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In this paper, we introduce a new subclass of harmonic functions that significantly 
improves our understanding of these functions in geometric function theory. We 
provide a comprehensive analysis of this subclass by deriving several important 
properties, including coefficient bounds and decay bounds, which are necessary to 
evaluate the behavior and limitations of functions in this class. Additionally, we 
establish sufficient coefficient conditions for harmonic functions to belong to this 
class. Moreover, we rigorously show that this subclass is closed under both convex 
combinations and convolutions, meaning that any convex combination or 
convolution of functions in this class will also belong to the class. These results 
provide valuable insights into the stability and applicability of the subclass and 
provide a solid framework for further theoretical explorations and practical 
applications in complex analysis. 

 
1. Introduction 
 
In the study of harmonic functions, any function 
𝔣𝔣 within the class 𝑆𝑆𝑆𝑆0 can be expressed as 𝔣𝔣 =
𝔲𝔲 + 𝔳𝔳, where 
 

𝔲𝔲(𝑧𝑧) = 𝑧𝑧 + �𝑢𝑢𝑠𝑠𝑧𝑧𝑠𝑠
∞

s=2

, 𝔳𝔳(𝑧𝑧) = �𝑣𝑣𝑠𝑠𝑧𝑧𝑠𝑠.
∞

s=2

 (1) 

 
Both 𝔲𝔲 and 𝔳𝔳 are analytic in the open unit disk 
𝔼𝔼 = {𝑧𝑧 ∈ ℂ: |𝑧𝑧| < 1}. If the condition |𝔳𝔳′(𝑧𝑧)| <
|𝔲𝔲′(𝑧𝑧)| holds in 𝔼𝔼, then 𝔣𝔣 is locally univalent and 
sense-preserving in 𝔼𝔼. It is important to note that, 
when 𝔳𝔳(𝑧𝑧) is identically zero, the class 𝑆𝑆𝑆𝑆0 
reduces to the class 𝑆𝑆. 
 
Let 𝐶𝐶 and 𝐾𝐾 denote the subclasses of 𝑆𝑆 mapping 
𝔼𝔼 onto close-to-convex and convex domains, 
respectively. Similarly, 𝐶𝐶𝐶𝐶0 and 𝐾𝐾𝐾𝐾0are 
subclasses of 𝑆𝑆𝑆𝑆0, mapping 𝔼𝔼 onto these 
respective domains [1-3]. 

Consider an analytic function 𝔲𝔲, where Salagean 
[4] defined the differential operator 𝐷𝐷𝑛𝑛 of 𝔲𝔲 as 
follows: 

𝐷𝐷0𝔲𝔲(𝑧𝑧) = 𝔲𝔲(𝑧𝑧), (2) 

𝐷𝐷1𝔲𝔲(𝑧𝑧) = 𝐷𝐷𝐷𝐷(𝑧𝑧) = 𝑧𝑧𝔲𝔲′(𝑧𝑧), (3) 

𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧) = 𝐷𝐷�𝐷𝐷𝑛𝑛−1𝔲𝔲(𝑧𝑧)� (4)  
 

where 𝑛𝑛 ∈ ℕ0 = {0,1,2, … }. For 𝔣𝔣 = 𝔲𝔲 + 𝔳𝔳, 
Jahangiri et al. [5] defined the modified Salagean 
operator of 𝔣𝔣 as 

𝐷𝐷𝑛𝑛𝔣𝔣(𝑧𝑧) = 𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧) + (−1)𝑛𝑛𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧) (5) 

 
where  
 

𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧) = 𝑧𝑧 + �𝑠𝑠𝑛𝑛𝑢𝑢𝑠𝑠𝑧𝑧𝑠𝑠
∞

s=2

,  

𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧) = �𝑠𝑠𝑛𝑛𝑣𝑣𝑠𝑠𝑧𝑧𝑠𝑠.
∞

s=2

 
(6) 
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Denote by 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) the class of functions            
𝔣𝔣 = 𝔲𝔲 + 𝔳𝔳 and satisfy 
 

𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧)�′� > ��𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧)�′�. (7) 

 
It can be shown that the 𝑃𝑃𝑃𝑃0 class, as 
investigated by Ponnussamy et al. [6], is obtained 
for 𝑛𝑛 = 0, and that the 𝑊𝑊𝑊𝑊0class, as investigated 
by Nagpal and Ravichandran [7], is obtained for 
𝑛𝑛 = 1. Furthermore, by selecting specific 
parameter values, the following well-known 
function classes can also be derived as special 
cases: 
 
