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ABSTRACT. Here, the fractional integral operators which are generated by Laplace-Bessel differential operator will
be examined. It will also be shown that MY, I} : Ly),(RY ) = Ly,(R} ) are bounded, where M} is B-fractional
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1. INTRODUCTION

Fractional maximal and Riesz potential operators, indeed, fractional integral operators have big importance in har-
monic analysis, PDEs and theory of functions. Fractional maximal operators, Riesz potentials have been introduced
by Muckenhoupt and Wheeden [26], Riesz [27], respectively. Then, these operators acting from Lebesgue space and
weighted Lebesgue space into itself have been studied by Stein [30], Muckenhoupt and Wheeden [26].

Nowadays, there is a big attention to Riesz potential and fractional maximal operators on variable Lebesgue spaces.
On these spaces, the problem of boundedness of classical singular integral, maximal, fractional maximal and Riesz
potential operators and related topics have been investigated in [2,3,6-10, 28].

As it is well-known Laplace-Bessel differential operator is defined by

k n

o? o? v; 0

Ap = B; + —, Bi=—+——, 1<k<n,
’ ;l i=Zk+-:1 0x; I ox;  Xi Ox; "

and here we consider the fractional integral operators which are generated by Ag. On various function spaces, B-Riesz
potential and B-fractional maximal operators have been studied by many researchers [1,4,5,13,15-17,20,29,31, 32].
From this perspective, we generalize above results in variable Lebesgue spaces. We obtain that B-fractional maximal
and B-Riesz potential operators are bounded from L., (R ,) to Ly,,(R , ). Our results on fractional integral operators
in variable Lebesgue spaces are key tools to solve PDEs of mathematical physics and inverse problems. Therefore,
they will make enough contribution to the existing literature.

Throughout the paper A will be a constant.
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2. PRELIMINARIES

We first give some basic concepts, notations and known results which are beneficial for us.
Letx = (X', x"), ¥ = (x1,...,x0) € RF, and x” = (xge1s. .., X,) € R™*. Denote R, ={xeR": x;>0,...,x%>
0, 1<k<n,v=0n....,v)v1 >0, >0,V =vi+ ...+ v, () =x]" -, ()dx = x]' - xfdxy -+ - dxg,
and By(x,r) = {y € R}, : |x —y| < r}. The measure of a measurable set A C R}, is defined as |A|, = f(x’)ydx. If
’ ’ A

B,(0,r) c R} be a measurable set, then

B0, 7, = f ) dx = w(n, k)2,
B.(0,r)

2 AT ()
|
differentiable and rapidly decreasing functions on R} | by S..(R} ) and the dual space of all tempered distributions on
RZ’ . by S;(RZ, .)- The Fourier-Bessel transform of a function f € S+(R}Z’ ,) is defined as

where w(n, k,v) =

, QO = n+ |v|. We denote the Schwartz space of all complex-valued, infinitely

n
Rk,+

k
FuN® = | f@e O ] hos 070 dy,
i=1

where (x',y") = x1y1 + ...+ XYk, jy is the normalized Bessel function of the first kind

Jy()

@O =2Twr+1) ral

and J,(x) is the Bessel function of the first kind [21,25].
The definition of generalized translation operator is as follows:

T f(x) := Ay j: e j:f[(xl,yﬂa,,---,(xk,)’k)ak,x" =Y']dv(@).
Here, A, = ﬂ_gf(wglﬂT(%)T4,(xPyﬂai = (xﬁ-zxﬂgcosaj-+)§)i 1 <j<k1<k<n and dv(e) =
ﬁ sin’ ™! o jda; [22,24]. Observe that generalized translation operator is related to Laplace-Bessel differential oper-
E{:Sr. The following is well known from [24]:

[ i< [ ol @
RZ»* RZ,+
B-convolution operator connected with 77 is given by
(f®g)x) = f JOT g(x)() dy.
RZ,+

