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ABSTRACT

In this paper, the characterization of equivalent curves in E? is used to define ruled surfaces whose
base curves are equivalent curves and to examine the relationships between them. At the same
time, an equivalence relation for ruled surfaces is obtained. The equivalence classes resulting
from this relation are studied. It is concluded that all ruled surfaces in the equivalence class of
a developable surface are developable. Thus, a method is established to obtain an infinite ruled
surface from a ruled surface. Finally, a new method is given to obtain a developable surface.
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1. Introduction

The theory of surfaces has a significant place in differential geometry and there are many studies on this
subject [3, 4, 9]. One of the most important surfaces, which has a major place not only in differential geometry
but also in many different disciplines such as physics, engineering, computer graphics, and architecture, is the
ruled surface, which was first introduced and studied by Gaspard Monge [11]. Generally, ruled surfaces are
defined as surfaces obtained by moving a line along a curve. The theory of ruled surfaces was developed using
the E. Study transformation, which allows studying the theory of surfaces and the geometry of ruled surfaces
with a single real parameter [16]. Izumiya and Takeuchi discussed some special curves lying on ruled surfaces
and explained their relationship with the Gaussian and mean curvatures of the surface [7]. Furthermore, the
class of developable surfaces is one of the important study areas of classical differential geometry. [zumiya and
Takeuchi also classified developable ruled surfaces in their article, which described slant helices [8]. Inspired
by the concept of slant helix, Onder defined the concept of slant ruled surface and studied different types
of these surfaces in both Euclidean and Minkowski space [12]. Onder and Kaya defined Darboux slant ruled
surfaces as a new type of slant ruled surfaces and showed the relations of these surfaces with other slant ruled
surfaces [13]. Onder and Kahraman has defined rectifying ruled surfaces in 3-dimensional Euclidean space
and examined the relationships between these surfaces and slant ruled surfaces [14]. Karakas and Giindogan
established the isomorphism between non-cylindrical ruled surfaces, DS? and T'S? for the first time [10]. Later
Hathout, Bekar and Yayli have done studies on ruled surfaces and 7'52. They have also obtained results on the
developability condition of ruled surfaces in Euclidean space [6].

In this study, we used a new characterization given by Camci et al. for equivalent curves [1]. In their work,
Camoci et al. obtained an equivalence relation for curves and analyzed the equivalence classes resulting from
this relation for some special curves. At the heart of their work, they have developed a useful method for
obtaining another curve from a given curve using the Combescure transformation. Some special curves can be
obtained from any curve using this method. We defined ruled surfaces with equivalent base curves and the
same direction vectors, examined the relationships between them, and obtained an equivalence relation for the
ruled surfaces. At the same time, we have given a method by which we can obtain infinite ruled surfaces from
a ruled surface. Finally, we gave a new method for developable surfaces.
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2. Equivalent Ruled Surfaces

Two curves are said to be related by a Combescure transformation if they correspond point by point and
have parallel tangents at corresponding points [5, 15]. In this case, the curves share the same Frenet frames.
Cama et al. defined an equivalence relation based on the fact that these curves have a common Frenet frame
and explored the equivalence classes that result from this relation for some special curves [1].

In this section, we obtained an equivalence relation for ruled surfaces by defining ruled surfaces whose base
curves are equivalent curves, using the equivalent curve characterization given by Camci et al.

The following theorem can be seen in [1].

Theorem 2.1. Let o: I C R — E3 and 8 : I C R — E3 be reqular curves in Euclidean 3-space with Frenet apparatus
{T,N,B,k,7}and {T*, N*, B*, k*, 7*}, respectively. Then the tangent vector T of « is equal to the tangent vector T* of

B if and only if
Ble(s)) = & (s)as) - / o (s)a(s)ds @.1)

for ' (s) = 4s* where s and s* are arclength parameters of o« and 3, respectively.

Corollary 2.1. Let o : I CR — E? and 3 : I C R — E3 be regular curves in Euclidean 3-space with Frenet apparatus
{T,N,B,k,t}and {T*,N*, B*, k*, 7*}, respectively. Then the tangent vector T of « is equal to the tangent vector T* of
Bifand only if N = N* and B = B*.

