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39A06 where d, b are real numbers and the initial values X0, Yo are nonzero real numbers. In case b<0and
¥ L. . . —4bh—g T
&2 < —4b, we show that there are eventually periodic solutions when either ran ™! *ﬂz €] 7 bl

1V —4b—

(with a < 0) is a rational multiple of 7 or tan™ 5 €]0, g[ (with d > 0) as well.

1. Introduction

Difference equations and systems of difference equations occur in the applications of mathematics in growth and decay models,
physics, economics, biology, circuit analysis, dynamical systems and other fields. It can be appeared as an approximation to
solutions of differential equations. To study the behavior of the solutions to systems of difference equations, we may be able
derive its solutions otherwise, we can investigate its long-term behaviors via the stability of its equilibrium points.

In [1], Kudlak et al. studied the existence of unbounded solutions of the system of difference equations
X

Xn+1 :)Tn7yn+1 :xn+ynyn: n:O7l7'”1
n

where 0 < %, < I and the initial values are positive real numbers.

Camouzis et al. [2], studied the global behavior of the system of difference equations

0+ Ny _ Baxn + Yoyu
Xn+l = ——— Yn+l o~

- n=0,1,..., 1.1
Xn BZXn+C2yn ( )

with nonnegative parameters and positive initial conditions. They studied the boundedness character of the system (1.1) in its
special cases.

In [3], Camouzis et al. studied the solutions of the system

X lzyl y _ Y2Yn
n+ Xn, n+1 A2+B2xn+ynv

n=0,1,...,
with nonnegative parameters and positive initial conditions.
Cinar [4], studied the positive solutions of the system of difference equations

1

= =M =01
Xn+1= — Yn+t1 = —————, n=VU,1,...,
Yn Xn—1Yn—1
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where the initial values xo,yo,x_1 and y_; are positive real numbers.
Clark and Kulenovic [5], studied the global stability properties and asymptotic behavior of solutions of the system of difference

equation
X,

n
Xppl] = ———
a+cy,

Yn
=— n=0,1,...
y Yn+l b+anan s Ly )

where a, b, c,d are positive real numbers and the initial values xg,yy are nonnegative real numbers. For more on difference
equations, see [6]-[27] and the references therein. For more on systems of difference equations that are solved in closed form,
see [28]-[33] and the references therein.

In this paper, we study the admissible solutions of the nonlinear system of difference equations

xn+1:ylv Yn+1 = n n=0,1,..., (1.2)

Xn dxp + l;yn ,
where d, b are real numbers and the initial values X0,Y0 are nonzero real numbers.
Consider the k*-order difference equation
X1 = R(Xny Xn—1, ooy Xn—it1), n=0,1,.... (1.3)

where the initial values xg,x_1, ..., and x_; | are real numbers. The set

H = {(x0,X_1,....,x_r11) € R*: x, is undefined for some n € N},

is called the Forbidden set to Equation (1.3). The complement of the Forbidden set is called the Good set. Any solution
{Xn}y__4,1 to Equation (1.3) with initial values belongs to the Good set is well-defined or admissible solution to Equation
(1.3).

2. Case db =0

In this section, we shall investigate the case ab=0.

Assume that ¢ = 0. Then the solution of system (1.2) is

-)‘:211:[;‘70 7n:172a"'a
Yo
0
o :)yc—o =12, @.1)
1
n— Yy ,I’l:1,2
' b

It is clear that, every admissible solution of system (1.2) is eventually 2-periodic.
In fact, for any admissible solution {(x,,y,)};_ of system (1.2), we have
Yo 1
(x2n+17)’2n+1):(xzn—1>)’2n—1): — v |, = 1a23"'7
Xo b
and

X0 1
(x2n+27y2n+2) - (in,yzn) - <V7 V> , = 1327""
byy b

Now assume that » = 0. Then the solution of system (1.2) is

1
Xn = 3 ,l’l:2,3,...7
a

(2.2)
1
== =2,3,...
y}’l c\lzz 7n bl

11
In this case, every admissible solution {(x,,ys) }5_ of system (1.2) converges to <V, vz)
a’d
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3. Case b >0

In this section, we shall derive the admissible solutions of system (1.2) and investigate the global stability of its equilibrium

points when b > 0.