We will now recall the spaces Ly, (R} ,) and their fundamental properties.
Let P(Rzy D= {p(-) (R, = 1,000 p() is measurable}. Any element of P(Rzy ,) is said to be a variable exponent
function and also let

p- = ess inf p(x), P+ = ess sup p(x).
xeRY

Kot xeRY ,
If p(-) satisfies
A
Ip(0) = pO)| € ————, 2.2)
—log|x -yl
and
A
Ip(x) = peol < (2.3)

log(e + |x)’
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k,+°
P = lim p(x) > 1. Moreover, if p(-) provides log-Holder continuity conditions both locally and at infinity, then it

is denoted by p(-) € LH(R] ), i.e LH(R} ,) consists of p(-) such that (2.2) and (2.3) are satisfied together. Conjugate
exponent function is given by

1
for all |x —y| < 7 x,y € R? _, then it is denoted by p(-) € PIOg(R’Z’ L) and p(-) € P}f,g(RZ .)» respectively. Here,

1 1
—+ =1, xeR},,
1ZON A0 ke

for a given p(-).
Let f be a measurable function and p(-) € P(R} ). Then, variable Lebesgue space is defined as follows:

Ly (R ) = {f L@y, = inf {,u >0 opeyy (f/p) < 1} < oo},

where
0o (f) i= f PO dx + 1 f i . < o0
REARL o '

Note that L., (R} ,) are Banach spaces for 1 < p_ < p(x) < p; < oo,

The following lemma is analog of Hélder’s inequality for Ly, (R} ).

Lemma 2.1 ([11]). Let p() : R}, — [1,0). Then,

f @RI dx < ANl Ml ).,

s+

holds for all f € Ly, (R} ) and h € Ly, (R} ), where A = A(p(-), p'(:),v) > 0 is a constant.

Now, we give the analogs of fundamental results dealing with variable L, , spaces. One can obtain their proofs in
a similar way as in [23].

Lemma 2.2. Let p(-) : R}, — [1,00) and p, < co. Then, the followings are equivalent:
@ A1l < At

G [ 100y <

k,+

If one of the constant is 1, then we can pick the other one is also 1.
Lemma 2.3. Let p(-), q(-) : R} | — [1,00). If p(x) < q(x), then ||fllpc)y < Allfllgc)-

Lemma 2.4 ( [12]). Let p(-) : R}, — [1,00). Then, p(-) satisfying (2.2) is uniformly continuous if and only if
|B,.|5="P* < A for every open balls B,.

The next lemma is the analog lemma due to Diening [9].
Lemma 2.5. Let p() : R}, — [1, 00) be an exponent function satisfying (2.2) and p, < co. Then,
el < A1Bs 1™
holds for all open balls B, with 0 < |B,|, < 1.

Proof. Let p, < coand |B,|, < 1. Then, the L, norm of yp, is
e =int > 0: [ uriceyan< )
B,
= 1nf{() <u< 1: f /J—[?(x)(x/)vdx < 1}
B,

< inf {0 <p<l: f PP () dx < 1} = 1By,

B,
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and using Lemma 2.4, we find

1 1

s 1
IBily" =B IBLy ™
p==p+

1 o il
<IBLIBsl, T < AIBLY.
Therefore, the proof is completed. O

The following lemma allows us to use the condition LH(R] , ) to replace a variable exponent function with a constant
exponent.

Lemma 2.6. Let F be a set, p(-) and q(-) be two nonnegative functions and let B,(x) = (e + |x|)™™ for t > 0. Suppose
that

Ip(x) — q(x)| < log(e—+|x|)’

for each x € F. Then, there exists a constant A = A(t,v) such that

f [FI () dx < A f PO () da + f B0 P (') dx,
for every function f with |f(ic)| <landxeF. ' '
Proof Define FF: = {x € F : |f(x)| = 8;(x)}. Then, we have

f OOy de = [ 1 FO Y dx + f IOy dx.
F

Fhi F\F#:

Firstly, for x € F#,
@I = [FOPD @)1 < | F)IPOB ()T < A|f(x)PY,

Also, since §; < 1, we have

f Lf)IO ) dx < f BT (x'Y dx < f B0 P (x'y dx,
F\FPt F\FPi F
which is the desired result. a

In Theorem 2.7, the necessary condition for boundedness of the generalized translation operator has been recalled.
For more details, one can see [12, Theorem 4.1].

Theorem 2.7. Let p() : Ry | — [1,00) with 1 < p_ < p, < co. Then,
”Tyf”p(-),v < A“f”p(-),v

holds for all f € Ly, N S.(RY,) withsuppF,f C {£ e R}, : || < 211y n € Ny, where F, f is the Fourier-Bessel
transform and A > 0 is a constant.

