s) are cyclic as well. This yields the

following assertion.

Corollary 3.10. The quasisimple groups whose character rings have finite repre-

sentation type are exactly the following:

(1) PSL(2,q) where ¢ > 2 is even and ¢*> — 1 is cube-free,

(2) PSL(2,q) where g > 3 is odd and none of the integers q, g+ 1 and ¢ — 1 is
divisible by 16 or the third power of an odd prime,

(3) SL(2,p) where p > 2 is an odd prime and p+1 as well as p—1 are cube-free,

(4) Az,

(5) Jp.

Theorem 3.8 states what a component of a nonsolvable group G can look like if
R(G) is representation-finite. One may ask the same question for the nonabelian
composition factor of G. With similar arguments as in the proof of Theorem 3.8,
one can show that such a composition factor is isomorphic to one of the groups in
the list of this theorem or PSL(2,p*) with k& > 2. The author expects that there
is no group G with a composition factor isomorphic to PSL(2, p*¥) with k& > 2 such
that R(G) is representation-finite, but has not been able to prove this yet.

3.2. Sylow 2-subgroups. Now, we want to find a list of 2-groups which can
occur as Sylow 2-subgroups of G if R(G) has finite representation type. We need

to introduce some more notations for the statement of our results. We call a group
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homocyclic if it is a direct product of cyclic groups of the same order. As usual,
Dg and Qg stand for the dihedral and the quaternion group of order 8 respectively.
Moreover, we recall that a Suzuki 2-group P is a nonabelian 2-group with more than
one involution whose automorphism group has a cyclic subgroup which permutes
the involutions of P transitively. Higman has classified the Suzuki 2-groups and
showed Q,(P) = Z(P) = P’ = ®(P) for any Suzuki 2-group P [26]. Here, ®(P)
is the Frattini subgroup of P and Qq(P) is the subgroup of P generated by all
involutions of P. Furthermore, one can show that Suzuki 2-groups are resistant [11].

In several of the following proofs we use the classification of finite transitive

linear groups by Huppert and Hering [25, 28].

Theorem 3.11 (Huppert, Hering). Let p be a prime, n be a positive integer, and
H < GL(n,p) act transitively on the elements of F; \ {0}. Then, H is isomorphic
to a group G which satisfies one of the following:
(1) G <TL(p"),
(2) SL(k,q) <G and p" = ¢* for some k € N with k > 1,
(3) Sp(k,q) <G and p™ = ¢* for some k € 2N,
(4) Gala) 9C, p=2 and 2" =
(5) p=3,n=2and Qs <G,
(6) n=2,pe{57,11,23} and SL(2,3) <G,
(7) n=2, pe{11,19,29,59} and SL(2,5) < G,
(8) p =3, n =4 and either SL(2,5) I G or S <G where S is extraspecial of
order 32,
(9) p=2,n=4 and G = Ag or G = Ay,
(10) p=3, n =06 and G = SL(2,13),
(11) p=2,n =06 and G 2 PSU(3,3).

Here, the semilinear group
IL(p") = {f € Hom(Fyn,Fyn) : f(x) = ao(x) for suitable a € F)5, and
o € Gal(Fyn /F,)}
comes into play. This group has a normal subgroup
TLo(p") = {f € Hom(Fpn,Fyn) : f(z) = ax for some a € Fj} = F),

with factor group I'L(p™)/TLo(p") = Gal(Fp»/F,). Hence, I'L(p™) is isomorphic
to the semidirect product F. 3 Gal(Fp» /F,). Additionally, we will be interested
in the subgroups of I'L(p") acting transitively on the one-dimensional subspaces of
F.

P
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Lemma 3.12. Let p be a prime, n € N, and G be a subgroup of TL(p") acting
transitively on the one-dimensional subspaces of . For any prime p; which divides
d:=ged((p" —1)/(p—1),p—1), let r; € Z be the largest number such that p;’
divides p — 1. Then, exp(G) is divisible by
pn - 1 T4

o 1L

P p, €EP
pild

Proof. The action of I'L(p™) on F}; corresponds to the conjugation action of the

group

0 1
H::{(g 1>:aeIF;n} on the group V::{(O f):@"EFPn}.

The elements of H whose orders divide p — 1 correspond to multiplications with

elements from JF;;. Hence, an element of a proper subgroup of H whose order is no

pni]‘ T4

p—1 11 #
pi €P

pild

multiple of

0 0 1
for a generator y of )5 and some j € {1,...,p—1}.

11 . 1 4
cannot map the element X := < 1) on an element of the form Y7 := ( ]y)

Certainly, we get (1) = 1 for any automorphism o € Gal(Fp»/F,). Let S be
the set of subgroups of I'L(p™) which are generated by elements of Gal(F»/F),)

and elements of a subgroup of I'Lg(p™) whose order is no multiple of

pn_l T

p—1 I #i
pi €P
pild

Then, S does not contain a subgroup of I'L,(p™) which acts transitively on the one-
dimensional subspaces of Fj. However, the exponent of any subgroup of I'L(p")
not lying in S is divisible by

" —1 .
P 1Hp:lv

p= p; €P
pild
whence the same holds for the exponent of G. (I

Remark 3.13. Analogously, one can show that the exponent of a subgroup of
TL(p™) which acts transitively on Ty \ {0} is a multiple of p™ — 1.

The following lemma will help us to exclude the Suzuki 2-groups of type A as

Sylow 2-subgroups of a group whose character ring has finite representation type.
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Lemma 3.14. Let P € Syl,(G) be a Suzuki 2-group of type A. Then, the elements

of order 4 of G are nonreal.

Proof. Since Suzuki 2-groups are resistant, an element = € P of order 4 is conjugate
to ! in G if and only if x and 2! are conjugate in Ng(P). Moreover, |[Ng(P) : P|

is odd. Therefore, x and z~! are conjugate in G if and only if there exists some

1

y € P such that yry~! = 27!, Recall that P is isomorphic to

1 a b
A(n,©) := 0 1 a®|:a,bclFom
0 0 1

for a positive integer n and some 1 # © € Aut(Fan) of odd order. Obviously,

-1
1 a b 1 a b+at®
01 «®°| =101 a®
0 0 1 0 0 1

Let A € A(n,©) be an element of order 4. Then, we can find a,b € Fan with a # 0
such that

A=

o = 2
]
@

1
0
0
If A and A~! were conjugate in A(n,©), then there would exist ¢,d € Fan with
d

1 a b+alt® 1 ¢ 1 a b 1 ¢ d+c1°
0 1 a® =101 2|0 1 «®||0 1  °
0 O 1 0 0 1 0 0 1 0 0 1
1 a+c¢ b+d+a°c 1 ¢ d+c1°
=10 1 a® + c® 0 1 c®
0 0 1 0 0 1
1 a d+c'"%®4+ac® +e° 4+ b+ d+a°e
=10 1 a®
0 0 1
1 a b+ac®+a°¢
=10 1 a® ,
0 0 1

(S]

i.e. there would exist some ¢ € Fon with a'*® = a®c¢ + ac®. In particular, ¢ # a.

Now,

at® =0fct+ac® o 1=alc+a%® o (@ '0°=1+alc.
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This means that
(a_lc)@2 =(1+a)®=1414+atc=a""c,
but this yields a contradiction since © has odd order. O

Lemma 3.15. Let P € Syl,(G) and suppose R(G) has finite representation type.
Then, P is not isomorphic to a Suzuki 2-group of type A.

Proof. We assume that P is a Suzuki 2-group of type A. Then, the elements of
order 4 of G are nonreal by Lemma 3.14. Since Z(P) = P’ = Q4(P), any linear
character A € Irr(P) can only attain the values £1 on the elements of order 4 of
P. Moreover, x(z) = £x(1) for z € Z(P) and x € Irr(P). Since the degree of
any nonlinear x € Irr(P) is a 2-power, the values of x lie in the maximal ideal of
Oq(s) = Z[i] which contains 2, i.e. in (14 14)Z[i].

Let x € P be an element of order 4. If y is the character afforded by the
nonlinear irreducible representation ¢ of P, then the above yields that all eigenvalues
of o(x?) coincide and they are either 1 or —1. Hence, all eigenvalues of o(x) are
either contained in {1, -1} or in {i¢,—i}. Thus, x(z) is even contained in the ideal
generated by 2. This implies ¢)(x) € Z+27Z]i] for any nonlinear irreducible character
¥ € Irr(G). Additionally, there exists some ¢ € Irr(G) with ¢(z) ¢ R because x is
nonreal. Hence, Q(clg(x)) = Q(i). We conclude that the function ¢, with

1+Z7 g ~g<T
0:(9) =S 1—i, grga?

0, else

lies in rad(R(G)4) \ R(G)2. Clearly, the function ¢ with ¢1(1) = 2 and ¢1(g) =0
else is also contained in rad(R(G)5) \ R(G)s.

By our assumption, the R(G)s-module rad(R(G)5/R(G)2) is cyclic. Thus, we
find a € rad(R(G)%) and 01,12, &1, &2 € R(G)2 with nya+&1 = p1 and nea+8&s = ¢,
Since a(z) and ¢, () are contained in (1+14)Z][i], the same holds for &;(z). However,
this implies & (x) € 2Z[i], whence a(z) € (1 4 )Z[i] \ 2Z][i].

Moreover, we have (nia+&1)(x) = ¢1(z) = 0. Similarly to the above, this yields
&1 (z) € 2Z[i]. Thus, ma(z) € 2Z[i]. Since a(x) € (1 + i)Z[i] \ 2Z[i], this gives
m(z) € (1 +1)Z[i], so ni(1) € 2Z. Certainly, a(1) lies also in 2Z and we conclude
ma(l) =0 (mod 4). Therefore, & (1) =2 (mod 4).

Since 22 € Z(P)N P’, we get ¥(1) = (2?) (mod 4) for any ¢ € Irr(P). That is
why x(1) = x(2?) (mod 4) for any y € Irr(G) because yp is a Z-linear combination
of irreducible characters of P. This implies &;(22) = £;(1) = 2 (mod 4).
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On the other hand, n;a(x?) is divisible by 4 since 7;(2?) is even and « is con-
tained in rad(R(G)%). But this yields (nia + &)(2?) =2 # 0 = p1(2?) (mod 4),
so P cannot be a Suzuki 2-group of type A. (]

However, the remaining Suzuki 2-groups can also not occur as Sylow 2-subgroups
of G if R(G) is representation-finite.

Lemma 3.16. Let P € Syl,(G) and suppose R(G) has finite representation type.
Then, P is not isomorphic to a Suzuki 2-group of type B, C, or D.

Proof. We assume that P is a Suzuki 2-group of type B, C, or D, so |P| = |Z(P)|3.
Since R(G) is representation-finite, all elements of order 4 of G are conjugate in
G. As mentioned above, Suzuki 2-groups are resistant, whence there is only one
conjugacy class of elements of order 4 in Ng(P).

Let 2 € P be an element of order 4. It suffices to show x(1) = x(2?) = x()
(mod 4) for all x € Irr(G). Then, it can be easily seen that for any a € R(G)5,
there do not exist 71,19, &1,& € R(G)a such that the equations

2, g=1 0. 9=1
(ma+¢&)(g) =40, g~ a? and  (ma+&)(9) =2, g~a
O, g~ T 07 g~

hold simultaneously. Thus, it already suffices to show (1) = ¥ (2?) = ¥(x)
(mod 4) for all ¢ € Iir(Ng(P)). It is clear that for ¥ € Irr(P), 9(1) = 9(z?)
(mod 4) because Z(P) = P’ and P is a 2-group. Therefore, we only have to con-
sider the elements of order 4.

We choose n such that |Z(P)| = 2". Then, P/P’ = C2" whence [{\ € P :
A(1) = 1}| = 22", This gives |Cp(z)| > 2*". Let j € N be such that |Cp(z)| = 27,
so |clp(x)| = 23777 with j > 2n. Now,

23" = |P| = |Z(P)| + ‘P\Z(P)I =N +23n—j(2j _ 2j—2n).

This shows that P contains exactly 2/ — 27727 = 29-27(22n _ 1) conjugacy classes
of elements of order 4. Since Ng(P)/Cq(P) is a group of odd order which acts
transitively on these classes, we conclude j = 2n, i.e. |Cp(x)| = 2?27, Thus, for any
nonlinear character ¥ € Irr(P), we get ¥(z) = 0. Hence, any irreducible character
of P/Z(P) has the form A\ with A(yZ(P)) := A(y) for all y € P where X is a linear
character of P, and if A1, Ay are linear characters of P with A; # Ag, then 5\1, 5\2
are irreducible characters of P/Z(P) with A; # As.

Certainly, Ng(P)/Cq(P) acts transitively on the nontrivial elements of P/Z(P).
Thus, Ng(P)/Cg(P) is a subgroup of I'L(22") by Theorem 3.11. Furthermore,
exp(Ng(P)/Cq(P)) is divisible by 22" —1. Consequently, P/Z(P)x Ng(P)/Cq(P)
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contains a subgroup isomorphic to A4. But if ¢ € A, is an involution, then we
have ¢(1) = p(t) (mod 4) for any ¢ € Irr(A4). This yields o(Z(P)) = ¢(xZ(P))
(mod 4) for all ¢ € Irr(P/Z(P) x Na(P)/Cq(P)).

Finally, the action of an element h € Ng(P)/Cq(P) on a character A € Irr(P/Z(P))

corresponds to the action of a preimage h € Ng(P) of h on A because

N(yZ(P) = A(hyZ(P)h™") = A(hyh™") = X'(y).
This implies (1) = ¢ (x) (mod 4) for all ¢ € Ng(P) and we are done. O

With these preparations, we are able to prove our main theorem of this section.

Theorem 3.17. Let G be a group of even order whose character ring has finite
representation type. Then, every Sylow 2-subgroup of G is isomorphic to one of the

following groups:

(1) CF for some n > 1 such that 2™ — 1 is cube-free,
(2) Cu,
(3) Qs,
(4) Ds.

Proof. Let P € Syly(G). If E(G) # 1, then E(G) is a Hall subgroup of G by
Theorem 3.8. Therefore, P is a Sylow 2-subgroup of E(G) and we can write G =
E(G) x H for a suitable subgroup H. By Proposition 3.5, G contains only one
nonabelian composition factor, so Theorem 3.8 yields that P is either elementary-
abelian or isomorphic to Qg or Dsg.

From now on, we do not suppose that R(G) is representation-finite, but make

the following weaker assumptions:

(1) G has at most three Q-classes of 2-elements,
(2) P is not isomorphic to a Suzuki 2-group of type A,
(3) if E(G) # 1, then P is isomorphic to one of the groups in the list above.

Suppose G is not solvable and E(G) = 1. The Sylow 2-subgroups of G/O4/(G) are
isomorphic to P and by Lemma 3.1, G/Os (G) contains at most as many Q-classes
of 2-elements as G does. Thus, we may assume Oz (G) = 1, so either F(G) # 1 or
F*(G) = O3(G). Since the case E(G) # 1 has already been discussed, we suppose
F*(G) = 02(G).

Since G is not solvable, O5(G) is a proper subgroup of P. The elements of
P\ O2(G) are certainly not conjugate to the nontrivial elements of O2(G). Thus,
there is only one Q-class in G which contains nontrivial elements of O2(G), i.e.

the nontrivial elements of O2(G) form a single conjugacy class. Hence, G acts
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transitively on Oz(G) \ {1}. Moreover, Cz(O2(G)) = O2(G), so G/O3(Q) is iso-
morphic to a transitive linear group. Additionally, there is only one conjugacy class
of nontrivial 2-elements in G/O2(G).

