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Abstract

In this paper, we introduce the category of brace triples in a braided monoidal setting and
prove that it is isomorphic to the category of s-Hopf braces, which are a generalization of
cocommutative Hopf braces. After that, we obtain a categorical isomorphism between the
category of finite cocommutative Hopf braces and a certain subcategory of the category of
cocommutative post-Hopf algebras, which supposes an expansion to the braided monoidal
setting of the equivalence obtained for the category of vector spaces over a field K by Y.
Li, Y. Sheng and R. Tang.
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1. Introduction

Hopf braces were born in [2] as the quantum version of skew braces, introduced by L.
Guarnieri and L. Vendramin in [9]. The importance of these objects is fundamentally due
to the fact that they provide solutions of the Quantum Yang-Baxter equation, that is a
relevant subject in mathematical physics (see [19] and [4]). Despite the simplicity of its
formulation, finding solutions of the Yang-Baxter equation is not an easy task. In fact,
the problem of classifying all the solutions of the equation is still open and different ap-
proaches have been proposed since the end of the last century. One of them was proposed
by Drinfel’d in [5], that consists of studying non-degenerate set-theoretical solutions. Re-
search into this kind of solutions with the involutive property was what gave rise to the
concept of brace introduced by Rump in [17] for which skew braces are a generalization.
So, a skew brace consists of two different group structures, (G, .) and (G, x), satisfying the
following compatibility condition

g* (ht)=(g*h).g t(gxt) (1.1)
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for all g, h,t € G, where g~! denotes the inverse of g with respect to the group structure
(G,.). These structures are useful to find non-degenerate solutions of the Yang-Baxter
equation not neccesarily involutive. The linearization of skew braces gives rise to the
notion of Hopf brace defined by I. Angiono, C. Galindo and L. Vendramin in [2]: If
(H,e,A) is a coalgebra, a Hopf brace structure over H consists of two different Hopf
algebra structures,

le(H717'767A7)\)7 HQZ(H7107O?67AJS)7
where A and S denote the antipodes, satisfying the following compatibility condition
go(h-t)=(gioh) Ag2)-(gsot) Vg,h,te H

which generalizes (1.1). Moreover, as was pointed in [2, Corollary 2.4], cocommutative
Hopf braces give rise to solutions of Yang-Baxter equation too.

On the other hand, without going into detail, it is not irrelevant to highlight the re-
lationship between Hopf braces and invertible 1-cocycles, which are nothing more than
coalgebra isomorphisms between two different Hopf algebras, m: H — B, such that B is
a H-module algebra. In [2, Theorem 1.12] it is proved that the category of Hopf braces
with H; fixed is equivalent to the category of invertible 1-cocycles m: H; — B. Moreover,
Gonzélez Rodriguez and Rodriguez Raposo proved in [8] that this result remains valid in
the case that H; is not fixed (see also [6]).

Therefore, motivated by the fact that cocommutative Hopf braces induce solutions of the
Quantum Yang-Baxter equation, in this paper we study another objects that characterise
the structure of Hopf braces in the cocommutative setting. So, given C a braided monoidal
category, in Section 3 we introduce the category of brace triples (see Definition 3.1) and
the category of s-Hopf braces (see Definition 3.6). Note that s-Hopf braces generalize
cocommutative Hopf braces because both categories are the same under cocommutativity
assumption (see Remark 3.9). After that, a functor from brace triples to s-Hopf braces is
constructed explicitly (see Theorem 3.10), and another from s-Hopf braces to brace triples
(see Theorem 3.17), ending the section with the main Theorem 3.18 where we prove that
the previous correspondence gives rise to a categorical isomorphism. As a consequence (see
Corollary 3.19), we obtain a categorical isomorphism between cocommutative Hopf braces
and cocommutative brace triples, that is to say, a cocommutative Hopf brace is no more
than a cocommutative Hopf algebra H together with a pair of morphisms, Tx: H — H
and yg: H ® H — H, satisfying some compatibility conditions between them and the
Hopf algebra structure over H.

In Section 4, we introduce the notion of post-Hopf algebra in a braided monoidal cate-
gory C (see Definition 4.1), which generalizes the one introduced by Y. Li, Y. Sheng and R.
Tang in [14] for a category of vector spaces over a field K (see also [3]). After proving some
interesting properties of these objects that can be deduced from the definition, we obtain
a functor from finite brace triples to post-Hopf algebras (see Theorem 4.6). At this point,
hypothesis of cocommutativity acquires significant importance and it is essential, together
with technical condition (4.13), to prove the existence of a functor from the category of
cocommutative post-Hopf algebras that satisfy (4.13) to the category of finite cocommu-
tative Hopf braces (see Theorem 4.15). Therefore, Theorem 4.16 is the main result of this
section, where we prove that this correspondence induces a categorical isomorphism be-
tween cocPost-Hopf*, the category of cocommutative post-Hopf algebras satisfying (4.13),
and finite cocommutative brace triples. So, as a consequence, cocPost-Hopf*, finite co-
commutative brace triples and finite cocommutative Hopf braces are isomorphic, which
suppose a generalization of [14, Theorem 2.13] to the braided monoidal setting.

In the following diagram it is possible to consult a summary of the categorical relation-
ships that can be seen along this paper. Detailed notation information will be introduced
throughout the paper.
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F
BTfcC BT ~ sHBr
l G
P
F/
Post-Hopf cocBT ~ cocHBr
|
j P/ F//
cocPost-Hopf* ~ cocBTf ~ cocHBrf
G//OQ G//
Q

Figure 1. Categorical relationships between HBr, BT and Post-Hopf.

2. Preliminaries

Throughout this paper we are going to denote by C a strict braided monoidal category
with tensor product &, unit object K and braiding c.

As can be found in [15], a monoidal category is a category C together with a functor
® : Cx C — C, called tensor product, an object K of C, called the unit object, and families
of natural isomorphisms

aynp: (MON) QP ->M®@(N®P), ry MK —>M, ly:K®M— M,

in C, called associativity, right unit and left unit constraints, respectively, which satisfy
the Pentagon Axiom and the Triangle Axiom, i.e.,

aM,N,PeQ © GMeN,PQ = (idy @ an,pQ) © am,NoP,Q © (aym,N,Pp @ idQ),

(idM & ZN) CaApM KN =TM® idy,

where for each object X in C, idx denotes the identity morphism of X. A monoidal
category is called strict if the previous constraints are identities. It is an important result
(see for example [13]) that every non-strict monoidal category is monoidal equivalent to
a strict one, so the strict character can be assumed without loss of generality. Then,
results proved in a strict setting hold for every non-strict monoidal category that include,
between others, the category K-Vect of vector spaces over a field K, the category R-Mod
of left modules over a commutative ring R or the category of sets, Set. For simplicity of
notation, given objects M, N, P in C and a morphism f : M — N, in most cases we will
write P® f for idp ® f and f ® P for f ® idp.

A braiding for a strict monoidal category C is a natural family of isomorphisms
euN: MON — N®M
subject to the conditions

cuNeop = (N @ cyp) o (emn @ P), cyen,p = (cap @ N) o (M ® e p).

A strict braided monoidal category C is a strict monoidal category with a braiding.
These categories were introduced by Joyal and Street in [11] (see also [12]) motivated by
the theory of braids and links in topology. Note that, as a consequence of the definition,
the equalities cyr, x = cx v = idys hold, for all object M of C. Moreover, if C is braided
with braiding ¢, then C is also braided with braiding ¢~!. We will denote by C the category
C with braiding ¢ .

If the braiding satisfies that cy a0 ey, v = idygn, for all M, N in C, we will say that
C is symmetric. In this case, we call the braiding ¢ a symmetry for the category C.

In the following definitions we sum up some basic notions in the braided monoidal
setting.
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Definition 2.1. An algebra in C is a triple A = (A, n4,p4) where A is an object in
Cand ng4: K — A (unit), pug : A® A — A (product) are morphisms in C such that
pao(A®na) =ida=paoMa®A), pao(A®@pua) = puao(ua® A). Given two algebras
A= (A,na,pa)and B = (B,np, 1), a morphism f : A — B in C is an algebra morphism
if ppo (f® f)=fonpa, fona=ns.

If A, B are algebras in C, the tensor product A ® B is also an algebra in C where
NagB =NA ®1p and pagp = (a @ up) o (A @ cp.a ® B).