3. ON B-FRACTIONAL MAXIMAL OPERATOR

Here, our aim is to show that B-fractional maximal operator from Ly, (R} ,) to Ly,(R} ,) is bounded. First, let us
recall definitions of B-maximal and B-fractional maximal operators.
B-maximal and B-fractional maximal operators are defined as follows:

M, f(x) = sup|B,(0, ;! f o )Ty [FOlO" )" dy,
B.(0,r

r>0

r>0

51 NV
Mz =sup B0k [ Pl 0<a<o.
B.(0,r)
for a given f € LYS(R},). One can easily observe that M} f = M, f for & = 0 (see [15]).
The next theorem deals with L,,(.),V(RZ’ ,)-boundedness of B-maximal operator.

Theorem 3.1 ([11,18,19]). Let p(-) € LHR],) with 1 < p_ < p, < oco. Then, B-maximal operator is bounded in
Ly (R ).
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The following two propositions give us very important inequalities which allow us to obtain one of our main results.

Proposition 3.2. Let p(-) : R’Z’Jr — [1,00), 1 < p_ < p; < % satisfying (2.2), 0 < a@ < Q and also let g(-) be

1 1 101
—— — —— = —. Then,
p(x) qx) QO

M f(x) < A M, f(x)0,

holds for every f € Lp(.),V(RZ,Jr) such that || fll,c)y < 1and |f(x)| > 1o0r f(x) =0, x € RZ,# where A = A(n, p(+), @, v) is
a positive constant.

Proof. Letx € RZ, . be fixed and also let B, be a ball including x. Then, we have

%_1 ANZ
B, |2 f TIf0I0) dy
B.(0,r)
= |B,|? (|B+|;‘ f Tylf(x)l(y’)vdy) (|B+|;1 f Tylf(x)l(y’)ydy)
B. B.

ap(x)

@ [ plx
< 1Byl (|B+Iylf Tylf(x)l(y’)”dy) M, ()55
B+

It is necessary to illustrate that

ap(x)

@ Q
1B.1? (|B+|;1 f T"If(x)l(y’)vdy) <A,
B,

which allow us to obtain the desired result. Here, there are two cases: (i) [B|, > 1, (ii) |B.|, < 1. Firstly, for |B,|, > 1,
by Lemma 2.2 and Chebyschev’s inequality, we find

|supp /] < f OO0 dy < [ fllyeo < 1.
RY

k,
Since p(x) > 1, and by (2.1), we have

ap(x) ap(x)

[

1B | (u&u;l fB T)’If(X)I(y’)de) s( fB Tylf(x)l(y')”dy) ’
ap(x)

Q
< ( fB 110 dy)

apx)

<11,
ap(x)

< (A (1 5upp FDIf M) °
<A,

with the use of Lemma 2.3, Theorem 2.7 and (2.1). We now estimate for |B,|, < 1. If p_ > 1, then p’(-) satisfies (2.2)
and p/, < co. Hence, by Lemma 2.1 and Lemma 2.5,

ap(x)
0 a _ ap(x) ap(x) ap(x)

|B,IY (|B+|V1 fB Tylf(x)l(y’)vdy) <IBAY 2 sl A0S,

o _ap) ap(x)
<IBS 7 s,

a _ ap(x) ap(x)

SAIBY 7 BT

<A
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From Lemma 2.3, we have

ap(x) ap(x) ap(x)

”/YB+”LpQ’(~),v(R2\+) = ”’YB+||L§(_).V(B+) <A (1 + |B+|V) |I)(B+||00,QV <A.

Then, by Lemma 2.4, we get

o (P-=p)§
- 0

B.l? ¢ <|B.l, <A,

which gives us the desired result. O

Proposition 3.3. Let p(-) : R}, — [l,0), 1 < p_ < p, < Q satisfying (2.3), 0 < a < Q and also let q(-) be
i a
1 1 a

— — —— =2 Then,
P g o "

MEF(x) < AM, f(0)75
holds for all f € L,,(.),V(RZ&) such that || fllp¢)y < 1and |[f(x)| < 1, x € R}, where g"(x) = sup,5 . g()-

k,+

1
-2 and by using

1
P ¢ Q0

Proof. Letx e RZ, . be fixed and also let B, be a ball including x. Then, one can write

Lemma 2.1, we get
apt @ )

B¢ fB PN dy = |Bs)? (|B+|V1 fB Tylf(x)l(y’)”dy) ’ (|B+|V1 fB Tylf(x)l(y’)vdy)

< ( f Tylf(x)l”*”)(y’)”dy)g M, f(x)5.

