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Abstract

Research Article

The aim of this study is to reveal the suggestions of middle school
mathematics teachers and preservice mathematics teachers that can both
correct errors in students’ incorrect solutions and contribute to the
advancement of students who have provided correct solutions. The study is
based on the case study method. Initially, six problems related to
proportional reasoning were posed to middle school students in a public
school, and the solutions obtained from the students were classified
according to their proportional reasoning strategies. These solutions were
then examined by the students’ mathematics teachers and by preservice
mathematics teachers. Two questions were asked to mathematics teachers
and preservice mathematics teachers during these examinations. After the
examination, interviews were conducted to discuss the suggestions made to
(1) correct the errors in incorrect solutions and (2) advance the proportional
reasoning skills of students who obtained correct solutions. The findings
indicate that both mathematics teachers and preservice mathematics teachers
were adequate in providing suggestions to correct errors in students’
incorrect solutions. However, it was also found that both groups had
difficulties in making suggestions to further the advancement of students
who provided correct solutions.
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Introduction

In contemporary education, the primary aim of mathematics instruction is to develop
individuals who can generate knowledge, think critically, and make informed decisions in
various situations (Ministry of National Education [MoNE], 2018). Achieving this goal
requires effective mathematics instruction. For mathematics education to be effective,
teachers must have a deep understanding of their students' prior knowledge, common
misconceptions, learning challenges, and cognitive processes in mathematics (Shulman, 1986;
Marks, 1990; MEB, 2018). Therefore, mathematics teachers need to develop and refine the
skill of noticing. (Kaiser et al., 2016).

The skill of noticing encompasses the ability to “pay attention to significant
interactions or events in a teaching environment and interpret these interactions and events
using existing knowledge” (Sherin et al., 2011, p. 5). Van Es and Sherin (2002) added that in
addition to noticing and interpreting interactions or events, teachers should also adapt their
teaching methods to improve instruction based on what they notice and interpret. This is
because simply noticing and interpreting students’ learning is not enough to address the
difficulties and misconceptions they may have (van Es, 2011, p. 138; Miller, 2011).
Therefore, it is vital for teachers to decide how to provide feedback to students regarding their
learning errors and misconceptions (Jacobs et al., 2010). Consequently, the skill of noticing
allows teachers to offer suggestions to address students’ learning errors and misconceptions
and to plan their lessons accordingly (van Es, 2011, p. 138; Miller, 2011, p. 51; Choy, 2014,
Taylan, 2018; Sermetoglu & Baki, 2019; Birinci and Baki, 2019).

Jacobs et al. (2010) identified three essential components for effective noticing in
mathematics education: attending to children’s strategies, interpreting children’s mathematical
understanding, and deciding how to respond on the basis of children’s understandings

1. Attending to Students’ Mathematical Strategies: By attending to students'
solutions, mathematics teachers can assess the level of their students’
mathematical knowledge (Jacobs et al., 2007). This allows teachers to identify
what is correct and what is incorrect in the solution strategies used by their
students.

2. Interpreting Students’ Mathematical Understanding: Through interpreting their
students’ mathematical understanding, teachers can assess the correctness and
incorrectness of the students’ solutions and draw conclusions about their

learning in mathematics (Sherin et al., 2011, p. 81). This enables teachers to
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form ideas about their students' misconceptions and incomplete learning in
mathematics.

3. Deciding How to Respond on the basis of Children’s Understanding: After
evaluating and interpreting their students’ learning in mathematics, teachers
decide on how to provide feedback. This allows them to develop instructional
methods that address students' learning difficulties and misconceptions in
mathematics (Jacobs et al., 2010; Miller, 2011, p. 55). Therefore, it is crucial
that mathematics teachers have a strong background in both mathematical and
pedagogical content knowledge. (Dick, 2013; Tung-Pekkan and Kilig, 2015).
Moreover, many mathematics teachers assume that once students provide
correct solutions, their mathematical learning is complete and do not offer
further suggestions for improvement (Ozel, 2019). However, providing
suggestions to correct errors in incorrect solutions alone is not sufficient for
effective noticing; mathematics teachers must also offer suggestions that
contribute to the advancement of students who provide correct solutions
(Jacobs et al., 2010).

This study examines the decision-making skills of mathematics teachers and pre-
service teachers on how to provide feedback on the solution strategies used by students in
problems related to proportional reasoning. Proportional reasoning forms the foundation for
algebraic topics related to ratio and proportion, as well as for advanced mathematical topics
(Lesh et al., 1988). Proportional reasoning involves identifying proportional situations,
representing these situations, distinguishing proportional situations from non-proportional
ones, and solving problems related to proportional situations (Cramer et al., 1993).
Mathematical topics related to ratio and proportion include slope, fractions, percentages,
congruence and similarity, probability, histograms, trigonometry, etc. (Van De Walle et al.,
2013, p. 348; Dougherty et al., 2016). Thus, proportional reasoning plays a crucial role in
mathematical achievement (Unsal, 2009). However, it is observed that many adults struggle to
acquire this skill (Lamon, 2006, p. 3). Among those struggling with proportional reasoning
are also mathematics teachers and preservice teachers (Cikla and Duatepe, 2002; De la Cruz,
2008; Benson, 2009; Bahar, 2016; Kasemsukpipat, 2016; Johnson, 2017; Arican, 2018;
Boyaci, 2019; Brown, Weiland and Orrill, 2019).