Definition 2.2. A coalgebra in C is a triple D = (D,ep,dp) where D is an object in C
and ep : D — K (counit), 0p : D — D ® D (coproduct) are morphisms in C such that
(€D®D) odp = idp = (D®€D) odp, (5D®D)05D = (D®5D)O5D. If D= (D,ED,5D)
and E = (E,eg,dg) are coalgebras, a morphism f : D — E in C is a coalgebra morphism
if (f®f)odp=2>0pof,egof=cep.

Given D, FE coalgebras in C, the tensor product D ® FE is a coalgebra in C where
epge =€p ®eg and dpgr = (D ® cp.p ® E) o (6p ® OE).

Definition 2.3. Let D = (D,ep,0p) be a coalgebra and A = (A,n4,pna) an algebra in
C. By Hom(D, A) we denote the set of morphisms f: D — A in C. With the convolution
operation f* g = pao (f ® g) odp, Hom(D, A) is an algebra where the unit element is
NACED = ED D NA.

Definition 2.4. Let A be an algebra. The pair (M, pas) is a left A-module if M is an
object in C and ¢p; : A® M — M is a morphism in C satisfying @ o (na ® M) = idyy,
om0 (A® on) = om o (pa ® M). Given two left A-modules (M, ppr) and (N, ¢on),
f: M — N is a morphism of left A-modules if py o (AR f) = fopu.

The composition of morphisms of left A-modules is a morphism of left A-modules. Then
left A-modules form a category that we will denote by AMod.

Definition 2.5. We say that X is a bialgebra in Cif (X, nx, px) is an algebra, (X, ex,dx)
is a coalgebra, and ex and dx are algebra morphisms (equivalently, nx and px are coal-
gebra morphisms). Moreover, if there exists a morphism Ax : X — X in C, called the
antipode of X, satisfying that Ax is the inverse of idy in Hom(X, X), i.e.,

idx*)\xznxoé)(:)\x*idx, (2.1)

we say that X is a Hopf algebra. A morphism of Hopf algebras is an algebra-coalgebra
morphism. Note that, if f : X — Y is a Hopf algebra morphism the following equality
holds:

Ay of=folx. (2.2)

With the composition of morphisms in C we can define a category whose objects are
Hopf algebras and whose morphisms are morphisms of Hopf algebras. We denote this
category by Hopf.

Note that if X = (X, nx,ux,ex,0x,Ax) is a Hopf algebra in C such that its antipode,
Ax, is an isomorphism, then XP = (X, nx, ux,ex, C)_(,lx 00y, )\)_(1) is a Hopf algebra in
C (see [16]).

A Hopf algebra is commutative if yux ocx x = px and cocommutative if cx x 0odx = dx.
It is easy to see that in both cases Ax o Ax = idx.

If X is a Hopf algebra, relevant properties of its antipode, \x, are the following: It is
antimultiplicative and anticomultiplicative

Axopux =pxo(Ax ®Ax)ocxx, Odxolx =cxxo(Ax ®Ax)odx, (2.3)
and leaves the unit and counit invariant, i.e.,

Ax 0Nx =1Nx, €XO0Ax =€X. (2.4)
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So, it is a direct consequence of these identities that, if X is commutative, then Ay is an
algebra morphism and, if X is cocommutative, then Ax is a coalgebra morphism.
In the following definition we recall the notion of left module (co)algebra.

Definition 2.6. Let X be a Hopf algebra. An algebra A is said to be a left X-module
algebra if (A4, 4) is a left X-module and 14, 4 are morphisms of left X-modules, i.e.,

pao (X ®@na)=cex ®na, pao(X ®pa)=paopaza, (2.5)
where paga = (A @ pa)o (X @cxa®A)o (0x ® A® A) is the left action on A ® A.
Definition 2.7. Let X be a Hopf algebra. A coalgebra D is said to be a left X-module
coalgebra if (D, pp) is a left X-module and £p, dp are morphisms of left X-modules, in
other words, the following equalities hold:

EpoyYp =¢en ®ep, 6poyp =ppepo(H®Ip). (2.6)

Equivalently, (D, ¢p) is a left X-module coalgebra if and only if ¢p is a coalgebra mor-
phism.

The following result will be interesting along this paper.

Theorem 2.8. Let X = (X, nx, ux,ex,0x, \x) and H = (H,ng, pm,em,0m, Air) be Hopf
algebras in C such that there exists a morphism pr: X @ H — H satisfying the following
conditions:

(1) pro (X @um)=puo(pr @pu)o (X ®exu®@H)o(0x ® H® H),
(ii) ¢m is a coalgebra morphism.

Then, o o (X @ n) = ex @ ny holds.

Proof. The equality follows by:
er o (X @nu)

=(pag @ (cgopn))o (X ®cxyp®@H)o (dx @ng ®nm) (by (i), naturality of ¢ and (co)unit
properties)

=g o (pr® Maroecmopn)) o (X ®@cx,g®H)o (0x ®ng @ ny) (by unit property)

=pn o (o @ ((idg * Ag) o pn)) o (X @ cxp @ H) o (6x @ @nu) (by (2.1))

=pr © (n @ (i o (H®An) o (on ® pu) o (X ®@ex,n @ H) o (6x ®0))) o (X ® cx,n
® H)o (6x ®ng @nu) (by (i)

=pm o (1t o (pr @) o (X ®exy @ H)o (6x ® H® H)) @ (A o ¢n))
o(X®(H®exg®@H)o(cx, g ®dn))) o (0x ®ng @ ng) (by naturality of ¢, coassociativity
of §x and associativity of ug)

=pr o ((pr o (X @ pn)) @ (Amopn)) o (X @ (H@cx,p ®H)o(cx,g ®dn))) o (0x @nu
®nm) (by (i)

=pgo(H®Ag)o(pur ®@¢pn)o (X ®@cx,g @ H)o (dx ® (g ©nm)) (by naturality of ¢
and unit property)

=(idg * Apr) o o o (X ® npr) (by (ii))

=ngoeyopyo (X ®ng) (by (2.1))

=ex @ Ny (by (ii) and (co)unit properties). O

Corollary 2.9. Let X = (X,nx,ux,ex,0x, \x) and H = (H,ng, by, €1, 00, \ir) be

Hopf algebras in C. If (H,pp) is a left X-module coalgebra and pg is a morphism of left
X -modules, then (H,¢r) is a left X-module algebra.

In the braided setting the definition of Hopf brace is the following;:
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Definition 2.10. Let H = (H,ecp,0n) be a coalgebra in C. Let’s assume that there are
two algebra structures (H, 0k, uk;), (H, 1%, u3;) defined on H and suppose that there exist
two endomorphism of H denoted by )\}{ and /\%I. We will say that

(H, iz i Mg M 1, 1, Mg, Ady)
is a Hopf brace in C if:
() Hi1 = (H,nk, uk, em,6m, \}) is a Hopf algebra in C.
(ii) Ho = (H,n%,p%,em,0m, \%) is a Hopf algebra in C.
(iii) The following equality holds:
piro (H® pp) = pgr o (i @ Try) o (H @ ey @ H) o (05 © H @ H),
where
Ty, = pyg o (A @ pdy) o (On @ H).
Following [7], a Hopf brace will be denoted by H = (H;, H2) or in a simpler way by H.

Definition 2.11. If H is a Hopf brace in C, we will say that H is cocommutative if
0g = cH,H ° 0, i.e., if Hy and Hy are cocommutative Hopf algebras in C.

Note that by [18, Corollary 5|, if H is a cocommutative Hopf algebra in the braided
monoidal category C, the identity

CH,H © CH.H = WdHoH (2.7)
holds.

Definition 2.12. Given two Hopf braces H and B in C, a morphism f in C between the
two underlying objects is called a morphism of Hopf braces if both f : H; — B; and
f : Ho — Bs are Hopf algebra morphisms.

Hopf braces together with morphisms of Hopf braces form a category which we denote
by HBr. Moreover, cocommutative Hopf braces constitute a full subcategory of HBr which
we will denote by cocHBEr.

