
Hacettepe Journal of
Mathematics & Statistics

Hacet. J. Math. Stat.
Volume XX (x) (XXXX), 1 – 7

DOI : 10.15672/hujms.xx

Research Article

Lifts of L-valued powerset mapping systems

Chang-Jie Zhou1, Wei Yao∗2
1School of Sciences, Hebei University of Science and Technology, Shijiazhuang 050031, China

2School of Mathematics and Statistics, Nanjing University of Information Science and Technology,
Nanjing 210044, Jiangsu, China

Abstract
Motivated by Zadeh’s extension of mappings, this paper introduces a concept of lifts of
powerset mapping systems. In this framework, L-subsets are lifts of ordinary subsets,
L-Zadeh functions are lifts of ordinary mappings, L-fuzzy rough set operators are lifts
of classical rough set operators, L-interior/closure operators of L-topology are lifts of
interior/closure operators of level topologies. Consequently, lifts of powerset mapping
systems can be considered as a useful fuzzy structures for future study.
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1. Introduction and preliminaries
The decomposition theorems of fuzzy sets are the most basic tools in fuzzy set theory

[4]. They strongly connect levelwise approaches to fuzzy mathematical structures, which
is used by a lot of researches in the past 40 years (there are too many related literature,
we omitted here). In the viewpoint of fuzzy set researchers, everything is mapping, for
example, fuzzy sets are mappings from the background set to the valued lattice [8]; fuzzy
relations are mappings from Cartesian product of the background set to the valued lattice
[2], fuzzifying structures (eg. topologies, matroids, etc) are mappings from the powerset
of the background set to the valued lattice [3,5]; fuzzy groups are mappings from a group
to the valued lattices [1].

This short paper aims to provide a common framework of fuzzy subsets, Zadeh func-
tions of ordinary mappings, fuzzy rough operators, fuzzy interior operators of fuzzy meet
structures, fuzzy closure operators of fuzzy join structures. For details, we will introduce
a concept of lattice-valued powerset mapping systems and then propose the concept of
lifts, so that we can represent all the structures mentioned above to lifts of some kinds of
powerset mapping systems.

Let L be a complete lattice and a, b ∈ L. The element a is called wedge-blow b, in
symbols a ⊲ b, if for all S ⊆ L, b ≤ ⋁S always implies a ≤ s for some s ∈ S; and a is called
co-wedge-blow b, in symbols a ≺ b, if for all S ⊆ L, ⋀S ≤ a always implies s ≤ b for some
s ∈ S. Both a ⊲ b and a ≺ b imply a ≤ b for all a, b ∈ L.
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A complete lattice L is called completely distributive if a = ⋁{b ∈ L ∣ b ⊲ a} for all a ∈ L,
or equivalently, a = ⋀{c ∈ L ∣ a ≺ c} for all a ∈ L. It is well-known that a complete lattice
L is completely distributive iff its opposite poset Lop is completely distributive. In this
paper, L always denotes a completely distributive lattice unless otherwise stated.

Let X be a nonempty set and a ∈ L, A ∈ LX . Denote the following four cut sets [4] by
A[a] = {x ∈X ∣ A(x) ≥ a};
A(a) = {x ∈X ∣ a ⊲ A(x)},
A[a] = {x ∈X ∣ A(x) /≺ a},
A(a) = {x ∈X ∣ A(x) /≤ a}.

It is routine to show that A(λ) ⊆ A[λ] and A(λ) ⊆ A[λ] hold for all λ ∈ L. For a
completely distributive lattice L, if a ⊲ b, then A[b] ⊆ A(a), and if b ≺ a, then A[a] ⊆ A(b).
For L = [0, 1], we have A(λ) = A(λ) and A[λ] = A[λ] (∀λ ∈ [0, 1]).

Proposition 1.1. Let {Ai ∣ i ∈ I} ⊆ LX and λ ∈ L. Then
(1) (⋁i Ai)(λ) = ⋃i(Ai)(λ);
(2) (⋁i Ai)(λ) = ⋃i(Ai)(λ);
(3) (⋀i Ai)[λ] = ⋂i(Ai)[λ];
(4) (⋀i Ai)[λ] = ⋂i(Ai)[λ].