3.1. Cased>0and b >0

Assume that & and b are positive real numbers. For system (1.2), we can write

v

b
Upyl =d+—,n= 07 17"'7
Un

where N Xo
U, = =, with ug = —.
Yn Yo

Solving Equation (3.1) and substituting in system (1.2), we can write the admissible solution of system (1.2) as

_ byo6u_2 +x06,_1

xn Y ) = 1727' )
byo6p—1+x06,
Yy = by 02+ X001 ne12
" lV?)’Oen +x06n+1 ’ T
=g a+Var+4b _d—Va+4b
where 0; = —=—,fj = ————andh = ————, ] 1,0,
Va2 +4b 2 2

The forbidden set for system (1.2) can be written as

2 o
0
F :]L:Jl{(v1,vz) cR?: v :O}Ungl{(vl,vz) ER?: vy = -3 b}

The equilibrium points of system (1.2) satisfy the equations
y

X: v .
ax+ by

=1

and y =

Then we have two equilibrium points E (¥1,y;) and E»(%2,>), where X; and X, are the solutions of the equation
bx* +dx—1=0.
Consider the associated system of system (1.2)
Gi(x,y) = (y/x,y/(@x+Dby)).

The Jacobian matrix corresponding to system (3.3) at an equilibrium point of system (1.2) is

1
- - -1 =

JGl (‘xay) = ( o 3?_ ) .
—dad ax

For more results on the stability of difference equations, see [24].
Theorem 3.1. The following statements are true:

1. The equilibrium point E|(X1,y}) of system (1.2) is locally asymptotically stable.
2. The equilibrium point E(X2,y2) of system (1.2) is unstable (saddle point).

Proof. The eigenvalues of the Jacobian matrix Jg, (¥,7) are Ay =0 and A, = —by. Then |A;| = by = 1 —dx.

1. For the equilibrium point E (%1, ) of system (1.2) we have that

) a P2+4b 1
0<X1 :—ﬁ+7v<j.
2h 2b d

This implies that
O<=1—ax <1,

and the result follows.

(3.1)

(3.2)

(3.3)
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i Va+4b
2. For the equilibrium point E; (¥, y>) of system (1.2) there is nothing to say, since %, = _2% - % <0.

Theorem 3.2. The equilibrium point E1(%1,y1) of system (1.2) is globally asymptotically stable.

Proof. Let {(xn,Yn) } 5o be an admissible solution for system (1.2). Then using the solution form (3.2) we get

Z)yO 6n—2 + X0 6n— 1
byo6,—1+x06,

n =

. 0,_
byo +xo
_ 97!—2 6n—2 -
= — X1 asn — oo,
9,171 Y en
byo +xo
anl
0, .
where — 11 as n — oo. Similarly,
n—1

by, +x06,_1
byo 6, +x06,41
. 0,_
0, » byo +xo 6" !
= = n—2 — 1 as n — oo.

v 0
On byo + xo 'é“
n

Then the equilibrium point £ (%;,y;) of system (1.2) is a global attractor of all admissible solutions of system (1.2). In view
of Theorem (3.1), we conclude that the equilibrium point E/ (¥, y;) of system (1.2) is globally asymptotically stable. O

3.2. Cased<0and b <0

Assume that & and b are negative real numbers. We can write d = —a and b = —b for some positive reals a and b.
For system (1.2), we can write

b
Upy1 =—a——,n=0,1,..., (3.4
Un
where X X
U, = = with ug = 20
Yn Yo

We shall consider three cases:

Case a”> > 4b

Solving Equation (3.4) and substituting in system (1.2), we can write the solution of system (1.2) as
_ byowu—o —xoWh—1

Xn = ,I’l:1,2,...7
byoWu—1 —Xo Wy

3.5)
~ byoYu—2 —XoWu—1

- 9 n 1 ) 2 )
M byon —x0W i
here ti—ti ; —a++Va*—4b ds —a—va:—4b 10
where Y = ———,t, = ——  andt_ = ——, j=—1,0,....
TN 2 2 /

The equilibrium points of system (1.2) satisfy the equations

-y . y

= - d = — .
YT Ty

Then we have two equilibrium points L (¥1,yy) and L_(X_,y~ ), where X; and ¥_ are the solutions of the equation
bx*4+ax+1=0.
Theorem 3.3. The following statements are true:

1. The equilibrium point Ly (X+,y%) of system (1.2) is locally asymptotically stable.
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2. The equilibrium point L_(%_,y_) of system (1.2) is unstable (saddle point).
Proof. Consider the associated system of system (1.2)

Ga(x,y) = (v/x,—y/(ax+by)). (3.6)
The Jacobian matrix corresponding to system (3.6) at an equilibrium point of system (1.2) is
1 1
Jg, (%,5) = X . (3.7)
—ay —ax
The eigenvalues of the Jacobian matrix Jg, (%,7) are A} =0 and A, = —1 —ax.
1. For the equilibrium point L (X4, ) of system (1.2) we have that

2< a N azf4b< 1
——<Xy=—t+t— .
a F 2b 2b a

This implies that
0<=—-1—ax; <1,

and the result follows.
2. For the equilibrium point L_ (X_,y_) of system (1.2), we have

a a2—4b< 2
2b 2b a

Then
A=—1—ax_>1.