𝐴𝐴𝐴𝐴𝐴𝐴(0) ≡ 𝑃𝑃𝑃𝑃(𝑞𝑞 → 1−, 0) [8] 

𝐴𝐴𝐴𝐴𝐴𝐴(0) ≡ 𝐴𝐴𝐻𝐻0(1,0,0) [9] 

𝐴𝐴𝐴𝐴𝐴𝐴(1) ≡ 𝐴𝐴𝐻𝐻0(1,1,0) [9] 

𝐴𝐴𝐴𝐴𝐴𝐴(0) ≡ 𝐺𝐺𝐺𝐺(0,1,0) [10] 

𝐴𝐴𝐴𝐴𝐴𝐴(0) ≡ 𝑅𝑅𝑅𝑅(0,0) [11] 

𝐴𝐴𝐴𝐴𝐴𝐴(1) ≡ 𝑅𝑅𝑅𝑅(1,0) [11] 

𝐴𝐴𝐴𝐴𝐴𝐴(1) ≡ 𝑅𝑅𝑅𝑅(1,1,0) [12] 

𝐴𝐴𝐴𝐴𝐴𝐴(1) ≡ 𝑊𝑊𝐻𝐻0(3,1) [13] 
 
For more information on function classes defined 
by high-order differential inequalities, refer to 
[14-17]. 
 
The class 𝐴𝐴𝐴𝐴(𝑛𝑛) consists of functions 𝔲𝔲 ∈ 𝑆𝑆 that 
satisfy the inequality: 
 

𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧)�′� > 0. (8) 

 
2. Geometric Properties of the Class 

𝑨𝑨𝑨𝑨𝑨𝑨(𝒏𝒏) 
 
The first result provides a relationship between 
the function spaces 𝐴𝐴𝐴𝐴(𝑛𝑛) and 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛). 
 
Theorem 2.1. The mapping 𝔣𝔣 = 𝔲𝔲 + 𝔳𝔳 ∈
𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) if and only if 𝔘𝔘𝜖𝜖 = 𝔲𝔲 + 𝜖𝜖𝜖𝜖 ∈ 𝐴𝐴𝐴𝐴(𝑛𝑛) for 
each 𝜖𝜖 (|𝜖𝜖| = 1). 
 
Proof. Suppose 𝔣𝔣 = 𝔲𝔲 + 𝔳𝔳 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) and 𝔘𝔘𝜖𝜖 =
𝔲𝔲 + 𝜖𝜖𝜖𝜖 for each 𝜖𝜖 (|𝜖𝜖| = 1), 
 

𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛𝔘𝔘𝜖𝜖(𝑧𝑧)�′� 

= 𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧)�′ + 𝜖𝜖 �𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧)�′� 

> 𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧)�′� − ��𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧)�′� 

                       >  0. 
 
Thus 𝔘𝔘𝜖𝜖 ∈ 𝐴𝐴𝐴𝐴(𝑛𝑛). Conversely, let 𝔘𝔘𝜖𝜖 = 𝔲𝔲 +
𝜖𝜖𝜖𝜖 ∈ 𝐴𝐴𝐴𝐴(𝑛𝑛). We have 
 

𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧)�′� = 𝑅𝑅𝑅𝑅 �−𝜖𝜖 �𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧)�′�. 
 
With appropriate choice of 𝜖𝜖 (|𝜖𝜖| = 1); it follows 
that 
 

𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧)�′� > ��𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧)�′�. 
 
So, 𝔣𝔣 = 𝔲𝔲 + 𝔳𝔳 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛). 
 
The next results provide a coefficient bound for 
functions in the 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛)class. 
 
Theorem 2.2. Let 𝔣𝔣 = 𝔲𝔲 + 𝔳𝔳 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) then for 
𝑠𝑠 ≥ 2, 
 

|𝑣𝑣𝑠𝑠| ≤
1

𝑠𝑠𝑛𝑛+1
 . (9) 

 
Equality is achieved by the function 𝑓𝑓(𝑧𝑧) = 𝑧𝑧 +
1

𝑠𝑠𝑛𝑛+1
𝑧𝑧𝑠𝑠. 