Let H be a Hopf brace in C. Then

M = i, (2.8)
holds and, by [2, Lemma 1.7], in this braided setting the equality
Ty o (H®Ay) = pgg o (A o pdy) @ H) o (H @ cpr) o (0 © H) (2.9)

also holds. Moreover, in our braided context [2, Lemma 1.8] and [2, Remark 1.9] hold and
then we have that the algebra (H,n};, k) is a left Ha-module algebra with action T'g,
and p%; admits the following expression:

p3 = o(H®Ty,)o (dg @ H). (2.10)
In addition, by [2, Lemma 2.2], I'g, is a coalgebra morphism when H is cocommutative.
Lemma 2.13. Let H be a Hopf brace in C. The equality
T, o (H@ M) ody = M\ (2.11)
holds.
Proof. The equality follows by:
Ty, o (H® M) ody
=ptr o (AL @ p2) o (6 ® N%) 0 8y (by definition of T'y,)
=ubr o (AY @ (idy * A%)) 0 851 (by coassociativity of 65)

:)\llq (by (2.1) and (co)unit properties). O
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To conclude this introductory section we will remember the notion of finite object in C,
since they are going to be of special interest throughout Section 4.

Definition 2.14. An object P in C is finite if there exists an object P*, called the dual
of P, and a C-adjunction P ® — 4 P* ® — between the tensor functors.

We will denote by ap and bp the unit and the counit of the previous C-adjunction,
respectively. Finite objects in C constitute a full subcategory of C that we will denote
by Cf. Note that, for every finite object P in C, we have a natural algebra structure in
C over the tensor object P* ® P as we can see in the following lemma, whose proof is
straightforward.

Lemma 2.15. Let P be a finite object in C, then P* ® P is an algebra in C with product
and unit given by
pprep =P @bp(K)® P
and
npegp = ap(K),
respectively.
Moreover, it is going to be useful the following lemma.
Lemma 2.16. If P is a finite object in C, then
(cpps ® P)o (P®ap(K)) = (P*®cplp) o (ap(K) @ P). (2.12)
Proof. The equality (2.12) follows by:
(cpp- @ P)o (P ®ap(K))
:(P* ® (013113 o Cp’p)) o (Cp’p* ® P) o (P ® ap(K)) (by the isomorphism condition for cp,p)

:(P* ® c;,lp) o (ap<K) ® P) (by naturality of ¢ and cp x = idK). ]

3. Brace triples and Hopf braces

The aim of this part is to prove that we can characterise Hopf braces in C via another
structures. This new structures will be known as brace triples.

Definition 3.1. Consider H = (H,ng, pm, 1,01, Agr) a Hopf algebra in C with Ay an
isomorphism and let yg: H ® H — H and Ty: H — H be morphisms in C. We will say
that (H,~vm,TH) is a brace triple if the following conditions hold:
(i) ('YH &® H) o (H® CH,H) o (5H ®H) = ('YH ®H) o (H@CH,H) o ((CH,H odH) ®H).
(ii) g is a coalgebra morphism, i.e.:
(ii.1) dgove = (v @vm) o (H®@ cup @ H) o (0m ® d),
(ii.?) EHOVYH = €H ®EH.

MHO(H®7H)O(((5HOTH)®H) :MHO(H®’YH)O(((TH®TH)05H)®H)
'VHO(H@TH)O(SH:)\H.
(V15) ’YHO(TH@H)O(SH = )\;I]' OTH-

)

vi.2) egoTy =€p
)
)

Remark 3.2. Given a brace triple (H, v, TH), conditions (ii) and (iii) of Definition 3.1
imply that

Yo (H®ng) =en @ny (3.1)
holds by Theorem 2.8.
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Remark 3.3. Let (H,vm,TH) be a brace triple. Note that condition (vi.5) of Definition
3.1 is equivalent to

i o (H®Ty') o ¢y o0 = Ay (3.2)
In fact, on the one side, suppose that (vi.5) of Definition 3.1 holds. Then, we have that:
Py
=\y' 0T o T;' (by the condition of isomorphism for )
=yg o (Tg ® H) o3y 0 Ty (by (vi.5) of Definition 3.1)
=y o (Ty ® H) o (Ty' @ Ty") © ¢y 0 61 (by (viil) of Definition 3.1 and the
isomorphism condition for Tr and czr.zr)
=y o (H®Ty") o cy'yy 0 0ur (by the condition of isomorphism for Ty).
On the other side, suppose now that (3.2) holds. Then,
/\I_Jl o Ty
=ygo(H® TI}I) o C;I,IH 0dp o Ty (by (3.2)
=y o (H®Ty")och'y ocumo (T @ Th) o by (by (vil) of Definition 3.1)
=g o (Tyg ® H) o 0 (by the isomorphism condition for cg 7 and Trr).

Definition 3.4. Let (H,~vy,Ty) and (B,~vp,Tp) be brace triples and f: H — B a mor-
phism in C. We will say that f is a morphism of brace triples if f is a Hopf algebra
morphism and

fova=vBo(f®f) (3.3)
holds.

Brace triples and their morphisms form a category which we will denote by BT.

Remark 3.5. Suppose that (H,~yg,Ty) is a brace triple with H cocommutative. Under
this condition, note that (i) of Definition 3.1 always holds and take also into account that
(vi.1) becomes dg o Ty = (T ® Thy) o 0. This implies that (vi.3) always holds in the
cocommutative setting. Moreover, )\[_{1 = Ay (due to Ay o Ay = idpr), so this implies that
(vi.5) becomes g o (Ty ® H) o dg = A o Ty. Therefore, as a consequence of (vi.4) and
(vi.5), we obtain that

fyHo(H®TH)o5H:)\H:'yHo(TH@H)o(;HoTI}l.

Cocommutative brace triples constitute a full subcategory of BT which we will denote
by cocBT.

Definition 3.6. Let H be a Hopf brace in C. We will say that H is an s-Hopf brace if the
following conditions hold:

(1) (FH1 ®H) o (H®CH,H) o (5H®H) = (FHl ®H) o (H@CH’H> o ((CH,H 05H) ®H)
(ii) A}, and A%, are isomorphisms in C such that the following conditions hold:
(1) o (H& Ty ) o (6 0 N3) @ H) = gy o (H @ Ty ) o (A @ N3) 0 61) @ H).
(ii.2) Ty o (A, @ H) o by = (M)t o A3,

With the obvious morphisms, s-Hopf braces constitute a full subcategory of HBr, and
we will denote it by sHBr.

Remark 3.7. Let’s assume that C is symmetric. Under this assumption, condition (i) of
Definition 3.6 means that (H;,I'y,) is in the cocommutativity class of Hy following the
notion introduced in [1, Definition 2.1 and Definition 2.2].
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Remark 3.8. Note that, for an s-Hopf brace H, condition (ii.2) of Definition 3.6 is
equivalent to

Lo (Ho (M) o 01_1,111 00 = (M) (3.4)
Indeed, suppose that (ii.2) of Definition 3.6 holds, then:
Ag) !
=(AL) 7 o X% 0 (M%) (by the condition of isomorphism for A%)
=T, 0 (M}, @ H) o 0 (M) ™! (by (ii.2) of Definition 3.6)
=Tp, 0 (Mg @ H)o (M) ™' @ (M) ™) o ¢y © 6n (by (2.3) and the isomorphism condition
for A3; and car pr)
=T, o (H® (M) ") o'y © 8 (by the condition of isomorphism for AZ).
On the other hand, we have that:
(i) o Ny
=T, 0 (H® (M) ") o ey 06 0 Ay (by (3.4))
=Ty, 0 (H® (M) ™) o ey o e o (M @ M) 0 0t (by (2.3))
=Ty, 0 (A% ® H) 0 6 (by the isomorphism condition for A% and cp ).

Remark 3.9. Consider H a cocommutative s-Hopf brace. Under cocommutativity as-
sumption, note that (i) of Definition 3.6 always holds. In addition, 6o\%, = ()\ ®A)odH,
so (ii.1) always holds too. Moreover, under cocommutativity conditions, A% is an involu-
tion for all k£ = 1,2. Therefore, condition (ii.2) of Definition 3.6 is satisfied. Indeed:

o (Nir
o )‘H ®,u,H o ((51{ o \? ) ®H) 0 dp (by definition of Ty, )

H)ody
( )
oAy @) o (AN @M%) 0dy) @ H) ody (by (2.3) and cocommutativity of 5y )
0 ( ") ®
) ®

—piy
=py
=pg o (A 0 A

_,uHo(()\Ho)\2 ng o)) ody (by (2.1))

:)‘H o )‘H (by (co)unit property).

(
( * ZdH)) 0 dp (by coassociativity of dsr)
(

So, under cocommutativity supposition, every Hopf brace is an s-Hopf brace, that is to
say, sHBr = cocHBr.

In this first result, we will prove that every brace triple induces an s-Hopf brace in C.

Theorem 3.10. Let (H,vy,TH) be a brace triple in C. Then Hgt = (H, HgT) is an s-
Hopf brace in C being Hgt the Hopf algebra structure defined by Hgt = (H,n, 15 €1, 01, Th ),
where p§] == pg o (H @ yg) o (0g @ H).