+

Taking into account that |f(x)| < 1, M, f(x) < 1 and therefore M, f(x)g*% <M,f (x)%. Then,

f TP D) dy = f TP D) dy + f T f ()P ') dy.
B. {xeB,: |yl<|x} {xeB..: [y]>]x)

We estimate the first integral by applying Lemma 2.6. If y € {x € B, : |y| < |x]}, then by (2.3),
P —p* () £ ———.
PR logle v
Thus, for any 7 > 1,
f I f QP G dy < Ay, f T f @) dy + f B dy
{xeB,: |y|<|x} {x€By: [yl<[x]}

{xeB,: [yl<|xl}

<A.

We now estimate the second integral. If y € {x € B, : [y| > |x]}, then we have p*(x) > p(y). Taking into account that
[fO)] < 1 and Lemma 2.2, we find

f< oy PUOP 077y < f O Dy dy
XEB.: |y>|x

{xeB.:|yl>|xl}

< f OO dy
{(xeB,: I}

< [ ooy <t

ko +

which gives us the desired result. O

The next theorem contains an important inequality for averages over balls.
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Theorem 3.4. Let p(-) : RZ& — [1, 00) satisfy (2.2) and (2.3). Suppose that

| roroayay <,

k+

and f(x) =0or|f(x)| = 1, x € R] . Then, for all x € R}

k,+’

p

p(x) ! -
(|B+|;‘ f If(y)l(y’)”dy) sA(|B+|;1 f If(y)lf’u(y’)vdy) + ABi(x)". (3.1)
B, B,

Proof. Suppose that f > 0 and set f1 = fx(x fo<1) and fo = fx(x fw>1)- Then
va(x)p(x) < 2P+ (val (x)l’(x) + vaz(x)p(x)) )

To complete the proof, we consider the cases: the first is f(x) > 1 or f(x) = 0 and the second is f(x) < 1. Throughout
this section, fix

1
) =B = ——
PO == 5
and set p(x) = %. Then p(x) > 1, and (2.3) holds with p substituted by p.
We first estimate (3.1) for f(x) > 1 or f(x) =0. Let x € R, be fixed and B, be a ball including x with |B,|, > 0.
We take into account three cases.
(1) r < |x|/4. If y1,y» € By, then we have log(e + |y,|) = log(e + |y2|). Therefore, we get

P = p_(Bo)| £ ————,
7 log(e +1y)
forally € B, and y € B, implies 8(y) < AB(x) since r < |x|/4. Then, by using Lemma 2.1 and Lemma 2.6, substituting
p(x)

p_(B,) for v(-), p(-) for u(-), and with r = 1, and since

< p4+ < o0, one can obtain

p_(By)

p(x) _
(|B+|;‘ f f(y)(y’)vdy) s(|B+|;‘ f f(y)”(B*)(y’)de)
B, B,

Px)

7—(B+)

px)

— — P—(B+)
FOYPOG Y dy + B, B(y)”-(B*)(y’)de)
B+

< (A B[}
B,
J4E3)

(x
- — P—(B+)
= (A B.Y | fOPOG ) dy + A,B(x)p(B*)(y')de)
B,
Px)
(B+)

sz"+A(|B+|V1 f f(y)”‘”(y’)vdy)p + 2P A By,
B,

Taking into account that p_ > 1, B(x)?™® € Ly, (R} ). Therefore,

P
B P-

— px; — P- —
B | TP dyFo =(|B+|;‘ i f(y)”(”(y’)vdy) (|B+|;1 ; f(y)p‘”(y’)”dy)

(22 y—p_1/p- (

_ (GE5=)-p-1/p-
=B, " )

fB FOPO)dy

— P-
><(|B+IV1 fB f(y)”(”(y’)vdy) :

One can write

1 [ p(x)

1 1
—p_| = —_— 0.
|5 " F ] P (x)[ }S

p(x)  p-(By)
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—[= px)

= -p-1/p-
If |B,], > 1, then |B,], 77 """

< 1. Also, if |B,|, < 1, we find

1 1 P+
— = > —(p-(By) — p+(By)),
p(x) [p(x) p_(B+)] p%(p (B1) — p+(By))
and by Lemma 2.4,
I IR 2t (p_(By)—p+(B4))
B TP < B <A
Again,
p(x) p(x)
= -p-= p-—p-20,
p_(By) p-(By)
and since f LF )PP (y' ) dy < 1, we obtain
Ry
[5255-p-1/p-
( F»” (y)(y')vdy) <L
B,

Taking into account of all these estimates, we obtain (3.1).