 
Proof. Suppose that 𝔣𝔣 = 𝔲𝔲 + 𝔳𝔳 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛). If the 
series expansion of the function 𝔳𝔳�𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖� is used 
for 0 ≤ 𝑟𝑟 < 1 and 𝜃𝜃 ∈ ℝ, the following 
inequality is obtained: 
 

𝑟𝑟𝑠𝑠−1𝑠𝑠𝑛𝑛+1|𝑣𝑣𝑠𝑠|  
 

≤
1

2𝜋𝜋
� ��𝐷𝐷𝑛𝑛𝔳𝔳�𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖��

′
� 𝑑𝑑𝑑𝑑

2𝜋𝜋

0

 

<
1

2𝜋𝜋
� 𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛𝔲𝔲�𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖��

′
� 𝑑𝑑𝑑𝑑

2𝜋𝜋

0

 

=
1

2𝜋𝜋
� 𝑅𝑅𝑅𝑅 �1 + �𝑠𝑠𝑛𝑛+1𝑢𝑢𝑠𝑠𝑟𝑟𝑠𝑠−1𝑒𝑒𝑖𝑖(𝑠𝑠−1)𝜃𝜃

∞

𝑠𝑠=2

� 𝑑𝑑𝑑𝑑     
2𝜋𝜋

0

 

= 1.    
 
Allowing 𝑟𝑟 → 1−, we prove the result (9).  
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Theorem 2.3. Let 𝔣𝔣 = 𝔲𝔲 + 𝔳𝔳 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) then for 
𝑠𝑠 ≥ 2, 
 

|𝑢𝑢𝑠𝑠| + |𝑣𝑣𝑠𝑠| ≤
2

𝑠𝑠𝑛𝑛+1
. 

 
Equality is achieved by the function 𝔣𝔣(𝑧𝑧) = 𝑧𝑧 +
2

𝑠𝑠𝑛𝑛+1
𝑧𝑧𝑠𝑠. 

 
Proof. Suppose that 𝔣𝔣 = 𝔲𝔲 + 𝔳𝔳 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛), then 
from Theorem 2.2 𝔘𝔘𝜖𝜖 = 𝔲𝔲 + 𝜖𝜖𝜖𝜖 ∈ 𝐴𝐴𝐴𝐴(𝑛𝑛) for 
each 𝜖𝜖 (|𝜖𝜖| = 1). Thus for each 𝜖𝜖 (|𝜖𝜖| = 1), we 
have  
 
𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛�𝔲𝔲(𝑧𝑧) + 𝜖𝜖𝜖𝜖(𝑧𝑧)��

′
� > 0. 

 
Therefore, �𝐷𝐷𝑛𝑛�𝔲𝔲(𝑧𝑧) + 𝜖𝜖𝜖𝜖(𝑧𝑧)��

′
= 𝑃𝑃(𝑧𝑧) can be 

achieved by an analytic function 𝑃𝑃 having a 
positive real component in 𝔼𝔼 and of the form 
𝑃𝑃(𝑧𝑧) = 1 + ∑ 𝑝𝑝𝑠𝑠𝑧𝑧𝑠𝑠∞

𝑠𝑠=1 . Then, we derive  
 
𝑚𝑚𝑛𝑛+1(𝑢𝑢𝑠𝑠 + 𝜖𝜖𝑣𝑣𝑠𝑠) = 𝑝𝑝𝑠𝑠−1    𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠 ≥ 2.  (10) 

 
Since 𝑅𝑅𝑅𝑅{𝑃𝑃(𝑧𝑧)} > 0,  we have |𝑝𝑝𝑠𝑠| ≤ 2 for       
𝑠𝑠 ≥ 1. Hence, by equation (10), we get 
 
𝑠𝑠𝑛𝑛+1|𝑢𝑢𝑠𝑠 + 𝜖𝜖𝑣𝑣𝑠𝑠| ≤ 2    𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠 ≥ 2. 
 
Since 𝜖𝜖 (|𝜖𝜖| = 1) is arbitrary, it follows that the 
proof is concluded. 
 
Now, we give a sufficient condition for a 
function to be in the class 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛). 
 
Theorem 2.4. Let 𝔣𝔣 = 𝔲𝔲 + 𝔳𝔳 ∈ 𝑆𝑆𝑆𝑆0 with 
 

�𝑠𝑠𝑛𝑛+1(|𝑢𝑢𝑠𝑠| + |𝑣𝑣𝑠𝑠|) ≤ 1
∞

𝑠𝑠=2

 (11) 

 
then 𝔣𝔣 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛). Equality holds for the function 
𝔣𝔣(𝑧𝑧) = 𝑧𝑧 + 1

𝑠𝑠𝑛𝑛+1
𝑧𝑧𝑠𝑠. 