Definition 2.1. Leta: I C R — E3 and 3: J C R — E3 be two regular curves with Frenet frames {7}, N1, B; }
and {T,, N2, By}, respectively. If there is a diffeomorphism A : I — J such that the Frenet vectors 77, Ny, By are
parallel to the Frenet vectors T} o h, Ny o h, By o h respectively and T} o h=!, Ny o h=!, By o h™! are parallel to
the Frenet vectors T}, N2, B, respectively, then o and 3 are said to be "equivalent" [1].

"Being equivalent curves" is an equivalence relation. Here J = I can be chosen. Sowe have a, 3: I C R — E3.

Let a: I CR—E? and B3:1 C R — E? be regular curves in Euclidean 3-space with Frenet apparatus
{T,N,B,k, 7} and {T*, N*, B*,k*, 7"} respectively. "Having same Frenet frame for curves" is an equivalence
relation. The equivalence class of a regular curve a : I C R — E? is given by

’

(o] = {818 : T C R = E* B(p(s)) = ¢ (s)als) — / ¢ (s)a(s)ds},

where ¢ : I — R is a non-constant differentiable function, and Vs € I, ¢ (s) # 0.
If « is equivalent 5, let us denote it by "av ~ 7.

Corollary 2.2. Let o : I C R — E? and 8 : I C R — E3 be reqular curves in Euclidean 3-space with Frenet apparatus
{T,N,B,k,7}and {T*, N*, B*, k*, 7* } respectively. If the tangent vector T of o is equal to the tangent vector T* of j3,
then we get

[1].
Let’s define a ruled surface as
U(s,A) = a(s) + Xe(s)

with the transformation ¥ : I x R — 3. Here a(s) is the base curve, and e(s) is the direction vector. Let another
ruled surface with base curve 3(s*) and direction vector €(s*) be defined by the transformation ¥ : J x R — E3,
given by

U(s",A) = B(s) + Aels?) (2.2)
where a ~ (. ¢ : I — J is a diffeomorphism. So we can write ¢(s*) = (eo ¢~ 1)(s*) or e(s) = (€0 p)(s). That is,
the direction vectors of the surfaces are the same. We can choose A = Ay (s) and since ¢(s) =
the surface in equation 2.2 as

s* we can write

W(s.0) = (85 ) - [ 9 (s)als)ds.

Definition 2.2. Let M be the ruled surface defined by ¥(s,\) = a(s) + Ae(s) in E* and M be the ruled
surface defined by W(s*,\) = B(s*) + Xe(s*) in E3. If a ~ 3 and ¢(s*) = (eop~')(s*), where ¢ : [ — J is a
diffeomorphism, then M and M are said to be "equivalent".
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Remark 2.1. "Being equivalent sur faces” is an equivalence relation.
If M is equivalent M, let us denote it by "M = M".

Example 2.1. Let us consider o : I C R — E? given by a(t) = (t,t%,3). By taking o(t) = % +t, we find

1 1 3
t) = (5% +t, ot* +7, 7 + %),
Ble(t) = (G +1, 5t + 2,26 +8)
Let’s choose e(t) = €(t) = (1,t,t?) as the direction vector. Then,
W(t,A) = (t+ N, 2+ M, 12+ \2)

and

~ o~ 1 ~1 ~ 3 ~
U(t,\) = (§t3 +t+ A, §t4 + 12+ X, 5#” + 13+ \?)

is obtained. Let M be the ruled surface defined by U(¢,\) = a(t) + Ae(t) in E* and M be the ruled surface
defined by U(t, ) = B(t) + \e(t) in E3. M and M are equivalent.

Figure 1. Surface M with base curve o
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Figure 2. Surface M with base curve 3

3. Relations Between Equivalent Ruled Surfaces

In this section, various properties of the equivalent surfaces M and M have been examined, and the
relationships between them have been established.

Let M be the ruled surface defined by ¥(s,\) = a(s) + Ae(s) in E? and M be the ruled surface defined
by ¥(s*,\) = B(s*) + Ae(s*) in E?, here s and s* are arclength parameters of o and 3. Take {T, N, B} and
{T*, N*, B*} be the Frenet vectors of the curves « and 3, respectively.

Theorem 3.1. The base curve o of M is perpendicular to the direction vector of M at each point of the o if and only if
the base curve 3 of M is perpendicular to the direction vector of M at each point of the 3.

