http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 74, Number 2, Pages 277-293] (2025)
https://doi.org/10.31801/cfsuasmas.1566187
ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS
ERIES Al

Research Article; Received: October 18, 2024; Accepted: February 17, 2025

On generalized difference .#-convergent sequences in neutrosophic n-normed linear spaces

Nesar HOSSAIN! and Syed Abdul MOHIUDDINE?:3

IDepartment of Basic Science and Humanities, Dumkal Institute of Engineering and Technology, West Bengal 742406,
INDIA
2Department of General Required Courses, Mathematics, The Applied College,
King Abdulaziz University, Jeddah 21589, SAUDI ARABIA
3Qperator Theory and Applications Research Group, Department of Mathematics,
Faculty of Science, King Abdulaziz University, Jeddah 21589, SAUDI ARABIA

ABSTRACT. In this article, we delve into the intricate concepts of A" .#-convergence and A™ .#-Cauchy
sequences within neutrosophic n-normed linear spaces, unveiling several intriguing properties. Our find-
ings establish that every neutrosophic n-normed linear space is A" .#-complete. We also thoroughly
investigate the A™ .#-limit and A™ .#-cluster points of sequences in relation to the neutrosophic n-norm,
proving that the set of all A™.#-cluster points forms a closed set under the topology induced by the
neutrosophic n-norm. Additionally, we demonstrate that a linear operator preserves A™ .#-convergence
if and only if it remains continuous with respect to the neutrosophic n-norm.
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1. INTRODUCTION

Zadeh [51] stands as the pioneering figure behind the groundbreaking introduction of fuzzy set the-
ory, extending the boundaries of classical set theory. Since its inception, it has been continually refined
and integrated across various fields of engineering and science. An intriguing extension of fuzzy sets,
introduced by Atanassov [1], is known as intuitionistic fuzzy sets, which enhance the traditional fuzzy
sets by incorporating a non-membership function alongside the membership function. Over time, the
concept of fuzzy set has been fascinatingly expanded into new and innovative notions and the evolution
of fuzzy sets has sparked the growth of numerous concepts in mathematical analysis. As a comprehen-
sive generalization of these concepts, Smarandache [45] defined a new idea named as neutrosophic set
by introducing the indeterminacy function to the intuitionistic fuzzy sets, i.e., an element of a neutro-
sophic set is characterized by a triplet: the truth-membership function, the indeterminacy-membership
function, and the falsity-membership function. In a neutrosophic set, each element of the universe is
defined by its specific degrees of these notions. The concept of fuzzy normed spaces, introduced by Fel-
bin [6] in 1992, evolved over the years with Saadati and Park’s [40] introduction of intuitionistic fuzzy
normed spaces in 2006, followed by Karakus et al.’s exploration of statistical convergence [18] within
these spaces in 2008 and Kumar et al.’s [26] in 2009 generalization to ideal convergence. Recently, Kirigci
and Simsek [21] introduced neutrosophic normed linear spaces and delved into the concept of statistical
convergence, sparking further research into different types of sequence convergence within these spaces.
The concept of 2-normed linear spaces, and its significant extension to n-normed linear spaces, was first
introduced by Géhler [7,|§], sparking considerable interest among researchers. This idea has since been
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further developed by mathematician such as Kim and Cho [20], Malceski |30], Misiak [32], Gunawan and
Mashadi [10], contributing to its rich evolution. Combining these two pivotal notions, in 2023, Murtaza et
al. [38] introduced the groundbreaking concept of neutrosophic 2-normed linear space, a significant exten-
sion of neutrosophic normed space, and explored its statistical convergence and statistical completeness.
Recently, Kumar et al. [27] introduced the innovative concept of neutrosophic n-normed linear spaces,
exploring their convergence structures and defining Cauchy sequences within this novel framework.

The concept of statistical convergence, a profound generalization of the traditional convergence of
real number sequences, was first independently studied by Fast [5], Steinhaus [46], and Schoenberg [43].
Statistical convergence is a generalized form of convergence that has gained significant attention in various
fields of mathematics and applied sciences. It is an extension of the classical notion of convergence and
is defined using density-based or probabilistic criteria rather than strict adherence to every term of a
sequence. It has wide-ranging applications in several fields: topology [29], approximation theory [49],
probability [48], measure theory [28] etc. A particularly fascinating extension, known as .#-convergence,
was later introduced by Kostyrko et al. [25], where .# represents an ideal-a collection of subsets of
natural numbers satisfying specific conditions. Since then, this pivotal concept has been explored in
various directions by numerous researchers, including [2}/14},|15|19,/35+37], contributing to its ongoing
development. Also, readers seeking a deeper understanding of summability theory, sequence spaces, and
their related concepts are encouraged to explore [11}12,22}(39}141}/421|47}/50].