 
Proof. Suppose that 𝔣𝔣 = 𝔲𝔲 + 𝔳𝔳 ∈ 𝑆𝑆𝑆𝑆0. Then 
using (11), 
 

𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧)�′� = 𝑅𝑅𝑅𝑅 �1 + �𝑠𝑠𝑛𝑛+1𝑢𝑢𝑠𝑠𝑧𝑧𝑠𝑠−1
∞

𝑠𝑠=2

� 

> 1 −�𝑠𝑠𝑛𝑛+1|𝑢𝑢𝑠𝑠|
∞

𝑠𝑠=2

≥�𝑠𝑠𝑛𝑛+1|𝑣𝑣𝑠𝑠|
∞

𝑠𝑠=2

 

> ��𝑠𝑠𝑛𝑛+1𝑣𝑣𝑠𝑠𝑧𝑧𝑠𝑠−1
∞

𝑠𝑠=2

� = ��𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧)�′�. 

 
Hence, 𝔣𝔣 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛). 
 
This theorem highlights the distortion bounds for 
functions in the 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) class, showing how the 
function's derivatives can change or stretch 
values. 
 
Theorem 2.5. Let 𝔣𝔣 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛). Then 
 

|𝑧𝑧| + 2�
(−1)𝑠𝑠−1|𝑧𝑧|𝑠𝑠

𝑠𝑠

∞

𝑠𝑠=2

≤ |𝐷𝐷𝑛𝑛𝔣𝔣(𝑧𝑧)| 

and  

|𝐷𝐷𝑛𝑛𝔣𝔣(𝑧𝑧)| ≤ |𝑧𝑧| + 2�
|𝑧𝑧|𝑠𝑠

𝑠𝑠

∞

𝑠𝑠=2

. 

 
Equality is satisfied for the function 𝔣𝔣(𝑧𝑧) = 𝑧𝑧 +
∑ 2

𝑠𝑠𝑛𝑛
𝑧𝑧𝑠𝑠.∞

𝑠𝑠=2  
 
Proof. Let 𝔣𝔣 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛). Then using Theorem 
2.2, 𝔘𝔘𝜖𝜖 = 𝔲𝔲 + 𝜖𝜖𝜖𝜖 ∈ 𝐴𝐴𝐴𝐴(𝑛𝑛) for each 𝜖𝜖 (|𝜖𝜖| = 1). 
Moreover, there is an analytic function 𝜔𝜔(𝑧𝑧) 
such that  
 

�𝐷𝐷𝑛𝑛𝔘𝔘𝜖𝜖(𝑧𝑧)�′ =
1 + 𝜔𝜔(𝑧𝑧)
1 − 𝜔𝜔(𝑧𝑧) (12) 

 
with 𝜔𝜔(0) = 0 and |𝜔𝜔(𝑧𝑧)| < 1 in 𝔼𝔼. 
 
Hence, we get 
 

𝐷𝐷𝑛𝑛𝔘𝔘𝜖𝜖(𝑧𝑧) = �
1 + 𝜔𝜔(𝑡𝑡)
1 − 𝜔𝜔(𝑡𝑡)

𝑧𝑧

0

𝑑𝑑𝑑𝑑 = �
1 + 𝜔𝜔�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖�
1 −𝜔𝜔(𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖)

|𝑧𝑧|

0

𝑒𝑒𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑. 

 
Moreover using Schwarz Lemma, we have 
 

|𝐷𝐷𝑛𝑛𝔘𝔘𝜖𝜖(𝑧𝑧)| = ��
1 + 𝜔𝜔�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖�
1 − 𝜔𝜔(𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖)

|𝑧𝑧|

0

𝑒𝑒𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑� 

≤ �
1 + 𝑟𝑟
1 − 𝑟𝑟

|𝑧𝑧|

0

𝑑𝑑𝑑𝑑 
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and  

|𝐷𝐷𝑛𝑛𝔘𝔘𝜖𝜖(𝑧𝑧)| = ��
1 + 𝜔𝜔�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖�
1 − 𝜔𝜔(𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖)

|𝑧𝑧|

0

𝑒𝑒𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑� 

                    ≥ � 𝑅𝑅𝑅𝑅 �
1 + 𝜔𝜔�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖�
1 − 𝜔𝜔(𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖)�

|𝑧𝑧|

0

𝑑𝑑𝑑𝑑 

                    ≥ �
1 − 𝑟𝑟
1 + 𝑟𝑟

|𝑧𝑧|

0

𝑑𝑑𝑑𝑑. 