Therefore, the equilibrium point L_(%_,y_) of system (1.2) is unstable (saddle point).

Theorem 3.4. The equilibrium point L1 (% ,y7.) of system (1.2) is globally asymptotically stable.

Proof. Let {(xn,yn)};r_, be an admissible solution for system (1.2). For the global attractivity of the equilibrium point
L. (%1,y3), it is sufficient to see that

Yoo i asn—ee.
Yn-1
In view of Theorem (3.3), we conclude that the equilibrium point Ly (%;,y5 ) of system (1.2) is globally asymptotically
stable. O
Case a> = 4b

Suppose that a> = 4b. Solving Equation (3.4) and substituting in system (1.2), we can write the solution of system (1.2) as

2 — _
xn:—fayo(n 2)+2x0(n 1) ,n= 172,...7
a ayo(n—1)+2xon

(3.8)

2\? — )+ 2x(n—1
yn—( )ayo(n 2ok =1 4,

a ayon—+2xo(n+1)

2 4

Theorem 3.5. The unique equilibrium point L (—, 2) of system (1.2) is nonhyperbolic point.
a a

Proof. There is nothing to say except that, the eigenvalues of the Jacobian matrix (4.8) are

2
A Oandlglai1a<) =1

a
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From the solution form (3.8), we conclude that, every admissible solution for system (1.2) converges to the unique equilibrium

. 2 4
pointL{ ——,—].
a a

Case a’ < 4b
Suppose that a> < 4b. Solving Equation (3.4) and substituting in system (1.2), we can write the solution of system (1.2) as

1 Vbypsin(n—2)a — xpsin(n— 1)

Xn = ,n:1,2,...,
Vb V/bygsin(n—1)a — xgsinna
(3.9)
1 vVbygsin(n —2)a —xpsin(n — 1) L2
=— n=172.,
" b Vbyysinna—xpsin(n+1)a
ab—_a?
where o = tan~1 VP =4 e]g,n[.
a

l
Theorem 3.6. Assume that a® < 4b. If o = %n is a rational multiple of © (I and k are relatively positive prime integers) such
k
that > < I < k. Then every admissible solution {(x,,yn)}n_q of system (1.2) is eventually k-periodic.

l k
Proof. Assume that @ = —7 is a rational multiple of 7 (/ and k are relatively positive prime integers) such that 5 <l < kand

let {(xn,yn)}ir_o of system (1.2). Then for n > 1, we have

1 Vbygsin(n+k—2)o —xpsin(n+k—1)a
Vbypsin(n+k—1)a —xpsinn+ ko

Xn+k =

S

1 Vbyo(—1) sin(n+k—2)a —xo(—1)!sin(n+k— 1)
Vbyo(—1)!sin(n+k—1)a —xo(—1)! sinn+ka

S

1 Vbyosin(n—2)a — xpsin(n— 1)
Vbypsin(n— 1)a — xgsinna

S

|
=

ne

Similarly, we can see that y,., =y, for alln > 1.
Therefore, the admissible solution {(x,,y,)},_, of system (1.2) is eventually k-periodic (in fact except for the initial point
(x0,Y0))- O

The forbidden set for system (1.2) depends on the relation between a and b. For system (1.2) we have the following:

1. If a® > 4b, then the forbidden set of system (1.2) is

2 .
6
b= U{(vl,vz) eR?: v;j=0}U U{(V17V2) ER>: v = - bvy}.
j=1 n=1 6n+]
2. If a® = 4b, then the forbidden set of system (1.2) is
? 2 - 2 n_.a
F3=U{(V1,V2)ER ZVjZO}U U{(Vl,VQ)ER Vv =— (*)Vz}.
i —1 n+1°2
3. If a*> < 4b, then the forbidden set of system (1.2) is
2 “ sinno
2. 2.
F4: U{(V[,VQ)ER .Vj—O}UU{(V],Vz)ER .V]—\/EWVQ}.