In the literature, it is known that different types of problems are used to develop
proportional reasoning skills (Cramer et al., 1993; Lamon, 1993). Cramer and Post (1993)

identified three types of problems: problems involving numerical comparisons (quantitative
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comparison), problems that require reasoning without numerical values (qualitative
comparison), and problems where three out of four quantities are given and the fourth is to be
found (finding the unknown value). Lamon (1993) classified proportional situations into four
types of problems based on their content: unite rate, part-part whole, related sets, and scaling
problems. Unit rate problems involve creating a ratio between two quantities and deriving a
new unit or concept from that ratio. Part-part-whole problems involve creating ratios either
between two or more quantities within a whole or between the quantities and the whole.
Related sets problems are those where the relationship between two quantities is not explicitly
stated in the problem and there is no common relationship independent of the problem.
Finally, scaling problems involve two quantities that are in a continuous relationship and
increase or decrease by a certain ratio. These problems involve the use of multiplicative
relationships (Lesh, Post, & Behr, 1988). Dooren et al. (2010) noted that after learning the
concept of ratio, students tend to apply multiplicative reasoning even in non-proportional
situations. Consequently, additive relationship problems are also used to help students
distinguish between situations that require additive reasoning and those that require
multiplicative reasoning (Langrall and Swafford, 2000). All these problems can be solved
using different strategies. As proportional reasoning develops, students can use both correct
strategies and multiple strategies to solve problems, whereas students with underdeveloped
proportional reasoning skills may use incorrect strategies. For this reason, the feedback that
mathematics teachers give to their students regarding their students' solutions is important
(Jacobs et al., 2010; Sen ve Giiler, 2017). The purpose of this study is to examine the
decision-making skills of mathematics teachers and mathematics preservice teachers
regarding how to provide feedback on students’ solutions to problems related to proportional
reasoning. This study aims to answer the following questions:

1. What suggestions do middle school mathematics teachers and preservice
mathematics teachers offer to address the errors in students' incorrect
solutions?

2. What suggestions do middle school mathematics teachers and preservice
mathematics teachers provide to support the further development of students

who offer correct solutions?
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Method

Model

This study is part of a larger research project described by Jacobs et al. (2010), which
encompasses all aspects of the skill of noticing, focusing specifically on the dimension of
"deciding how to respond on the basis of children’s understanding.” Participants were asked to
provide suggestions both for correcting errors in students' incorrect solutions and for
supporting the further development of students who provided correct solutions. The study
employed a case study model, which is a research method that involves an in-depth
examination of one or more cases, environments, social groups, etc. (McMillan, 2000; as cited
in Blylkoztlrk et al., 2018, p. 23). Since students from both one school and one university

were selected, the research was conducted as a case study.

Participants

In this study, to obtain the suggestions of teachers and preservice teachers, data were
first collected from the students taught by the participating teachers. For this, 5th, 6th, 7th,
and 8th-grade students in a public school in Istanbul were asked to solve six problems related
to proportional reasoning. These problems were designed to cover all proportional reasoning
problems identified in the literature. The solutions obtained were analyzed based on
proportional reasoning strategies, and incorrect strategies were identified. Examples of each
strategy were selected and prepared for review by the teachers and preservice teachers.

Five middle school mathematics teachers participated in this study, coded as T1, T2,
..., and these codes were used when presenting the findings. The characteristics of these

teachers are shown in Table 1. below.

Table 1

Characteristics of the Middle School Mathematics Teachers Participating in the Study

Teacher Years of Experience Classes Taught
T1 2 years 8th grade

T2 6 years 6th grade

T3 16 years 5th grade

T4 2 years 7th and 8th grades
T5 2 years 6th and 7th grades

328



Ozturk, F. & Taspinar Sener, Z.

The other participants in this study were nine senior preservice mathematics teachers
from a public university. These preservice teachers had completed courses such as
Approaches to Teaching and learning mathematics and special methods of teaching
mathematics. They were selected based on their grade points average (GPA) rankings, with
three students from the top, three from the middle, and three from the lower ranks. The
preservice teachers are coded as P1, P2, ..., and these codes were used when presenting the
findings. The GPA rankings of the preservice teachers are as follows: P1, P3, and P5 are in
the top ranks; P2, P6, and P7 are in the middle ranks; and P4, P8, and P9 are in the lower

ranks.

Data Collection Tool

In this study, a semi-structured interview technique was used. Semi-structured
interviews allow for both the asking of pre-prepared questions and, if necessary, the asking of
additional questions to obtain more detailed information about the research topic
(Buyukozturk et al., 2018).

During the interviews, participants were asked for their suggestions on how to address
the errors in students' incorrect solutions through the question: "What would you do for
students who solved the problem incorrectly? What kind of interventions would you make?"
Additionally, the participants’ suggestions for advancing the abilities of students who
provided correct solutions were collected through the question: "What would you do for
students who solved the problem correctly to help them advance? For example, how would

you modify the problem?"

Data Collection and Analysis

Participants were asked to provide suggestions both for correcting errors in students'
incorrect solutions and for supporting the further development of students who provided
correct solutions. The data collected from the participants were analyzed using content
analysis. Content analysis is a systematic and replicable method of data analysis in which
specific rules are applied to code, categorize, and summarize certain words or themes within
the text (Buyukozturk et al., 2018, p. 259).

In analyzing the suggestions made by participants to correct errors in students'
incorrect solutions, codes were first created based on the suggestions, and similar suggestions
were grouped under a single code. These suggestions were then categorized as effective, low

effective, or ineffective. Similarly, in analyzing the suggestions made by participants to
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support the further development of students who provided correct solutions, codes were
created based on the suggestions, and similar suggestions were grouped under a single code.
These suggestions were also categorized as effective, low effective, or ineffective.

The criteria used to categorize the suggestions are provided in Table 2 below.

Table 2

Criteria for Suggestions

Criteria for Ineffective
Suggestions

Criteria for Low-effective
Suggestions

Criteria for Effective
Suggestions

Suggestions

Suggestions that will

Suggestions to make you

Suggestions that the student will

for the make the student realise  realise that you are only have difficulty in understanding
elimination the multiplicative or doing the question right or (equation, inverse proportion,
of errors additive relationship in wrong etc.).

More rote-based
recommendations

Retelling the same question
without suggesting anything
new, presenting visuals to
help them understand the
guestion, etc.