2. L-valued powerset mapping systems
In this section, we will introduce a concept of lattice-valued powerset mapping systems.

Definition 2.1. Let X, Y be two nonempty sets. A family F = {Fλ ∣ λ ∈ L} is called an
L-valued powerset mapping system from X to Y if every Fλ is a mapping from 2X to 2Y ,
where Fλ is called the λ-component of F .

An L-valued powerset mapping system F from X to Y is called:
(1) constant if every λ-component is a fixed mapping h ∶ 2X Ð→ 2Y , denoted by h.
(2) natural if every Fλ is monotone w.r.t the set-inclusion order for every λ ∈ L and

b ≤ a implies Fa ≤ Fb for all a, b ∈ L.

Definition 2.2. Let F be an L-valued powerset mapping system from X to Y . Define
F+, F− ∶ LX Ð→ LY by

F+(A) = ⋁
λ∈L

λ ∧ Fλ(A[λ]), F −(A) = ⋀
λ∈L

λ ∨ Fλ(A(λ)).

For a complete lattice L, the decomposition theorems of L-subsets say that every L-
subset A of a set X can be represented as the forms of ⋁

λ∈L
λ ∧A[λ] and ⋀

λ∈L
λ ∨A(λ). We

can formulate them as lifts of L-valued powerset mapping systems.

Example 2.3 (Representation of L-subsets). Let X be a set and let A ∈ LX . For every
λ ∈ L, define [A]λ, (A)λ ∶ 2∅ Ð→ 2X by

[A]λ(∅) = A[λ], (A)λ(∅) = A(λ) (∀λ ∈ L).
Then [A]+ = A = (A)−.

Proof. Since ∣L∅∣ = 1, we denote L∅ = {∗}. Then
[A]+(∗) = ⋁

λ∈L
λ ∧ [A]λ(∗[λ]) = ⋁

λ∈L
λ ∧ [A]λ(∅) = ⋁

λ∈L
λ ∧A[λ] = A,

(A)−(∗) = ⋀
λ∈L

λ ∨ (A)λ(∗(λ)) = ⋀
λ∈L

λ ∨ (A)λ(∅) = ⋀
λ∈L

λ ∧A(λ) = A.

Hence, [A]+ = A = (A)−. □
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Let f ∶X Ð→ Y be a mapping. The L-Zadeh functions f→L ∶ LX Ð→ LY and f←L ∶ LY Ð→
LX are defined by ∀A ∈ LX , ∀B ∈ LY ,

f→L (A)(y) =⋁{A(x) ∣ f(x) = y} (∀y ∈ Y );
f←L (B) = B ○ f.

They are exactly a kind of lifts of the ordinary mapping f . While we also can formulate
them as lifts of L-valued powerset mapping systems.

Example 2.4 (Representation of L-Zadeh functions). Every mapping f ∶ X Ð→ Y can
induce two constant L-valued powerset mapping system: the first one is f→ from X to Y ,
and the second one is f← from Y to X. Then

f→
+ = f→L and f←

− = f←L .

Proof. This result has been proved by Theorem 5.1(1,2) in [4] for L being a completely
distributive lattice. In this paper, we give a proof for L just being a complete lattice. For
f→, let A ∈ LX and y ∈ Y , we have

f→
+(A)(y) = ⋁

λ∈L
λ ∧ f→(A[λ])(y) = ⋁

y∈f→(A[λ])
λ.

If y ∈ f→(A[λ]), then there exists x ∈X such that f(x) = y and A(x) ≥ λ. Therefore,

⋁
y∈f→(A[λ])

λ ≤ ⋁
f(x)=y

A(x) = f→L (A)(y).

Conversely, for all x ∈ X with f(x) = y, put λ = A(x), then we have y ∈ f→([A]λ).
Therefore,

f→L (A)(y) = ⋁
f(x)=y

A(x) ≤ ⋁
y∈f→(A[λ])

λ.

Hence, f→
+(A)(y) = f→L (A)(y) and the arbitrariness of y and A, f→

+ = f→L .
For f←, let B ∈ LY and x ∈X, we have

f←
−(B)(x) = ⋀

λ∈L
λ ∨ f←(B(λ))(x)

= ⋀
x/∈f←(B(λ))

λ = ⋀
f(x)/∈B(λ)

λ

= ⋀
B(f(x))≤λ

λ = B(f(x)) = f←L (B)(x).