j=1 n=1

4. Case b < 0

In this section, we shall derive the solution of system (1.2) and investigate the global stability of its equilibrium points when
b < 0.
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4.1. Cased<0Oand b >0

Assume that @ = —a < 0 and b = b > 0. Then we can write system (1.2) as

b
Upy1 =—a+—,n=0,1,... 4.1

n

where
X0

X .
U, = =, with ug =
Yn Yo

Solving Equation (4.1) and substituting in system (1.2), we can write the solution of system (1.2) as

_ by 6,2 +x06,1
byo6,—1 +x06,

n

4.2)
_ byo 6,2 +x06,1

bY06, +x0 611
—a—vVa’+4b

dh= YT T i 10,..

-1 —a+Va+4b
2 2

L s B
Var+ 4

The forbidden set of system (1.2) can be written as

where 0; =

2

2 o
O
Fs = U{(vl,vz) €R?*:v;=0}U U{(Vl,vz) eR?:v) = ——bwn}.
j=1 n=1 On1

The equilibrium points of system (1.2) satisfy the equations

y

= S —
—ai+by

=il

and y =

Then we have two equilibrium points E1 (¥1,y;) and E(¥2,»), where | and ¥, are the solutions of the equation
bx*—ax—1=0.
Theorem 4.1. The following statements are true:

1. The equilibrium point E{ (

)El ,}21) of system (1.2) is unstable (saddle point).
2. The equilibrium point E»(%3, -

) of system (1.2)is locally asymptotically stable.

Proof. Consider the associated system of system (1.2)

Gs(x,y) = (y/x,y/(—ax+by)). (4.3)

The Jacobian matrix corresponding to system (4.3) at an equilibrium point of system (1.2) is

1
JG3(f7)7)=< -3 ) 4.4)

The eigenvalues of the Jacobian matrix Jg, (¥,y) are A =0and A =—1—ax

1. For the equilibrium point £ (¥1,¥;) of system (1.2), we have

_ VaZ 1 4b
1+ axy :l+a(;—b+%)> 1.

Then
[A2| = 1+ax; > 1.

Therefore, the equilibrium point £y (¥1,¥) of system (1.2) is unstable (saddle point).
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2. For the equilibrium point £ (¥;,,) of system (1.2) we have that

2 a Va*+4b
—S<h=E=m—.
a 2b 2b
This implies that .
0< | =|—1—ak| <1,

and the result follows.

Theorem 4.2. The equilibrium point E» (X2, ¥2) of system (1.2) is globally asymptotically stable.
Proof. Let {(xn,yn)},r_, be an admissible solution for system (1.2). For the global attractivity of the equilibrium point
L. 9 ,
E»(%,¥2), it is sufficient to see that —— — 7> as n — co.
n—1

In view of Theorem (4.1), we conclude that the equilibrium point E5(¥%»,y,) of system (1.2) is globally asymptotically
stable. O

4.2. Cased>0and b <0

Assume that d = a > 0 and b = —b < 0. Then we can write system (1.2) as

b
Upy1 =a——,n=0,1,.., 4.5)
Un
where N N
U, = =, with ug = 20
Yn Yo

We shall consider three cases:
Case a®> > 4b
Solving Equation (4.5) and substituting in system (1.2), we can write the solution of system (1.2) as

byo 2 — X0 Wy
X, = VO Wn—2 — X0 Yn—1 =12,

byO‘l,/nfl *xoll//n

4.6)
- byo¥n—o =XVt |,
byoh —xoWut1 T
where 14/:ﬂ f+:wandf_ = a-va®-4b j=-1,0,....
Ny 2 2 ’ Y

The equilibrium points of system (1.2) satisfy the equations
y
ax—by’

)E:

=1

and y =

Then we have two equilibrium points L, (¥, ) and L_(¥_,¥_), where X, and X_ are the admissible solutions of the equation
bx* —ax+1=0.
Theorem 4.3. The following statements are true:

1. The equilibrium point L. (.xiJr, )}) of system (1.2) is unstable (saddle point).
2. The equilibrium point L._ (X_,¥_) of system (1.2) is locally asymptotically stable.

Proof. Consider the associated system of system (1.2)

Ga(x,y) = (y/x,y/(ax —by)). (4.7)

The Jacobian matrix corresponding to system (4.7) at an equilibrium point of system (1.2) is

> . (4.8)

The eigenvalues of the Jacobian matrix Jg, (%,7) are [A;| =0 and |[A;| = ax — L.