Let e be a unit vector and (T, e) = 0. Due to the theorem, choosing in this way does not result in losing
anything general. If Z =T x e, then the system {7, e, Z} forms an orthonormal frame at the point a(s). Here,
Z = (Z o a)(s) is the unit normal vector field of the M at the point a(s). If

a = ge
n ds’
dT
b = (&7
de
—. 7
<d87 >’

C =
then
dT
T = — =aetbZ
ds
e = de =—al +cZ
ds
A
VARES az = —bT — ce.
ds

Similarly, {T*,e€, Z} is the orthonormal basis at the point S(s*), where B(s*) = B(¢(s)) is the point
corresponding to «a(s) and Z=(Z o B)(s*) is the unit normal vector field of the M at the point 8(s*). Also
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- ar*
= (— ¢
@ ds*’

then
a = ¢(s)a
b = go’(s)z
c = ¢s)c

In this case we can give the following result.

Corollary 3.1. a(s) and B(s*) be the striction curves of the surfaces M and M, respectively. If M = M, then

Corollary 3.2. Let d denote the distribution parameter of the ruled surface M and d o = denote the distribution
parameter of the ruled surface M. If M = M, then

dop™' = ¢(s)d.
Let’s say ¢'(s) = f(s) in equation 2.1. Here, f : I — R, for Vs € I, f(s) > 0. Then we can write

B(s) = f(s)a(s) — / £ (s)a(s)ds.

In this case, 8 (s) = f(s)T is obtained. Also, we can choose A = fA. The unit normal vector field Z(s, \) at a

point ¥(s, \) on the ruled surface M is given by Z(s, \) = % . Similarly, the unit normal vector field
Z(s,\) ata point U(s, \) on the ruled surface M is given by Z(s,\) = H%Ziz\l'

Z(s,\) = Z(s,\)

is obtained as a result.
We can derive the following results.

Corollary 3.3. S and S are shape operators of surfaces M and M, respectively. If M = M, then

~ 1
S=-=5.
f
Corollary 3.4. If M = M, then
. 1
- 1
H = -H
f

where K and H are the Gaussian and mean curvatures of the surface M, K and H are the Gaussian and mean curvatures
of the surface M.
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Corollary 3.5. The necessary and sufficient condition for the M ruled surface to be developable is that the M ruled
surface be developable.

From Corollary 3.5, if M is a developable surface, we can say that,
[M]:{JTIGRS :MEJTI}
is a family of developable surfaces. Here, RS denotes the set of all ruled surfaces in E3.

Corollary 3.6. The necessary and sufficient condition for the M ruled surface to be minimal is that the M ruled surface
be minimal.

From Corollary 3.6, if M is a minimal surface, we can say that
(M] = {JTJ €RS : M= 1\7} (3.1)

is a family of minimal surfaces.

Remark 3.1. It is well known that Catalan proved in 1842 that the helicoid and the plane are the only ruled minimal
surfaces [2]. The base curves of the helicoid and plane are lines. Since all curves that are equivalent to a line are also line,
the family of minimal ruled surfaces in 3.1 is a set of helicoids or planes. Therefore, this does not contradict the results
known in E3.

Corollary 3.7. The principal curvatures of the ruled surfaces M and M are k1, ko, kNl, k~2 respectively. If M = M, , then

~ 1
k/’l - ?kl
~ 1
I{/’Q = ?kQ

Corollary 3.8. If M = M, the characters of the corresponding points of these surfaces (parabolic, flat, hyperbolic,
umbilical) are the same.

Proof. It can be easily seen using Corollary 3.3, Corollary 3.7. O

4. Generating Developable Surface

It is known to the lines connecting the corresponding points of two curves obtained from each other by the
Combescure transformation generate a developable surface [17]. In this section, a more general form of this
theorem is given and a new proof is made using equivalent curves.

Theorem 4.1. Let o, 3, : I C R — E3 be regular curves in Euclidean 3-space. If [a] = [B] = [v], then
o(s,u) = () + uaf

is a developable surface.

Proof. Leta, 3,7 : I C R — E? be regular curves in Euclidean 3-space. Assume that [a] = [5] = [7]. In this case,
the ruled surface with the base curve v and the direction vector oﬁ is denoted by

o5, u) = () + uab.
If ©'(s) = f(s) is written in equation 2.1,

B@Zf@dﬂ—/f@w@®

is obtained, where f : I — R, Vs € I, f(s) # 0. When X = ?, then ¢(s,u) = y(s) + uX . To determine whether
this ruled surface is developable, let’s find the distribution parameter. The direction vector of the line
connecting corresponding points is obtained as

XzU@—UM@—/f@M®®
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and )
X (s)=(f(s) = )Ta

where T, is the unit tangent vector field of «. Since o ~ ~, T,, = T. Here let’s say (f(s) — 1) = a. Then, since
det(Ty, X, X ) = det(Tn, X, X ) = adet(Ty, X, To) = 0
the defined surface is developable. O

The theorem states that an infinite number of different developable surfaces can be produced using a unique
curve.