Suggestions given to those
who make mistakes

the question and make
proportional reasoning

Suggestions
for further
improvement

Making changes that
will take the problem
one step further (adding
new variables, having
the student determine the
variables, etc.), having
the problem set up,
trying to solve the
problem with different
strategies

Suggestions for understanding
the problem

Validity and Reliability

In qualitative research, the concepts of dependability and transferability are used in
place of reliability, while credibility and confirmability replace the concept of validity
(Creswell, 2013; Lincoln and Guba, 1985; Merriam, 2009; Patton, 2002). In this study, expert
opinions were sought to ensure dependability. Initially, an expert was consulted during the
coding of the participants' statements to determine which codes the statements corresponded
to (for example, a teacher’s statement being coded as "providing examples from daily life").
Subsequently, meetings were held with three experts to categorize the codes appropriately.
Initially, two categories were established: effective and ineffective. During the meeting, it was
decided that some codes fell between these two categories, leading to the creation of a

category for low-effective suggestions. To ensure transferability, the research process was
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detailed comprehensively. For credibility and confirmability, in-depth data analysis was

conducted, and each code was illustrated with an excerpt in the findings section.

Ethical Committee Approval

The ethics committee permission for the article was obtained by the Yildiz Technical
University Publication Ethics Committee with the decision numbered 2021/01 dated
21.03.2021.

Findings

In this part, the suggestions of mathematics teachers and prospective mathematics
teachers for the correction of errors for incorrect student solutions and the suggestions for the
progress of students who made correct solutions are given. These suggestions were analyzed
one by one for each problem and presented in tables. These suggestions were grouped as
effective suggestions, low effective suggestions, and ineffective suggestions.

In Table 3.1. below, the suggestions of the teachers and pre-service teachers for
eliminating the errors for the incorrect solutions of the students in problem 1 and the
suggestions for the further improvement of the students who made correct solutions are given.
In addition to these suggestions, the participants who had these suggestions were also
included.

Table 3

Suggestions Offered by Participants for Problem 1

Effective Suggestions Low Effective Ineffective No Suggestion
Suggestions Suggestions
Suggestions for Giving Examples from Teaching
= the elimination  Daily Life (T1- T2- T3- T4- formulating
2 of errors P1-P2-P6-P9) equations (T4-
g Making Realize The P3-P4-P6)
© Additive-Multiplicative
E Relationship (T5- P7 P8)
3 Visualization (P5)
fi Suggestions for Adding a New \ariable- Giving P7
c further Asking Different Questions Examples from
2 improvement Regarding the Problem (T2- Daily Life (T1)
< P4-P6) Changing
o variables in the
problem (T4-
T3-T5-P1-P2-
P3-P5-P6-P8-
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P9)

When examining Table 3, it is observed that for Problem 1, suggestions such as
providing examples from daily life, highlighting additive-multiplicative relationships, using
visualization, and teaching the strategy of equation formulation were made to address student
errors. For example, T1, who suggested providing examples from daily life, explained as

follows:

"In general, what the student is failing to analyze is the age difference. ‘If there is a 3-year difference between
you and me, it will still be a 3-year difference 10 years later.” Because the student cannot reason this out, I
would provide a simple example. For instance, ‘What is the age difference between you and your sibling? 5
vears. What will it be in 20 years? It will still be 5 years.’ If I can explain that the difference does not change, |
can help the student solve this problem better."

T5, who suggested highlighting additive-multiplicative relationships, stated:

"In the first instance, we can explain to the student that the concept of multiples is related to multiplication,
while the increase in age is related to addition."

P5, who suggested using visualization, explained:

"l could create a timeline with units, maybe on paper. Then, on the timeline, | would arrange each age with a
difference and advance Ayse's age by 18 years, and similarly, create a timeline for the father, advancing his age
in the same way, so they can observe the difference."

T4, who suggested teaching the formulating equation, stated:

"1 would explain that this problem can be solved with an equation. I would say Ayse is x, and her father is 3x. Or
if the class level is 6 or 5, I would use ‘apple’ and say ‘three apples.’"

To advance the skills of students who provided correct solutions, suggestions such as
introducing a new variable, asking different questions related to the problem, providing
examples from daily life, and changing the variables in the problem were made.

T2, who suggested introducing a new variable and asking different questions related to

the problem, explained:

"I would introduce 3 people instead. I would change the question and ask, ‘How old will the father be?’ I would
make it a bit more challenging, for example, by asking how the sum of their ages changes. Then | would diversity
the problem. As | said, | could add three people: the father, Ayse, Ali, etc., and develop the questions further."

T1, who suggested providing examples from daily life, explained:

"[ could ask the problem in a similar way. It could be more personal, like instead of Ayse and her father, | could
use you as an example. For instance, I could say ‘you and your sibling,’ to make it more concrete. By using
examples from their own life, family members, | can create a more permanent understanding, by using examples
from their own life."

As seen, T1's suggestion is focused on helping the student better understand and

concretize the problem. However, since the student has already understood the problem and
provided the correct solution, T1's suggestion was categorized as ineffective. P3, who

suggested changing the variables in the problem, explained:

"Instead of just saying Ayse's age is twice her father's current age minus 15, we could introduce other variables,
like 2x-15, or add, subtract, halve, or quarter the amounts. We could add such things that require the four basic
operations.”
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Based on P3's statements, it is seen that the problem is shifted from measuring
proportional reasoning ability to equation solving. This suggestion was also categorized as
ineffective.

Table 4 below presents the suggestions provided by participants for Problem 2.

Table 4

Suggestions Provided by Participants for Problem 2

Effective Suggestions Low Effective Ineffective No
Suggestions Suggestions Suggestion
Suggestions Simplifying The Problem Making the Making Distinguish T4
for the (T1-P1-P2-P7-P9) Problem Read Direct Proportion
elimination of Making Realize The Again- Retelling and Inverse
errors Additive-Multiplicative the Topic (T3- P8)  Proportion (T2- P4)

Relationship (P8)
Using Unit Rates (T5-P3-

Problem 2: Missing Value and Part-Part-
Whole Problem

P6)
Concretization (P5)

Suggestions Changing variables in the Changing the P7

for further problem (P3) numbers in the

improvement Adding A New Variable problem (T1-T4-T5-
(P4-P5) T2-P2-P6-P9)
Directing to A Different Asking Similar
Strategy (P8-P1) Problems (T3-P5)

When examining Table 4, it is observed that suggestions such as simplifying the
problem, using unit rate, providing examples from daily life, highlighting additive-
multiplicative relationships, concrete representation, rereading the problem, reexplaining the
topic, and distinguishing between direct and inverse proportion were made. T1, who
suggested simplifying the problem, explained:

"l could show this in a more concrete way. How can | put it? | could use an example, or ask them to do
something. For instance, as homework, ‘You do this.” Or we could use an example with pizza. ‘If I use this many
ingredients for 1 pizza, how much would I need for 2 pizzas?’ and so on to make it more concrete.”