Proof. At first we will prove that Hgt is a Hopf algebra in C. Note that we already know
that (H,ep,dp) is a coalgebra in C and that ng is a coalgebra morphism. We begin by
proving the unit property for u§/. Indeed, on the one side,

fy © (n @ H)
=pgo(H®vyy)o ((dg ong) ® H) (by definition of u%)
=l © (77H ® (’VH o (77H &® H))) (by the condition of coalgebra morphism for 7z)
=pg o (ng @ H) (by (v) of Definition 3.1)
=idy (by unit property),
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and, on the other side,

pg o (H ®nm)
=pg o (H & (ygo(H ®np))) odp (by definition of uf])
=pugo(H®eg®H)o (dg @ng) (by (3.1))
=1dr (by (co)unit property).
The associativity of uf] follows by
pig o (ny @ H)
=pgo(H®vg)o((0gopung)@H)o(H®vyg @ H)o (0 ® H® H) (by definition of u%)
=pg o (H®vg)o (hg ® pa) o (H® cup ® H) o (65 ® (61 ©y))) ® H) o (0g © H
® H) (by the condition of coalgebra morphism for jiz)
=upo(H@vp)o (ug @ pg)o (H@cpg @ H)) @ H)o (65 @ ((vg ®@vu) o (H ® chu
®@H)o (g ®dn)))®H)o (g ® H® H) (by (ii.1) of Definition 3.1)
=ppg o (ng @ (ya o (ng @ H))) o (H® ((yg ® H) o (H @ cg i) © (e, 0 0m) @ H)) @ v
@H)o(HRH®cyyp®H®H)o ((H®Jy)ody)®dy ® H) (by naturality of ¢ and
coassociativity of o)
=pm o (pg @ (i o (pg © H))) o (H@ ((yu @ H) o (H @ cpi) o (0g @ H)) @ yu @ H)
c(HH®@cug®H®@H)o ((H®Jdy)odn)® Iy ® H) (by (i) of Definition 3.1)
=pr o ((pa o (H®yw)) @ (va o ((pg o (H®@yn) o (0p @ H)) @ H))) o (H ® ((H @ ch,n)
o(dp®@H))®@H®H)o (dg ®dyg ® H) (by naturality of ¢ and coassociativity of 6z)
=pm o (H® (pm o (ya @) o (H@cpy @ H)o (op @ H® H)))o(H® H® H® vp)
o (g ®dy ® H) (by (iv) of Definition 3.1 and associativity of fz)
=pgo(H®vm)o (0g @ (o (H ®vym)o (0 ® H)))) (by (iii) of Definition 3.1)
:u?} o(H® ,u?}) (by definition of u7 ).
Also, %] is a coalgebra morphism. On the one hand, by the condition of coalgebra

morphism for pg, (ii.2) of Definition 3.1 and the counit property, it is straightforward to
compute that e o p¥] = ey ® ey and, on the other hand,

Sm o py

=dgoumgo(H®@yy)o (dg ® H) (by definition of u%)

:(NH ® ,uH) o (H X cHH® H) o (5H ® (5H o 'YH)) o (5H ® H) (by the condition of coalgebra
morphism for pg)

=(pr @pa)o(H®cgg @ H) o (0g @ ((vu @ va) o (H® cypg ® H) o (6g ®dn)))
o ((SH & H) (by (ii.1) of Definition 3.1)

=(pun @ pu)o (H® (vu®@ H)o (H ®@cym)o((cumodn)®H))®@vm)o(H®H®chn
& H) o (((H & 5H) o 5H) (9 5H) (by naturality of ¢ and coassociativity of dz)

=(pug @ pr)o(H® (vg @ H)o(H®cyp)o (g @H)) @) o(H® H® g ® H)
o(((H®dp)odn) ®dx) (by (i) of Definition 3.1)

=((pr o (H@p) o (6n @ H)) @ (pg o (H®@vym) o (0g ©® H))) o (H @ cyp © H)
o (5H (9 5H) (by coassociativity of 6z and naturality of c)

:(M?} ® u?_}r) o(H® CH,H Q H) o (0g ® dp) (by definition of u%).

So, HgT is a bialgebra in C. From now on, we will denote by #gt the convolution in
Hom(H N H BT)‘
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The conditions for T to be the antipode for Hgt follows from the following facts. First
note that

tdp *g1 ThH
:MJBL} o(H ®Ty) o dy (by definition of #gr)
=ppo(H &) o (0g @Ty)ody (by definition of uf )
=pgo(H® (ygo(H®Ty)ody))ody (by coassociativity of dzr)
=idpg * Agy (by (vi.4) of Definition 3.1)
=en @np (by (2.1)).
On the other side,
Ty *gridy
=u} o (Tyg ® H) o dp (by definition of gr)
=pgo(H®vym)o ((0goTy)® H)odp (by definition of u7)
=pgo(H®vm)o ((Th ®TH)odm) @ H) o dp (by (vi.3) of Definition 3.1)
=pgo (T @ (v o (Ty ® H) o dp)) o 0 (by coassociativity of 6z)
=g o (T @ (Mg 0 Tir)) o 651 (by (vi.5) of Definition 3.1)
—pr o (H®Ag') o ¢yl 06 o Ti (by (vi1) of Definition 3.1 and the condition of
isomorphism for cu, )
=ng oeg o Ty (by (2.1) for H*P)
=ecg @ Ny (by (vi.2) of Definition 3.1)

Therefore, HgT is a Hopf algebra in C.
To conclude the proof we have to show that (iii) of Definition 2.10 holds. Note that

Ty =m (3.5)
holds. Indeed,
Ty
=ug o (Ag @ uf) o (g @ H) (by definition of T'})
=pugoAg @ (ugo(H®vyg)o (dg @ H))) o (dg ® H) (by definition of ¥ )
=i © (()\H * idH) ® vg) o (dg ® H) (by associativity of iz and coassociativity of dr)
=g (by (2.1) and (co)unit property).
Consequently,
pro (py @T%)o(H®cgug @ H)o(6y @ H® H)
=pu o ((pr o (H®ym)o (6n ® H)) ®@yn) o (H®cyp @ H)o (g @ H® H)
(by definition of u¥ and (3.5))
=pm o (H® (pmo(yu ®@ym)o(H®@cyn @ H)o 0y ®@H®H)))o (0py®H®H)
(by associativity of uz and coassociativity of 6zr)
=ppgo(H®vg)o (0g @ pp) (by (iii) of Definition 3.1)
=u8] o (H ® pup) (by definition of 157).

Finally, by (3.5) and thanks to axioms (i), (vi), (vi.3) and (vi.5) of Definition 3.1,
conditions (i), (ii), (ii.1) and (ii.2) of Definition 3.6 are obvious. O

Remark 3.11. When H is a cocommutative Hopf algebra, we recover [10, Remark 4.5].

Corollary 3.12. Let (H,vg,TH) be a brace triple in C. Then, (H,vg) is a left Hgt-
module algebra.
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Proof. Thanks to the fact that Hgt = (H, HgT) is a Hopf brace, we know that (H,T'%])
is a left Hgr-module algebra. Due to being I'}] = vp, as we have proved in the previous
result, we conclude that (H, ) is a left Hgr-module algebra. O

Remark 3.13. Let’s assume that C is symmetric. Under this assumption and thanks to
the previous corollary, axiom (i) of Definition 3.1 means that (H, ) is in the cocommu-
tativity class of Hgt.

Corollary 3.14. Let (H,vy,Ty) be a cocommutative brace triple, then
Ty o Ty = idy. (3.6)

Therefore, conditions (vi.4) and (vi.5) of Definition 3.1 are equivalent in the cocommuta-
tive setting.

Proof. As was proved in Theorem 3.10, Ty is the antipode for the Hopf algebra HpgT.
Then, if H is cocommutative, HgT is cocommutative too and, as a consequence, (3.6)
holds. [l

Corollary 3.15. If f: (H,vy,Tu) — (B,vB,TB) is a morphism of brace triples in C,
then

foThg=Tpof.