By Theorem 3.11, the only possibility is that G/O2(G) contains a normal sub-
group isomorphic to SL(2,2™) where m satisfies O2(G) =2 C3™. But then, there
exists an involution in G\ O2(G) by [10, Lemma 4.2]. Lemma 3.3 then implies that
R(G) has infinite representation type. Thus, F*(G) # Oz(G) if G is not solvable.

Now, suppose G is solvable. If P has only one involution, then, due to Burnside,
P is isomorphic to a cyclic group or a generalized quaternion group. All of these
groups except Cy, Cy and Qg have exponents divisible by 8, so P is isomorphic to
Cs, Cy or Qs.

Finally, we assume that P has more than one involution. By Thompson, P
is homocyclic or isomorphic to a Suzuki 2-group (see [27]). By the Lemmas 3.15
and 3.16, P cannot be a Suzuki 2-group. This implies that P is homocyclic, whence
P is elementary-abelian by Theorem 3.2. Thus, there is some n such that P =2
C%. We have already seen in Lemma 3.3 that all involutions of P are conjugate.
Therefore, G/Cq(P) acts transitively on P\ {1}. Now, Theorem 3.11 yields that
G/Cg(P) is a subgroup of I'L(2"), so exp(G/Cq(P)) is a multiple of 2" — 1 by
Lemma 3.12. It follows immediately that 2 — 1 is cube-free. ([

For each 2-group P in the list of Theorem 3.17, there is a group G such that P
is a Sylow 2-subgroup of G and R(G) is representation-finite. For P € {C2, C4},
we can choose G = P, for P = Qg, we can take G = SL(2,3), and if P = Dsg,
then the conditions are satisfied for G = PSL(2,7). Moreover, for P = C¥ and
G = CF % Con_1, the representation type of R(G) is finite if and only if 2™ — 1 is

cube-free.

3.3. Sylow subgroups of odd order. After the determination of the possible
Sylow 2-subgroups of a group G whose character ring has finite representation type,
we consider the Sylow subgroups of odd order of G. Finally, we will prove that these

Sylow subgroups are abelian in Theorem 3.20.

Lemma 3.18. Let p be an odd prime, P € Syl,(G) be nonabelian, and R(G)
be representation-finite. If G has exactly three Q-classes of p-elements, then all

nontrivial elements of Z(P) are conjugate in G.

Proof. At first, we show that all elements of Z(P) \ {1} are contained in one of
the two QQ-classes which consist of nontrivial p-elements.

If G has a component whose order is divisible by p, then E(G) contains a Sylow
p-subgroup of G by Theorem 3.8. However, Corollary 3.9 then yields that P is
abelian. Thus, p 1 |E(G)|. That is why G/E(G) has Sylow p-subgroups isomorphic
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to P and by Lemma 3.1, G/E(G) has at most as many Q-classes of p-elements as
G has. Moreover, for z € G, the conjugacy class of E(G) in G/E(G) is rational if
the conjugacy class of « in G is rational.

That is why we may assume E(G) = 1 in the following. Since the Sylow p-
subgroups of G/O, (G) are isomorphic to P, we further assume O, (G) = {1}.
Lemma 3.1 again yields that G/O, (G) contains at most as many Q-classes of p-
elements as G does and that the image of a rational conjugacy class of G is a
rational conjugacy class of G/Op (G).

Hence, we suppose F*(G) = O,(G), so Ca(0,(Q)) < O,(G). If O,(G) < P,
this implies Z(P) < O,(G). Since the elements of P\ O,(G) are not conjugate
to the elements of O,(G) in G, G has two Q-classes of nontrivial p-elements and
only one of these classes contains elements of O,(G) > Z(P). On the other hand,
if O,(G) = P, then P is normal in G, whence Z(P) is normal in G. Since P is
nonabelian, P\ Z(P) # () and none of the elements of P\ Z(P) is Q-conjugate to
an element of Z(P).

Thus, it remains to show that the QQ-class of G which contains the nontrivial
elements of Z(P) is a rational conjugacy class. As is well known, there exists a
nontrivial element z € Z(P) N P’. We show that z lies in a rational conjugacy class
of G.

Suppose the conjugacy class of z in G is not rational. We denote the maximal
ideal of Og(c1,(2)) containing p by p.

For any linear character A € Irr(P), we have A(z) = 1 because z € P’. Moreover,
for every 1 € Irr(P), there is some k € Z such that ¢(z) = ¢(1) - ¢} since z € Z(P).
Certainly, ¢(1) is a power of p. The restriction of x € Irr(G) to P can be written
as xp = a11 + ... + a1, for suitable aq,...,a, € Z and ¢1,...,¢, € Irr(P).
Let 41,...,%,, denote the nonlinear characters of this linear combination, and
Ym+1, - - -, ¥ denote the linear characters. For j = 1,...,m, choose k; € {0,...,p—
1} such that ¢;(z) = ,(1) (), and d; € N such that ¢;(1) = d; - p. Then,

r

a;(;(1) =i (2) + > a;(5(1) — 1;(2))

j=m+1

a; (pd; — pd;Cy7) = azdp (1— () -
j=1

NE

x(1) = x(2) =

<
Il
—

M-

<.
Il
—_

Let ‘B be the maximal ideal in Z[(,] containing p. Then, each summand of the sum
above lies in pB. Hence, x(1) — x(z) € pp. Since [Q(clg(2)) : Q] > 1, the ideal
POg(elg(»)) is contained in p?. This implies x(1) = x(2) (mod p?). Therefore, any
function n € R(G), with n(z) € p satisfies (1) = n(z) (mod p*). That is why for
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a generator 7 of p, the functions 1, ps € R(G);, with

T, g~z m, g~z
p1(9) = and  a(g) =
0, else 0, else
lie in rad(R(G);) \ R(G),.

Let o € rad(R(G);,) and 01,12, 1,82 € R(G), with ma+&1 = @1 and nea+& =
©2. Since a(z) € p, we conclude & (z) € p. But then, &;(2) is even contained in p3,
so a(z) € p\ p2.

Analogously, &(2) € p, so &(z) € p2. Thus, nea(z) € p? \ p®. But this yields
n2(z) € p \ p? which is impossible since 72 € R(G),. Hence, the R(G),-module
rad(R(G),/R(G),) is not cyclic, so R(G) has infinite representation type. This

contradiction shows that the Q-class of z is already a conjugacy class. (Il

In the proof of Lemma 3.18, we have shown implicitly that G contains at least
(and therefore exactly) three Q-classes of p-elements if P is nonabelian and R(G) is
representation-finite. Thus, we could remove the assumption in Lemma 3.18 that
G has exactly three Q-classes of p-elements.

Before we prove our main theorem of this section, we remark that the group
SL(2,5) can only act trivially on a cyclic group since the automorphism group of
a cyclic group is solvable while SL(2,5) is nonsolvable and perfect. Moreover, we
recall a result due to Shult [38].

Theorem 3.19 (Shult). Let P be a p-group such that Aut(P) acts transitively on
the subgroups of order p of P. Then, P is abelian or a 2-group.

Theorem 3.20. Let p be an odd prime, and P € Syl (G). If R(G) has finite

representation type, then P is abelian.

Proof. Suppose P is nonabelian and R(G) has finite representation type. As in
the proof of Lemma 3.18, we conclude p t |[E(G)|. That is why we only consider
the case pt|E(G)| in the following.

From now on, we do not assume that R(G) is representation-finite, but make

the following weaker assumptions:

(1) G has at most three Q-classes of ¢-elements for any prime ¢,
(2) all elements of Z(P) are conjugate in G,
(3) the Sylow 2-subgroups of G appear in the list of Theorem 3.17.

Let P be nonabelian. If E(G) # 1, then the Sylow p-subgroups of G/E(G) are
isomorphic to P and G/E(G) has at most as many Q-classes of p-elements as G
has. Moreover, for any p-element x € G, the conjugacy class of zE(G) in G/E(G)

is rational if the conjugacy class of x in G is rational.
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We can obtain similar assertions for G/O, (G). That is why we assume E(G) = 1
and O, (G) = 1 in the following. This yields F*(G) = O,(G), so Cq(0,(G)) <
0,(G).

At first, we consider the case O,(G) < P. Since Cg(Op(G)) < Op(G), we get
Z(P) < O,(G). 1t is clear that none of the elements of P\ O,(G) is conjugate to
an element of O,(G). Thus, there is only one Q-class in G containing elements of
P\ O,(G). Similarly, all nontrivial elements of O,(G) are Q-conjugate. Moreover,
the nontrivial elements of Z(G) are conjugate in G, so G acts transitively on O,(G)\
{1}. Together with Theorem 3.19, this implies that O,(G) is elementary-abelian
and G/O,(G) is isomorphic to one of the groups in the list of Theorem 3.11. Prior

to going through this list, we make some more general considerations.

(1) Let m be a positive integer such that O,(G) = C7*. Then, the number of p-
elements in G\ Op(G) is divisible by p™. Suppose the Sylow p-subgroups of
G/0O,(G) are cyclic and G \ O,(G) contains an element of order p. For any
z € PN (G\ Oy(Q)), p? divides |Cg(z)| since Z(P) < O,(G). Therefore,

lclg(z)| = |G : Ca(z)] Z0  (mod p™).

The Q-class of z in G contains exactly r - |clg(z)| elements for a suitable
r € {1,...,p — 1}. This implies that p™ does not divide the number of
elements in the Q-class of . Hence, the elements of order p lie in at least
two different Q-classes. But then, G would have at least four Q-classes of
p-elements.

(2) Suppose O,(G) = C2 and the Sylow p-subgroups of G/O,(G) are elemen-
tary-abelian of rank £ > 1. Let @ = P/O,(G) € Syl,(G/0,(G)). We
choose generators x1,...,xy of (). Additionally, we denote the cyclic sub-
groups of order p of O,(G) by Zi,...,Z,41. Since Z(P) < 0,(G), Q
acts trivially on one of these cyclic groups, say Z,11. On the other hand,
none of the nontrivial elements of @ can act trivially on O,(G) because
Cc(0,(G)) < Op(G). Thus, any nontrivial element of @ induces a cyclic
permutation of Z1,...,Z,. W.lo.g. we have lelel = Z5. Since x5 also

permutes Zi, ..., Z, cyclically, we can find some j € {1,...,p — 1} such

that x%ng;j = Z,. But then, xgml centralizes Z,1 and 7, i.e. xéxl acts

trivially on O,(G). This contradicts Cq(0,(G)) < O,(G).

(3) Let O,(G) = C}' again. Suppose that each element of order p of O,(G)
has a centralizer of odd order in G, and there exists an element of order p
in G/0,(G) which commutes with an involution of G/O,(G). Then, there
is an element Z of order 2p in G/O,(G). Thus, a preimage z of Z in G has
order 2p or 2p?. If |(x)| = 2p?, then any element of G\ O,(G) would have
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order p?, whence 2% € O,(G). But then, |Cq(2??)| would be odd whereas

x has even order. This implies that G\ O,(G) contains elements of order p.

Now, we go through the list of Theorem 3.11. Let Op(G) = C'. We assume
that G/O,(G) acts on O,(G) as a subgroup of I'L(p™) = Cpm_1 x Cp, on FJ, s0
G/O,(G) = C, x Cs with r | p™ — 1 and s | m. Since this action is transitive,
G/O,(G) contains an involution. Moreover, p divides |G/O,(G)|, whence p | s. If
|Cy| is even, then |Z(G/O,(G))| is clearly even as well. On the other hand, if |Cj|
is even, then there exist z,y € Cs such that |[(z)| = p, |(y)| = 2 and zy = yz.
In both cases, G \ O,(G) contains elements of order p by (3). Obviously, the
Sylow p-subgroups of G/0O,(G) are cyclic, so G possesses at least four Q-classes of
p-elements by (1).

Let & > 2 and suppose G/O,(G) contains a normal subgroup isomorphic to
SL(k,q). Then, k = 2 and ¢ is a prime number by Theorem 3.8, so m = 2. Due
to (2), G/O,(G) has cyclic Sylow p-subgroups. Since G/O,(G) has a subgroup
isomorphic to SL(2,p), each element of order p of G/O,(G) has a centralizer of
even order. We conclude that G\ O,(G) contains elements of order p by (3). But
now, (1) yields that G has at least four Q-classes of p-elements.

In the case that G/O,(G) has a normal subgroup isomorphic to Sp(k,q) (with
p™ = ¢*, k € 2N), we also obtain m = 2. Thus, the same arguments as above show
that this situation cannot arise as well.

Suppose p = 3, 03(G) = C2, and G/O3(G) has a normal subgroup isomorphic to
Qs. Then, Z(G/O3(G)) contains an element of order 2. By (3) and (1), the Sylow 3-
subgroups of G/O3(G) cannot be cyclic. Moreover, they are not elementary-abelian
of rank > 1 by (2), so this case can also be excluded.

Suppose p € {5,7,11,23}, O,(G) = Cp2, and G/O,(G) contains a normal sub-
group H = SL(2,3). Then, G/O,(G) has cyclic Sylow p-subgroups by (2). Cer-
tainly, Z(G/O,(G)) contains the involution in H. Now, (3) and (1) yield that G
has at least four Q-classes of p-elements.

We can argue similarly in the case that p € {11,19,29,59}, O,(G) = Cpe,
G/O,(G) contains a normal subgroup isomorphic to SL(2,5). From (2), we obtain

and

that G/O,(G) has cyclic Sylow p-subgroups. Since an element of order p can only
act trivially on SL(2,5), G/O,(G) has elements of order 2p. Applying (3) and (1),
this shows that there are more than three Q-classes of p-elements in G.

Suppose p = 3 and O3(G) = C§. By Theorem 3.17, G/O3(G) has no normal
Sylow 2-subgroup which is an extraspecial group of order 32. Thus, G/O3(G) has
a normal subgroup H 22 SL(2,5). The action of H on O3(G)\ {1} is not transitive;
O3(G) \ {1} splits into two orbits under this action. Hence, G/O3(G) can only act
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transitively on O3(G) \ {1} if (G/O3(G))/H has even order. But then, G/O3(G)
would have at least four Q-classes of 2-elements.

Finally, if p = 3, O3(G) = C%, and G/0O,(G) = SL(2,13), we conclude that G
would have at least four Q-classes of 3-elements by (3) and (1) as above.

That is why we may assume P < G. Recall that all nontrivial elements of
Z(P) are conjugate and all elements of P\ Z(P) lie in the same Q-class of G.
By Theorem 3.19, Z(P) as well as P/Z(P) are elementary-abelian and we have
exp(P) = p. Since all nontrivial elements of Z(P) are conjugate in G, there is no
subgroup 1 < H < Z(P) which is normal in G. This yields Z(P) < P’. On the
other hand, P/Z(P) is abelian, whence ®(P) < Z(P). Due to this and exp(P) = p,
we get P’ = ®(P) = Z(P), i.e. P is special.

Let Z(P) = C;f and P/Z(P) = C’f;. Since all elements of P\ Z(P) lie in the same
Q-class of G, we get |Cp(x)| = |Cp(y)| for x,y € P\ Z(P). We choose j such that
|Cp(x)| = p?. Thus, the conjugacy classes of P which contain elements of P\ Z(P)
have length p*+¢=7. Now,

PP =1 pF 4 "I () — ),

so there are exactly p? — p? ¢ = p?~¢(p’ — 1) conjugacy classes in P containing
elements of P\ Z(P). That is why the number of these conjugacy classes is not
divisible by p if and only if j = ¢. Clearly, the same holds for the number of the
corresponding Q-classes of P. It is necessary that p does not divide the number
of these Q-classes: G permutes these classes transitively. If M is the set of these
classes, there is a bijection between M and G/stabg(C) for some C € M. Since P
lies in stabg(C), p cannot divide |G : stabg(C)| = | M|. This gives |Cp(x)| = p* for
x € P\ Z(P), whence

k+4
p+

sl oy € PY = sy = =1 = 12(P)].