Hence, f←
− = f←L . □

In [7], by the unit interval as the valued lattice, Wu used the decomposition form to
introduce a pair of L-fuzzy rough operators. In [6], more types of decomposition forms of
L-fuzzy rough operators have been constructed and studied. In fact, those definitions can
be formulated as lifts of L-valued powerset mapping systems.

Let (L, ′) be a De Morgan algebra (that is, ′ ∶ LÐ→ L is an order-reversing involution)
and let R ∶X ×Y Ð→ L be an L-relation from X to Y . A kind of L-fuzzy rough operators
AprR, Apr

R
∶ LY Ð→ LX by ∀A ∈ LY , ∀x ∈X,

AprR(A)(x) = ⋁
y∈X

A(y) ∧R(x, y),

Apr
R
(A)(x) = ⋀

y∈X
R′(x, y) ∨A(y).

If R is a classical binary relation from X to Y , i.e., R ⊆X × Y , then
AprR(A) = {x ∈X ∣ ∃y ∈ A s.t. (x, y) ∈ R},

Apr
R
(A) = {x ∈X ∣ ∀y ∈ Y, (x, y) ∈ R⇒ y ∈ A}.
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Example 2.5. (Representation of L-fuzzy rough operators) Let (L, ′) be a De
Morgan algebra and let R ∶ X × Y Ð→ L be an L-relation from X to Y . Define [R] =
{AprR[λ]

∣ λ ∈ L} and (R) = {Apr
R[λ′]
}. Then

[R]+ = AprR, (R)− = Apr
R
(A).

Proof. This result has been proved by Theorems 4.13 and 4.19 in [6] for L being a
completely distributive De Morgan algebra. While they hold for a usual De Morgan
algebra. For every x ∈X,

[R]+(A)(x) = [ ⋁
λ∈L

λ ∧AprR[λ]
(A[λ])](x)

= ⋁{λ ∈ L ∣ x ∈ AprR[λ]
(A[λ])}

= ⋁{λ ∈ L ∣ ∃y ∈ A[λ] s.t. (x, y) ∈ R[λ]}
= ⋁{λ ∈ L ∣ ∃y ∈X s.t. A(y) ≥ λ, R(x, y) ≥ λ}
= ⋁{λ ∈ L ∣ ∃y ∈X s.t. R(x, y) ∧A(y) ≥ λ}
= ⋁

y∈X
A(y) ∧R(x, y)

= AprR(A)(x).

(R)−(A)(x) = [ ⋀
λ∈L

λ ∨Apr
R[λ′]
(A(λ))](x)

= ⋀{λ ∈ L ∣ x /∈ Apr
R[λ′]
(A(λ))}

= ⋀{λ ∈ L ∣ ∃y ∈ R[λ′] −A(λ)}
= ⋀{λ ∈ L ∣ ∃y ∈X s.t. R(x, y) ≥ λ′, A(y) ≤ λ}
= ⋀{λ ∈ L ∣ ∃y ∈X s.t. R′(x, y) ≤ λ, A(y) ≤ λ}
= ⋀{λ ∈ L ∣ ∃y ∈X s.t. R′(x, y) ∨A(y) ≤ λ}
= ⋀

y∈X
R′(x, y) ∨A(y)

= Apr
R
(A)(x).

Hence, [R]+ = AprR, (R)− = Apr
R
(A). □

The L-fuzzy rough operators are in fact the interior and closure operators of an L-
topology on X induced by R. In a broad sense, we can formulate the interior and closure
operators of ordinary L-topology as lifts of L-valued mapping systems.