Proof. 1t is enough to see that f: Hgt — Bpgt is a Hopf algebra morphism. Due to
the fact that Hgt and Bgt are Hopf algebras in C with the same underlying coalgebra
structure and the same unit morphisms as H and B, respectively, it is enough to prove
that f is compatible with the products uf and p%. Indeed,

foug
=fougo(H®yy)o (dg ® H) (by definition of u%)
=ppo(f® f)o(H®vg)o (dg ® H) (by the condition of algebra morphism for f: H — B)
=ppo(B@yp)o((f® f)odn)® f) (by (33))
=pupo(B®~vp)o (dp® B)o (f & f) (by the condition of coalgebra morphism for f)
(

:M%T o (f® f) (by definition of u% ).

So, due to being f: Hgt — Bt a Hopf algebra morphism in C, we can apply (2.2) what
concludes the proof. O

Theorem 3.10 implies that there exist a functor F': BT — sHBr defined on objects by
F((H,vm,Ty)) = Het and on morphisms by the identity. To see that F' is well-defined
on morphisms, we have to prove that if f is a morphism in BT, then f is a morphism in
HBr. To verify this fact, it is enough to compute that f o uff = p¥ o (f @ f), what we
have just seen in the proof of Corollary 3.15.

Moreover, we can also construct a brace triple from every s-Hopf brace. First of all, we
are going to prove the following lemma.

Lemma 3.16. Let H be a Hopf brace in C. If I'p, satisfies condition (i) of Definition 3.6,
then I'g, s a coalgebra morphism.
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Proof. On the one hand, it is straightforward to see that ey o'y, = eg ® e. Let’s see
that dy o I'g, = (I‘H1 ® FHl) o (H QCHH® H) o ((5]_1 ® 6H) Indeed:
dgoly,
=0y o U}{ o ()\llg X ,U,%_I) o (0 ® H) (by definition of 'z, )
=(up @ py) o (H® caH®H)o ((0f o M) @ (8 0 %)) o (0 @ H) (by the condition of
coalgebra morphism for u};)
=(upr @ pyr) o (H @ e © H) o (e o (Mg @ M) 0 8m) © (1 ® pip) o (H @ e
® H) o ((5].1 ® 5[.[))) o (5H ® H) (by the condition of coalgebra morphism for ©3 and (2.3))
=(H® (ugy o Ay ® H))) o (T, ® H) o (H @ e © ((crm 0 6m) © H)) © py)
o (H Qcgpg ® H) o (6H ® 5H) (by coassociativity of d, naturality of ¢ and definition of I'g, )
=(H® (ugy oAy @ H)) o (T, ® H) o (H @ cpr) © (5 © H)) @ pgy) o (H @ epppr
® H) o (0g ®dp) (by (i) of Definition 3.6)
Z(FH1 ® FHl) o (H QcyH ® H) o (5H ® 5H) (by coassociativity of 6y and naturality of ¢). [J

Theorem 3.17. If H is an object in sHBr, then (H1,Tn,,\3;) is a brace triple.

Proof. It is a consequence of the following facts: By (i) of Definition 3.6 and previous
lemma, conditions (i) and (ii) of Definition 3.1 hold. Moreover, it is well known that
(H1,Tg,) is a left Ho-module algebra. This property together with (2.10) implies that
axioms (iii), (iv) and (v) of Definition 3.1 also hold. Identities (vi), (vi.1) and (vi.2) of
Definition 3.1 follow by (ii) of Definition 3.6 and equations (2.3) and (2.4). The remaining
axioms, (vi.3), (vi.4) and (vi.5) of Definition 3.1, are consequence of (ii.1) of Definition
3.6, equation (2.11) and (ii.2) of Definition 3.6, respectively. O

As a consequence of the previous theorem, we obtain a functor G: sHBr — BT acting
on objects by G(H) = (Hy,'g,, A%) and on morphisms by the identity. To see that Gy is
well-defined on morphisms, we have to compute that if f: H — B is a morphism in sHBr,
then fol'y, =Tp, o(f® f). Indeed:

folm

=fo /L}{ o ()\llq & IU,QH) o <5H & H) (by definition of T’ )

Z/,L]lg o((fo )\}{) ®(fo ,u%{)) o (0g ® H) (by the condition of algebra morphism for f: Hy — By)

:u]lg o ()\%3 X /LQB) o (((f X f) o 5H) X f) (by the condition of algebra morphism for f: Hy — Bs
and (2.2))

:MJIB o ()\%3 ® NQB) o(0p® B) o (f® f) (by the condition of coalgebra morphism for f)

=I'p, o (f ® f) (by definition of I's, ).

Next theorem is the main result of this section. We will prove that functors F' and G
induce a categorical isomorphism between sHBr and BT.

Theorem 3.18. The categories sHBr and BT are isomorphic.

Proof. First of all, it results clear that G o F' = idgt. Indeed, consider (H,~vg,TH) a
brace triple, we obtain that:
(Go F)(H,vu,Th))
=G (HgT) (by definition of functor F)
=(H,T% ,Tx) (by definition of functor G)
=(H,vm,TH) (by (3.5)).
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On the other side, consider H an object in sHBr. We have that:
(FoG)(H)
=F((Hy,Tg,, %)) (by definition of functor G)
=(H1, HgT) (by definition of functor F),
where, in this particular case,
o
=t o (H®Tp,) o (6g ® H) (by definition of ;5)
=137 (by (2.10)).
Therefore, Hgt = Ho, and then F' o G = idgpg,- O]

Corollary 3.19. Categories cocHBr and cocBT are isomorphic.

Proof. 1t is enough to take into account Remarks 3.5 and 3.9 and the previous theorem.
The isomorphism in this case is given by functors F’ and G’ which are the restrictions of
F and G to cocBT and cocHBr, respectively.

F
BT ~ HBr
G
F/
cocBT ~ cocHBr
G/

4. Post-Hopf algebras and Hopf braces

In this section we introduce the notion of post-Hopf algebra in the braided monoidal
context. In particular, for the category of vector spaces over a field K, we obtain the
concept of post-Hopf algebra presented in [14], where the authors get an equivalence
between Hopf braces and these objects under cocommutativity assumption. Besides being
working in a more general setting, in this section we prove that the categories of finite
cocommutative Hopf braces and cocommutative post-Hopf algebras satisfying condition
(4.13) are isomoprhic. As a consequence of this result together with Corollary 3.19, we
also deduce that finite cocommutative brace triples are isomorphic to post-Hopf algebras
verifying (4.13).

Definition 4.1. A post-Hopf algebra in C is a pair (H,mpy) where H is a finite Hopf
algebra in Cand my: H®H — H is a morphism in C that satisfies the following conditions:
(i) my is a coalgebra morphism, which means that the following equalities are satis-
fied:
(i.1) dgompy = (myg@mpy)o(H@cuyug @ H)o (0y ®dn),
(12) EgOomMmy =g X EQ.
(ii) mgo (H®mpg) =mgo (ugo(H®mpg)o (0g ® H)) ® H), which is called the
“weighted” associativity.
(iii) mg o (H® pp) =pao(mg @mpg)o(HQ@cyng ® H)o (g ® H® H).
(iv) The morphism
ag = (H*@mpy)o (cpp ® H)o (H®ay(K)): H— H* ® H

is convolution invertible in Hom(H, H* ® H), which means that there exists a
morphism g : H — H* ® H such that

(H*®6H(K)®H)O(QH®BH)O(5H :EH®CLH(K) = (H*®5H(K)®H)O(ﬁH®aH)O5H.
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Remark 4.2. Given a post-Hopf algebra (H,mp), conditions (i) and (iii) of Definition
4.1 imply that

mgo(H®ny) =cyg @nu (4.1)
holds by Theorem 2.8.

Definition 4.3. Let (H,my) and (B, mp) be post-Hopf algebras in C and let f: H — B
be a morphism in C. We will say that f is a post-Hopf algebra morphism if f is a Hopf
algebra morphism and the condition

fomg=mpo(f®f) (4.2)
holds.

Post-Hopf algebras and their morphisms form a category and we will denote it by Post-
Hopf. When H is cocommutative, we will say that (H, mp) is a cocommutative post-Hopf
algebra in C. Cocommutative post-Hopf algebras constitute a full subcategory of Post-Hopf
which we will denote by cocPost-Hopf.