Since P’ = Z(P), this means that for all z € Z(P), there exists some y € P with
2= [a,y).

Let H be a maximal subgroup of Z(P). Certainly, we have exp(P/H) = p. For
z € Z(P)\ H, we have just seen that there are x,y € P with z = [z, y]. This yields
zH € (P/H)', so (P/H)" = Z(P)/H is cyclic. Moreover, for every x € P\ Z(P),
there exists some y € P such that [z,y] € Z(P)\ H. Hence, H ¢ Z(P/H) and
we conclude Z(P/H) = Z(P)/H, i.e. Z(P/H) = (P/H) = C,. Consequently,

the group P/H is extraspecial. From the classification of extraspecial p-groups, we

obtain at once that ¢ is even.
Now, P/Z(P) is an elementary-abelian group of even rank whose cyclic sub-

groups are permuted transitively by G/Z(P). By Theorem 3.11 and since G has at
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most three Q-classes of p-elements, G/Cq(P) acts on P/Z(P) either as a subgroup
of TL(p*) on F}, or as one of the sporadic transitive linear groups if |P/Z(P)| = 3*
or p € {3,5,7,11,19, 23,29, 59} where P is an extraspecial group of order p* with
exponent p.

At first, we assume that G/Cg(P) acts on P/Z(P) as a subgroup of I'L(p’) on
F{. By Lemma 3.12, the exponent of G/Cg(P) is divisible by

¢

p _1 T4

p—1 e
p, €EP

pild

where d := ged((p™ —1)/(p — 1), p — 1) and the r; are the largest integers such
that p* divides p — 1. However, ¢ is even, so (p° — 1)/(p — 1) is also even. Thus,
exp(G/Cq(P)) is divisible by 8, i.e. G/Cq(P) has an element of order 8. This is
clearly impossible.

Hence, |P/Z(P)| = 3* or P is extraspecial of order p? with exponent p where
p € {3,5,7,11,19,23,29,59}.

(1) If |[P/Z(P)| = 3%, then G/Cq(P) has a normal subgroup isomorphic to Qs.
Since all elements of order 4 of G are conjugate, G \ P must contain an
element of order 3. But then, GG has at least four Q-classes of 3-elements.

(2) Suppose |P/Z(P)| = 3*. Since |G/Cg(P)] is not divisible by 3, G/Cq(P)
has a normal subgroup which is isomorphic to an extraspecial group of
order 32. However, this group is not in the list of Theorem 3.17.

(3) For p € {7,23}, if all cyclic subgroups of P/Z(P) are conjugate, then
G/Cg(P) must contain an element of order 8.

(4) Let p = 5, so G/Cq(P) has a normal subgroup H = SL(2,3). By our
assumptions, G/Cq(P) acts transitively on Z(P). However, SL(2,3) can
only act trivially on a cyclic group of order 5 since any element of order 4
of SL(2,3) is a product of two elements of order 3. Thus, |(G/Cq(P))/H|
must be even, whence there are more than three Q-classes of 2-elements in
G.

(5) For p =11, G/Cg(P) contains a normal subgroup H isomorphic to SL(2, 3)
or SL(2,5). As above, G/Cq(P) must act transitively on Z(P), but SL(2, 3)
and SL(2,5) can only act trivially on C7;. Thus, there are too many Q-
classes of 2-elements in G if G/Cq(P) acts transitively on Z(P).

(6) If p = 19 and all nontrivial elements of Z(P) are conjugate in G, then
G/Cg(P) contains an element of order 9. Moreover, G/Cg(P) has a normal
subgroup H 2 SL(2,5). Let © € G/Cq(P) be an element of order 9.

3

Suppose 22 € H. Then, 2? cannot centralize a Sylow 2-subgroup of H.

Since the Sylow 2-subgroups of H are isomorphic to Qg, there is no Sylow
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2-subgroup of H which is normalized by x. However, this is impossible since
H has exactly five Sylow 2-subgroups. Consequently, 2® ¢ H, so G/Cq(P)
has at least two QQ-classes of elements of order 3 and at least one Q-class of
elements of order 9. Hence, G has at least four Q-classes of 3-elements.
(7) For p = 29, G/Cqg(P) contains a normal subgroup H = SL(2,5). Since
SL(2,5) can only act trivially on Cag, G contains at least four Q-classes of
2-elements if all elements of Z(P) \ {1} are conjugate in G.
(8) Finally, G/Cg(P) has a normal subgroup H 2= SL(2,5) if p = 59, so the
same arguments as for p = 29 apply.
We conclude that G/Cg(P) cannot act on P/Z(P) as one of the transitive linear
groups. Thus, R(G) cannot be representation-finite if G has a nonabelian Sylow
p-subgroup for some odd prime p. O

From Theorems 3.2 and 3.20, it follows immediately that for an odd prime p, the
Sylow p-subgroups of G are cyclic or elementary-abelian if R(G) is representation-
finite.

4. Structure of groups whose character rings are representation-finite

In the previous section, we have focused on necessary conditions on G for R(G)
having finite representation type. Now, we try to find sufficient conditions. For an
odd prime p, we know that the Sylow p-subgroups of G’ are cyclic of order < p? or

elementary-abelian. We consider these two cases separately.

4.1. Cyclic Sylow subgroups. Let p be a prime. For a cyclic group C of order
p or p?, the group ring of C is representation-finite. Since the group ring and the
character ring of a finite abelian group are isomorphic, R(C) has finite representa-
tion type as well. This may suggest that R(H), is representation-finite for a finite
group H with cyclic Sylow p-subgroups of order p or p? respectively. We will show
that this assertion holds if H satisfies an additional condition.

We start with the possible number of Q-classes in the rational p’-sections of a

finite group with cyclic Sylow p-subgroups.

Lemma 4.1. Let P € Syl (G) be cyclic of order p* for some positive integer a.
Suppose for any x € P, two p’-elements y1,y2 € Ca(x) are Q-conjugate in G if and
only if they are conjugate in Ng({x)). Then, any rational p’'-section of G has at
most a + 1 different Q-classes.

Proof. Since P is cyclic, any two p-elements of the same order are (Q-conjugate in
G. Thus, it remains to show that g, h € G are Q-conjugate if g, and h, as well as

gp and hy are Q-conjugate.
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Let © € P. We consider the Q-classes of a rational p’-section in Ng({x)) whose
elements have p-parts which are Q-conjugate to x, i.e. the p-parts have the same
order as x. Let x1y; and zoys be elements of such Q-classes, that means x1, 2 €
(), y1,92 € Na((2)), p t Kyl = Ky2)l, ziyi = yiai for i = 1,2, and y; is
Q-conjugate to y2 in Ng((z)). Then, there exist a ¢ € Ng((x)) and some o €
Gal(Q(Coxp(Ne ((x))))/Q) whose order is coprime to p such that o(gy19™") = ya.
Thus, we can find some b € Z with gcd(b,p) = 1 such that o(gziy197") = 2Py
because any element of N ((z)) with order |(x)| already lies in (x). Moreover, since
ged([() ], |(y2)]) = 1, there is a 7 € Gal(@(Coxp(ve((ey)/Q) With 7(2y2) = 232
This implies that z1y; and z2ys are contained in the same Q-class of Ng((z)).
Hence, each rational p’-section of Ng((z)) has at most one Q-class whose elements
have p-parts with the same order as x.

Now, any element of G which commutes with z is already contained in Ng({x)).
Thus, any Q-class of G which contains an element with p-part = also contains a
Q-class of Ng((x)). On the other hand, any element of G has a conjugate whose
p-part lies in P. Since all elements of order |(x)| in P are contained in (x), any
Q-class whose elements have p-parts with order |(x)| has a representative lying in
Ng({(z)). But in Ng({z)), any p’-section has at most one Q-class with elements
whose p-parts have order |[(x)| by the arguments above. Since two p’-elements
y1,y2 € Ng({z)) are conjugate in G if and only if they are already conjugate in
N¢g({x)), we conclude that two elements lie in the same Q-class of G if their p-parts

and p’-parts are Q-conjugate respectively. ([

If G has cyclic Sylow subgroups and exp(G) is cube-free, then Lemma 4.1 yields
that it only depends on the character values of G whether R(G),, is representation-

finite for some prime divisor p of |G]|.

Lemma 4.2. Let P € Syl,(G) be cyclic, and g € G be such that (g) I G. If
¥ € Irr({(g)) is invariant in G, then there is some x € Irr(G) with x4y = ed such
that p 1 e.

Proof. We choose Q < G such that Q/(g) € Syl,(G/(g)). Then, Q/(g) is cyclic,
whence we can find some 9 € Irr(Q) with 1§<g> =1 (see e.g. [29]). For the induced
character 9S of ¥ we obtain that p does not divide 99(1) = |G : Q|. Thus, 9<
has a constituent x € Irr(G) whose degree is coprime to p. Frobenius reciprocity
yields (x@,?) = (x, 79~G> # 0 so that (x(4),9) # 0. Now, 9 is invariant in G' and we
conclude x4y = ed with e = x(1). O

Lemma 4.3. Let C be a Q-class of G, g € C, and x1,...,Xn be the irreducible
characters of G. Then, any element of Z,) @ Ogcy is already contained in

Zipy[x1(9)s - s xn(9)]-
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Proof. Let x € Irr(Ng({g))), and ¢ € Irr({g)) be a constituent of x(5. By
a theorem of Clifford, we get x(; = ey 2221 1; where ¥ = 1q1,...,1; are the
conjugates of ¥ in Ng((g)). We denote the inertia group of ¥ in Ng({g)) by
Ing((g))(®). From Lemma 4.2, we know that there exists some Y e Irr(Ing ((gy) (V)
with zﬁ<g> = ey and p { ey. By applying Clifford’s theorem again, we obtain
(@NC(<9>))<9> = ey SI_, ¥i. Since pf ey, there is a function in R(Ng((g))), whose
restriction to (g) coincides with >>'_ ;.

We have shown the following: if My, ..., M} are the equivalence classes of irre-
ducible characters of (g) with respect to Ng((g))-conjugation and if S; := ZweMj ©
for j =1,...,k, then the restriction of a character of Ng({g)) to (g) is a Z-linear
combination of the S; and S; € R(Ng({9)))p for j = 1,...,k. In particular, we
obtain Q(clyg((g))(9)) = Q(S1(g),--.,Sk(g)) and any [(g)[th root of unity is a
summand of exactly one of the S; and appears only once there.

Let j € {1,...,k}. We have S;(ngn™') = S;(g) for any n € Ng({g)) by con-
struction. Moreover, hgh~! is certainly not contained in Ng((g)) if h € G\ Ng({g)).

Hence, for the induced function S; & we get
55 (9) Si(hgh™)° = —— - ING((9))IS;(9) = Si(9)
70 = et PR VoG] ) =5

Since SjG € R(G)y, this yields Z[S1(9),- -, Sk(9)] € Zyy[x1(9), - - Xn(9)]-
On the other hand, for any i € {1,...,n}, the restriction of x; to Ng({g)) is a

Z-linear combination of irreducible characters of Ng({g)). Therefore,

Zipy[x1(9), - xn(9)] € Zpy[S1(9); - - - Sk(g)]

and we conclude

Zp)[91(9), - -+, Sk(9)] = Zpy [x1(9) - - - - xn(9)] -
This also shows Z,) ® Og(c) = Z(p) ® Og(s1(9),...,Sk(9))- Moreover, Oq(sy(g),...,5x(9))
and Z[S1(g), - - ., Sk(g)] coincide because Og(c,,,,) = Z[(|(gy]- This implies Z,) ®
Oq(ey = Zp)[S1(9); - - -, Sk(g)] and finally, we obtain

Zp) @ Ogey = Zpy[x1(9), - - - xn(9)]- 0

Theorem 4.4. Let P € Syl (G) be cyclic of order < p2. Suppose for any = €
P, two p'-elements y1,y2 € Ca(x) are Q-conjugate in G if and only if they are
conjugate in Ng({(z)). Then, po and p1 generate the R(G),-module R(G),/R(G),.

Proof. From Remark 2.8, we know that it suffices to show that for any rational
p'-section S, the R(G),-module (R(G);, N Chg(S))/(R(G), N Che(S)) is generated
by the restrictions of g and p; on S.
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Let S be an arbitrary rational p’-section of G, and y € S be a p’-element. By
Lemma 4.1, S contains at most three QQ-classes. From the proof of this lemma,
we further obtain that any two elements of S of the same order are Q-conjugate.
Thus, there is a p-element x € G such that y, 2Py, and xy are representatives of
the Q-classes in §. We note that 2Py = y or even xy = y are possible. In such
cases, S contains less than three Q-classes.

We show that the R(G),-module (R(G);, N Chg(S))/(R(G), N Chg(S)) is gen-
erated by pov, and pivy,. Since pg + p1 + po is the trivial character of G' and
vy € R(G), by Lemma 2.7, the function pov, = vy —povy, — pavy lies in (povy, pivy).
Hence, for any Q-class C contained in S, the function ¢ € R(G);, N Chg(S) with
©w(g) =1 for g € C and ¢(g) =0 for g € S\ C is also generated by povy, and piv,.
Thus, (uovy, f1vy) contains the functions p;vyx for i = 0,1,2 and any x € Irr(G).

That is why it suffices to show that for any Q-class C of S, the elements of Z,) ®
Og(c) are already contained in Z,)[x1(g), ..., xn(g)] where g € C and x1,...,Xn
are the irreducible characters of G. But this is a direct consequence of Lemma 4.3

what completes the proof of the theorem. ([l

After we have shown that there exists a generating system of size 2 for the R(G),-
module R(G);,/R(G), where G is a group satisfying the assumptions of the theorem
above, we have to prove that the R(G),-module rad(R(G),/R(G),) is cyclic.

We consider the maximal order R(G),, = @le Zpy @ Og(c,) where Cy,...,Cy
are the Q-classes of G. The maximal ideals of R(G);, are the ideals of the form
((1),...,ps,...,(1)) with a maximal ideal p; of Z) ® Og,y, @ = 1,...,k (see

g. [37]). Recall that any prime ideal of Og(c,) contains exactly one prime p € Z
and that the maximal ideals of Z,) ® Og(c,) are in bijection to the prime ideals of
Oqg(c;) containing p. Since Ogc,) has only finitely many prime ideals containing p,
we conclude that Z,) ® Ogc,) is a principal ideal domain.

Now, we consider the cyclotomic fields Q(¢,) with n = p®m, p® > 2, and p { m.
Let P € Og(c,)» P € Oqc,)» and p € Ogyc,a) be prime ideals lying over (p) C Z
such that P lies over P as well as p. Since p is unramified in Og(¢,,), we obtain the

following inequalities for the ramification indices:

e(p") = [QCn) : Q¢m)] = e(B/P) = e(B/P)e(P/(p))
=e(B/(p)) = e(B/p)e(p/(p)) = e(B/p) - ¢(p) = ¢ (p") -

Hence, e¢(B/(p)) = ¢(p*). Moreover, p is fully ramified over (p). Thus, p is the
only ideal of Og¢,.) Which lies over (p), so p = (1 — (pa). Clearly, for p* = 2, we
also obtain p = (2) = (1 — (2) if p is the prime ideal in Og(¢,) = Z lying over (2).
The radical of Z,) @ Og(c,) is the intersection of all maximal ideals of Z,) @
Oq(c,)- Since (1—(pa) is the only maximal ideal in Z,) ® Og(c,.), the ideal (1—(ya)
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of Zy ® Ogy¢,) is contained in this radical. Suppose, the radical is of the form ()
with (1 — (pe) € (). Then (a) would be the only maximal ideal in Z,) ® Og(a)-
This would yield e((a)/(p)) > e((1 — (p)/(p)) = p(p*) which is impossible.
Analogously, for a subfield L of Q(¢,) and K = L N Q(({pa), we obtain that a
generator of the radical of Z(,) ® Ok is also a generator of the radical of Z,) ®
Op. Let g € G be an element of order n, and A be a generator of Trr({g"/?")).
Then, (1 — A)(g) generates the radical of Z,) ® Ogcl,,,(g))- Thus, the radical of
Zp) @ Og(ela(g)) 18 (u((1—X)(g))") for a suitable unit u € Oq(ely,) (9)) and a suitable

positive integer b. These preparations will help us to prove the following theorem.