Let X be a set. A family U ⊆ LX (resp., N ⊆ LX) is called an L-join structure (resp.,
L-meet structure) on X if ⋁i∈I Ai ∈ U (resp., ⋀i∈I Ai ∈ N ) for all {Ai ∣ i ∈ I} ⊆ U (resp.,
{Ai ∣ i ∈ I} ⊆ N ). It is routine to show that if L is a completely distributive lattice, then
for every L-join structure U (resp., L-meet structure N ) on X and for every λ ∈ L, the
family U(λ) = {A(λ) ∣ A ∈ N} is an ordinary join-structure (resp., N [λ] = {A[λ] ∣ A ∈ N} is
an ordinary meet-structure) on X.
Example 2.6. (Representation of interior operators of L-join structures) Let U
be an L-join-structure on X with the property of a ∧B(λ) ∈ U (∀λ ∈ L,∀B ∈ U). For all
λ ∈ L, denote intλ as its interior operator. Then int+ = intU , that is,

intU(A) = ⋁
λ∈L

λ ∧ intλ(A[λ]) (∀A ∈ LX).

Proof. Let T = intU(A) and x ∈ X. For every λ ∈ L, if x ∈ intλ(A[λ]), then there exists
B ∈ U such that x ∈ B(λ) ⊆ A[λ]. It is easily seen that λ ∧ B(λ) ∈ U and λ ∧ B(λ) ≤ A.
Then λ∧B(λ) ≤ T and then λ ≤ T (x). Then we have, intU(A)(x) ≥ [ ⋁

λ∈L
λ∧ intλ(A[λ])](x).

Conversely, let b = T (x) and arbitrarily choose λ ⊲ b. Then x ∈ T(λ) ⊆ A(λ) ⊆ A[b] and
then x ∈ intb(A[b]) and then [ ⋁

λ∈L
λ ∧ intλ(A[λ])](x) ≥ b = intU(A)(x). Hence, intU(A) =

⋁
λ∈L

λ ∧ intλ(A[λ]). □
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Example 2.7. (Representation of interior operators of L-meet structures) Let
N be an L-meet-structure on X with the property of a ∨B[λ] ∈ N (∀λ ∈ L,∀B ∈ N ). For
all λ ∈ L, denote clλ as its closure operator. Then cl+ = clN , that is,

clN (A) = ⋀
λ∈L

λ ∨ clλ(A(λ)).

Proof. Let T = clN (A) and x ∈ X. For every λ ∈ L, if x /∈ clλ(A(λ)), then there exists
B ∈ N such that x /∈ B[λ] and A(λ) ⊆ B[λ]. It is easy to check that A ≤ λ ∨ B[λ] ∈ N .
Then T ≤ λ ∨B[λ] and then T (x) ≤ λ. Then we have, clN (A)(x) ≤ [ ⋀

λ∈L
λ ∨ clλ(A(λ))](x).

Conversely, let b = T (x) and arbitrarily choose b ≺ a. Clearly, x /∈ T [a] ⊇ T (a) ⊇ A(a). Then
x /∈ cla(A(a)) and ⋀

λ∈L
λ∨clλ(A(λ)) ≤ a. By the arbitrariness of a, we have ⋀

λ∈L
λ∨clλ(A(λ)) ≤

b = clN (A)(x). Hence, clN (A) = ⋀
λ∈L

λ ∨ clλ(A(λ)). □

3. Properties of L-valued powerset mapping systems
The lifts F+, F− have another description for L being a completely distributive lattice.

Theorem 3.1. For every natural L-valued powerset mapping system F , it holds that,
(1) F+(A) = ⋁

λ∈L
λ ∧ Fλ(A(λ));

(2) F−(A) = ⋀
λ∈L

λ ∨ Fλ(A[λ]).

Proof. (1) Since F is natural and A[λ] ⊇ A(λ) for all λ ∈ L, we only need to show that for
all x ∈X, it holds that

⋁{λ ∈ L ∣ x ∈ Fλ(A[λ])} ≤⋁{a ∈ L ∣ x ∈ Fa(A(a))}.
In fact, let a ⊲ ⋁{λ ∈ L ∣ x ∈ Fλ(A[λ])}. Then there exists λ ∈ L such that a ⊲ λ and
x ∈ Fλ(A[λ]) ⊆ Fλ(A(a)) ⊆ Fa(A(a)). This completes the proof.

(2) Since F is natural and A(λ) ⊆ A[λ] for all λ ∈ L, we only need to show that for all
x ∈X, it holds that

⋀{λ ∈ L ∣ x /∈ Fλ(A(λ))} ≥⋀{a ∈ L ∣ x /∈ Fa(A[a])}.