T5, who suggested using unit rate, explained:

"Before explaining proportion, I would first explain ratio, focusing on the value corresponding to one part, and
then compare it with direct proportion. We would focus more on example solutions in this context. We compare
and try to explain that these mean the same thing. This is one of the common problems we encounter in class.
For instance, while teaching 6th graders last year, | explained that finding the value corresponding to one part
and comparing it with the number of parts is logically the same as direct proportion. | would offer this as a
solution."

P5, who suggested concretization, explained:

"Maybe we could make the problem more concrete so that the student can see the proportion. We could think of
it as a drawing or prepare it from cardboard. For example, after mixing four onions with 8 cups of water, we
could prepare eight solid plates, and the student can observe how much onion and water is allocated to each
person."

P3's suggestion to change the variables in the problem explained:

"While preparing 20 meals, for example, how much oil is needed? How much should remain? During the meal,
two, for instance, were dropped and ruined. So, how much is needed now? | think about playing with the
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numbers here. Can the student identify the necessary relationships and carry out the operations? The ingredients
could increase or decrease.”

P8's suggestion to direct students to different strategies explained:

"Some students tried to calculate based on one person, finding the amount per person and then multiplying by
the number of people. Instead, | would ask them to use proportion and solve it that way as well."

T1's suggestion to change the numbers in the problem explained:

"The student already understands this. | can change the numbers and give larger ones, increasing the complexity
of the operations. Because they have already grasped the concept. | think we can change the problem's numbers
and provide more numbers to develop their operational skills, as they have

As it can be seen, T1 made a suggestion that would enable the student to develop his/her

calculation skills instead of developing his/her proportional reasoning.
The explanation of T3 who suggested asking similar problems is given below:

‘If he/she does this, the child has already settled the subject. Then I continue with different examples related to
- In the statement of T3, again, there is no suggestion that will carry the student to an
advanced stage.

Table 5 includes suggestions from teachers and prospective teachers regarding

solutions to the third problem.

Tablo 5

Suggestions Provided by Participants for Problem 3

Effective Suggestions Low Effective Ineffective No suggestion
= Suggestions Suggestions
s Suggestions for Simplifying The Concretization Using Fraction P3
2 o the elimination Problem (T3-P1-P9) (P2-P5-P6) Strategy (P2-
s % of errors Using Unit Rate (T4- Explaining P8)
S i T5-T1-T2- P2-P7-P9) Division (T1-
O= ¢ T2- P1-P4-P8)
252
Sx38 - : :
== Suggestions for AddlngA New Changlng The
£5 further \ariable (T2-T5-P2) Numbers in The
gt improvement Directingto A Problem (T1-
& 2 Different Strategy (T3- T5-P6)
E P1-P9) Asking Similar
g Problems (T4-
a T5-P3-P4-P5-
P7-P8)

According to Table 5, the suggestions for this problem include simplifying the
problem, using unit rate, concrete representation, explaining division, and using the equivalent
fractions strategy. Below are the explanations of T3, who suggested simplifying the problem:

"We would just change the numbers, or maybe instead of a race, it could be something else like painting or
reading books. These could be changed. But more simply, because when the numbers are more evenly divisible,
without decimals, the child will understand better."

As seen in Appendix 1, in the third problem, it is difficult for the student to reason

since the relationship between quantities is not an exact multiple. T3 noticed this and
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suggested simplifying the problem so that the relationship is an exact multiple, and this
suggestion was evaluated as effective.
Below are the explanations of T4, who suggested using unit rate:

"In these questions, I would first say that we need to find out how much one lap takes. Then, ‘We can decide who
is faster in this way,’ I would say."
Below are the explanations of P2, who suggested concretization

"Maybe I could explain it with an animation because I don’t think the student who gave the first answer
understood it at all. With the help of a demonstration, | would perhaps bring two students to the board, create
the scenario, and explain the question environment in that way."

As seen in P2’s statements, the focus is more on helping the student understand the
problem rather than promoting proportional thinking. While this suggestion might be effective
for some students, it was considered likely ineffective for students who do not yet understand
proportional reasoning.

Below are the explanations of P2, who suggested using the fractions strategy:

"l would have them think of it like equivalent fractions, either equalizing to 50 minutes or finding out how many
laps they ran in 24 minutes."

P2’s statements indicate that students who already have issues with proportional
reasoning may not understand why they need to equalize to 50 minutes or 24 laps, so this
suggestion was categorized as ineffective.

To help advance the skills of students who provided correct solutions, participants
suggested introducing a new variable, directing them to different solution strategies, changing
the numbers in the problem, and asking similar problems. Below are the explanations of T2,

who suggested introducing a new variable:

"As I mentioned earlier, maybe I would increase the difficulty by adding a third person, like Tarik, Ozan, Ali,
and then write something for Ali and ask, ‘Who ran faster?’ By increasing the number of people, I could raise
the question to a higher level."

Below are the explanations of P9, who suggested directing students to different
solution strategies:

"For example, in the second solution, the student reached the correct solution, but how did they use strategy?
They added three laps and another three laps, which made one and a half. | would give numbers that would
prevent this kind of thinking, so that they cannot reach a whole number or set up the ratio. | would make them
set up a proportion calculation instead of guessing."

Finally, T4’s explanation, who suggested asking similar problems, is as follows:

"I would solve different questions related to this topic."
Table 6 shows the suggestions made by the participants for solutions to the fourth

problem.