Lemma 4.4. Let (H,my) be an object in Post-Hopf. It is verified that
mHocI_{’lH: (bg(K)® H)o (H ® ag). (4.3)
Therefore,
mpy = (bg(K)® H)o (H ® af) o chH- (4.4)
Proof. Let’s start proving (4.3):
(br(K) ® H) o (H® o)
=(bp(K)®@mpg)o (HQ ((cgu @ H) o (H ®ay(K)))) (by definition of )
=(br(K) ® (mp o cpy)) o (H ® an(K) @ H) (by (212))
=my o 'y (by the adjunction properties).
So, composing on the right with ¢y i, we obtain (4.4). O

Lemma 4.5. Let (H,mp) be an object in Post-Hopf, then
mpg o (ng @ H) = idg. (4.5)
Proof. First of all, note that the morphism my o (ny ® H) is idempotent. Indeed,
my o (H®@mpu)o (ny ®nu @ H)
=mpg o ((ugo(H@mg)o (0g @ H)o(ng @ng)) @ H) (by (ii) of Definition 4.1)
=mpg o ((ugo(H®@mpg)o (g @ng @nm)) @ H) (by the condition of coalgebra
morphism for ng)
=my o ((mpgo(ng ®nm)) ® H) (by unit property)
=(en onm) ® (mp o (ng @ H)) (by (4.1))
=my o (ng ® H) (by (co)unit property).
Therefore, the equality
(bn(K)@bg(K)@H)o(H@((ag@am)o(nu®@nm))) = (bu(K)®H)o(H®(agonm)) (4.6)
holds because
(br(K) © by (K) @ H) o (H® ((ag @ ap) o (ng @ nw)))
=mypgo(H®mpg)o (ng ®ng ® H) (by (4.3) and naturality of c)
=my o (ng ® H) (by the idempotent character of my o (ny ® H))
=(by(K)® H) o (H ® (ag ong)) (by (4.3) and naturality of c).
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Then, using the previous equalities and the finite character of H, we have that

(H* @ bu(K) ®@ H) o (g © arr) o (N @ )

:(H* &® bH(K) &® bH(K) &® H) o (aH(K) &® (aH o nH) ® (OcH o 77H)) (by the adjunction
properties)

=H*"®@bp(K)® H) o (ag(K) ® (am onm)) (by (4.6))

=apg o Ny (by the adjunction properties).

As a consequence, if By is the convolution inverse of oy in Hom(H, H* ® H), we deduce
the following;:

(H*@bg(K)@by(K)® H)o (Bu ®@ag ®am)o ((0gonm) @nm)
=(H" ® bH<K) & bH(K) & H) o) (ﬂH Qag X aH) o (77H Xng & 77H) (by the condition of
coalgebra morphism for ny)
=(H*" @by (K)® H) o (By @ amy)o (ng ®nm) (by (4.6))
:(H* ® bH(K) ® H) o (BH ® aH) o dpr oy (by the condition of coalgebra morphism for 1)
=(eg onmg) ® ag(K) (by (iv) of Definition 4.1)
=apg(K) (by the (co)unit properties)

and, on the other hand:

(H* ®@bp(K)@bg(K)® H) o (Br ® ag @ ag) o ((0g o nE) @ na)
=(en onn) @ (H" @by (K) ® H) o (an(K) ® (am o np))) (by (iv) of Definition 4.1)
=g o Ny (by (co)unit properties and the adjunction properties).

So, by the two previous equalities, we obtain that

agong = ag(K). (4.7)
Therefore, we conclude the proof as follows:
idyg
:(bH(K) ® H) o (H ® CLH(K)) (by the adjunction properties)
=(bu(K) @ H) o (H® (o o npy)) (by (4.7))
=(by(K)®@mpg)o(H® ((CH,H* ® H)o(ng @ ap(K)))) (by definition of azr)
:(bH(K) X (mH o C;{,lH)) o (H X CLH(K) X "7H) (by (2.12))
=myp o (T]H ® H) (by naturality of ¢ and the adjunction properties). O

The goal of the following results will consist of building a post-Hopf algebra from a brace
triple. Suppose that (H, vy, Tr) is a brace triple in C with H finite. Note that conditions
(i), (iii) and (iv) of Definition 3.1 imply that vy satisfies (i), (iii) and (ii) of Definition
4.1, respectively. So, in order to construct a post-Hopf algebra from a brace triple, it is
enough to prove that ag = (H*®@vyg)o(cyu- ®H)o(H ®ay(K)) is convolution invertible
in Hom(H, H* ® H).

Theorem 4.6. Let (H, v, Tw) be a brace triple in C with H finite. The morphism oy =
(H*®vm)o(chap-®H)o(H®an(K)) is invertible for the convolution in Hom(H, H* ® H)
with inverse

By = ay oTﬁl.
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Proof. On the one side,
(H* & bH<K) & H) o (5H ®04H) ody

=(H*@by(K)® H) o (H* @yu) o (cnu- ® H) o (Ty' ® an(K))) @ (H* @ )
o (CH o H) (H ® CLH(K)))) o dp (by definition of ayr and Bx)

=(H* @ (yi oy © (v @ H))) o (e ® H) o (T' ® apr(K))) @ H) 0 87 (by (2.12)
and the adjunction properties)

=(H" @ (yg o (H®m))) o (H* @ cipyy) © (e @ H) o (T @ eyp+)) © H)
o (0 ®ag(K)) (by naturality of c)

=(H*@ym) o (H* @ pff) o (cum+ © H) o (H @ cpr+)) @ H) o (el o (T @ H) 0 6)
® ag(K)) (by naturality of ¢ and (iv) of Definition 3.1)

=(H*®@ym)o (cam ® H) o ((uy o CHH (Ty' @ H) 0 6) @ ag(K)) (by naturality of c)

=(H" @ym) o (- © H) o (i o emr) @ a(K)) (by (2.1) for Hg?)

=epg ® ag(K) (by naturality of ¢ and (v) of Definition 3.1).

On the other side,
(H* @by (K)® H)o (ay ®Bu)odn

=(H" @bp(K)© H) o (H* @) o (capr @ H) o (H®ay(K))) ® (H* @ ym) o (cun-
®H) (T ®aH(K))))05H (by definition of ar and Br)

=(H* @ (ymocpy)) o (H* @ ym) o (e @ H) o (H® ap(K))) @ Ty ') 0 0 (by (2.12)
and the adjunction properties)

=(H* @ (yir o (H ® yur) o (ci'y @ H))) o ((crrr- ® H) o (H ® e =) © H)
o(((H® Tﬁl) 0d0p) ®ap(K)) (by naturality of c)

:(H* ® YH) © (CH,H* ®H)o ((/LJBL} o (Tgl ®H)o c;I,lH 0d0p)® CLH(K)) (by naturality of ¢
and (iv) of Definition 3.1)

=(H*"®@vg) o (cau @ H)o((ngoen) ® ag(K)) (by (2.1) for HEY)

=eg ® ag(K) (by naturality of ¢ and (v) of Definition 3.1). [l
Previous theorem can be interpreted in a functorial way as follows: If we denote by BTf

the subcategory of brace triples whose underlying Hopf algebra is finite, then there exists

a functor P: BTf — Post-Hopf acting on objects by P((H,vx,Ts)) = (H,vg) and on
morphisms by the identity.

Theorem 4.7. Let (H, my) be an object in cocPost-Hopf, then

H = (H,ng,fn.cn.0n)
is a bialgebra in C, where i == p o (H @ my) o (dg @ H).
Proof. Note that we already know that (H,ep,dp) is a coalgebra in C and that 7y is a

coalgebra morphism. Then, firstly, we have to compute that (H,ng, i) is an algebra in
C. Indeed, let’s start proving the unit property. On the one hand,

fig © (g @ H)
=pgo(H®mpg)o ((dgong) ® H) (by definition of fiz)
=pgo(H ®@mpg) o (ng @ng & H) (by the condition of coalgebra morphism for n)
=mp o (ng ® H) (by unit properties)
—idy (by (45))
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and, on the other hand,