In fact, let ⋀{λ ∈ L ∣ x /∈ Fλ(A(λ))} ≺ a. Then there exists λ ∈ L such that λ ≺ a and
x /∈ Fλ(A(λ)) ⊇ Fλ(A[a]) ⊇ Fa(A[a]). This completes the proof. □
Theorem 3.2. Let F be an L-valued powerset mapping system from X to Y . If every
component Fλ is join-preserving (resp., meet-preserving), then so is F+ (resp., F−).
Proof. (1)

F+(⋁i Ai) = ⋁
λ∈L

λ ∧ Fλ((⋁i Ai)(λ))

= ⋁
λ∈L

λ ∧ Fλ(⋃i(Ai)(λ))

= ⋁
λ∈L

λ ∧ [⋃i Fλ((Ai)(λ))]

= ⋁i ⋁
λ∈L

λ ∧ Fλ((Ai)(λ))

= ⋁i F+(Ai).
(2)

F+(⋀i Ai) = ⋀
λ∈L

λ ∨ Fλ((⋀i Ai)[λ])

= ⋀
λ∈L

λ ∨ Fλ(⋂i(Ai)[λ])

= ⋀
λ∈L

λ ∨ [⋂i Fλ((Ai)[λ])]

= ⋀i ⋀
λ∈L

λ ∨ Fλ((Ai)[λ])

= ⋀i F−(Ai).
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□

Theorem 3.3. Let F be a natural L-valued powerset mapping system from X to Y . Then
for all ∈ LX and all λ ∈ L,

(1) (F+(A))(λ) ⊆ Fλ(A(λ)) ⊆ (F+(A))[λ];
(2) (F−(A))(λ) ⊆ Fλ(A[λ]) ⊆ (F−(A))[λ].

Proof. (1) The inclusion Fλ(A(λ)) ⊆ (F+(A))[λ] is obvious. Let x ∈ (F+(A))(λ).
Then λ ⊲ ⋁{a ∈ L ∣ x ∈ Fa(A(a))} and there exists a ∈ L such that λ ⊲ a and
x ∈ Fa(A(a)). Since F is natural, we have x ∈ Fλ(A(a)) ⊆ Fλ(A(λ)). Hence,
(F+(A))(λ) ⊆ Fλ(A(λ)).

(2) The inclusion (F−(A))(λ) ⊆ Fλ(A[λ]) is obvious. Let x /∈ (F−(A))[λ], then ⋀
a∈L

a ∨

Fa(A[a])(x) ≺ λ and then there exists a ≺ λ such that x /∈ Fa(A[a]) ⊇ Fλ(A[λ]) ⊇
Fλ(A[λ]). Hence, Fλ(A[λ]) ⊆ (F−(A))[λ].

□

An L-topological space (X, δ) is called induced there is a crisp topology T on X such
that δ is generated by the subbase {A ∈ LX ∣ ∀a ∈ L, A(a) ∈ T } [3]. The topology
T is called the base topology of δ. It is well-known that an L-topological space (X, δ)
is induced if and only if A ∈ δ always implies A(a) ∈ δ (considered as the characteristic
function) and aX ∈ δ (the constant L-subset) for all a ∈ L.

Example 3.4. Let L be a completely distributive De Morgan algebra and let (X, δ) be
an induced L-topological space with T as the base topology. Then

(1) clδ(A) = ⋁
λ∈L

λ ∧ clT (A[λ]) = ⋁
λ∈L

λ ∧ clT (A(λ));

(2) clδ(A) = ⋀
λ∈L

λ ∨ clT (A[λ]) = ⋀
λ∈L

λ ∨ clT (A(λ));

(3) intδ(A) = ⋁
λ∈L

λ ∧ intT (A[λ]) = ⋁
λ∈L

λ ∧ intT (A(λ));

(4) intδ(A) = ⋀
λ∈L

λ ∨ intT (A[λ]) = ⋀
λ∈L

λ ∨ intT (A(λ)).

That is to say, clδ = clT
+
, intδ = intT

−.