Tablo 6

Suggestions Provided by Participants for Problem 4

A -o=< Effective Suggestions Low Effective Ineffective No suggestion
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Suggestions Suggestions
Suggestions Concretization (T1- T3- Making the Explaining
for the T4-T5- P1-P2-P3-P4- Problem Read Inverse
elimination of P5-P6-P7) Again (P8) Proportion (T5)
errors Giving Numeric Values  Giving Similar
(T2) Examples (P9)
Suggestions Adding A New Variable  Giving Numeric  Asking Similar T3
for further (P3-P6) \alues (T2-T5- Problems (T1-
improvement P1-P2-P4-P9) T4-P5-P7-P8)

According to Table 6 the participants suggested concrete representation, providing
numerical values, rereading the problem, providing similar examples, and explaining inverse
proportion. Below are the explanations of T1, who suggested concretization;

"I would go to the teachers' lounge, take two glasses of tea, and teach by doing. Which one is sweeter? | would
put two sugars in the small glass and one in the large glass. It can be easily learned through this hands-on
experience."

Below are the explanations of T2, who suggested providing numerical values:

"I would give an example from daily life or present it more numerically. For instance, ‘Would the size of the
glass be large?’ I would guide them towards B in a more concrete way by establishing a ratio."”

Below are the explanations of P8, who suggested rereading the problem:

"l would advise the student to read the question more carefully.”
Below are the explanations of T5, who suggested explaining inverse proportion:

"For students who made mistakes, we could first explain the concept of inverse proportion here."

To help advance the skills of students who provided correct solutions, the participants
suggested introducing a new variable, providing numerical values, and asking similar
problems. Below are the explanations of P3, who suggested adding a new variable:

"I would add a new variable. In the second version of the tea, the bitterness came from the ratio of the tea's
strength. If we brew tea with twice the strength, how many sugars would be needed to maintain the same
sweetness ratio as before? | added a third variable like this."

Below are the explanations of T1, who suggested asking similar problems:

"l could diversify the question types. Similar question types, but | could give different examples. It might be a
different object or a different example rather than tea."

As seen, while P3 suggested making the problem more difficult to help students move
to a higher level, T1 suggested providing similar examples by changing the context of the
problem.

Table 7 includes the suggestions made by the participants for solutions to the fifth

problem.

Table 7

Suggestions Provided by Participants for Problem 5

FSe Effective Suggestions Low Effective Ineffective Participants who

Suggestions Suggestions did not make a
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suggestion
Suggestions Using Unit Rate (T2- Explaining The Using Fraction
for the P8) Topic (P2-P3) Strategy (P8)
eliminationof  Concretization (T5-T1-
errors P7)
Visualization (T3- T4-
T1- P1-P3-P4-P5-P6-
P7-P9)
Simplifying The
Problem (P1)
Suggestions Adding A New Asking Similar P4-pP7
for further Variable (T1) Problems (T4-
improvement Directing to A T5-P3-P5-P6-
Different Strategy (T2- P8-P9)
T3-T5-P1) Changing The

Numbers in The
Problem (P2)

According to Table 7, the participants suggested using unit rate, concretization,
visualization, simplifying the problem, explaining the topic, and using the equivalent fractions
strategy to address incorrect solutions. Below are the explanations of T2, who suggested using

unit rate:

"1 would guide them to unit rate. If 7 people ate 3 pizzas... | would direct them to 3/7 and 1/3 unit rates to find
out which is more.”

Below are the explanations of T5, who suggested concrete representation:

"For instance, we can select seven girls and three boys from the class and represent them as a whole pizza.
Here, we could say there are three pizzas. To distribute them, what do we need to do? First, we need to explain
division because some students performed subtraction here. The basic operation in proportion is multiplication.
We need to explain that proportion can be done with multiples or multiplication. With the support of materials,
we can explain this situation more easily."

Below are the explanations of T3, who suggested visualization:

"We could explain this, for example, by drawing a picture. We could equalize it. If this one eats this much, and
that one eats this much, ‘Who eats less? Who eats more?’ I would try to explain it visually for those who
couldn’t do it. | think they would understand better that way."

Below are the explanations of P1, who suggested simplifying the problem:

"l could change the numbers. Because here, for instance, the 3/7 pizza ratio might be difficult for students. I
would make them perform operations where the answers are whole numbers."

Below are the explanations of P3, who suggested explaining the topic:

"We have two components, right? One component will be all pizzas, and the other will be all people. | need to
emphasize who is giving what to whom. They have errors in division, fundamentally. Some of them have
incorrect division from elementary school. First, I would correct those basic deficiencies and then try to
progress."

P3's statements indicate that while they identified the deficiencies in students’ division

skills, it is unlikely that this suggestion would completely resolve the problem they are
experiencing. Below are the explanations of P8, who suggested using the equivalent fractions
strategy:

"1 would suggest finding the common multiples of 7 and 3, thinking of it as 21 people. Then, how many pizzas
would 21 people get? How many pizzas would 21 people get? This is what | would suggest.”

To help advance the skills of students who provided correct solutions, the participants

suggested introducing a new variable, directing them to different solution strategies, asking
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similar problems, and changing the numbers in the problem. Below are the explanations of

T1, who suggested introducing a new variable:

"l could add a different factor. For example, not just pizza, but maybe pizza and a drink. I could say, ‘There’s
this much drink. Who drinks how much?’ and thus increase the complexity."
Below are the explanations of T2, who suggested directing students to different

solution strategies:

"To help them advance, | would ask for different solution methods. Instead of changing the problem, I would say,
‘How else would you do it? What other solution strategies would you use?’ This way, I would have a different
method."

Finally, below are the explanations of T4, who suggested asking similar problems:

"l would change the problem. Instead of pizza, | would use bread, or something else.”
Below are the explanations of P2, who suggested changing the numbers in the

problem:

"l could change the numbers. For example, | would say that 3 boys ordered 2 pizzas."
Table 8 includes the suggestions made by the participants for solutions to the sixth

problem.