firr o (H @ np)
=pp o (H ®@mpg)o (dg @ ni) (by definition of i)
=pao(H ®ey ®@ny)ody (by (4.1)
=idp (by (co)unit properties).
The associativity of fiy follows by:
fir o (g ® H)
=pgo(H®@mpg)o ((dgopugo(H@mpg)o (dg ® H))® H) (by definition of fizr)
=pgo(pg @ (mpo(pg®H)))o(H®cgu®HQ@H)o (dg @ (6gomp) @ H)
o (0g ® H ® H)(by the condition of coalgebra morphism for jiz)
=pp o (uy @ (myo(ppg ®H)))o(H®cgg®HQH) o (0g @ ((myg @mpy)o(H® cyn
@ H)o (g ®dy)) @ H)o (dg ® H® H) (by (i.1) of Definition 4.1)
=ppgo((pgo(H@mpy)) @ (myo(pg@H)o(Hmyg @ H)))o((H®HQcyu®@H
@H)o(H®cuag®cung@H)o((dg ®0p)odn) ®Iy)) ® H) (by naturality of c)
=pr o ((pg o (H@mpy)o (0g © H)) ® (my o (ug © H)))
o(H® ((cup@mp)o(HR®cgpu@H)o(lg®@H®H))® H)o (dy ®dy @ H)
(by coassociativity and cocommutativity of dz)
=pm o ((pr o (H@mp) o 0y ® H)) @ (mp o ((pr o (H®mp) o 0y ® H)) ® H)))
o(H®cupg®H)o(0g ®0m)) @ H) (by naturality of c)
=pr © ((pg o (H@mp)o (0g @ H)) ® (mu o (H®mp)))o (H®cun @ H)
o (0g ®dp)) ® H) (by (ii) of Definition 4.1)
=pp o (H® (ppo(my@mpy)o(H@cyy@H)o(0p®H®@H)))o(H®H®H®@mpy)
o (0 ® 0 @ H) (by coassociativity of dz and associativity of )
=pgo(H®mpy)o (g ® (ugo(H®@mp)o (dg @ H))) (by (iii) of Definition 4.1)
=l o (H ® i) (by definition of fif).
Finally, we will prove that fif is a coalgebra morphism. By the condition of coalgebra

morphism for pp, (i.2) of Definition 4.1 and the counit property, it is straightforward to
compute that e o iy = e ® ey. Moreover,

dp oy
=0 o pup o (H ® mH) o (5H ® H) (by definition of fifr)
:(NH X NH) o (H QCcHH X H) o (5H & (5H o mH)) o ((5[{ X H) (by the condition of coalgebra
morphism for pz)
=(ug ® pmg) o (H@CHyH @ H)o(0g @ ((mg@mpg)o(H® cH,H ® H)o (6g ®dm)))
o (dg ® H) (by (i.1) of Definition 4.1)
=((pm o (H & mH)) ® (,U«H o(H® mH))) o (H ® ((H® CHH @ H)o (CH,H ® CH,H)) & H)
o (((51{ & 5H) o 5H) (%9 5H) (by naturality of c)
=((um o (H®mpy) o (6p ® H)) @ (ug o (H@mp))) o (H® ((cau ® H) o (H® cy,n)
o (5H & H)) X H) o (5H X 5H) (by cocommutativity and coassociativity of d)
=((pago(H®@mp)o (g ®H))® (pao(H®@mpy)o(0g®H)))o(H®cyu®H)
o (0g ® 0p) (by naturality of c)
=(pg @ ig)o (H® cHH® H)o (0 ® dp) (by definition of fig).
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Corollary 4.8. If (H,mp) is an object in cocPost-Hopf, then (H,my) is a left H-module
algebra-coalgebra, i.e., a left H-module bialgebra.

Proof. 1t is a consequence of the following facts: Thanks to conditions (ii) of Definition 4.1
and (4.5), (H, mg) is a left H-module. Moreover, by (4.1) and (iii) of Definition 4.1, 7z and
g are morphisms of left H -modules, respectively. To finish, my is a coalgebra morphism
by (i) of Definition 4.1 which implies that (H,mg) is a left H-module coalgebra. O

Along the following results, we are going to study some properties about the morphism
A= (b (K) @ H) o (cpe.g ® H) o (H* @ cr.ir) o (B @ Air) 0 01
=(bpg(K)® H)o (H ® Bu)ocunmo (H®Ag)odn (by naturality of c)

with the final objective of proving that it is the antipode for H. We are going to denote
by % the convolution in Hom(H, H).

Remark 4.9. First of all, note that
A = (bu(K) @ H) o (A ® Bpr) © o (4.8)
when (H, mpy) is a cocommutative post-Hopf algebra. Indeed,
Air = (bar(K)® H) o (¢ @ H) o (H* @ carpr) o (B © M) 0 0
=(bg(K)® H) o (Ag ® Bu) o ¢ g o g (by naturality of c)
=(bg(K) ® H) o (Ag @ By) o g (by cocommutativity of dg).
Lemma 4.10. If (H,mpyg) is a cocommutative post-Hopf algebra in C, then
my o (H® Agg) o 8m = A (4.9)
As a consequence, R
idg % Ag =¢eg @ng. (4.10)
Proof. Let’s start proving (4.9):
mHO(H(X)XH)O(sH
=mpgo(H® (bg(K)® H) o (Ag ® Br)odm)) o dy (by (4.8))
=(0bpg(K)®@H)o(H®ag)ocyuo(H® ((bu(K)® H)o(Axg ® Bu)odu))odm (by (4.4))
=((bpg(K)o (Ag @ H")) ® (bg(K)ocpng) ® H) o (H® ¢+ Q@ cg) o (H® H* ® ey
@H)o((ch*g®H)o(H" @chuu)o(ag ®@H))® Pr)o(H®0p)ody (by naturality of c)
=((bg (K)o (Ag ® H")) ® H) o (H © (H* ® by (K) ® H) o (g @ an))) o (H ® cun)
o(ca,p @ H)o(H ®Jp)odn (by naturality of c)
=((bg (K)o (Ag @ H")) @ H) o (H @ (H* ® by (K) ® H) o (g ® ap) o dx)) o on
(by naturality of ¢ and cocommutativity and coassociativity of 6z )
=((bg(K)o(Ag @ H"))® H) o (H ® (eg @ ag(K))) o g (by (iv) of Definition 4.1)
=MApg (by counit property and the adjunction properties).
From the previous identity we obtain the following:
idg % A\
=fir; o (H ® Ag) 0 851 (by definition of #)
—pg o (H@mp) o (8 @A) o 8p (by definition of igr)
—pg o (H® (myo(H®Ng)o6x)) o8 (by coassociativity of 5x)
=tdg * Ag (by (4.9))
=eg ®@nu (by (2.1)). O
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The aim of the following results will be to prove that the convolution in the opposite
direction is also the identity element, i.e., Ay % idg = e @ .

Lemma 4.11. If (H,mpg) is a cocommutative post-Hopf algebra in C, then
ag = by(K)®H)o(H®ay): H® H— H
is a coalgebra morphism.
Proof. From (i.1) of Definition 4.1, (2.7) and the naturality of ¢ we can deduce that
dgompgocyn = (Mmuyocuyn)®@(muocuu))o(HRchguy®@H)o (g ®0y) (4.11)
holds. Therefore, we obtain that:
0g ooy
=(bp(K) ® dp) o (H ® agg) (by definition of am)
=0 omp o cy,H (by (2.7) and (4.3))
=((mgocum)® (Mmurochu))o(H®cay®H)o(dg @) (by (4.11))
=(ag ®ag)o (H®cygu@H)o (6 ®dm) (by (2.7), (4.3) and definition of ay).
Moreover, by (4.3) and (i.2) of Definition 4.1, it is easy to prove that egoay = eg®ey. O
Let (H,mg) be a post-Hopf algebra in C and consider now the morphism
B = (bg(K)® H)o (H® fy): HO H — H.
Lemma 4.12. Let (H,mpy) be a post-Hopf algebra in C. It is satisfied that
e ofy=ecn@ep. (4.12)
Proof.
en o Pu
=((eg o Br) ®eg) o (H ® 85) (by counit properties)
=(by(K)®epg ®ep)o(H® By ® H)o (H® ) (by definition of Bz)
=(bpy(K)® (egoapn))o(H® By ® H)o(H®d) (by the condition of coalgebra
morphism for ag)
=(bp(K)®ep)o(HR (H* @by (K)® H)o (Bu ® ap)odn)) (by definition of ar)
=((bg(K)®eg)o(H®ag(K)))® ey (by (iv) of Definition 4.1)
=epg ® e (by the adjunction properties). ]
Let (H,mp) be a post-Hopf algebra and suppose that 5 i satisfies that
S0 By = (B @ Br) o (H® ey ® H)o (65 @ p). (4.13)
Note that if (4.13) holds, then E f is a coalgebra morphism by the previous lemma.