Theorem 4.5. Let P € Syl (G) be cyclic of order < p2. Suppose for any = €
P, two p'-elements y1,y2 € Ca(x) are Q-conjugate in G if and only if they are
conjugate in Ng({z)). Then, the R(G),-module rad(R(G),,/R(G),) is cyclic.

Proof. Let g € G be an element of p’-order, and S be the rational p’-section of g
in G. By Remark 2.8, it suffices to show that the R(G),-module

rad((R(G);, N Cho(S))/(R(G), N Chg(8)))

is cyclic. Let m := |(g)|. We have the partition S = Cp U C; U Cy where C;
contains exactly the elements of order p'm of S, i = 0, 1,2. Possibly, C; = 0 or even
C1 = Cy = (. The nonempty C; are the Q-classes of G contained in S by Lemma, 4.1.

In the case C; = C = (), Lemma 2.6 yields that there is nothing to show. Thus,
we assume that p divides |Cg(g)|, so C1 # 0.

By the assertions prior to this theorem, (p) is the radical of Z,) ® Ogc,). Hence,
pgto generates rad((R(G);, N Chg(Co))/(R(G), N Chg(Co))). Certainly, the func-
tions pry, prgps, and pygus are also contained in rad(R(G);, N Chg(S)) (if C2 = 0,
then po = 0). Since prgpo = —prgp1 —prgpia+prg, we only have to find a generator
of

rad((R(G), N Chg(C1 UC2))/(R(G), N Chg(C1 UC2))).

At first, we suppose C = 0. Let x1,...,Xn denote the irreducible characters of G,
and g; € C;. By Lemma 4.3, we obtain Z,) ® Ogc,) = Zp[x1(91)s-- -, Xn(g91)]-
Additionally, Z,) ® Og(c,) is a principal ideal domain, whence there exists an
element m which generates the radical of Z(,) ® Og(c,). Therefore, the function
n € rad(R(G);, N Chg(S)) with n(g1) = 7 and n(h) = 0 for h € G\ C; generates the
R(G)p-module

rad((R(G);, N Chg(S))/(R(G), N Ch(S))) -

In particular, this module is cyclic.
Now, suppose Co # (). We choose g; € C; and go € Co as well as generators 7y, 7o
of the radicals of Z,) ® Og(c,) and Z,y ® Og(c,) respectively. Again, there exists
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a class function 7y with 71(g1) = 71 and n1(h) = 0 for h € G \ C;. It suffices to
show that the class function 7y with 72(g2) = 72 and na(h) = 0 for h € G\ Ca is
contained in the module generated by 7;.

To prove this, we show that the function ¢ € R(G);, with ¢(g1) = 71, p(g2) = T2
and ¢(xz) = 0 for z ¢ C; UCq (so ¢ = m + n2) lies in R(G),. By a theorem of
Brauer [4], this holds if and only if i € R(E), for any elementary subgroup £ < G.
Since the Sylow p-subgroups of G are cyclic and ¢(h) = 0 for h € G\ (C1 U Cs),
we only have to consider the cyclic subgroups of G which contain ¢g;. Moreover,
we may assume that any of these cyclic subgroups whose order is divisible by p?
contains go as well.

Let C' < G be such a cyclic subgroup with p? { |C|. Then, (g1) € Syl,(C). Let
A be a generator of Irr(C), so m; = u((1 — ACI/?)(g1))? for suitable u € Oq(c,)
and b € N. Since C is cyclic, {x(g1) : x € Irr(C)} contains an integral basis of
Oq(¢,)» Whence there is a virtual character a of C' with a(g1) = u. Moreover,
(1 — X€I/P)(h) = 0 for any p-regular element h € C, and any p-singular element
hy € C which satisfies v1, (h1) # 0 is a Q-conjugate of g;. This yields

po=a v, (1- )\ICI/p)b € R(C),.

Finally, let C < G with go € C. Weset M := {i:1 <i < p?, g2 is conjugate to g4}.
If g» and g& are conjugate in G, then xc(g2) = xc(g3) holds for any character y of G.
Since the prime ideal of Ogci,(g,)) containing p is fully ramified, ((1 —(p2)(1— Cf,z ))
divides (m2). Moreover, (m2)¢ = (p) where e coincides with the degree of the
field extension Q(clg(g2))/Q. By Remark 2.5, this degree equals the number of
conjugacy classes of G which are contained in the Q-class of go. This implies
e=(p*—p)/|M|.

Thus, (72) is a product of [M] ideals of norm p with respect to Q((,2)/Q, so
(mo) = (HieM (1- CZ,z)) Analogously, () = (HieM (1- C;)). This product
also runs over all i € M because |M| divides p — 1. Otherwise, N¢g({g2)) would
contain an element of order p which does not lie in {(gs2), so the Sylow p-subgroups
of G would not be cyclic.

Let A be a generator of Irr(C) such that Alel/p® (92) = Cp2. Then, 1 — AlCl/P® ¢
R(C) for an arbitrary integer j and we get

(]1 _ ,\j|c|/p2> (g)=1-¢, (]1 _ ,\j|c|/p2) (g2) =1—¢%, and
(]l — /\j|c\/p2) (£) =0 for any p-regular element x € C'.

Hence, vi - [T;ep (1 — )\“CV”2) € R(C)p. That is why ¢¢ is also an element of
R(C), and we conclude ¢ € R(G),. O

Theorems 4.4 and 4.5 yield the following result at once.
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Theorem 4.6. Let G be a group with cyclic Sylow p-subgroups of order < p2.
Suppose for any p-element x, two p'-elements y1,y2 € Ca(x) are Q-conjugate in G
if and only if they are conjugate in Ng({z)). Then R(G), is representation-finite.

In particular, the character ring of a group of cube-free order which has only

cyclic Sylow subgroups has finite representation type.

4.2. Elementary-abelian Sylow subgroups. We have just seen that if G has a
cyclic Sylow p-subgroup P, then it mainly depends on the order of P whether R(G),
is representation-finite. However, if G has elementary-abelian Sylow p-subgroups,
we need more information on the structure of G to determine the representation
type of R(G),. For instance, the character ring of C3 has infinite representation
type because C3 has three Q-classes of elements of order 2. Otherwise, R(A4) is
representation-finite although the Sylow 2-subgroup of A4 is elementary-abelian of
rank 2.

In the following, we try to find conditions on G so that R(G) has finite repre-
sentation type. By Corollary 2.10, G has exactly one or exactly two Q-classes of

elements of order p. We consider both of the cases separately.

4.2.1. Groups with exactly one Q-class of elements of order p. Let p be a prime
and p be a maximal ideal in Og(¢,,) containing p. It is well known that for any
x € Irr(G), we have x(z) = x(y) (mod p) if z,y € G are elements with z, = y,
(see e.g. [29]). This result can be refined if G has elementary-abelian Sylow p-
subgroups and all cyclic subgroups of order p of G are conjugate. At first, we
consider a special case where the refinement has been shown by K. Haberland. The
general case will then follow easily.

For the proof of the refinement, we need a result due to Stickelberger which can

be found in [5] or [6, 7] for instance.

Theorem 4.7 (Stickelberger). Let q be a power of p, and £ be an integer with

n—1 .
0<fl<qg—1,and =) l;p?, 0 <{; <p, be the p-adic representation of £.
j=0
Moreover, let

Tp= Y a ¢
a€Fy

for some pth root of unity ¢ with Tr = Trg s, . Then,

(1 —¢)fotttn CotooAln—1+1
Ty=— A 70 (mod (1 — ¢)fotHnrtl)
o' e bp—!

mn Z(p) [C]
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Lemma 4.8 (Haberland). Let p > 2, k > 2, P be the additive group of Fx, and
C be a subgroup of the multiplicative group of F,r. Moreover, let

G:z{(a x):aeC,xeP},
0 1

u € G be an element of order p, and p be the mazimal ideal in Ogcig(u)) containing
p. If G has only one conjugacy class of subgroups of order p, then x(1) = x(u)
(mod p¥) for any x € Irr(G).

Proof. We set

{0 e} i {2 el

Obviously, G is the semidirect product V' x H where H acts transitively on the
cyclic subgroups of V.

The number of cyclic subgroups of V' is (p* —1)/(p— 1) since we can regard P as
an F,-vector space of dimension k. The stabilizer of I, in the multiplicative group
]F;k, is CNF,. If |C| = n, then this stabilizer has d := ged(n,p — 1) elements and
the orbit of I, has length n/d. Since H acts transitively on the cyclic subgroups of
V, the orbit length n/d is a multiple of (p* —1)/(p—1), whence n = (p* —1)t/(p—1)
withd |t <p-—1.

It is easy to show that G is a Frobenius group with kernel V' and complement

H. Therefore, the conjugacy classes of G have the following representatives:
(1) 1g,

1
(2) Pr,...,Pyp_1)/+ where each P; is of the form (0 T) with z € F,,

0
(3) C1,..., Cipr_1yt/(p—1) Where each Cj is of the form (g 1) with a € C.

Since G’ =V, we get all linear characters of G by extending the linear characters
of H: if A € Irr(C), we regard A as a linear character of H. Then, we get a linear
character x € Irr(G) by x(g) := A(h) where ¢ = vh with v € V and h € H. Hence,
for a linear character x € Irr(G), we have already shown the assertion of the lemma.

Since G is a Frobenius group with kernel V, we get the remaining (p — 1)/t
irreducible characters of G by inducing irreducible characters of V. At first, we
consider the irreducible characters of P. Let p, denote the (complex) pth roots of

unity. The trace form

PxP—=F,—=pu,, (z,9)— Tr]Fpk JF, (xy) — CpTr(xy)
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is nondegenerate, whence any irreducible character of P can be expressed with the
help of this trace form. More precisely, Irr(P) = {)\, : © € P} where X, is given by

Aot P = pp, yes (W)

~ 1 =z
We write A, for the respective character of V' which corresponds to X := <O 1) ,

1
ie. A\(Y) := Ap(y) for Y := (0 ?) Since the conjugacy classes of elements of

order p in G are represented by matrices whose upper right entry lies in F, we
only have to consider the induced characters \¢ with X € {P;,..., Pop_1y/i}, ie.
Y
0 1
with Y € {Py,..., Pp_1),t}, i.e. y € F). For the respective irreducible character
Xz € Irr(G), we obtain (besides Xz(1) = (¥ = 1)t/(p—1) and x,(9) =0, g & V)

r € F, and we only have to consider their values on the elements Y :=

Xa(Y) = X (Y |V| PR TR ED PP Ty
geG geH
= Z )\m(ay) _ Z Cg‘r(a:ay) _ Z CwyTr Z (Cg;y)ﬂ(a) .
acC acC aeC aeC

Hence, we have to show x.(1g) = x.(Y) (mod p*). Since Q(clg(Y))/Q is a field
extension of degree (p —1)/t, we have p = (1 — ()" N Og(aig(v)) (We regard (1—¢p)

as an ideal in Og(c,)). Thus, we must show

CAE g =5 ()™ (mod (1-¢)*).

acC

For i = 1,...,(p — 1)/t, all P; lie in one cyclic group, so each of x.(Py), ...,
Xz (P(p—1)/¢) can be transferred by Galois automorphisms of Q(clg(Y"))/Q into each
other. That is why it suffices to prove

PP -1
-t=s; (mod p*) for s = Z (Tr(“)
p= 1 acC
Let M < T be the subgroup which satisfies IF; = | mC. For m € M, we set
meM
= 3 =g,
aem—1C aeC

Moreover, let N < Irr(IF;k) be the subgroup containing the irreducible characters
of the multiplicative group of F,« which are trivial on C. Then, |[N| = (p — 1)/t.
For ¢ € N, we have the Gaussian sum

= T @ = 3 Y Gma @ = 3 wlmstm

a€F*, meM a€C meM
P
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That is why we can regard the function I’ with I'(¢) := I'(¢) as Fourier transform
of s. This yields
1 _— t
s1=5(lc) = 5= Y ¢(1a)T (1) = — Y T().

T geN p_lweN

Since we only consider such characters ¢ which are trivial on C, we have ¥(a) = a~*

for a € IE‘:k and some

k1 -1
€6{p ~t~7“:7"6{0,1,...,p—1}}.
p—1 t

Since the trace is a surjective group homomorphism, we obtain

M1)= > gro=—14 > @ =-1

aE]F:,C a€F

for the trivial character. Let 1) € N be a nontrivial character, so

M) =Te= Y a ¢

X
ae]Fpk

for some

Then, we can write

k
-1
E:];_l ter=tr(l4...+p" )
foranr € {1,2,...,(p — 1)/t — 1}. By Theorem 4.7, this implies
(1 — Cp)ktr ktr+1
rp=—_5) d (1= ¢,k
N (G

where this is a congruence equation in Z,)[(,]. Hence,

k1 —1
Iry=0 (mod(l—Cp)kH‘l) for EE{]; 1-t-r:r€{2,3,...,p—1}}.

- t
This gives
pF—1 t PP —1 t ( (1_<p)kt i )
_ -t = T _ = TS 1
S1 p—1 p_lv,;v (¥) b1 o1 o .
1— )tk
= _pi 1 (( (t!fz) —|—p/€) (mod (1-— Cp)kt-ﬂ) .

Consequently, ((1— ¢,)™*) divides (s; — (p* — 1)¢/(p — 1)). Since p = ((1 — )" N
Oq(ele(g))» We obtain (p* —1)t/(p—1) = s1 (mod p*), that means x,(1¢) = xo(Y)
(mod p*). O
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Theorem 4.9. Let P € Syl (G) be elementary-abelian of order p* > p3. If G has
only one Q-class of elements of order p and if the elements of order p in G are

nonrational, then R(G) has infinite representation type.

Proof. Clearly, the assumptions imply that p is odd. Let x be an element of order
p. Due to the classification of transitive linear groups, GG contains a subgroup H
which is isomorphic to a subgroup of I'L(p*), contains x, and has exactly as many
conjugacy classes of elements of order p as G has. Moreover, we assume that H is
a minimal subgroup of G satisfying these properties.

At first, suppose H is isomorphic to some group considered in Lemma 4.8. Then,
for any irreducible character y € Irr(H), we have x(1) = x(z) (mod p*) where p is
the maximal ideal of Ogci,(2)) = Og(elg () containing p. Therefore, 7(1) = n(x)
(mod P*) for any n € R(H), where P is the maximal ideal of Z,) ® Og(cly (x))-
The restriction of a class function of G to H is a class function of H, whence we
even get (1) = n(z) (mod P*) for n € R(G),.

Obviously, there are functions @1, 02 € R(G), with p1(x) € P\ P2, pa(x) €
P2\ B3, and p1(g) = 0 = pa(g) for any g € G with |(g)| # p. Suppose there exists
an « € rad(R(G);,) which generates the R(G),-module rad(R(G);,/R(G)p). Then,
we can find 71, 12,&1,€2 € R(G), such that ma + & = @1 and ma + & = ¢s.
Since the values 11(1), 72(1), &1(1), and & (1) are rational, each of them is either
contained in PB* or does not lie in PB. Thus, each of 7y (z), n2(x), &1 (x), and & (x)
is also either contained in B* or does not lie in 8 by Lemma 4.8.