Table 8

Suggestions Provided by Participants for Problem 6

Effective Suggestions Low Effective Ineffective Participants who
=) Suggestions Suggestions did not make a
= suggestion
» Suggestions Simplifying The Problem  Explaining the
z for the (T1-T3-P1) Similarity (T2-
> eliminationof  Using Geometry Related T4-T3-P3-P4-
% = errors Software (T5- P2-P5-P7) P6-P7-P8-P9)
i = Suggestions Making Set Up The Changing the T3
£ 2 for further Problem (T2) Shapes in the
8% improvement Making Find Different Problem (T4-
= Relationships in The P9)
© Problem (T5- P3-P4-P7) Multiplying the
E Shapes in the
3 Problem (T1-
a P1-P2-P5-P6-

P8)

According to Table 8, the participants suggested simplifying the problem, using
geometry software, and explaining similarity to address incorrect solutions. Below are the
explanations of T1, who suggested simplifying the problem:

"“For this question, the student needs to see this. For example, we gave it as 12 by 18, but since it’s not an exact
multiple, it results in a fraction like 2/3. First, I think I should show it as an exact multiple. For instance, if this
side is 2 cm, the other side should be 4 cm. It should be twice as long, so | would show that the long side is
proportional to the long side and the short side is proportional to the short side. I would show that the ratio is
fixed, for example, it could be 2 or 3 or 5 times as long... First,  would show that it’s a fixed number, and then I
would explain that it can also be given as a fraction, not just as an exact multiple. Then | would explain the
solution.”

Below are the explanations of T5, who suggested using geometry software:
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"We can explain it visually. Generally, we could use dynamic software models for this. Using physical materials
might be difficult because as 12 and 18 grow, they don’t increase proportionally. We could use visual sofiware
support to show that as 12/18 grows, it increases at the same rate."

Below are the explanations of T2, who suggested explaining similarity:

"I would tell the student that there is a relationship because the short side is similar to the long side. ‘What kind
of relationship is there between the long sides?’ The short sides must also have the same relationship because of
the similarity. I could have them establish the same relationship. For example, if one side is 15 times longer, the
other side must also be 15 times longer. Additionally, | could ask the student what might happen when the short
side is proportionate to the long side to maintain the same proportion."

To help advance the skills of students who provided correct solutions, the participants

suggested making students formulate problems, finding different relationships in the problem,
changing the shapes in the problem, and increasing the number of shapes in the problem.
Below are the explanations of T2, who suggested making students formulate problems:

"l could ask the student to create two similar rectangles. This way, | could make them both formulate a problem
and solve the problem they created. I would say, ‘Create a similar problem like this.’"

Below are the explanations of T5, who suggested finding different relationships in the

problem:

"We could have them establish a proportion related to the areas. We could create awareness about how the
areas change. For example, if they find the question mark using the relationship ‘if it’s 10 by 12, then what will
it be at 18?° (TS5 wrote it down). So, we created option A here. This option A made the student find the question
mark. After finding the question mark, we could have the student calculate the areas and observe the change in
the areas. After observing this change, for instance, we could help the student realize that while the ratio
constant in similarity for lengths is a single factor, for areas, it becomes squared. This could help the student get
ahead, especially in similar questions."
Below are the explanations of T4, who suggested changing the shapes in the problem:

"l would apply the same question to different quadrilaterals, pentagons, and polygons. | would give triangles,
pentagons."
Finally, below are the explanations of T1, who suggested increasing the number of

shapes in the problem:

"l could increase the number of shapes. Instead of two shapes, | could include three. This way, the student could
build the logic before jumping into the calculation.”
As seen, the suggestions of T1 and T3 are more aimed at helping students who

couldn’t solve the problem to better understand and reinforce the concept. Therefore, these

suggestions were categorized as ineffective.

Discussion and Results

In this study, feedback given by teachers and preservice teachers based on 6 different
problem solutions involving proportional reasoning were examined. In this section, the results
obtained from the feedback for each problem were discussed.

In first problem, according to Table 3, the participants provided effective suggestions
for addressing the errors in this problem, such as giving examples from daily life, highlighting

additive-multiplicative relationships, and using visualization. By relating mathematics to daily
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life, students can create connections between mathematics and their own lives (Stylianides
and Stylianides, 2008). This, in turn, can increase students' motivation for the mathematics
course and, consequently, enhance their success in mathematics (Singletary, 2012). Therefore,
it can be said that providing examples from daily life can be effective in addressing students'
errors. Participants who suggested highlighting additive-multiplicative relationships can be
said to have made an effective suggestion because the inability to distinguish between
additive and multiplicative relationships is likely to cause errors in this problem, and
addressing this issue can help correct students' errors in this area (Langrall and Swafford,
2000). Teaching through concrete representation can also help students better understand the
topic in mathematics and minimize their errors, making this suggestion effective as well
(Temel et al., 2015). Additionally, some participants suggested teaching the strategy of
equation formulation, but this suggestion is not effective for this problem. This is because
none of the errors in this problem stem from a lack of understanding of equations. The
effective suggestions made for advancing the students who provided correct solutions to
Problem 1 include introducing a new variable and asking different questions related to the
problem. Introducing a new variable contributes to students' mathematical progress by
increasing the number of objects or people they need to consider. Asking additional questions
involving different relationships can also contribute to students’ mathematical progress by
encouraging them to engage in different types of mathematical thinking. However, providing
examples from daily life and changing the variables in the problem are not effective
suggestions for advancing students' progress in mathematics. Providing examples from daily
life is generally effective when used to address students’ errors (Stylianides and Stylianides,
2008), so it is unlikely to contribute significantly to students' progress. Participants who
suggested changing the variables in the problem believed that this would help develop
students' arithmetic skills, but since the problem does not involve significant changes in
numbers and operations, students may not progress in mathematics by performing similar
operations. For this problem, most mathematics teachers and preservice mathematics teachers
made effective suggestions for addressing students' errors. However, most mathematics
teachers and preservice mathematics teachers did not make effective suggestions for
advancing students who provided correct solutions.