Lemma 4.13. Let (H,my) be a cocommutative post-Hopf algebra in C, then

5HOXH:5H. (4.14)
In addition, if the identity (4.13) holds, then
St oA = (Mg @ Ag) o b, (4.15)
i.e. XH is a coalgebra morphism,
i oAy = idy, (4.16)

and R
Ag *%idg =eg @ ng. (4.17)
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Proof. First of all, note that it is straightforward to prove that eg o Ay = e using (4.8),
(4.12), (2.4) and counit property. Moreover

(SHO/):H
=0y o BH o(Ag ® H) o dy (by (4.8) and definition of EH)
=B @ Br) o (H® cyy @ H)o (g @8y) o (Mg © H) o (by (4.13))

= BH®§H)O(H®CH,H®H)O(((>\H®)\H)05H)®5H)O(5H
by (2.3) and cocommutativity of 0z )

(

(

((Brro (A @ H))® (B o (g ® H))) o (H & (g 06) ® H) o (H ) 06y
(by naturality of ¢ and coassociativity of dzr)
(
(
(

(Brr o (A @ H) 06y) @ (B o (Ay @ H) 0dp)) 08y

by cocommutativity and coassociativity of 0 )

= XH & XH) o0y (by (4.8) and definition of EH)

As a consequence, we can prove that b\ HO P\ g = idy. Indeed,
XH 0 Al
—fig o (N oer) @ (A\gr 0 Agr)) 0 7 (by (co)unit properties)
=fin o ((idy % Air) ® (A o M) 0 0yt (by (4.10))
=fizz o (H @ (firr o (A ® (A 0 Apr)) ©6p)) 0 0n
(by coassociativity of i and associativity of fifr)
—fig o (H® ((idy % Apr) o Aip)) 0 8 (by (4.15))
=fir o (H® (ng oem o Ag)) o8y (by (4.10))
=figo(H® (mugoem))ody (by (4.14))
=idy (by (co)unit properties).
To finish, we will see that XH % idy = eg @ ng. Indeed,
X % idg
—firr o Ay @ H) 0 8p (by definition of %)
=figr o (Mg ® (A o Agr)) 0 8 (by (4.16))
=(idg % ) o Ay (by (4.15))
=np 0 ey 0 Apr (by (4.10))
=eg @ nu (by (4.14)). O

Theorem 4.14. Let (H, mp) be a cocommutative post-Hopf algebra in C. If the identity
(4.13) holds, then H = (H,ng, A, €m,0m, Air) 18 a cocommutative Hopf algebra in C.
This particular Hopf algebra structure is called the subadjacent Hopf algebra of (H,mp).

Proof. 1t is a direct consequence of Theorem 4.7 and equalities (4.10) and (4.17). O

So, we have deduced that it is possible to obtain from any cocommutative post-Hopf
algebra satisfying (4.13) another Hopf algebra structure whose underlying coalgebra is the
same as that of H. Therefore, at this point it is natural to wonder whether H = (H, H)
is a Hopf brace in C. The following theorem solves this question.
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Theorem 4.15. Let (H,mp) be a cocommutative post-Hopf algebra in C. If the identity
(4.13) is satisfied, then

H=(H H)
is a cocommutative Hopf brace in C.

Proof. By Theorem 4.14, to prove that H= (H, H ) is a Hopf brace we only have to show
that (iii) of Definition 2.10 holds. Note that

Ly =mpy. (4.18)
Indeed,
Ty
=lH © ()\H (39 //JH) ¢} (5H X H) (by definition of i_‘\H)
=pgoAg @ (pugo(H®mpg)o (g ® H)))o (dg ® H) (by definition of fis)
=pg o ((Ag *idyg) @ my) o (0g ® H) (by coassociativity of 6z and associativity of uz)
(

=pp o (g oen) ®mpy) o (dy @ H) (by (2.1))
=my (by (co)unit property).

So, we obtain the following:

NHO(ﬂH@fH)O(H®CH,H®H)O(5H®H®H)

=g o ((pro(Homp)o (dg @ H)) @my)o (H®cyg® H)o (g © H® H)
(by definition of iy and (4.18))

=pn o (H® (pmo(mug®@mp)o(H®cyy®H)o(6p®H®H)))o(0py®H®H)
(by associativity of um and coassociativity of dz)

=pgo(H ®@mp)o (dg ® wr) (by (iii) of Definition 4.1)

=g o (H ® pg) (by definition of figr). ]

It is possible to interpret the previous result in the following sense: If cocPost-Hopf*
denotes the full subcategory of cocommutative post-Hopf algebras such that (4.13) holds,
and cocHBrf denotes the category of finite cocommutative Hopf braces, then a functor
Q: cocPost-Hopf* —s cocHBr' exists which acts on objects by Q((H,mg)) = H and on
morphisms by the identity. To see that @) is well-defined on morphisms, we have to prove
that if f: (H,mg) — (B,mp) is a morphism in cocPost-Hopf, then f is a morphism of
Hopf braces between H and B. Indeed:

fobn
=fougo(H®mpg)o (g ® H) (by definition of iz)
=up o (f ® f)o(H® mH) o (5H ® H) (by the condition of algebra morphism for f: H — B)
=pp o (B@mp)o ((f® f)odn)® [f) (by (4.2))
=up o (B & mB) o ((53 & B) o (f ® f) (by the condition of coalgebra morphism for f)
=ppo (f ® f) (by definition of iig).

The following theorem is the main result of this section.

Theorem 4.16. The categories cocPost-Hopf* and cocBT are isomorphic.
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Proof. At first, let’s consider the following commutative diagram of functors:

cocPost-Hopf* e . cocHBrf
Pl F// Zl G//
cocBTf,

where F” and G” are the restrictions of functors F’ and G’ introduced in Corollary 3.19
to the subcategories of finite objects, and P’ is the restriction of functor P to cocBTF.
To begin with, we are going to see that P’ is well-defined on objects. That is to say, we
have to prove that if (H,~g, Ty ) is a finite cocommutative brace triple, then the post-Hopf
algebra (H,~p) satisfies (4.13). In this situation, by Theorem 4.6 and (3.6),
Bu = apoTHy, (4.19)
and then,
By =ago (H®Ty). (4.20)
Therefore, (4.13) follows by:
S © B
=dgoayo(H®Ty) (by Bu = an o (H® Tu))
=(ag ®an)o (H®cpyg @ H)o (6g @ (6m o Th)) (by Lemma 4.11)
=(ag ®@ag)o (H®cuu@H)o (6g @ ((Tg @ Ty) o dm)) (by (vi.l) of Definition 3.1
and cocommutativity of )
:(gH & EH) o (H R CcHH® H) o ((5].1 ® 6H) (by naturality of ¢ and (4.20)).
Taking into account functors P/, ) and G”, on the one hand, we have that
(P'o(G"0Q))((H,mp))
—=(P' o G")(H) (by definition of Q)
—P'((H,mp, Aig)) (by definition of G and (4.18))
=(H,mp) (by definition of P").
So, P' o (G" 0 Q) = idcocpost-Hop*- On the other hand,

((G" o Q) o P)(H,vu,TH))
=(G" o Q)((H,~y)) (by definition of P')
=G"(H) (by definition of Q)
—=(H,~vg, Aiy) (by definition of G and (4.18))

=(H,vu,TH),
where the last equality is due to the fact that g =Tu. Indeed, firstly note that
A
=(bxu (K) o (Ag @ Bu)odp (by (4.8))

by(K)® H)
=(by(K)® H) o (Ag ® (o o Tpr)) o 67 (by Theorem 4.6 and (3.6))
=y ocag© (Ag ®Th)odm (by (4.3) and (2.7))
=YH © (TH ® )\H) o dgr (by naturality of ¢ and cocommutativity of §gr).
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As a result,
idr g1 Air
:NE} o(H® XH) 0 dp (by definition of *gr)

=pn o (H®ym)o (6n ® (vu o (Th ® ) 0 6p)) © 6n
(by definition of 1% and previous equality)

=pgo(H® (ygo ((pao(H®vH)o (0n @ H))@ H)))o (0 @ (T ® Ag) 0 dn)) o dn
(by (iv) of Definition 3.1)
=pgo(H® (ygo(pg @Ap)o (H® (ygo(H ®@Ty)ody)® H)))o (6 ®dy)odn

(by coassociativity of dz)
=pp o (H® (yg o ((idg * Agg) @ Agr) 0 dp)) o g

(by (vi.4) of Definition 3.1 and coassociativity of 0z )
=idyr * Ay (by (2.1), counit property and (v) of Definition 3.1)
=g @nu (by (2.1)),

which implies, due to the uniqueness of the antipode for the Hopf algebra Hgr, that
A = Th. Hence, (G" 0 Q) o P! = id o g7 O

Corollary 4.17. Categories cocBT, cocHBrf and cocPost-Hopf* are isomorphic.

Proof. 1t is a direct consequence of the previous theorem and Corollary 3.19. ]
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