Since 
 
|𝐷𝐷𝑛𝑛𝔘𝔘𝜖𝜖(𝑧𝑧)| = |𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧) + 𝜖𝜖𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧)| 

        ≤ 1 + 2�|𝑧𝑧|𝑠𝑠
∞

𝑠𝑠=1

 

 
and 
 
|𝐷𝐷𝑛𝑛𝔘𝔘𝜖𝜖(𝑧𝑧)| = |𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧) + 𝜖𝜖𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧)| 

                     ≥ 1 + 2�(−1)𝑠𝑠|𝑧𝑧|𝑠𝑠,
∞

𝑠𝑠=1

 

 
in particular, we get 
 

|𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧)| + |𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧)| ≤ 1 + 2�|𝑧𝑧|𝑠𝑠
∞

𝑠𝑠=1

 

 
and 
 

|𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧)| − |𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧)| ≥ 1 + 2�(−1)𝑠𝑠|𝑧𝑧|𝑠𝑠.
∞

𝑠𝑠=1

 

 
Assume Γ is the radial segment extending from 0 
to z, we get 
 

|𝐷𝐷𝑛𝑛𝔣𝔣(𝑧𝑧)| ≤ � (|𝐷𝐷𝑛𝑛𝔲𝔲(𝜁𝜁)| + |𝐷𝐷𝑛𝑛𝔳𝔳(𝜁𝜁)|)|𝑑𝑑𝑑𝑑|
 

Γ
 

                 ≤ � �1 + 2�|𝑧𝑧|𝑠𝑠
∞

𝑠𝑠=1

� 𝑑𝑑𝑑𝑑
|𝑧𝑧|

0
 

                 = |𝑧𝑧| + 2�
|𝑧𝑧|𝑠𝑠+1

𝑠𝑠 + 1

∞

𝑠𝑠=1

 

                 = |𝑧𝑧| + 2�
|𝑧𝑧|𝑠𝑠

𝑠𝑠

∞

𝑠𝑠=2

 

 

and 
 

|𝐷𝐷𝑛𝑛𝔣𝔣(𝑧𝑧)| ≥ � (|𝐷𝐷𝑛𝑛𝔲𝔲(𝜁𝜁)| − |𝐷𝐷𝑛𝑛𝔳𝔳(𝜁𝜁)|)|𝑑𝑑𝑑𝑑|
 

Γ
 

         ≥ � �1 + 2�(−1)𝑠𝑠|𝑧𝑧|𝑠𝑠
∞

𝑠𝑠=1

� 𝑑𝑑𝑑𝑑
|𝑧𝑧|

0
 

                 = |𝑧𝑧| + 2�
(−1)𝑠𝑠−1|𝑧𝑧|𝑠𝑠

𝑠𝑠

∞

𝑠𝑠=2

. 

 
Next theorem shows that the 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) class is 
closed under convex combinations, meaning that 
any convex combination of functions in 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) 
will also belong to 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛). 
 
Theorem 2.6. The class 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) is closed under 
convex combinations. 
 
Proof. Suppose  𝔣𝔣𝑘𝑘 = 𝔲𝔲𝑘𝑘 + 𝔳𝔳𝑘𝑘 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) and 
∑ 𝑐𝑐𝑘𝑘∞
𝑘𝑘=1 = 1  (0 ≤ 𝑐𝑐𝑘𝑘 ≤ 1). The convex 

combination of functions 𝑓𝑓𝑘𝑘 may be written as 
 

𝔣𝔣(𝑧𝑧) = �𝑐𝑐𝑘𝑘𝔣𝔣𝑘𝑘(𝑧𝑧)
∞

𝑘𝑘=1

= 𝔲𝔲(𝑧𝑧) + 𝔳𝔳(𝑧𝑧)������ 

 
where 
 

𝔲𝔲(𝑧𝑧) = 𝑧𝑧 + �𝑐𝑐𝑘𝑘𝔲𝔲𝑘𝑘(𝑧𝑧)
∞

𝑘𝑘=1

    

and 

𝔳𝔳(𝑧𝑧) = �𝑐𝑐𝑘𝑘𝔳𝔳𝑘𝑘(𝑧𝑧).
∞

𝑘𝑘=1

 

 
Both 𝔲𝔲 and 𝔳𝔳 are analytic functions within the 
open unit disk 𝔼𝔼, satisfying the conditions 
𝐷𝐷𝑛𝑛𝔲𝔲(0) = 𝐷𝐷𝑛𝑛𝔳𝔳(0) = (𝐷𝐷𝑛𝑛𝔲𝔲)′(0) − 1 =
(𝐷𝐷𝑛𝑛𝔳𝔳)′(0) = 0 and  
 

𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛𝔲𝔲(𝑧𝑧)�′� = 𝑅𝑅𝑅𝑅 ��𝑐𝑐𝑘𝑘 ��𝐷𝐷𝑛𝑛𝔲𝔲𝑘𝑘(𝑧𝑧)�′�
∞