Now, n1(z)a(z)+&1(z) = p1(x) € P\P2. Since a(x) € B, we also get & (x) € B,
that means & () € P*. This yields a(z) € P\ B2. Moreover, na(x)a(x) + () =
pa(z) € P2\ P3. Since a(z) € P, we get &(x) € P, so &a(z) € BF. However, a
does not lie in 32, whence 12(z) is an element of 3\ 32, This is clearly impossible,
that means the R(G),-module rad(R(G),/R(G),) is not cyclic and we conclude
that R(G) has infinite representation type.

We are left with the case that H is not isomorphic to some group considered in

Lemma 4.8. This means that H is isomorphic to K := C'Ilf X (C(pk,l)t/((p,l)m) X

C’m) for suitable positive integers ¢ and k with ged(k,p—1) |¢t|p—1 and m | k.

We show that x(1) = x(x) (mod p¥) also holds in this case for any y € Irr(G).
Let L be the subgroup of IE"; x TL(p*) which is isomorphic to C’;j X Cpk_1)t)(p—1)-

The conjugacy classes of elements of order p in L coincide with the conjugacy classes

of elements of order p in

M= CF % (cpk,lt . cm) < FE % L")

p—1
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because the Galois automorphisms of I« fix the subfield Fj,. Since H has only one
Q-class of elements of order p, the conjugacy classes of elements of order p in M
and K coincide as well.

Let A € Irr(C}). Then, A¥(y) = A(y) because |K| = |L| and the elements
Y,z € C;f are conjugate in K if and only if they are conjugate in L. This implies
A1) = M (y) (mod p*). Thus, for ¢ € Irr(H), we have (1) = 1(x) (mod p*),
whence x(1) = x(z) (mod p*) for any y € Irr(G). With the same arguments as in
the case that H is isomorphic to one of the groups considered in Lemma 4.8, we can
show now that the R(G),-module rad(R(G);,/R(G),) is not cyclic. This completes
the proof of the theorem. O

Corollary 4.10. Let P € Syl,(G) be elementary-abelian of order pk > pd. If R(G)
is representation-finite and G has only one Q-class of elements of order p, then

p* — 1 is cube-free and all nontrivial elements of P are conjugate in G.

Proof. Due to Theorem 4.9 and the classification of the finite transitive linear

groups, one of the following applies.

(1) The action of Ng(P)/Cg(P) on P corresponds to the action of I'L(p*) on
IF’;. Then, by Remark 3.13, the exponent of G is divisible by p*¥ — 1. Hence,
p¥ — 1 must be cube-free if R(G) is representation-finite.

(2) P = C§ and Ng(P)/Cq(P) acts as one of the sporadic transitive linear
groups on P. Then, G contains an extraspecial 2-group H of order 2°.
However, there are involutions in H which do not commute, whence H is
no subgroup of a Suzuki 2-group. Therefore, the Sylow 2-subgroups of G do
not occur in the list of Theorem 3.17, so R(G) has infinite representation

type. 0

On the other hand, for any elementary-abelian group P of order p¥ > 1 with p¥—1
cube-free, there exists a group G such that P € Syl (G) and R(G) is representation-
finite: the cyclic group C,x_; acts regularly on the nontrivial elements of P if this
action corresponds to the action of I'Ly(p*) on F’;. Moreover, Cpx_; is a cyclic
Frobenius complement of G := P x C,»_4, so G satisfies the conditions above.

Since 8 divides p** — 1 for any positive integer k, Corollary 4.10 implies that the
Sylow p-subgroups of G cannot be elementary-abelian of even rank > 2 if G has
only one Q-class of elements of order p and R(G) is representation-finite. In the
following, we will consider the case that the Sylow p-subgroups of G are elementary-

abelian of order p2.

Proposition 4.11. Let P € Syl (G) be elementary-abelian of order p*, and R(G)
be representation-finite. If all subgroups of order p are conjugate in G, then all

elements of order p are conjugate in G and we have p € {2,5,11,29,59}.
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Proof. If p = 2, then the assertion is certainly satisfied. That is why we assume
that p is odd. Then, 8 divides p? — 1, so G would possess an element of order 8 if
Ng(P)/Cq(P) would act on P as I'L(p?) acts on F3. This would yield that R(G)
has infinite representation type.

Consequently, G contains a subgroup which is isomorphic to a sporadic 2-transiti-
ve group and we obtain p € {5,7,11,19,23,29,59}. For p € {7,23}, by using GAP,
we obtain immediately that G contains an element of order 8 if all subgroups of
order p are conjugate in G.

Let p = 19. The Sylow 3-subgroups of CZ, x (Cy x SL(2,5)) are isomorphic to
Cy x C5. Thus, R(G) has infinite representation type if G has such a subgroup.

Both of the groups Hy := CZ, x (C3 x SL(2,5)) and Hy := C%; x SL(2,5) contain
three conjugacy classes of elements of order 19 respectively. Let C be one of these
classes, z € C, and p be the maximal ideal in Og(c) containing 19. With the help
of GAP, we can verify that x(1) = x(z) (mod p?) holds for any x € Irr(H;) or x €
Irr(Hj) respectively. Additionally, there exist irreducible characters 1, € Irr(Hy)
and vy € Irr(Hs) and some o € Gal(Q(C)/Q) such that any irreducible character
of H; is rational on x or is one of ¥;(z), o(v;(x)), o%(vi(z)), i = 1,2.

Now, we are able to show that the R(H;)19-module rad(R(H;) q/R(H;)19), @ €
{1,2}, is not cyclic. Suppose « is a generator of this module. Then, a(x) € B\ B2
where P is the maximal ideal of Z 9y ® Og). However, for any n € (a), we
have n(xz) = r - a(z) + s with suitable r,s € Zggy. Thus, there is no such 5
with n(x) = o(a(z)). Otherwise, the class function ¢ with ¢(z) = o(a(r)) and
w(h) =0 for h € H; of order # 19 lies in rad(R(H;)}g) \ R(H;)19. In particular, the
R(G)19-module rad(R(G)}9/R(G)19) is not cyclic so that R(G) would have infinite
representation type.

Each of the proper subgroups # Hy, Hy of CZy x (Cy x SL(2,5)) whose order
is divisible by 192 has more than one Q-class of elements of order 19. Hence, the
Sylow 19-subgroups of G cannot be elementary-abelian of rank 2.

Next, let p = 5. Since there is no proper subgroup of C2 x SL(2, 3) containing the
normal subgroup of order 25 in which all cyclic subgroups of order 5 are conjugate,
there is nothing to show in this case.

Suppose p = 11. The group C% x SL(2,5) does not have a proper subgroup with
only one Q-class of elements of order 11 whose order is divisible by 112, so there is
again nothing to show. However, C%, x (C5 x SL(2,3)) contains exactly one proper
subgroup H with such properties: the subgroup isomorphic to C%; x SL(2, 3). Let p
denote the maximal ideal in Ogc1, () containing 11. Then, for x € H of order 11
and x € Irr(H), we get x(1) = x(z) (mod p?). Similar to the proof of Theorem 4.9,
we conclude that the R(H )q1-module rad(R(H));/R(H)11) is not cyclic. Thus, the
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R(G)11-module rad(R(G)};/R(G)11) can only be cyclic if G contains a subgroup
isomorphic to C%; x (Cs x SL(2,3)) besides H.

The cases p = 29 and p = 59 are analogous. The only proper subgroup H of
C3y x (C7 x SL(2,5)) with a single Q-class of elements of order 29 whose order is
divisible by 292 is isomorphic to C2, x SL(2,5). If x € H is of order 29, y € Irr(H),
and p denotes the maximal ideal in Ogcly (2)) containing 29, then we even get
A(1) = x(@) (mod pb).

Finally, there is only one proper subgroup H in CZx (Cag x SL(2, 5)) whose order
is divisible by 592 and whose cyclic subgroups of order 59 are all conjugate. This
subgroup is isomorphic to C2, xSL(2,5). For x € H of order 59, x € Irr(H), and the
maximal ideal p in Oge,, (2)) containing 59, we obtain x(1) = x(z) (mod p%). O

For any elementary-abelian p-group P of order p? with p € {2,5,11,29,59},
there is in fact a group G such that R(G) is representation-finite and P € Syl (G).
Certainly, R(A4) is representation-finite. Moreover, it is easy to verify that the

character rings of the sporadic 2-transitive groups

C2 x SL(2,3), C% x(Cs xSL(2,3)), C% xSL(2,5),
0229 A (07 X SL(2,5)) and ng A (029 X SL(2,5))

have finite representation type respectively because all nontrivial elements of the
respective elementary-abelian normal subgroup are conjugate.

Furthermore, the arguments in the proof of Proposition 4.11 yield that G must
contain one of these 2-transitive groups if P € Syl,(G) has order p?, all subgroups
of order p are conjugate in G, and R(G) is representation-finite.

Up to now, we have only considered conditions on the elements of order p of
a group G with elementary-abelian Sylow p-subgroup if R(G), is representation-
finite. In general, these conditions do not suffice to determine whether R(G), has

finite representation type. This can be illustrated by the following examples.

Example 4.12.

(1) Let G = (C2 x C%) x C1a where C1a acts on CZ as the subgroup of index
2 in T'Lo(5%) on F%, and Cia acts on CZ2 as the subgroup of index 10 in
I'Lo(112) on F2,. Then, for any prime divisor p of |G|, there are at most
three Q-classes of p-elements in G. However, G contains 240 conjugacy
classes of elements of order 55. Hence, for x € G of order 5, there are at
least three Q-classes of elements of order 55 in the rational 11'-section of x.
Consequently, any generating system of the R(G)11-module R(G)}1/R(G)11
possesses at least three elements. This cannot be shown if one considers only

the elements of order 11.
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(2) Let G = (C3 x C5) x Csg where the cyclic subgroup of order 52 acts transi-
tively on the nontrivial elements of C as well as the nontrivial elements of
Cs. Then, G has only one conjugacy class of elements of order 3 and ele-
ments of order 5 respectively. However, there are two conjugacy classes of
elements of order 15 in G. The only nonreal values of irreducible characters
of G on these two classes are (1+3v/—15)/2. That is why the R(G)3-module
rad(R(G)5/R(G)3) is not cyclic, whence R(G) has infinite representation
type.

The second example shows that R(G) can have infinite representation type even
if G has a normal subgroup N with ged(|N|,|G : N|) = 1 such that R(N) as well
as R(G/N) have finite representation type (choose N = Cs in the example).

On the other hand, it is clear that for a normal subgroup N <G, R(N) can have
infinite representation type if R(G) is representation-finite (choose G = A4, N = C3
for instance). Hence, there will not be any reduction theorems which connect the
representation type of R(G) and the representation type of the character ring of

some normal subgroup of G.

4.2.2. Groups with exactly two Q-classes of elements of order p. The case that
G has exactly two Q-classes of elements of order p is more complicated than the
previous case. The reason for this is that only if we assume G to be solvable we have
an analogous classification to Theorem 3.11 which applies in our case. Nonetheless,
we can prove some general results. Since a finite group with an elementary-abelian
Sylow 2-subgroup cannot contain exactly two conjugacy classes of involutions, we

assume that p is an odd prime in this section.

Lemma 4.13. Let P € Syl (G) be elementary-abelian of order pF > pd. If
G has two rational conjugacy classes of elements of order p, then R(G) is not

representation-finite.

Proof. It is clear that R(G) has infinite representation type if G has more than
three Q-classes of p-elements. That is why we suppose that C; and Co are the Q-
classes of G containing elements of order p. Moreover, the elements of C; and Cs
are rational.

We are going to show that the R(G),-module rad(R(G);/R(G),) is not cyclic.
Certainly, the function ¢; with ¢1(1) = p and ¢1(g) = 0 for g € G \ {1} lies in
R(G);, \ R(G)p. If ¢ is the regular character of G, then ¢; = p/|G|- 0. Therefore,
p"?p1 € R(G), \ R(G), and we have (p1,1) = p/|G|.
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Let x € PN C;. By Lemma 2.13, there exists a character i of G satisfying

IC‘“E:I(;Jl)I . > a(1) , g ~g x for some k € Z
¥(g) = o€Gal(Q(¢)(4))/Qclc(9)))
0, else
B |C‘<Gw(>9|)| . ‘Zl\g(fgglﬂ’ g ~¢q x¥ for some k € Z
0, else
B |N|G<§C<>£">)|, g ~¢ x* for some k € Z
0, else .

Lemma 2.13 further yields (¢, 1) = 1. Thus, the function

R Gl
72 NG ()] (w pz*“)’

i.e. pa(g) = p for g ~¢ z and pa(g) = 0 for g = =, is also contained in R(G);, \
R(G), and we obtain

I A < S I A S -
- INe(@)] INe(@)l |Gl INa((@)]  [Ne((@)  [Cal@)]
Similarly, for y € P NCy, the function w3 with p3(g) = p for g ~¢ y and p3(g) =0
for g < y lies in R(G), \ R(G)p-

Let x € Irr(G). Then, p divides x(z) — x(1) because clg(z) is rational. Suppose

<902a ]l>

x(x) = x(1) =rp (mod p") (1)

for some r € Z with ged(r,p) = 1. Then, we find ¢ € R(G), such that 0 <
(x —9)1) <", (x = @)(x) = (x = 9)(1) = rp (mod p*), and (x — ¢)(y) = 0 since
1, p*~Lpq, and p* =1y lie in R(G). For the function 1 := v1(x — ¢) € R(G),, this

gives

ap, g=1
n(g) =qbp, grga
0, else

where a,b € {0,1,...,p""! — 1} are integers such that bp — ap = rp (mod p*).
Hence, we can write 1 = ap; + bps, so
bp _ platb-ca(z)|)

(1, 1) = af{p1, 1) + b, 1) = % Tice@] G|

Since n € R(G),, the numerator p(a + b - |clg(x)]) is divisible by p*, whence

a+b-lclg(x)| =0 (mod p*1t). (2)
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Additionally,

1 ~apx(1) + |clg ()] - bpx ()
(n,x) = Gl (n(L)x(1) + [elg(2)[n(z)x(x)) = el :

Here, the numerator is also divisible by p*, so
ax(1) + |clg(z)|bx(z) =0 (mod pF~1).

According to the equations (1) and (2), we replace x(1) by x(x) — rp and a by
—b|clg(z)|. This yields

= —blcla(2)| - (x(2) = 1p) + blela(x) | x(2) = pbriclg(z)|  (mod p*~).

Now, |clg(z)| = |G : Cg(x)] is coprime to p because P is abelian. Since 7 is also
coprime to p by assumption, we obtain b = 0 (mod p*~2). By applying equation (2)
again, we also get a = 0 (mod p¥~2). However, this is a contradiction to bp —ap =
rp (mod p*).

Hence, for every y € Irr(G), we have x(1) = x(z) (mod p?). Analogously, we
obtain x(1) = x(y) (mod p?) for y € Irr(G). This implies 7(1) = n(z) = n(y)
(mod p?) since n € R(G),.

Suppose the R(G),-module rad(R(G);,/R(G),) is generated by a € rad(R(G);,)
R(G)p. Then, we can find 11,712, 13, &1, &2, 83 € R(G), with nia+& = @1, noat§s =
2, and n3a + &3 = 3. We consider the ring homomorphism

F:R(G), — (Z/p°Z)*, 9 (9(1) +p*Z,9(x) + p°Z,9(y) + p°Z) .