(2) |x| < 1 and r > |x|/4. Since |x| < 1, applying Lemma 2.6, we find
= < A
== Togle + 1)

0<p(y)-p_(By)<p, - for all y € B,.

p(x)
p_(By) —

Then, with the use of Lemma 2.1, Lemma 2.6, substituting p_(B..) for v(-), p(-) for u(-) with r = 1, and since
P+ < 00, One can see

p(x)
(IB+I; ! fB / (y)(y’)vdy)

J4E3)

(|B+ |;1 fB f(y)p(&)(y,)vdy) 5B

IA

px)

< (A |B+|;1 L f@)ﬁby)(y/)vdy + |B+|;1 L ﬁ(x)P(BQ(y/)vdy)p(B”

P(x)

— P-(B+)
<2 (A|B+|V‘ f f(y)”“’(y')vdy)' + 27 A ().
B+

As in (1), desired inequality is obtained.
(3) |x| = 1 and r > |x|/4. Taking into account that f(x) > 1 or f(x) = 0, p_ > 1 and f

n
k.

IfOIPYO ) dy < 1, we

have
p(x)

(|B+|;1 : f(y)(y’)vdy)p( i ( ’ f(y)p(”(y')vdy)
) < |B+|;P(X) < A+|x|_Q”(x) < A[J’(x)p(x).
We now estimate (3.1) for f(x) < 1. Let x € R, be fixed and |x| > 1. Therefore, we show that
p(x) p-
(|B+|;1 fB + f(y)(y’)de) <A (|B+|;1 , f(y)f’@(y’)de) + A"
Since p(x) < p; < oo, we have

p(x) p(x) p(x)
(IB+IV1 f f(y)(y’)vdy) <27 (|B+IV1 f f(y)(y’)vdy) + 2P (IB+|V1 f f(y)(y’)vdy)
B, B.NB,(0) B \By(0)

=0 + 1.
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We first estimate I». Let E = B, \ Bjy(0). Then, one can write

o ~ B A
0<p(y)-P(E) <P, (E)-p_(E) < log(e + [x])

for all ye E.

With the use of Lemma 2.1, Lemma 2.6, substituting p_(E) for v(-), p(-) for u(-) with ¢ = 1, and since E C B, and

ﬁp((xE)) < p. < o0, we have

P
P-(E)

P(x) _
(|B+I;1 fE f(y)(y’)vdy) S(|B+I;1 fE f(y)"(E)(y’)de)

E))

<o (A B4 [ f(y)p(”(y')vdy) T2,
B,

We also obtain that

P(x) p-
12=(|B+|;1 f f(y)(y’)”dy) sA(|B+|;1 f f(y)p(")(y’)vdy) +AB(x)PW,
B, \Bjy(0) B.

with the use of p(x) > p_(E). Let us obtain /; and E* = B|y(0) N B,. Then, by (2.3), we get

A
[p(x) = p(y)| < ——— for all ye E*.
PO = PONS oo+ b y

Again, with the use of Lemma 2.1, Lemma 2.6 with v(-) = p(x), u(:) = p(:), t = 1, and with the use of r > |x|/4,

[By(0)], < A|B.|,, we get

jut)
)

p(x)
(|B+|;1 fE * f(y)(y’)vdy) s(|B+|;‘ fE * f(y)m(y’)”dy)

(A B, ;! f FOPP)dy + B!
.

IA

By(0)

p-
SA(IB+IV1 f f(y)”(”(y’)vdy) +A(IB+IV1
o

pP-
sA(|B+|;l f f(y)””(y’)wy) +A(|B+|;l
B,

Let 1 <v < p_. Then, by Lemma 2.1, we have

p-
(|B+|;1 ﬂ(y)p(x)(y’)vdy) s|B+|;””(
By (0)

Since p(x)v = p_v > land B(y) < 1,

By(0)

B dy < f B dy < A.