𝑘𝑘=1

� 

> �𝑐𝑐𝑘𝑘 ��𝐷𝐷𝑛𝑛𝔳𝔳𝑘𝑘(𝑧𝑧)�′�
∞

𝑘𝑘=1

≥ ��𝐷𝐷𝑛𝑛𝔳𝔳(𝑧𝑧)�′� 

 
showing that 𝔣𝔣 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛). 
If a sequence {𝑢𝑢𝑠𝑠}𝑠𝑠=0∞  of non-negative real 
numbers satisfies the following criteria, it is 
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termed a "convex null sequence": as 𝑠𝑠 → ∞, 𝑎𝑎𝑠𝑠 
approaches 0, and the inequality 
 
𝑢𝑢0 − 𝑢𝑢1 ≥ 𝑢𝑢1 − 𝑢𝑢2 ≥ ⋯ ≥ 𝑢𝑢𝑠𝑠−1 − 𝑢𝑢𝑠𝑠 ≥ ⋯ ≥ 0 
holds. 
 
We shall require the following Lemma 2.7, 
Lemma 2.8 and Lemma 2.9 to prove results of 
convolution.  
 
Lemma 2.7. [18] When {𝑎𝑎𝑠𝑠}𝑠𝑠=0∞  is a convex null 
sequence, then the function 
 

𝑄𝑄(𝑧𝑧) =
𝑎𝑎0
2

+ �𝑎𝑎𝑠𝑠𝑧𝑧𝑠𝑠
∞

𝑠𝑠=1

 

 
is analytic, and the real part of 𝑄𝑄(𝑧𝑧) is positive 
within the open unit disk 𝔼𝔼. 
 
Lemma 2.8. [19] Suppose the function Φ is 
analytic within the domain 𝔼𝔼, satisfying     
Φ(0) = 1 and 𝑅𝑅𝑅𝑅 [Φ(z)]  > 1/2 throughout 𝔼𝔼. 
For any analytic function 𝔘𝔘 defined in 𝔼𝔼, the 
function  Φ ∗ 𝔘𝔘 maps to values within the convex 
hull of the image of 𝔼𝔼 under 𝔘𝔘. 
 
Lemma 2.9. Let 𝔘𝔘 ∈ 𝐴𝐴𝐴𝐴(𝑛𝑛), then 𝑅𝑅𝑅𝑅 �𝔘𝔘(𝑧𝑧)

𝑧𝑧
� > 1

2
. 

 
Proof. Consider 𝔘𝔘 belonging to the class 𝐴𝐴𝐴𝐴(𝑛𝑛), 
defined as 𝔘𝔘(𝑧𝑧) = 𝑧𝑧 + ∑ 𝑈𝑈𝑠𝑠𝑧𝑧𝑠𝑠∞

𝑠𝑠=2 . Then, the 
inequality 
 

𝑅𝑅𝑅𝑅 �1 + �𝑠𝑠𝑛𝑛+1𝑈𝑈𝑠𝑠𝑧𝑧𝑠𝑠−1
∞

𝑠𝑠=2

� > 0   (𝑧𝑧 ∈ 𝔼𝔼) 

 
can be equivalently expressed as 𝑅𝑅𝑅𝑅{𝑃𝑃(𝑧𝑧)} > 1

2
 

within the open unit disk 𝔼𝔼, where 
 

𝑃𝑃(𝑧𝑧) = 1 +
1
2
�𝑠𝑠𝑛𝑛+1𝑈𝑈𝑠𝑠𝑧𝑧𝑠𝑠−1
∞

𝑠𝑠=2

. 

 
Consider a sequence {𝑢𝑢𝑠𝑠}𝑠𝑠=0∞   defined by 
 

𝑢𝑢0 = 1 𝑣𝑣𝑣𝑣 𝑢𝑢𝑠𝑠−1 =
2

𝑠𝑠𝑛𝑛+1
  for 𝑠𝑠 ≥ 2. 

 

It is evident that the sequence {𝑢𝑢𝑠𝑠}𝑠𝑠=0∞  forms a 
convex null sequence. By applying Lemma 2.7, 
we conclude that  

𝑄𝑄(𝑧𝑧) =
1
2

+ �
2

𝑠𝑠𝑛𝑛+1
𝑧𝑧𝑠𝑠−1

∞

𝑠𝑠=2

 

 
is an analytic function and 𝑅𝑅𝑅𝑅{𝑄𝑄(𝑧𝑧)} > 0 
within 𝔼𝔼. Expressing 
 
𝔘𝔘(𝑧𝑧)
𝑧𝑧

= 𝑃𝑃(𝑧𝑧) ∗ �1 + �
2

𝑠𝑠𝑛𝑛+1
𝑧𝑧𝑠𝑠−1

∞

𝑠𝑠=2

�, 

 
and using Lemma 2.8, we arrive at the conclusion 
that 𝑅𝑅𝑅𝑅 �𝔘𝔘(𝑧𝑧)

𝑧𝑧
� > 1

2
 for z ∈ 𝔼𝔼. 