Since n; and ¢; lie in R(G),, there exist a1, aq, as, b1, b, b3 € Z such that F(n;) =
(a; +p*Z,a; +p*Z, a; +p*Z) and F(&;) = (b; +p*Z, b; + p*Z, b; + p*7) for i = 1,2, 3.
Let F(a) = (x+p?Z, y+p*Z, 2+p*Z) with z,y, z € Z. Then, we have the equations

(a1x+b1,a1y+b1,alz+b1) = (pa070) (mOd p2)a (3)
(a2 + by, azy + by, a2z + by) = (0,p,0) (mod p?), (4)
(asx + b3, agy + bs, azz + bs) = (0,0,p) (mod p?). (5)

From equation (3), we obtain a1y + by = a2 + by, i.e. a1(y —z) = 0 (mod p?).
Now, y — z is not divisible by p? since az(y —z) = p (mod p?) by equation (4). This
gives a1 = pa; and by = pBl with aq, b, € Z.
A similar analysis of the equations (4) and (5) yields ay = pag, be = plN)Q, as =
pas, and by = pl~)3 with as, 52,&3, l~)3 € 7Z. But then, the equations
(@12 + by, dry + b1, a1z + b1) = (1,0,0)  (mod p),
(dgx+l~)27&2y+527&22+52) = (0,1,0) (mod p),
(asx + 63, asy + 63, asz + 53) = (0, 0, 1) (Il’lOd p)
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must hold simultaneously. This is impossible since otherwise (z,y,2) and (1,1,1)
would generate the Z/pZ-vector space (Z/pZ)3. That is why we conclude that the
R(G)p-module rad(R(G);,/R(G),) is not cyclic, whence R(G) has infinite represen-
tation type. ([l

The assumption |P| > p® in Lemma 4.13 is necessary. It is easy to show that
the character ring of G = C% x Cy where Cy acts on C% as a subgroup of I'Lg(3?)
on 3 is representation-finite. A further example is given by the character ring of
G = C2 x SL(2,3) where G is isomorphic to a subgroup of the sharply 2-transitive
permutation group of degree 49 which is not isomorphic to C2 x 'L (7?).

Next, we want to prove a lemma similar to Lemma 4.8. Therefore, we only
consider such groups G where Ng(P)/Cg(P) acts on an elementary-abelian Sylow
p-subgroup P of G as a subgroup of I'Lo(P) on F,x. If G has exactly two Q-classes

of elements of order p and |P| = p*, then it is clear that & must be even.

Lemma 4.14. Let kK > 2 be even, P be the additive group of F

subgroup of the multiplicative group of F,r. Moreover, suppose

G:z{(a x):aeC,xeP}
0 1

has exactly two Q-classes of elements of order p. Let u € G be an element of order

and C be a

pks

p, and p be the mazimal ideal in Oga () containing p. If u is not conjugate to
u~t, then x(1) = x(u) (mod p*) for any x € Irr(G). On the other hand, if u is
conjugate to u=', then x(1) = x(u) (mod p*/?) for any x € Irr(G).

Proof. At first, we assume that v is not conjugate to u~—'. We set

N O SO (O [

so that G =V x H. As in the proof of Lemma 4.8, we obtain
p* -

2(p—1)
Since the elements of order p in G are nonreal, none of the matrices in H has upper
left entry —1. Therefore, |H| is odd. Since (p* — 1)/2(p — 1) is even for p = 3

(mod 4), we conclude p =1 (mod 4).

n:=|C|= -t with ged(n,p—1) |t <p—1.

As in Lemma 4.8, G is a Frobenius group with kernel V' and complement H.

The conjugacy classes of G have the following representatives:
(1> la,

1
(2) Pu,...,Pyp_1)/ where each P; has the form (O f) for some x € ),
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1
(3) Pip—1)/t41>- -+ Pa(p—1)/+ where each P; has the form (0 glc) for some = ¢
F

Dy

0
(4) Ci,...,Crpr_1y/2(p—1) Where each C; has the form (g 1) with a € C.

Again, the linear characters of G are extensions of the linear characters of H. For
a linear character y € Irr(G), there exists a linear character A € Irr(H) such that
x(g) = A(h) if g = vh with v € V and h € H. Hence, the assertion of the lemma is
trivial for linear characters.

The nonlinear irreducible characters of G can be gained by induction of the

irreducible characters of V. Any irreducible character of V is of the form A, where

0

Ly
0 1
g&V.ForY € {Pi,..., Py,_1)/:} with upper right entry y, we obtain

S\g(g;(y ‘V‘ Z )\O ng Z S\I(ng_l) — Z )\z(ay) — Z CpTr(a;ay) .

geG geH acC acC

1 - v .
X = ( f) lies in {P,..., Pyp_1y,} and A (Y) = ¢ for Y € V with

Y = . Obviously, we have A\G(1) = (p* — 1)t/2(p — 1) and XS(g) = 0 if

We regard (1 — () as an ideal in Og,). Then, we have to show

Z CTr azy) (mod (1 o Cp)tk) )

acC

k

For i = 1,...,(p — 1)/t, all P; are contained in one cyclic group. Thus, each of
the values AG(P)),..., XS (Pp—1)/¢) can be transferred by Galois automorphisms
of Q(clg(Py))/Q into each other and for these P;, we only have to show (p* —
Dt/2(p— 1) = s, (mod (1- Cp)kt) with s, = > .co CIF,H(M). Similarly, we can
choose P(,_1)/t41,-- -, Pap—1y/¢ such that for i = (p — 1)/t +1,...,2(p — 1)/t,
all P, are contained in a certain cyclic group. Hence, if 2z is the upper right
entry of Py,_1)/, then for these P;, it suffices to show (P — Dt/2(p — 1) =
Sz2 (mod (1 — (p)™) with s,. =Y. co CTr(am)

Let M C IF:k be a transversal for the cosets F;k /C. We can regard M as a

subset of F;k as well as a group. For m € M, we define
Z CTr(a) Z CTr ma)
aeEm=— acC

Moreover, let N < Irr(IF;k) be the subgroup of the irreducible characters of F;k
which are trivial on C, so |[N| =2(p —1)/t. For ¢ € N, we have the Gaussian sum

L(y) = Z Tr(”‘ = Z Zw ma) Tr(ma = Z Y(m)s(m

a€F*, meM a€C meM
pk
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Since N contains exactly the characters of ]F;k which correspond canonically to the

irreducible characters of IF;,C /C, we can regard N as the set of irreducible characters
of M. With this approach, the function r given by f(w) := I'(x) is the Fourier

transform of s, whence

t _— t I
sz = s(x) = m Z Y(x)l(Y) and sz = s(zz) = m Z Y(zz)(Y).

PpEN PEN

We only consider characters 1) which are trivial on C, so (o) = a~* for a € F¥,
p

and some

66{21();_1)-t-r:re{(),l,...,z(ptl)—l}}.

For the trivial character, we get

I@)0(1) = Teal(1) = 3 0 = 14 3 (@ = 1.

ae]}?:k aEFpk
If ¢ € N is a nontrivial character, then we obtain

T()=Te= Y a ‘¢

X
aE]Fpk_

for a suitable

66{21();:1)-#7‘:7“6{1,2,...,2(1);1)—1}}.

If r is even, then ¢ has the form ¢ = (p* — 1)tb/(p — 1) = tb(1 + ... + p*~1) for
some b € {1,2,...,(p — 1)/t — 1}. Each of these b satisfies tb < p, whence the
coefficients of the p-adic representation of ¢ can be read off this decomposition at
once. Consequently, the sum of these coefficients equals ktb and is minimal for
b=1.
If r is odd, then ¢ = (p¥ —1)t(2b+1)/2(p—1) for some b € {0, 1,...,(p—1)/t—1}.
Moreover, t is odd, i.e. ¢ = 2w + 1 for some integer w > 0. This yields
pF -1

E:m~(2w+1)~(26+1):(2w+1)(2b+1)-

= (4bw +2(b+w) + 1) -

14+ ... +pFt
2

1

N
+1

- ((2bw+b+w)(p+1)+pQ)-(1+p2+...+pk‘2)

+1 -
= <2bw+b+w+p2+(2bw—|—b+w)p)-(1+p2—|—...—|—pk 7).
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Since 2w+ 1)(2b+1) =tr <2(p—1) —t < 2(p — 1), we obtain

2bw+b+w:—4bw+22(b+w)

dbw+2b+w)+1 (Rw+1)(204+1) tr
= = =< p— 1 9
2 2 2
so 2bw+b+w+(p+1)/2 < 2p. In the case 2bw+b+w+(p+1)/2 < p, the coefficients
of the p-adic representation of ¢ can be directly read off the decomposition above.

For 2bw +b+w+ (p+1)/2 > p, we get

Ez(c+(2bw+b+w+1)p)~(1+p2+-..+pk_2>

for some ¢ < p. Then, the coefficients of the p-adic representation of ¢ can be
read off this equation. In the first case, the coefficients of the odd powers of p are
> (p+1)/2, in the second case, this holds for the coefficients of the even powers of
p. Thus, in both cases, the sum of the coefficients is at least

k p+l k(p+1)

2 2 4 '
Since p =1 (mod 4) and ¢ is an odd divisor of p — 1, t also divides (p — 1)/4. This
implies k(p + 1)/4 > kt. Therefore, Theorem 4.7 yields I';y = 0 (mod (1 — (,)**1)
in Z)[¢p| for

k _ _
m{p 11-t~7':r6{1,3,4,...,2(ptl)1}}.

p—
Moreover, for r = 2, we get the congruence equation

(1 — Cp)kt

Le=- (thk

(mod (1 —¢,)**")

in Z,)[¢p). This gives

pkfl - t 2 7 ’
5£2(p—1)‘t2(p—1)g;vw( ) 2p-1)

— (1 _Cp)kt
=7y (1o St o)

_ tk
= —m . (Cg(pl)/t . (1(25'512) +pk> (mod (1 _ Cp)kt+1)

for some d € Z such that ¥(z) = Cg(pq)/t' Analogously, we get

F—1 t (1—¢p)t*
1y 1= (e S ) (med (o)

if we choose d € Z such that ¢(zz) = Cg(pq)/r In particular,

k1
sx—pi-t and Sz —

2(p—1)

ph—1
2(p—1)




THE REPRESENTATION TYPE OF THE CHARACTER RING 99

are contained in ((1 — (,)**). This proves the first assertion of the lemma.
The case that u and u~! are conjugate in G can be dealt with analogously. The
only difference is that in this case, t is even, i.e. t = 2w for some positive integer

w. With the same notations as above, we obtain
M) =Ti= Y af¢T®
aE]F:k
for a suitable

Ee{éz:iyt4wr€{LZ”w%ﬂ:D—J}}

Since t = 2w, this yields £ = wr(1+...+p*"!) forsomer € {1,2,..., (p—1)/w—1}.
This gives Iy =0 (mod (1 — ¢,)'+*/2) for

k1 2(p—1
ge{p.t.rzre{2737...,<p>_1}}
t

2(p—1)
as well as I'y = —(1— ()2 /(w!)* (mod (1 — (,)'**¥/2) for r = 1. The remaining
part of the proof is analogous to the first case. O

Proposition 4.15. Let P € Syl,(G) be elementary-abelian of order p* > p?, G
contain ezactly two Q-classes of elements of order p, and Ng(P)/Cg(P) act on P
as a subgroup of TL(p*) on F’;,
(1) If k > 2, then R(G) has infinite representation type.
(2) If k=2 and |[Ng(P)/Cqg(P)| is odd, then R(G) has infinite representation
type.

Proof. Applying Lemma 4.14, the proof of this proposition is analogous to the
proof of Theorem 4.9. We only remark that for k = 2 and |[Ng(P)/Cqs(P)| odd,
the radical rad(R(G);,/R(G),) is also not cyclic. Let x,y € P be representatives of
the Q-classes of G containing elements of order p. The maximal ideal ‘B of Z,) ®
Og(clg(x)) coincides with the maximal ideal of Z,) @ Og(ciy(y))- By Lemma 4.14,
there is no function a € rad(R(G);,) such that there exist 91, 72,81, &2 € R(G), sat-
isfying 1 (2)a(x) +€1 () € TP, 1 (y)aly) +€1 () = 0, m(x)a(z) +€(x) = 0, and
n2(y)a(y) + & (y) € P\ P*. Consequently, the R(G),-module rad(R(G),/R(G)p)
is not cyclic. (Il

The assumption in Proposition 4.15 that |Ng(P)/Cg(P)| is odd for k = 2 is

necessary as the following example shows.

Example 4.16. Let P = C2, C = Cq, and G = P x C where C acts on P as a
subgroup of TLo(5%) on F2. For an element x € G of order 5, it is easy to show
that (1 + V/5)/2 lies in Z[x(z) : x € Trr(G)], so Z[x(z) : x € Irr(G)] coincides
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with Og(clg(z)) = OQ(\/E)' Since G has ezactly two Q-classes of elements of order
5, the functions aq,as € R(G)§ with a1(1) =1, a1(g) =0 for 1 # g € G, and
az(z) =1, aa(g) =0 for g € G\ clg(x) generate the R(G)s-module R(G)5/R(G)s.
Moreover, we can find y € G\ clg(x) of order 5 such that the function ¢ with
o(x) = 2v5, o(y) = V5, and p(g) = 0 for g € G\ P is contained in R(G).
Since rad(Z) ® OQ(\/g)) = (V/5), the function 3 which is given by B(z) = /5
and B(g) = 0 for g € G\ clg(z) generates the R(G)s-module rad(R(G)5/R(G)s5).
Finally, for p € {2,3}, the Sylow p-subgroups of G are cyclic of order p and C' is a

self-normalizing TI-subgroup of G, whence R(G) is representation-finite.

Remark 4.17. Foulser [19] and Dornhoff [14] have classified the solvable primitive
permutation groups of rank 3. These groups are listed in [19, Theorem 1.1] and are
partitioned in three classes there. The first class consists of the subgroups of the
semilinear groups. The second class contains the finite set of remaining groups
which are also vector space primitive and the third class contains the groups which
are vector space imprimitive. If G is a group in the third class acting on a respective
vector space V', then the orbits of G on V\ {0} are (Vi UV2)\ {0} and V'\ (V1 UV3)
for suitable subspaces Vi,Va of V with V.= Vi @& Va. Moreover, stabg(V;) acts
transitively on V; fori=1,2.

Let G be solvable with elementary-abelian p-subgroup P of order p* > p? such that
G has exactly two Q-classes of elements of order p. If Na(P)/Cq(P) acts on P as a
subgroup of a group in the first class, then Proposition 4.15 is applicable. Moreover,
if Na(P)/Cq(P) acts on P as a subgroup of a group in the second class and R(G)
is representation-finite, then it is not difficult to show that P x Ng(P)/Cq(P) is
isomorphic to C2 xSL(2,3) or Caz x (C11 x SL(2, 3)) where both of these groups are
subgroups of exceptional doubly transitive groups. However, if Ng(P)/Cq(P) acts
on P as a subgroup of a group in the third class, it seems to be difficult to answer

the question whether R(G) is representation-finite in general.

Example 4.18. Let P = C2, H = Cy x Cy be nonabelian, and G = P x H
where H acts as a subgroup of a group in the third class of the theorem of Foulser
such that G has exactly two Q-classes of elements of order 7 (G coincides with the
group SmallGroup (1764,64) in GAP). Then, one of these Q-classes is already a
conjugacy class whereas the other Q-class, say C, splits into three conjugacy classes.
Let p be the mazimal ideal in Ogcy containing 7. Then, for all x € C and all x €
Irr(G), we have x(1) = x(x) (mod p?). Thus, R(G)7 has infinite representation

type. We remark that the elements of order 7 are real in G.
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If P € Syl,(G) is an elementary-abelian group of order p* > p?, Ng(P)/Ca(P)
does not act on P as a subgroup of I'L(p¥) on F’;, and G has exactly two Q-
classes of elements of order p, then several examples suggest that R(G) can only be
representation-finite if k¥ = 2 and both of the QQ-classes of elements of order p of G

are already conjugacy classes. However, this is merely a conjecture.