Proof. These results are exactly those of Theorem 5.3 in [4]. □

4. Conclusions
Motivated by Zadeh’s extension of mappings and the contents in [4], this paper intro-

duces a concept of lifts of powerset mapping systems. In this framework, L-subsets are
lifts of ordinary subsets, L-Zadeh functions are lifts of ordinary mappings, L-fuzzy rough
set operators are lifts of classical rough set operators, L-interior/closure operators of L-
topology are lifts of interior/closure operators of level topologies. Following the paper
[6], more interesting examples can be supplied. These results generalize some interesting
results in [4]. Consequently, lifts of powerset mapping systems can be considered as a
useful fuzzy structures for future study.

There may be other kind of lifts by means of different kinds of cut sets. For example,
for an L-valued powerset mapping system F from X to Y , we can define two new kinds
of lifts F∗, F ∗ ∶ LX Ð→ LY as follows:

F∗(A) = ⋁
λ∈L

λ ∧ Fλ(A(λ)), F ∗(A) = ⋀
λ∈L

λ ∨ Fλ(A[λ]).

Clearly, for L = [0, 1], by Theorem 3.1, it holds that F∗ = F+, F ∗ = F−. We have an
interesting result:
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Theorem 4.1. Let L be a complete lattice, let F be an L-valued powerset mapping
system from X to Y and let G be an L-valued powerset mapping system from Y to X. If
for every λ ∈ L, (Fλ, Gλ) forms a Galois adjunction from 2X to 2Y , then (F∗, G∗) forms a
Galois adjunction from LX to LY .

Proof. Let A ∈ LX , ∀B ∈ LY . Then
F∗(A) ≤ B

iff ∀y ∈ Y, ∀λ ∈ L, λ ∧ Fλ(A(λ))(y) ≤ B(y)
iff ∀y ∈ Y, ∀λ ∈ L, y ∈ Fλ(A(λ))Ô⇒ λ ≤ B(y)
iff ∀y ∈ Y, ∀λ ∈ L, y ∈ Fλ(A(λ))Ô⇒ y ∈ B[λ]
iff ∀λ ∈ L, Fλ(A(λ)) ⊆ B[λ]
iff ∀λ ∈ L, A(λ) ⊆ Gλ(B[λ])
iff ∀λ ∈ L, ∀x ∈X, x /∈ Gλ(B[λ])Ô⇒ x /∈ A(λ)

iff ∀λ ∈ L, ∀x ∈X, x /∈ Gλ(B[λ])Ô⇒ A(x) ≤ λ
iff ∀x ∈X, ∀λ ∈ L, A(x) ≤ λ ∨Gλ(B[λ])(x)
iff A ≤ G∗(B).
Hence, (F∗, G∗) is a Galois adjunction from LX to LY . □

Similar to Theorem 3.1, we can show that

Theorem 4.2. Let L be a completely distributive lattice. For every natural powerset
mapping systems F , it holds that

(1) F∗(A) = ⋁
λ∈L

λ ∧ Fλ(A[λ]);

(2) F ∗(A) = ⋀
λ∈L

λ ∨ Fλ(A(λ)).

Acknowledgments
This paper is supported by the NSFC of China (12371462, 12231007) and Heilongjiang

Natural Science Foundation Joint Key Project (ZL2024A001).

References
[1] N. Ajmal, Fuzzy group theory: a comparison of different notions of product of fuzzy

sets, Fuzzy Sets Syst. 110 (3), 437–446, 2000.
[2] R. Belohlavek, Fuzzy Relational Systems: Foundations and Principles, Kluwer Aca-

demic Publishers, New York, 2002.
[3] Y.-M. Liu and D.X. Zhang, Lowen spaces, J. Math. Anal. Appl. 241, 30–38, 2000.
[4] F.-G. Shi, Theory of Lα-nest sets and Lβ-nest sets and their applications, Fuzzy Syst.

Math. 4 (in Chinese), 65–72, 1995.
[5] F.-G. Shi, A new approach to the fuzzification of matroids, Fuzzy Sets Syst. 160 (5),

696–705, 2009.
[6] Y. Sun and F.-G. Shi, Representations of L-fuzzy rough approximation operators, Inf.

Sci. 645, 119324, 2023.
[7] W.-Z. Wu, J.-S. Mi and W.-X. Zhang, Generalized fuzzy rough sets, Inf. Sci. 151,

263–282, 2003.
[8] L.A. Zadeh, Fuzzy sets, Inf. Control 8 (3), 338–353, 1965.