According to Table 4, the effective suggestions made by participants to address
students' errors in this problem include simplifying the problem, using unit rate, giving
examples from daily life, highlighting additive-multiplicative relationships, and using

concretization. Participants who suggested simplifying the problem aimed to adjust the
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numbers in the problem so that they are exact multiples, thus guiding students toward
proportional solutions. Indeed, they are likely to achieve their goal, as studies by Artut and
Pelen (2015), Steinthorsdottir (2006), and Degrande et al. (2019) have found that middle
school students are more likely to arrive at proportional solutions in problems where the
numbers are set as exact multiples. Using unit rate is also effective in addressing students'
errors, as unit rate is an effective method for teaching proportional situations (Cramer et al.,
1989; Van de Walle et al., 2013, p. 458). Some participants aimed to address errors by having
students reread the problem or re-explain the topic. These participants identified the cause of
the errors as students not reading the problem carefully or not fully understanding the topic.
Although this possibility is low, it still exists, so these suggestions were categorized as low-
effective. However, they did not provide detailed information on how to re-explain the topic.
Simply re-explaining the topic may not be sufficient for students to better understand it. Some
participants suggested distinguishing between direct and inverse proportion, but none of the
errors in this problem were caused by students' inability to distinguish between direct and
inverse proportion. Therefore, this suggestion will not address students' errors in this problem.
The effective suggestions made by participants to advance students who provided correct
solutions in this problem include changing the variables in the problem, introducing a new
variable, and directing students to different strategies. Participants who suggested changing
the variables aimed to transform this proportional problem into a fixed relationship problem
by adding a new variable, thus encouraging students to think about a different mathematical
situation. Distinguishing between proportional and non-proportional situations can help
students advance in proportional reasoning (Modestou and Gagatsis, 2010). Therefore, it can
be said that this suggestion will be effective in advancing students' progress. In fixed
relationship problems, as one variable in the problem increases or decreases, the other remains
constant (Dooren et al., 2010). Participants who suggested introducing a new variable aimed
to transform this proportional problem into a non-proportional one by adding a new variable,
making it an effective suggestion for advancing students’ progress in mathematics.
Participants who suggested directing students to different strategies aimed to change the
problem so that students who used the unit rate strategy would be directed toward the cross-
multiplication strategy. This suggestion will also contribute to the advancement of students
who provided correct solutions, as the cross-multiplication strategy is considered more
advanced than the unit rate strategy (Langrall and Swafford, 2000). Most participants,
however, made suggestions that were not effective in advancing students' progress in

mathematics, such as changing the numbers in the problem and asking similar problems. The
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numbers used in the problems in the study were not exact multiples of each other anyway, so,
changing the numbers in the problem will not contribute to students' progress in mathematics.
Asking similar problems will not change the mathematical structure of the problem, so
students will not be encouraged to explore different mathematical relationships. Therefore,
this suggestion will not contribute to students' progress in mathematics. For this problem,
most mathematics teachers and preservice mathematics teachers made effective suggestions
for addressing students' errors. However, most mathematics teachers and preservice
mathematics teachers did not make effective suggestions for advancing students who provided
correct solutions.

According to Table 5, the effective suggestions made by participants to address
students' errors in this problem include simplifying the problem and using unit rate. The
suggestions categorized as low effective include concretisation and explaining division.
Explaining division was only suggested for students who made errors in division with
remainders. Since participants indicated that division would be explained in a straightforward
manner, this suggestion is likely to be ineffective in addressing students' errors in division.
Although concrete representation has been mentioned in the first paragraph as an effective
way to help students better understand mathematical concepts and minimize errors, the
concrete representation suggested for this problem is less effective in addressing errors. This
is because participants suggested simulating the problem, but the two individuals selected for
the simulation may not maintain the same speeds as those in the problem, and even if they run
at a constant speed, it is unlikely they will complete their laps within the specified time. Some
participants suggested using the equivalent fractions strategy to address errors in this problem,
but this suggestion is not effective in correcting students' errors. Although the numbers in the
problem are not exact multiples of each other, the equivalent fractions strategy is one of the
most advanced strategies in proportional reasoning, making it difficult for students who have
made errors to understand the problem or the concept using this strategy (Noelting, 1980;
Langrall and Swafford, 2000). The effective suggestions made by participants to advance
students who provided correct solutions in this problem include introducing a new variable
and directing students to different strategies. The ineffective suggestions include changing the
numbers in the problem and asking similar problems. For this problem, most mathematics
teachers and preservice mathematics teachers made effective suggestions for addressing
students' errors. While most mathematics teachers made effective suggestions for advancing

students who provided correct solutions, most preservice mathematics teachers did not.
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According to Table 6, the effective suggestions made by participants to address errors
in Problem 4 include concrete representation and providing numerical values. The suggestions
categorized as low effective include rereading the problem and providing similar examples.
Providing similar examples may not be effective in addressing errors in this problem, as
students who do not understand the problem are likely to also not understand similar
examples. Explaining inverse proportion was suggested by only one participant and is not
effective in addressing errors in this problem, as none of the errors in this problem were
caused by a lack of understanding of inverse proportion. The only effective suggestion made
by participants to advance students who provided correct solutions in this problem was
introducing a new variable. The suggestion categorized as low effective was providing
numerical values, as this suggestion does not take the problem to a different level and may not
contribute to students' progress. Asking similar problems will not contribute to the
advancement of students who provided correct solutions, as it does not change the
mathematical structure of the problem. In this problem, almost all mathematics teachers and
preservice mathematics teachers made effective suggestions for addressing students' errors.
However, except for two preservice mathematics teachers, the other participants did not make
effective suggestions for advancing students who provided correct solutions.

According to Table 7, the effective suggestions made by participants to address
students' errors in Problem 5 include using unit rate, concrete representation, visualization,
and simplifying the problem. Like concrete representation, visualization, when used in
teaching, helps students better understand a mathematical concept and minimize errors
(Temel et al., 2015). The suggestion categorized as loe effective in addressing students' errors
in this problem is explaining the topic. The suggestion to use the equivalent fractions strategy
will not correct students' errors in this problem. The effective suggestions made by
participants to advance students who provided correct solutions in this problem include
introducing a new variable and directing students to different solution strategies. The
ineffective suggestions include asking similar problems and changing the numbers in the
problem. For this problem, most mathematics teachers and preservice mathematics teachers
made effective suggestions for addressing students' errors. While almost all mathematics
teachers made effective suggestions for advancing students who provided correct solutions,
almost all preservice mathematics teachers did not.

According to Table 8, the effective suggestions made by participants to address
students' errors in Problem 6 include simplifying the problem and using geometry software.