Bm (0) le\ (0)

Also, since |x| > 1,

IB(O),”"" < A (e + [xl)QP-I = AB(),

and B(x) € L;, since p_ > v. Thus, we complete the proof.

Now, we present the following main result on B-fractional maximal operator.

— p_
BO)” (")(y’)vdy)

By,(0)

By4(0)

p-/v
ﬂ(y)W)V(y')de) :

p-
B (y’)VdY)

— P-
B’ ()‘)(y’)ydy) :

Theorem 3.5. Let0 < a < Q, p(-) € LH(RZ’J) withl < p_ < py < % and q(-) : Rzﬁ — [1, 00) which is defined by

11 e
px) q(x)  Q

—. Then, B-fractional maximal operator My : Ly, (R} ) = Lg(), (R} ,) is bounded.
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Proof. Let f € Ly, (R} ) be fixed. Without losing the generality, let f > 0 and ||f|,), < 1. With the use of Lemma
2.2 and Theorem 3.1, it is sufficient to illustrate that

[ wezronoyay < a

k,+

Define fl = f)({x:f(x)zl} and f2 = f)({x:f(x)<l}~ Thell, ||fi||p(.),y < ||f||p(~),v = 1, i= 1,2. By PI‘OpOSitiOHS 3.2and 3.3
and since ¢, < oo, we have

f M F(x)1 (¥ dx < 29 f MO £ ()7 (x) dx + 29+ f M f(x)1 (x') dx
Ry, Ry, Ry,

<A f M, fi(x)PO(x)dx + A f M, f(x)PDIDG D () .
RZ.+ RZ,+
We now estimate each integral. The proof is obvious for the first integral:
A f M, fi(x)PD(x'Ydx < A f M, f(x)PD(x)dx < A.
RZ,+ RZ+
For the second, let € > 0 be fixed. Then, one can find y, [y| > |x| with ¢*(x) < (1 + €)g(y). Then, we find

A
0<q"(x) —qx) < +eqQy)-qx) <lg(y) — gx)| + eqy < Toge + ) +€qy.

Since g*(x) > 1 and € > 0 is arbitrary, we obtain

A
" log(e + Ix)

49
q*(x)

Let v(x) = %. Then v_ > Z—:, S0 Ray,/q.(-)"- is integrable. With the use of Lemma 2.6 for u(x) = 1, we have

M, ()P DFS (Y < A | M, fOPO Y dx + f Rog.jq ()" (X)dx < A.

R:, R, R
This completes the proof. O
As an analog of the result in [16], we can write the following:

Corollary 3.6. If f € Ly,,(R} ) and 1 < p_ < p, < oo, then

lim B, (0, ! f T f(x)))dy = f(x), aa x€R],.
r— B.(0.0) '

4. ON B-RiEsz POTENTIALS

In this section, our aim is to show that B-Riesz potential operator from Lp(.),V(RZ’ L) to Lq(.),V(RZ’ ) is bounded.
Although, B-Riesz potential is well-known, it will be nice to recall it.
Let 0 < @ < Q, then B-Riesz potential is introduced by

0= [ PRy

k+

Let us give the inequality that we will use to obtain our other main result.
Lemma 4.1 ( [14]). Forany €, 0 < € < min(a, Q — @), there exists a constant A = A(a, n, v, €) > 0 such that

I f(x) < ANMY ™ fOOM* f (), 4.1

— R" and for any x € R} ..

n

Jfor any nonnegative function f : R} |

Now, we present the main result on B-Riesz potential operator.
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Theorem 4.2. Let0 < a < Q, 1 < p_ < p; < g, p() € LHR],) and q(-) : R}, — [1,00) which is defined by
a s :
1 1 a
— — —— = —. Then,
r¢) q¢) 0
WY AL,z < Al )- 4.2)

Proof. Let f € Lp(.),V(RZ*) be fixed. Without losing the generality, let ||f|,.), = 1. Then, from Lemma 2.2, it is
sufficient to illustrate that

[ wromoyay <a.