Acknowledgements
We would like to thank the Referees for their very valuable comments and suggestions.

Funding

This study was supported by Canakkale Onsekiz Mart University The Scientific Research Coordination Unit,
Project number: FDK-2022-4238.

Availability of data and materials

Not applicable.

Competing interests
The authors declare that they have no competing interests.

Author’s contributions

This paper is derived from the first author’s doctoral dissertation supervised by the second author.
All authors contributed equally to the writing of this paper. All authors read and approved the final
manuscript.

References

[1] Camcy, C., Ugum, A., flarslan, K.: Space curves related by a transformation of Combescure. Journal of Dynamical Systems and Geometric
Theories. 19 (2), 271-287 (2021). https:/ /doi.org/10.1080/1726037X.2021.2011113
[2] Catalan, E.: Sur les surface réglées dont I'aire est un minimum. Journal de mathématiques pures et appliquées. 7 (1), 203-211 (1842).
[3] Dalkiran, G.: A new approach to generation of ruled surfaces. MSc thesis. Eskisehir Osmangazi University (2008).
[4] Do Carmo, M. P.: Differential geometry of curves and surfaces. Prentice-Hall, Inc., Englewood Cliffs. New Jersey (1976).
[5] Graustein, W. C.: On two related transformations of space curves. American Journal of Mathematics. 39 (3), 233-240 (1917).
[6] Hathout, F., Bekar, M., Yayli, Y.: Ruled surfaces and tangent bundle of unit 2-sphere. International Journal of Geometric Methods in Modern
Physics. 14 (10), 1750145 (2017). https:/ /doi.org/10.1142/50219887817501456
[7] Izumiya, S., Takeuchi, N.: Special curves and ruled curves. Beitrage zur Algebra und Geometrie. 44 (1), 203-212 (2003).
[8] Izumiya, S., Takeuchi, N.: New special curves and developable surfaces. Turkish Journal of Mathematics. 28 (2), 153-163 (2004).
[9] Karaca, E.: Some characterizations for curves and surfaces in dual space. Ph.D. thesis. Gazi University (2020).
[10] Karakas, B., Giindogan, H.: A relation among DS 2, TS 2 and non-cylindrical ruled surfaces. Mathematical Communications. 8 (1), 9-14 (2003).
[11] Monge, G.: Géométrie Descriptive. Paris (1795).
[12] Onder, M.: Slant ruled surfaces. Preprint arxiv:1311.0627 (2013).
[13] Onder, M., Kaya, O.: Darboux slant ruled surfaces. Azerbaijan Journal of Mathematics. 5 (1), 64-72 (2015).
[14] Onder, M., Kahraman, T.: On rectifying ruled surfaces. Kuwait Journal of Science. 47 (4), 1-11 (2020).
[15] Sannia, G.: Trasformazione de Combescure ed altre analoghe per le curve storte. Rendiconti del Circolo Matematico di Palermo. 20 (1), 83-92
(1905).
[16] Study, E.: Geometrie Der Dynamen. Leipzig (1903).
[17] Subba Rao, H. S.: A note on space curves. Mathematics Magazine. 33 (3), 162-164 (1960). https:/ /doi.org/10.2307 /3029038

Affiliations

BUSRA BATARAY

ADDRESS: Canakkale Onsekiz Mart University, Faculty of Science, Department of Mathematics, 17020,
Canakkale-Tiirkiye.

E-MAIL: busracicekdal@comu.edu.tr

ORCID ID:0000-0001-7828-4283

141 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

Applications of Equivalent Curves to Ruled Surfaces

CETIN CAMCI

ADDRESS: Canakkale Onsekiz Mart University, Faculty of Science, Department of Mathematics, 17020,
Canakkale-Ttirkiye.

E-MAIL: ccamci@comu.edu.tr

ORCID ID:0000-0002-0122-559X

dergipark.org.tr/en/pub/iejg 142


https://dergipark.org.tr/en/pub/iejg

	1 Introduction
	2 Equivalent Ruled Surfaces
	3 Relations Between Equivalent Ruled Surfaces
	4 Generating Developable Surface