 
Theorem 2.10. Let  𝔘𝔘𝑘𝑘 ∈ 𝐴𝐴𝐴𝐴(𝑛𝑛) for 𝑘𝑘 = 1,2. 
Then 𝔘𝔘1 ∗ 𝔘𝔘2 ∈ 𝐴𝐴𝐴𝐴(𝑛𝑛). 
 
Proof. Suppose 𝔘𝔘1(𝑧𝑧) = 𝑧𝑧 + ∑ 𝑈𝑈𝑠𝑠𝑧𝑧𝑠𝑠∞

𝑠𝑠=2  and 
𝔘𝔘2(𝑧𝑧) = 𝑧𝑧 + ∑ 𝑉𝑉𝑠𝑠𝑧𝑧𝑠𝑠∞

𝑠𝑠=2 . Then the convolution of 
𝔘𝔘1(𝑧𝑧) and 𝔘𝔘2(𝑧𝑧) is defined by  
 

𝔘𝔘(𝑧𝑧) = (𝔘𝔘1 ∗ 𝔘𝔘2)(𝑧𝑧) = 𝑧𝑧 + �𝑈𝑈𝑠𝑠𝑉𝑉𝑠𝑠𝑧𝑧𝑠𝑠.
∞

𝑠𝑠=2

 

 
Then, we have 
 

�𝐷𝐷𝑛𝑛𝔘𝔘(𝑧𝑧)�′ = �𝐷𝐷𝑛𝑛𝔘𝔘1(𝑧𝑧)�′ ∗
𝔘𝔘2(𝑧𝑧)
𝑧𝑧

. (13) 

 
Since 𝔘𝔘1 ∈ 𝐴𝐴𝐴𝐴(𝑛𝑛), we get 𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛𝔘𝔘1(𝑧𝑧)�′� >

0. Moreover using Lemma 2.9,  𝑅𝑅𝑅𝑅 �𝔘𝔘2(𝑧𝑧)
𝑧𝑧
� > 1

2
 in 

𝔼𝔼. Now applying Lemma 2.8 to (13) yields 
𝑅𝑅𝑅𝑅 ��𝐷𝐷𝑛𝑛𝔘𝔘1(𝑧𝑧)�′� > 0 in 𝔼𝔼. Thus, 𝔘𝔘 = 𝔘𝔘1 ∗
𝔘𝔘2 ∈ 𝐴𝐴𝐴𝐴(𝑛𝑛). 
 
The next theorem shows that the 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) class is 
closed under the convolution operation, meaning 
that the convolution of functions in 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) will 
also belong to 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛). 
 
Theorem 2.11. Let  𝔣𝔣𝑘𝑘 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) for 𝑘𝑘 = 1,2. 
Then 𝔣𝔣1 ∗ 𝔣𝔣2 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛). 
 
Proof. Suppose 𝔣𝔣𝑘𝑘 = 𝔬𝔬𝑘𝑘 + 𝔳𝔳𝑘𝑘 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) with 
𝑘𝑘 = 1,2. The convolution 𝔣𝔣1 ∗ 𝔣𝔣2 = 𝔲𝔲1 ∗ 𝔲𝔲2 +
𝔳𝔳1 ∗ 𝔳𝔳2 is defined as the convolution of the 
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individual components of 𝑓𝑓1 and 𝑓𝑓2. To prove that 
𝔣𝔣1 ∗ 𝔣𝔣2 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) we need to prove that 𝔘𝔘𝜖𝜖 =
𝔲𝔲1 ∗ 𝔲𝔲2 + 𝜖𝜖(𝔳𝔳1 ∗ 𝔳𝔳2) ∈ 𝐴𝐴𝐴𝐴(𝑛𝑛) for each 𝜖𝜖 (|𝜖𝜖| =
1). By Teorem 2.10, the class 𝐴𝐴𝐴𝐴(𝑛𝑛) is closed 
under convolutions for each 𝜖𝜖 (|𝜖𝜖| = 1), 𝔲𝔲𝑖𝑖 +
𝜖𝜖𝔳𝔳𝑖𝑖 ∈ 𝐴𝐴𝐴𝐴(𝑛𝑛) for 𝑖𝑖 = 1,2. we can assert that 
𝐴𝐴𝐴𝐴(𝑛𝑛) includes both 𝔘𝔘1 and 𝔘𝔘2, where 
 