Ry

Let € be fixed 0 < € < max(a, Q — @) such that

> 1, 4.3)

and define v(-) : R}, — [1, 00) as

€q(x) + l

With the use of (4.3), we find v_ > 1. Also, for all x € R” ,» ONe can write

1 1 a—€
P e T g @
2
1 1 a+e
—_— = . “4.5)
v (x)g(x)
py) YW~ g

Take the power g(x) of both side of (4.1) and by integrating over R} , then we get

f |I‘(,Yf(X)|q(x)(x/)de <A f [szz—sf(x)]q(x)ﬂ [M;Hef(x)]q(x)ﬂ (x')"dx.
' RE+

Rk, +

By Lemma 2.1, we get

[ mrcoreeyax < a g egor?) | fagesor”?
Ry, VO

V' (-),v ’

In order to obtain the desired result, we calculate all of the norms on the RHS. Without losing the generality, each norm
is greater than 1. Otherwise the proof is obvious. Therefore, in each norm we take the infimums over u > 1. Since for
allx € R! and p > 1, u?4%) > 219 we get

a—e 20/2\V) a—e (x)q(x)/2 a—e V(X)q(x)/2

MI f@F PN M3~ f(x) . M3~ f(x) .

# (x")'dx = ) % (x")'dx < % (x")'dx,
RZ+ u Rk,+ # RZ,+ ll

and by using (4.4) and Theorem 3.5,

[taas=<ser < gl

q+/2 q+/2
T, <AL <A

On the other hand, the norm estimate for || [M2*€ f1 (~)]q(')/ 2 |ly7(,.,» can be obtained in a similar manner. By (4.5), we have

: 0/2\7 ) ’ v ()q(x)/2 ate v ()q(x)/2
ME*e f(x)] 10" o M f(x) oy MY f(x) oy
f (—[ | (x)dx:f % (x)dxsf % (x")dx.
R; H RL\H R \HTE

Hence, we obtain

o+

(O R IR (1701

which gives us the desired result. O

q+/2 q./2
v, < ANFIG, < A,
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Theorem4.3. LetO<a<Q, 1 <p_<p,< g, then the following is necessary for (4.2) holds:
a

1 1 «
pe) q¢) O
Proof. Letl < p_<p, < g, S € Ly»(R} ) and suppose that the inequality (4.2) holds. Define f; := f(#“x), then we
a :
obtain
. o™
||ﬁ||Lp(-),V(RZ+) = inf {/,l >0: f (f— ()C )de <1
’ Ry, H
pC)
=inf{u>0: f (@) 2()Ydy < 1
Ri
= l_Q||f||L,,(,)4V(R;‘+),
and

I Al =| [ AOIPE20
< Ve

Lo R,

-\ reesowyay

k+

Looyv®RE )

- [ muesoreeyay

+

Ly (®],)

=\ e rnae ooy
y

d
k,+

OIS @ )-

Looyo RS L)

By (4.2), we have

-2
WIS Pl ) < AT Sl 00 )

1 1
where A = A(p(-),q(-),v) > Ois a constant. If — > — + g, then ||7} f1lz,, @z ) = O in the case # — 0 and for all

tI(-).v(

pe) q() Q . X
fe L,,(.),V(RZ’ ,)- Thus, we obtain a contradiction. Similarly, if m < % + %, then ||} f||Lq<->-v(RZ,+> = 0 in the case
1 1
t — oo, and for all f € Ly, (R} ), Thus, we obtain a contradiction. Consequently, 20 = O + %. Hence, the proof
£] p . q .
is completed. O

5. CONCLUSIONS

Fractional maximal operators, Riesz potentials and boundedness of these operators on different function spaces are
considerable problems of Harmonic Analysis. On variable Lebesgue spaces, for shortly L., (R} , ), fractional maximal
and Riesz potential operators have been examined by many mathematicians. On the other hand, B-fractional maximal
and B-Riesz potential operators have been studied on Lebesgue spaces. These results motivate us to investigate B-
fractional maximal My and B-Riesz potential operator I on Ly.,(R} ,). Here, B-fractional maximal and B-Riesz
potential operators on Ly, (R} ) have been examined. We have obtained the mapping properties of B-fractional
maximal operator in Ly, (R ,). Finally, by using this result and L., (R} , )-boundedness of generalized translation
operator, we have proved that B-Riesz potential on Ly, (R} ,) is bounded.
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