Using geometry software is effective in addressing students' errors in this problem, as it
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allows students to visualize similarity. The suggestion to explain similarity has a low impact
on addressing students' errors in this problem. The effective suggestions made by participants
to advance students who provided correct solutions in this problem include making students
formulate problems and finding different relationships in the problem. Since problem
formulation is a high-level skill, making students formulate problems can contribute to their
mathematical progress. Participants who suggested finding different relationships in the
problem aimed to have students discover the relationship between the similarity ratio of the
sides and the ratio of the areas of the shapes, thus providing students who solved the problem
correctly with new knowledge. Therefore, this suggestion is also effective in advancing the
mathematical progress of students who provided correct solutions. The suggestions to change
the shapes in the problem and to increase the number of shapes in the problem are ineffective
in advancing students who provided correct solutions, as these actions would create a similar
problem. Therefore, these suggestions will not contribute to the mathematical progress of
students who provided correct solutions. Most mathematics teachers made effective
suggestions for addressing students' errors in this problem. Nearly half of the preservice
mathematics teachers made effective suggestions for addressing students' errors in this
problem. However, most mathematics teachers and preservice mathematics teachers did not
make effective suggestions for advancing students who provided correct solutions.

In general, it can be concluded that mathematics teachers are sufficiently capable of
making suggestions to address students' errors in incorrect solutions. This finding is consistent
with the results found by Jacobs et al. (2010). In their study, Jacobs et al. (2010) found that
only mathematics teachers with more than four years of experience were able to make
suggestions to address students' errors, while novice mathematics teachers, those with two
years of experience, and preservice mathematics teachers struggled to make such suggestions.
However, this result contradicts the findings of LaRochelle (2018) and Chick (2010).
LaRochelle (2018) found that mathematics teachers struggled to make suggestions to address
students' errors in their study on the noticing skills of mathematics teachers and preservice
mathematics teachers. Chick (2010) found similar results in their study, concluding that
mathematics teachers had difficulty making suggestions to address students' errors.

When it comes to preservice mathematics teachers, it can also be concluded that they
are sufficiently capable of making suggestions to address students' errors in incorrect
solutions. This result contradicts the findings of Bahar (2019), LaRochelle (2018), and Jacobs
et al. (2010). In their study, Jacobs et al. (2010) found that preservice mathematics teachers,

novice mathematics teachers, and those with two years of experience struggled to make
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suggestions to address students' errors. Bahar (2019) also concluded that preservice
mathematics teachers were insufficient in making suggestions to address students' errors in
their study on the pedagogical content knowledge of preservice mathematics teachers
regarding proportional reasoning. This result is consistent with the findings of Ozel (2019),
who found that preservice mathematics teachers were sufficiently capable of making
suggestions to address students' errors in incorrect solutions in their study on the noticing
skills of preservice mathematics teachers.

In general, it can be concluded that mathematics teachers and preservice mathematics
teachers are insufficient in making suggestions to advance the mathematical progress of
students who provided correct solutions. Taylan (2016) found that preservice mathematics
teachers were insufficient in making suggestions to advance the mathematical progress of
students who provided correct solutions. The reason for this result is that most of the
suggestions they provided for students who provided correct solutions were in the form of
exercises. This finding is consistent with the results found by Ozel (2019), who concluded
that most of the suggestions provided by preservice mathematics teachers for advancing the

progress of students who provided correct solutions were in the form of exercises.

Recommendations

The recommendations related to this research are provided below:

Mathematics teachers struggle to make suggestions that contribute to the mathematical
progress of students who provide correct solutions. In-service training can be provided to
mathematics teachers on this topic.

Preservice mathematics teachers also struggle to make suggestions that contribute to
the mathematical progress of students who provide correct solutions. A curriculum could be
prepared on this topic within mathematics education courses such as Approaches to Teaching
and Learning Mathematics and Special Methods of Teaching Mathematics for preservice
mathematics teachers.

The suggestions made by preservice mathematics teachers who have not taken any
mathematics education courses and those who have successfully completed most of the
mathematics education courses can be examined to see how they address students' errors in
incorrect solutions.

The suggestions made by preservice mathematics teachers who have not taken any

mathematics education courses and those who have successfully completed most of the
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mathematics education courses can be examined to see how they contribute to the
mathematical progress of students who provide correct solutions.

A study could be conducted to observe how the teaching experience of mathematics
teachers affects their ability to make suggestions that contribute to the mathematical progress
of students who provide correct solutions.

A study could be conducted to observe how the general academic performance of
preservice mathematics teachers affects their ability to make suggestions that contribute to the

mathematical progress of students who provide correct solutions.
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Appendix
Proportional Reasoning Problems
Class:

1-) Ayse's father's current age is 3 times Ayse’s age. If Ayse's current age is 18 years old,
what is her father's current age? When Ayse is 36, how old will her father be? Explain how
you found it. (Adapted from Bethea(2003))

2-)

4 onions

8 glasses of water

2 tablespoons of oil
% cup chopped celery

A soup recipe for 8 people is given in the table above. A housewife who wants to prepare this
soup for 6 people with the same taste,

a-)How many onions does it need?

b-)How much water does it need?

c-)How much oil does it need?

d-)How much chopped celery does he need?

Explain how you found your answers. (Adapted from Hines and McMahon (2005)).

3-) Tarik and Ozan ran in the park, circling the perimeter of the park. Tarik ran 8 laps in 25
minutes and Ozan ran 3 laps in 10 minutes. Who ran faster? Explain how you found it.
(Adapted from Heller et al. (1989))

4-) Tufan drank his breakfast tea in a larger glass than yesterday, with less sugar. The taste of
this tea is compared to yesterday's tea;

a) it is with more sugar

b) it is with less sugar c) it is the same d) the information given is insufficient.

Write and explain which option is correct. (Taken from Duatepe and Akkus (2006)).

5-) In a pizzeria, 7 girls are sitting at one of the tables and 3 boys are sitting at another table.
The table where 7 girls are sitting has ordered 3 pizzas, and the table where 3 boys are sitting
has ordered 1 pizza. Accordingly, which table has the highest amount of pizza per person?
Explain how you found it. (Adapted from Lamon (1993))

6-)

10 cm

12 cm
18 cm

The two rectangles above are similar rectangles. Accordingly, what is the
length of the short side of the larger rectangle, in cm? Explain how you found it
(adapted from Bethea (2003)).
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