𝔘𝔘1 = (𝔲𝔲1 − 𝔳𝔳1) ∗ (𝔲𝔲2 − 𝜖𝜖𝔳𝔳2) ve 𝔘𝔘2 = (𝔲𝔲1 + 𝔳𝔳1) ∗ (𝔲𝔲2 + 𝜖𝜖𝔳𝔳2). 
 
combinations, we can form the function 
 

𝔘𝔘𝜖𝜖 =
1
2

(𝔘𝔘1 + 𝔘𝔘2) = 𝔲𝔲1 ∗ 𝔲𝔲2 + 𝜖𝜖(𝔳𝔳1 ∗ 𝔳𝔳2) 
 
belongs to 𝐴𝐴𝐴𝐴(𝑛𝑛). Hence 𝐴𝐴𝐴𝐴𝐴𝐴(𝑛𝑛) is closed 
under convolution. 
 
In the following example, we illustrate the 
application of the theoretical results. 
 
Example 2.12. Let the functions 𝔣𝔣(𝑧𝑧) = 𝔲𝔲1(𝑧𝑧) +
𝔳𝔳1(𝑧𝑧) = 𝑧𝑧 + 0.075𝑧𝑧2 + 0.075𝑧𝑧3 and 𝔤𝔤(𝑧𝑧) =
𝔲𝔲2(𝑧𝑧) + 𝔳𝔳2(𝑧𝑧) = 𝑧𝑧 + 0.05𝑧𝑧2 − 0.05𝑧𝑧3 be given. 
Since 𝔲𝔲1(𝑧𝑧) = 𝑧𝑧 + 0.075𝑧𝑧2, 𝔳𝔳1(𝑧𝑧) = 0.075𝑧𝑧3, 
𝔲𝔲2(𝑧𝑧) = 𝑧𝑧 + 0.075𝑧𝑧2 and 𝔳𝔳2(𝑧𝑧) = 0.075𝑧𝑧3 a 
straightforward computation yields �𝔳𝔳1

′ (𝑧𝑧)
𝔲𝔲1′ (𝑧𝑧)� < 1 

and �𝔳𝔳2
′ (𝑧𝑧)
𝔲𝔲2′ (𝑧𝑧)� < 1. Consequently, the functions 𝔣𝔣 

and 𝔤𝔤 belong to the 𝑆𝑆𝑆𝑆0 class. Moreover, since 
4|0.075| + 9|0.075| = 0.975 < 1 and 
4|0.05| + 9|0.05| = 0.065 < 1, by Theorem 
2.4 the functions 𝔣𝔣 belongs to the 𝐴𝐴𝐴𝐴𝐴𝐴(1) class. 
On the other hand, the function 𝔥𝔥(𝑧𝑧) = 𝔣𝔣(𝑧𝑧) ∗
𝔤𝔤(𝑧𝑧) = 𝔲𝔲3(𝑧𝑧) + 𝔳𝔳3(𝑧𝑧) = 𝑧𝑧 + 0.00375𝑧𝑧2 −
0.00375𝑧𝑧3, is similarly easily obtained to belong 
to the class 𝐴𝐴𝐴𝐴𝐴𝐴(1). 
 
The images of the unit disk 𝔼𝔼 under the mappings 
𝔣𝔣, 𝔤𝔤 and 𝔥𝔥 are shown in Figure 1, Figure 2, and 
Figure 3, respectively. 

 
Figure 1. Image of the unit disk under the function 𝔣𝔣. 

 

 
Figure 2. Image of the unit disk under the function 

𝔤𝔤. 
 

 
Figure 3. Image of the unit disk under the function 

𝔥𝔥. 
 

3. Conclusion 
 
In this paper, we introduce a new subclass of 
harmonic functions. We also thoroughly analyze 
its properties. We derived precise coefficient 
bounds and distortion bounds that characterize 
the behavior of functions within this subclass. 
Additionally, we established sufficient 
conditions for coefficients that ensure the 
functions meet the desired criteria. Our results 
also demonstrate that this subclass is closed 
under both convex combinations and 
convolutions, highlighting its robustness and 
applicability. These findings contribute to the 
broader understanding of harmonic functions and 
provide a foundation for future research in 
geometric function theory. 
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