Example 4.19. We consider the group G = C%, x Q12 where Q12 is the dicyclic
group of order 12 and Q12 acts on C%, such that G has exactly two Q-classes of
elements of order 11. For any x € G of order 11 and any x € Irr(G), the congruence
x(1) = x(z) (mod p?) holds where p is the mazimal ideal in Oga(z)) containing
11. Thus, R(G)11 has infinite representation type although the elements of order
11 are real in G.

On the other hand, the character ring of G = C% % (Cs X Q12) where C5 acts
nontrivially on C%, and Q12 acts on C3 as above has finite representation type.
This follows immediately from the structure of the character table of G.

A further example is given by the group G = C% x SL(2,3) which has only two
Q-classes of elements of order 7, but is no subgroup of a 2-transitive group. For a
nonrational element x € G of order 7, we get x(1) = x(z) (mod p?) if x € Irr(G)
and p denotes the marimal ideal in Og(ciy(x)) containing 7. Hence, R(G)7 has

infinite representation type.

There are several other examples for groups G with an elementary-abelian Sylow
p-subgroup P of order > p? such that G has exactly two Q-classes of elements of
order p and at least one of these Q-classes is no conjugacy class. The respective
actions of Ng(P)/Cgq(P) on P differ, but in any example the author has considered,
R(G) has infinite representation type.

4.3. General assertions. Now, we want to combine the results of the previous
sections. Prior to this, we give a proposition which is independent of the structure

of the Sylow subgroups of G.

Proposition 4.20. Let Gy, Gy be finite groups with ged(|G1],|G2|) = 1. Then,
R(G;1 x Gs) is representation-finite if and only if R(G1) and R(G2) have finite

representation type.

Proof. It is clear that R(G; x G2) has infinite representation type if one of R(G1)
and R(G2) is not representation-finite. That is why we assume that R(G;) and
R(G>) are representation-finite.

Let 1 € G; and x5 € Go, and let Aq,..., A, and By, ..., B, be the conjugacy
classes of G and G respectively. Then, the conjugacy classes of G1 x G2 are A;B;

withi=1,...,m and j = 1,...,n. Hence, for some prime divisor p; of |G|, the
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rational pf-section of (z1,1¢,) in G1 X G2 has exactly as many Q-classes as the
rational p)-section of 1 in G1. If py is a prime divisor of |G3|, then the rational
ph-section of (z1,1g,) in G1 x G5 contains exactly as many Q-classes as the rational
ph-section of 1g, in Go. Similar assertions hold for z,.

Let C be the Q-class of (x1,x2) in G1 X Ga, and C; be the Q-class of z; in Gy,
i =1,2. As is well known, the irreducible characters of G; x G5 are the characters
P x ¢ with ¢ € Irr(G1) and ¢ € Irr(G2). Therefore, any class function of Gy x G
is a product of a class function of G; with a class function of Gs.

Obviously, we have Q(C1) € Q((g,|) and Q(C2) € Q({|,|)- Since the discrimi-
nants of Q(¢|¢,|) and Q((|g,|) are coprime, this yields

Oq(c) = Oq(e1)Oaces) - (6)

Let p be a prime with p | |G1], S1 be the rational p’-section of z1 in G1, and S be
the rational p’-section of (x1,22) in G; x G2. Since |G| is coprime to |G|, the
function v,, of G with v,,(z2) =1 and v,,(g) = 0 for g € Ga \ Co lies in R(G2),
by Lemma 2.7. Due to this and (6), if a1 is a generator of the R(G1),-module
(R(G1),NChg(S1))/(R(G1)p,NChg(S1)), then oy X v, generates the R(G1 x Ga),-
module

(R(G1 x G3),,N Chq(S))/(R(G1 x G2), N Chy(S)) .

The same assertion for a; X v, and as X vz, holds if ay and g generate the
R(G1)p-module (R(Gl);, N Chg(S1))/(R(G1)p N Chg(S1)).
We can argue analogously to show that the R(G1 x G2),-module

rad((R(G1 x G2),, N Chg(S))/(R(G1 x G2), N Chy(S)))
is cyclic if the R(G1)p-module rad((R(G1);, N Chg(S1))/(R(G1), N Chg(Sy))) is

cyclic. Since R(G1) is representation-finite, we conclude that R(G1 x G2), has also
finite representation type.
The same arguments show that for a prime divisor ¢ of |G|, R(G1 x G2)¢ is

representation-finite. Thus, R(G1 X G2) has finite representation type. O

Remark 4.21. If some prime p divides ged(|G1|,|Gz|), then there are at least three
Q-classes of elements of order p in Gy x Go. That is why R(G1 X G3) has infinite

representation type in this case.

Theorem 4.22. Let G be a group of odd order. Then, the following are equivalent:
(1) R(G) has finite representation type,
(2) |G| is cube-free and all Sylow subgroups of G are cyclic.

Proof. Theorem 4.6 yields the implication (2) = (1) at once. Thus, we assume

that R(G) is representation-finite. Suppose G has a (noncyclic) elementary-abelian
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Sylow p-subgroup P for some prime p. Since |G| is odd, the nontrivial elements
of P are nonreal. By Corollary 4.10 and Proposition 4.11, G has exactly two Q-
classes of elements of order p. Now, G is solvable, so Ng(P)/Cq(P) acts on P as a
subgroup of a group listed in the classification theorem of Foulser and Dornhoff (see
Remark 4.17). Since |G| is odd, Ng(P)/Cq(P) cannot act on P as a subgroup of
a group in the second class. Moreover, if Ng(P)/Cg(P) acted on P as a subgroup
of a group in the first class, then R(G) would have infinite representation type by
Proposition 4.15.

Suppose Ng(P)/Cq(P) acts on P as a subgroup H of a group in the third class
on a vector space V with |V| = p*. Then, we get the decomposition V = V; @ V,
for suitable subspaces Vi, Va2 of V such that H acts on (V3 U V2) \ {0} as well as
V\ (V1 UVs). Now, |G| is odd whence H acts on V; as a subgroup of T'L(|V;|) for
i =1,2. Suppose |V;| = p’ for some i € {1,2} and some £ > 1, and let Q < P be the
subgroup corresponding to V;. Then, for € @, x € Irr(G), and the maximal ideal
p of Og(eig () containing p, we obtain x(1) = x(z) (mod p’) as in Section 4.2.1.
Since z is nonreal, this yields that R(G) would have infinite representation type.

That is why |P| = p? and the orbits of the action of Ng(P)/Cg(P) on P\ {1}
have size 2(p—1) and p?—~1—2(p—1) = (p—1)?. But this means that Ng(P)/Cq(P)
permutes transitively the cyclic groups of order p corresponding to Vi and V5.

Clearly, this is impossible because |G| is odd. O

Theorem 4.22 and Proposition 4.20 give an algorithm for the determination of the
representation type of R(G). If |G| is odd, then we apply Theorem 4.22. Otherwise,
we write G = G1 X G for subgroups G1, G2 < G such that |G| is even and there
are no subgroups H, K of Gy with G; = H x K. Then, R(G) is representation-finite
if and only if gcd(G1, G2) = 1 and R(G1) as well as R(G2) are representation-finite.
Thus, the crucial part is to determine the representation type of R(G1).

In the previous sections, we have mainly considered the abelian Sylow p-subgroups
of such a group G;. One may also ask for properties G; must have if G; has a
nonabelian Sylow 2-subgroup P and R(G1) is representation-finite. With respect
to the action of Ng,(P) on P, the answer is easy to find since G contains at
most three Q-classes of 2-elements. Thus, the examples following Theorem 3.17
yield minimal groups G such that the Sylow 2-subgroups of G are in the list of this
theorem and R(G) is representation-finite. That is why G contains one of these
minimal groups if P # Dg and R(G1) has finite representation type. For P 2 Dg,
if R(G1) is representation-finite, then G; has a subgroup isomorphic to PSL(2, p)
with p = £7 (mod 16) where p £ 1 is not divisible by the third power of an odd
prime. Altogether, we get the following result.
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Theorem 4.23. Let G be a group of even order such that there exist no proper
subgroups G1,Go with G = G1 x Go. Then, R(G) is representation-finite if for any
prime divisor p of |G| and any P € Syl,(G), one of the following applies.

(1) P is cyclic of order p or p?.

(2) P C’;f for some odd integer k > 3 where p* — 1 is cube-free, all elements
of order p are conjugate in G, and Ng(P)/Cq(P) has a cyclic subgroup of
order p* — 1.

3) P C’I%, G has exactly two Q-classes of elements of order p, and

(i) both of the Q-classes are also conjugacy classes, or
(ii) the elements of order p are real, p + 1 is not divisible by 16, and
Ng(P)/Cc(P) has a cyclic subgroup of order (p+1)/2.

(4) P = CZ%, p € {2,5,11,29,59}, all elements of order p are conjugate in
G, and Ng(P)/Cqc(P) has a normal subgroup isomorphic to C3 (p = 2),
SL(2,3) (p =5), C5 x SL(2,3) (p = 11), SL(2,5) (p = 11), C7 x SL(2,5)
(p = 29), or Ca9 x SL(2,5) (p =59).

(5) P=Qs and G has a subgroup isomorphic to SL(2,3).

(6) P = Dg and G has a subgroup isomorphic to PSL(2,q) for some ¢ = £7
(mod 16) where g £ 1 is not divisible by the third power of an odd prime.

(7) P C’I’f for some k > 2, G has exactly two Q-classes of elements of order
p, at least one of these Q-classes is no conjugacy class, and Ng(P)/Cq(P)
does not act on P as a subgroup of TL(p*) on IF];.

We have seen that for each i € {1,...,6}, there exists a group G with a Sylow
p-subgroup P such that G and P satisfy all conditions of part ¢ in the theorem
above and R(G) has finite representation type. The author presumes that this
does not hold for part 7, i.e. R(G) has infinite representation type if G and some
P € Syl,(G) satisty all conditions of part 7 of Theorem 4.23.

In Section 4.2.1, we have seen that it is not enough to consider only the rational
p’-section of p-elements of a group with elementary-abelian Sylow p-subgroups.
Similar problems arise for the rational 2’-sections of a group G as in Theorem 4.23
if the Sylow 2-subgroups of G are noncyclic. For instance, let G = (C3 x C7) x Cs
where C'3 centralizes none of the elements of order 2 or 7 respectively. If S denotes
the Q-class of elements of order 14, then a bit lengthy calculation shows that each
generating system of the R(G)z-module (R(G)5 N Chg(S))/(R(G)2 N Chg(S)) has
at least four elements. We remark that the R(G)2-module rad(R(G)5/R(G)2) is
cyclic. Hence, R(G) has infinite representation type, but the reason for this is not
the same as the reason for R((C§ x C3) x Cs2) having infinite representation type

in Example 4.12. Analogously (considering the Q-class of elements of order 28), we
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can show that R((Qs x C7) x C3) has infinite representation type where C3 acts
nontrivially on both Qg and C7.

The groups (C3 x C7) x C3, (Qg x C7) x C3 have one property in common with
the groups of Example 4.12. If G is one of these four groups, there is some prime p
such that G has a noncyclic Sylow p-subgroup P satisfying Ca(Ng(P)) < Cq(P).
Possibly, this can be generalized as follows: if G has an elementary-abelian Sylow
p-subgroup P or a Sylow 2-subgroup P # Dg as in Theorem 3.17 and if there
exists some H < Ng(P) such that H/P = Ng(P)/Cq(P) and Ce(H) < Cg(P),
then R(G) has infinite representation type. However, this conjecture is based on
only a few examples and these examples suggest that it will be hard to prove the
conjecture (in case it holds). Surely, groups with Sylow 2-subgroups isomorphic to

Dsg have to be considered separately since Dg is not resistant.
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Appendix — character tables

Apart from the character tables of PSL(2,¢q) and SL(2,¢) which can be found
in [15] and [32] respectively, the following character tables can be determined with
GAP. The numbers in the first line of a table give the orders of the elements of a
transversal for the conjugacy classes. Solely, the columns of the character tables of
PSL(2,¢) and SL(2, q) are indexed by elements.

Quasisimple groups.

o A,

I 2 3 3 4 5 6 Tt
Y1 1 1 1 1 1 1 1
X2 2 0 3 0 1 -1 -1
s+ 10 =2 1 1 0 o0 1 =T
xs— 10 -2 1 1 0 o0 1 =1=/T
ya 14 2 2 -1 0 -1 2
ys 14 2 -1 2 0 -1 -1

e PSL(2,¢q) with ¢ =0 (mod 2)
1 2 Al BF
X1 1 1 1 1
X2 g¢-1 -1 0 gt — G
X3 q 0 1 -1
X4m q+1 1 ™ +¢7T" 0
(Al =q—-1, [B)l=q+1,
i=1,...,%2 k=1,...,% (=1,...,% m=1,...,%2
e PSL(2,¢q) with ¢ =1 (mod 4)
1 Pt 2 A BF
X1 1 1 1 1 1
xar A (peo (=1 0
Xa.— %1 12\/5 (_1)(61—1)/4 (_1).7 N 0 N
xse g¢—1 -1 0 0 —Clat1)/2 = S(gr1)/2
X4 q 0 1 1 1
Xs5,m q+1 1 2. (‘Dm ngwim 5 T C(q]_ﬁf) 2 0
()| =5+, [(B)| =17,
-5 -1 -1 -5
.]_17 7qT7 k_17 7qT7 Zzl, 7qT7 m:17 7q4
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e PSL(2,q) with ¢ =3 (mod 4)
1 Pt 2 Al B*
X1 1 1 1 1 1
Xep gt SRS (—pads 0 (=1
O N e S R 0 (=pt
—k
Xse g—1 =1 2.(=1)! 0 ~Clarvyzz = oy o
X4 q 0 —1 1 -1
Xs5,m q+1 1 0 Cg:ll) 5t C(_q]_”f) 9 0
(A) =23+, [(B)| = 42,
j=1, 7%37 k:17 '7q4;37 é:L 7%7 m =1, 7%3
* SL(2,9)
1 2 Pt 2+ A B*
X1 1 1 1 1 1 1
q—¢ _(a—e) —etvEq  eFVEQ (=) (=1)7 (+e)(=1)kt?
X2,+ 2 2 2 2 2 ] 2
q—¢ _(g—¢) —eFvEa  e£vEg (1-e)(=1)? (+e)(=nFH!
X2,— 2 2 2 2 2 ] 2
q+e (g+e) etvEq etvEq (A+e)(=1)7 (1—e)(=p)FH!
X3,+ 2 2 2 2 2 2
q+e (g+e) eFVEa eFVEd (A+e)(=1)7 (1—e)(=F !
o 2 ¥ ? 21 > ke 2 ke
xee q—1 (=1)°(¢g—1) -1 (-1) * 0 —Cg+1 — C(1_+1
X5 q q 0 0 1 -1
Xeom q+1 (=1)"(q+1) 1 (D™ Gm+" 0
(A =g—-1, [(B)=q+1, e=(-1)0"1"2
. _3 —1 -1 -3
]:17"'5%7 k:17 7qTa 6:17 7qT7 mzla aqT
Subgroups of 2-transitive groups.
[ C§ X 04
1 2 44 31 32
xie 1 (=DF (£ 1 1
X2,1 4 0 0 1 -2
X2,2 4 0 0 —2 1
k=1,...,4
2
o C5 x Cg
1 2 3; 6; 51,+ 52,4
k Jjk J\k
xi,x 1 (=1 3 (— 3) 1 1
Xz4 6 0 0 0 1++5 =325
X2 60 0 0 176 =3%6
Xs.4 6 0 0 0 =5 135
Xs.— 6 0 0 0 335 145
i=12 k=1,...,6
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e C2 xSL(2,3)