-1
—ay

Slkl\'—‘

JG4 ()E).)_)) = <
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1. For the equilibrium point L, (¥, ,y ) of system (1.2) we have that

o4 Ya-4b a2
MY 2b 2b " a
This implies that
|| =aty —1>1,
and the result follows.

a az—4b 2
< —.

A, 1 _
2. For the equilibrium point L_ (X_,y_) of system (1.2), we have — < X_ = — — ————
a 2b 2b a

Then .
|2,2| =aX_—1<1.

Therefore, the equilibrium point . (¥_,y_) of system (1.2) is locally asymptotically stable.

Theorem 4.4. The equilibrium point L_ (X_,¥_) of system (1.2) is globally asymptotically stable.

Proof. Let {(xn,yn)};r_, be an admissible solution for system (1.2). For the global attractivity of the equilibrium point
L_(%_,y_), itis sufficient to see that ,w" —fy asn — oo.
n—1

In view of Theorem (4.3), we conclude that the equilibrium point _(¥_,y_) of system (1.2) is globally asymptotically
stable. O

Case a’> = 4b
Suppose that a®> = 4b. Solving Equation (4.5) and substituting in system (1.2), we can write the admissible solution of system
(1.2) as

o 2ayy(n—2)—2xp(n—1)

=1,2,...
a ayo(n—1)—2xn TS
(4.9)
2\* —2) —2x(n—1
= (2) @on=2) =200 -1,
a ayon —2xp(n+1)
. e o2 (2 4 . L
Theorem 4.5. The unique equilibrium point L | —, — | of system (1.2) is nonhyperbolic point.
a a
Proof. There is nothing to say except that, the eigenvalues of the Jacobian matrix (4.8) are
_ 2
AM=0and A =ax—1=a(-)—1=1.
a
O

From the admissible solution form (4.9), we conclude that, every admissible solution for system (1.2) converges to the unique
.2
equilibrium point L(—, —).
a a
Case a’> < 4b
Suppose that a> < 4b. Solving Equation (4.5) and substituting in system (1.2), we can write the solution of system (1.2) as

1 Vbygsin(n—2)B —xosin(n—1)B

Xp = n=1,2, ..,
" Vb Vbysin(n—1)B —xosinnf
(4.10)
_ lx/l;yosin(n—2)ﬁ—xosin(n—1)[3 ne12

"= Vbyosinnf —xgsin(n+1)B

| VA4b—a?

T
where 8 = tan €]o, 5 [

l
Theorem 4.6. Assume that a*> < 4b. If B = %717 is a rational multiple of 7 (I and k are relatively positive prime integers) such
k
that 0 <1 < 5 Then every admissible solution {(x,,yn) Yo of system (1.2) is eventually k-periodic.

Proof. The proof is similar to that of Theorem (3.6) and is omitted. O]
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We end this subsection by introducing the forbidden set for system (1.2), which depends on the relation between a and b. For
system (1.2) we have the following:

1. If a® > 4b, then the forbidden set of system (1.2) is

2 oo
Fo=J{(v1,»2) eR*:v;=0}U U{(im) € R?: vy = 1[/% bva}.
j=1 n=1

2. If a® = 4b, then the forbidden set of system (1.2) is

2 o
n ,a
= U{(Vl,VQ) eR?: V= O}U U {(V],Vz) e R? v = (*)Vz}.
i — n+1-2
3. If a® < 4b, then the forbidden set of system (1.2) is
2 . sinnf
_ 2. 2., _
Fy=J{(vi,m) eR*:v; =0 U [ J{(vi,v2) eR* 1wy = \/l;sin(n—i-l)ﬁvz}'

j=1 n=1
Conclusion

In this work, we derived and studied the admissible solutions of the nonlinear system of difference equations

_In _ Yn -0
Xp+tl = "5 Yn+tl =7 — v, NnN= 717"'7
Xn dax, + by,

where d, b are real numbers and the initial values xg, yg are nonzero real numbers.

We discussed the linearized and global stability of the solutions for all nontrivial values of i and b as well as introduced the
forbidden sets.

We showed under certain conditions that, there exist eventually periodic solutions when & < 0 and b < 0 as well as when & > 0

and b < 0.

We conjecture that the same results can be obtained for the system
Yn—k Yn—k

Xnt+1 = sy YnHl = T
Xn—k dxp—k +byn—

, n=0,1,...,
where d, b are real numbers and the initial points (x_;,y_;), where i = 0, 1, ..., k are nonzero real numbers.
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