I 7 72 2 4 3; 6
xie 11 1 1 1 g ¢F
X2 2002 2 -2 0 -@* g*
xs 3 3 3 3 -1 0 0

X4,1 24 3 —4 O O
Xa2 24 —4 3 0 0 0 0

o
o

j=12 k=123

e C%y x SL(2,5)

1 19; 2 4 3 6 54 10+
X1 1 1 1 1 1 1 1
Xo+ 2 2 -2 0 -1 1 =6 15
X2— 2 2 —2 0 -1 1 =35 15
Xa+ 3 3 3 -1 0 0 5 156
Xs— 3 3 3 -1 0 0 E5 156
X4,+ 4 4 +4 0 1 +1 -1 F1
X5 5 5 5 1 -1 -1 0 0
X6 6 6 -6 0 0 0 1 ~1
X7k 120 ojp@) 0 0 0 0 0 0

i=1,2,3, k=1,2,3, 0, Gal(Q((19)/Q), 0on(Cr0) =P,
o = 3C19 — 2¢Hs — 2¢% + 3¢To + 3¢%o — 2¢%0 — 2¢19 + 3¢H + 3¢13 — 2¢38 — 2¢15 + 3¢iS

e C33 % (C11 x SL(2,3))

1 231 232 2 4 3 6; 115 22; 44, 33i,5 66;,;
X1k 11 1 o1 1o g dh dbdr @d)t Gd”
Xo.k 2 2 -2 0 —¢* ¢ ool -2y 0 —(Gd)t (G
X3¢ 3 3 3 3 -1 0 o0 209° 3gF ¢t 0 0
X264,1 264 11 —-12 0 0 0 0 0 0 0 0 0
X2642 264 —12 11 0 0 O 0 0 0 0 0 0

i=1,2, j=1,...,10, k=1,...,33, £=1,...,10
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e C2y x SL(2,5)

1 59; 2 4 3 6 5. 104
X1 1 1 1 1 1 1 1
Xob 2 2 2 0 -1 1 =45 155
Xo— 2 2 -2 0 -1 1 =I5 15
X3+ 3 3 3 -1 0 0 &5 1556
Xs— 3 3 3 -1 0 0 &5 1156
Xax 4 4 +4 0 1 41 -1  TF1
X5 5 5 5 1 -1 -1 0 0
X6 6 6 -6 0 0 0 1 ~1
X7,k 120 O‘j+k(a) 0 0 0 0 0 0

j=1,...,29, k=1,...,29, o, € Gal(Q((s0)/Q), nllso) =

a = (5o — 239 — CBo + Coo + CRo — CBo — CRo — 2G50 + 3Ca9 + 2C3s — 238 + Coo — Cag —

on
59

+ G + 2Co — 2¢35 — (55 + 235 — 2€59 + 2655 + G55 + CBs + 2¢3s — 2655 + 238
— (55 — 235 + 2€35 + (a9 — G55 — Cos + Cas — 2Cag + 2G56 + 3Css — 2C — ¢35 — ¢G5

+ (oo + ¢85 —

Further groups.

56 57 | 58
59 — 2C59 + (59

[ ] 0121 X le
1 11y, 112, 2 44 6
X1.k 1 1 1 (D% (D) 1 (=1)*
X2,+ 2 2 2 +2 0 -1 F1
X3,1,6 12 0j+4(a) O'j+g(ﬁ) 0 0 0 0
Xz26 12 0j40(B) oje(a) 0 0 0 0
j=1,...,5, k=1,...,4, £=1,...,5, on€ Gal(Q((11)/Q),

=i+ Ch+2¢ +2¢h +2¢ +2¢0 4+ ¢+ Y
B =243C1+ (4 ¢+ ¢+ ¢+ 3¢

) 0121 X (Cs X Q12)

11, 11» 2 4y 6

xir 11 1 (=% (&)* 1 (=1)*

Xee 2002 2 2= 0 -1 (-1

xs1 60 5 —6 0 0 0 0

xs2 60 —6 5 0 0 0 0
5; 10; 15, 204, 30,

xie 8 (=) d8 &FHGE (Q)F

xze 2680 2=¢)) ¢ 0 -

X3,1 0 0 0 0 0

X3,2 0 0 0 0 0

j=1,...,4, k=1,...,20, £=1,...,10

on(C1) = ¢
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(SmallGroup(1176,214) in GAP)

1 71 Tau 2 4 3 6 21
xik 11 1 11 gF gk 7%
X2.k 2 2 2 -2 0 ¢ dF gk
X3 3 3 3 3 -1 0 0 0
Gk ottt 6-201¢ jk
Xake 8 1 oipe(a) 0 0 233 0 (G +¢?% )¢
s 24 —4 3 0 0 0 0 0
i=1,2,3, j=12 k=123, (=123,
on € Gal(Q((r)/Q),  onl(Cr) =G, a=(r 43¢ +3¢ + (8
e C? % (Cog xCy4) (SmallGroup(1764,64) in GAP)
1 71 T 2 4:x 3 9 6 18k 214 21,
xie 1 1 (-1 (&) 1 1 (=17 (=1 1 1
Xox 2 2 +2 0 2 -1 £2 F1 2 2
X2,5& 2 2 2 0 -1 grts(a) F1 Forys(a) -1 -1
xs 12 5 -2 0 0 12 0 0 0 5 -2
xa+ 12 5 =2 0 0 -6 0 0 0 =57v/=3 1
xa— 12 5 =2 0 0 -6 0 0 0 =5FTY/=3 1
X5,t 12 -2 O'jth(ﬂ) 0 0 12 0 0 0 -2 O'j+t(ﬂ)
X6,u 12 =2 O’j+u(ﬁ) 0 0 —6 0 0 0 1 ng+]-+u('y)
i=123 k=123 (=12 r=1,...4 s=123 t=123 u=
1,...,6,
on € Gal(Q($)/Q), 0nl(Co) =C", a=G+¢

on € Gal(Q(¢r)/Q),
Tn € Gal(Q(¢21)/Q),

O-n(<7) - g’?n7
Tn(C21) = ¢,

B=Cr—2G -2+ G,

v =205 +2Ch +2G1 +2¢5 + 2637 + Gt + (ot

e (C3 x C7) x C3 (Cs acts nontrivially on both C3 and C7)
12 3 T+ 14, ; 14_;
X1,k 1 1 CiF 1 1 1
X2 3 -1 0 —1 1
Xsp 3 3 0 =T GHE+E G+E+¢
xs— 3 3 0 =ET GG+ ) lcwc?;c? )
_ — 0+ 5. j+e€ 0J+ J+ L9J+ 9J+
Xae+ 3 —1 0 FELT YT o —C?zi 7 - 72 ;Cé” )
_ — j+£ 9J+e 0J+e 0J+ oJ+ 9J+
Xae— 3 =1 0 FESLT U@ 8
i=1,2, j=1,2,3, k=123, (=123



L[] (Cg X 05) bl C52

THE REPRESENTATION TYPE OF THE CHARACTER RING

(Cs2 acts transitively on both C3 and Cs)

111

1 3 5 154 2 44 6 13y 26, 525 + 65;
xte 111 1 —DF (=) 1y ()t ()
X2.0 4 -1 -1 0 0 0 4y 0 0 =
s+ 26 —1 26 -1 426 0 FL 0 0 0 0
X4+ 52 -2 —13 EEL g 0 0 0 0 0 0
X4- 52 —2 —13 EWEI g 0 0 0 0 0 0
j=1,...,12, k=1,...,52, £=1,...,13

e (Qs x C7) x C3

(C3 acts nontrivially on both Qs and C7)

1 2 3 4 6 7+ 144
xie 11 ¢ 1 CiF 1 1
Xek 2 =2 —=¢F 0 ¢ 2 -2
X3 3 3 -1 0 3 3
xay 3 3 0 3 0 BT SE/eT
X4— 3 3 0 3 0 AERLT E/T
Xsek 3 3 0 -1 0 BT S1EVeT
Xsee 3 3 0 -1 o ELT S1EVT
X6 6 —6 0 0 0 —1++/=7 1Fv=7

28, 28
Xl,k 1 1
X2,k 0 0
X3 -1 —1
X4,+ G+ G+ G4+
X4, CG+E+E G+ GG
T A N A e
Xs.0,— C?Ag]ﬁ’fi C$A21+li C$,21+2 $J+27 72A2J+@7 C;LQ.?‘F[
X6,+ 0 0
i=1,2, j=1,23, k=123, (=123
References

[1] S.D. Berman, On the theory of representations of finite groups, Doklady Akad.
Nauk SSSR (N.S.), 86 (1952), 885-888.
[2] S. D. Berman, Characters of linear representations of finite groups over an
arbitrary field, Mat. Sb. N.S., 44(86) (1958), 409-456.
[3] S. D. Berman and P. M. Gudivok, Indecomposable representations of finite
groups over the ring of p-adic integers, Izv. Akad. Nauk SSSR Ser. Mat., 28
(1964), 875-910.



112
(4]

[5]

[17]

[18]

[19]

TIM FRITZSCHE

R. Brauer, A characterization of the characters of groups of finite order, Ann.
of Math., 57 (1953), 357-377.

J. Coates, p-adic L-functions and Iwasawa’s theory, Algebraic number fields:
L-functions and Galois properties (Proc. Sympos., Univ. Durham, 1975) Aca-
demic Press, London, 1977, 269-353.

H. Cohen, Number Theory I, Tools and Diophantine Equations, Graduate
Texts in Mathematics, 239, Springer, New York, 2007.

H. Cohen, Number Theory II, Analytic and Modern Tools, Graduate Texts in
Mathematics, 240, Springer, New York, 2007.

J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker and R. A. Wilson,
Atlas of Finite Groups, Oxford University Press, Eynsham, 1985.

B. N. Cooperstein, Mazimal subgroups of G2(2"), J. Algebra, 70(1) (1981),
23-36.

M. Costantini and E. Jabara, On finite groups in which cyclic subgroups of the
same order are conjugate, Comm. Algebra, 37(11) (2009), 3966-3990.

D. A. Craven, The Theory of Fusion Systems: an algebraic approach, Cam-
bridge Studies in Advanced Mathematics, 131, Cambridge University Press,
Cambridge, 2011.

C. W. Curtis and I. Reiner, Methods of Representation Theory. Vol. I, A
Wiley-Interscience Publication, John Wiley & Sons, Inc., New York, 1981.

D. I. Deriziotis and G. O. Michler, Character table and blocks of finite simple
triality groups 3Dy (q), Trans. Amer. Math. Soc., 303(1) (1987), 39-70.

L. Dornhoff, The rank of primitive solvable permutation groups, Math. Z., 109
(1969), 205-210.

L. Dornhoff, Group Representation Theory. Part A: Ordinary Representation
Theory, Pure and Applied Mathematics, 7, Marcel Dekker, Inc., New York,
1971.

J. A. Drozd and A. V. Roiter, Commutative rings with a finite number of
indecomposable integral representations, lzv. Akad. Nauk SSSR Ser. Mat., 31
(1967), 783-798.

R. H. Dye, On the involution classes of the linear groups GL,(K), SL,(K),
PGL,(K), PSL,(K) over fields of characteristic two, Proc. Cambridge Philos.
Soc., 72 (1972), 1-6.

R. H. Dye, On the conjugacy classes of involutions of the unitary groups
U (K), SU,L(K), PU,(K), PSU,,(K), over perfect fields of characteristic
2, J. Algebra, 24 (1973), 453-459.

D. A. Foulser, Solvable primitive permutation groups of low rank, Trans. Amer.
Math. Soc., 143 (1969), 1-54.



20
21
22
23
24

[25]

THE REPRESENTATION TYPE OF THE CHARACTER RING 113

T. Fritzsche, The Brauer group of character rings, J. Algebra, 361 (2012),
37-40.

T. Fritzsche, Der Darstellungstyp des Charakterrings Einer Endlichen Gruppe,
Friedrich Schiller University Jena, 2014.

E. L. Green and 1. Reiner, Integral representations and diagrams, Michigan
Math. J., 25(1) (1978), 53-84.

A. Heller and I. Reiner, Representations of cyclic groups in rings of integers,
I, Ann. of Math., 76 (1962), 73-92.

A. Heller and I. Reiner, Representations of cyclic groups in rings of integers,
II, Ann. of Math., 77 (1963), 318-328.

C. Hering, Transitive linear groups and linear groups which contain irreducible
subgroups of prime order, Geometriae Dedicata, 2 (1974), 425-460.

G. Higman, Suzuki 2-groups, Illinois J. Math., 7 (1963), 79-96.

B. Huppert and N. Blackburn, Finite Groups II, Grundlehren der Mathema-
tischen Wissenschaften 242, Springer-Verlag, Berlin-New York, 1982.

B. Huppert and N. Blackburn, Finite Groups III, Grundlehren der Mathema-
tischen Wissenschaften 243, Springer-Verlag, Berlin-New York, 1982.

I. M. Isaacs, Character Theory of Finite Groups, Dover Publications, Inc., New
York, 1994.

H. Jacobinski, Sur les ordres commutatifs avec un nombre fini de réseaux
indécomposables, Acta Math., 118 (1967), 1-31.

A. Jones, Groups with a finite number of indecomposable integral representa-
tions, Michigan Math. J., 10 (1963), 257-261.

H. E. Jordan, Group-characters of various types of linear groups, Amer. J.
Math., 29(4) (1907), 387-405.

P. B. Kleidman, The maximal subgroups of the Chevalley groups Ga(q) with q
odd, the Ree groups 2G2(q), and their automorphism groups, J. Algebra, 117(1)
(1988), 30-71.

G. Navarro and J. Tent, Rationality and Sylow 2-subgroups, Proc. Edinb. Math.
Soc., 53 (2010), 787-798.

A. Raggi-Cérdenas, Burnside rings of finite representation type, Bull. Austral.
Math. Soc., 42(2) (1990), 247-251.

U. Reichenbach, Modultheorie von Burnsideringen Endlicher Gruppen, Math-
ematica Gottingensis 12, 1997.

J.-P. Serre, Lineare Darstellungen Endlicher Gruppen, Akademie-Verlag,
Berlin, 1972.

E. E. Shult, On finite automorphic algebras, Illinois J. Math., 13 (1969), 625-
653.



114 TIM FRITZSCHE

[39] W. A. Simpson and J. S. Frame, The character tables for SL(3,q), SU(3,4¢?),
PSL(3,q), PSU(3,¢?), Canad. J. Math., 25 (1973), 486-494.

[40] R. Steinberg, The representations of GL(3,q), GL(4,q), PGL(3,q), and
PGL(4, q), Canad. J. Math., 3 (1951), 225-235.

[41] M. Suzuki, On a class of doubly transitive groups, Ann. of Math., 75 (1962),
105-145.

[42] H. N. Ward, On Ree’s series of simple groups, Trans. Amer. Math. Soc., 121
(1966), 62-89.

[43] R. A. Wilson, The Finite Simple Groups, Graduate Texts in Mathematics,
251, Springer-Verlag London, Ltd., London, 2009.

[44] H. Yamaki, The order of a group of even order, Proc. Amer. Math. Soc., 136(2)
(2008), 397-402.

Tim Fritzsche
Mathematical Institute
Friedrich Schiller University
07737 Jena, Germany

e-mail: Tim.Fritzsche@uni-jena.de