1.1. Motivation. In 1981, Kizmaz [23] introduced the concept of difference sequence spaces, which was
later extended to the form of order second and m by Et and Colak [3] and Malkowsky et al. [31], respec-
tively. Further developments by Hazarika [13], and Gumus and Nuray [9] explored generalized difference
sequence spaces of real numbers in the context of ideals. Since then, this intriguing concept has been
nurtured by various researchers in diverse frameworks such as A™-statistical convergence [4], difference
& -convergent sequences in IFnNS [19], intuitionistic fuzzy .#-convergent difference sequence spaces [17],
some classes of ideal convergent sequences and generalized difference matrix operator [33], weighted sta-
tistical convergence through difference operator of sequences of fuzzy numbers |34]. Research on sequence
convergence in neutrosophic n-normed linear spaces is still in its early stages, with limited progress made
thus far. However, the studies conducted to date reveal a compelling similarity in the behavior of se-
quence convergence within these spaces. From the point of view, the study of generalized difference
J-convergence in neutrosophic n-normed linear spaces is very natural. So, keeping these facts in mind,
within this specific framwork we define and examine the notion of generalized difference .#-convergent
sequences, linked with generalized difference .#-Cauchy sequences, and present some compelling results
in relation to neutrosophic n-norm.

2. PRELIMINARIES

In this section, we present an overview of key definitions and terminology essential for describing our
main results. Throughout the study, N will denote the set of all natural numbers.

Definition 1. [25] A family 7 of subsets of a non empty set X is said to be an ideal in Z if the
following conditions hold:

(1) D e 7;

(2) o, B €I implies o VB € F;

(8) o € S and B C o implies B € 7.

An ideal .# is called non trivial if 2" ¢ .# and & # ().
Definition 2. [25] A non trivial ideal % C 2% is called admissible if {{z} :z € X} C .Z.

Definition 3. [25] A non empty family F of subsets of a non empty set X" is called a filter in X if
the following properties hold:

(1) 0 ¢ 7;

(2) o, B € F implies d N B € .F;

(38) o € F and o C B implies B € F.

If .# C 2% is a non trivial ideal then the class .# (%) = {2 \ & : & € #} is a filter on 2" which is
called filter associated with the ideal .# [25].
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Definition 4. [25] An admissible ideal .# C 2 is said to satisfy the condition (AP) if for every
countable family of mutually disjoint sets {1, b, ...} belonging to & there exists a countable family of
sets {PB1,Bs, ...} such that the symmetric difference o, A%B; is finite for each i € N and \J;2, B; € I .

Definition 5. Let ¢ C N. Then, the natural density of #, denoted by 6(X'), is defined as
1
(&) = lim E|{k‘§n:k‘€%}|,

n—oo

provided the limit exists, where the vertical bars denote the cardinality of the enclosed set.

Definition 6. [9] Let .# C 2~ be a non-trivial ideal. The sequence w = {wy} of real numbers is named
to be A™ .7 -convergent to v € R if for each o > 0 the set
{k e N:|A™w, —v| > o}

belongs to &, where m € N, A%w = (wy), Aw = wi, — w1, A™w = (A™wy) = (A" Lwy, — A™ Lwy )

and so that .
. m
Amwk = Z(—l)J (_] )wkﬂ-.

§=0
In this scenario, it is denoted as . — lim A™wy, = v.

Definition 7. /9] Let .# C 2N be a non-trivial ideal. If {k+1:k € o/} € .7, for any o/ € I, then I
is named to be a translation invariant ideal.

If we take a non-trivial ideal .# as the collection of all subsets of N whose natural density is zero, then
# becomes a translation invariant ideal [9].

Definition 8. [44] A binary operation ® : 7 x ¢ — ¢, where ¢ =[0,1] is named to be a continuous
t-norm if for each vi,va,v3,v4 € Z, the below conditions hold:

(1) ® is associative and commutative;

(2) ® is continuous;

(8) vi@l=uv forallv, € 7;

(4) vi Brs < vs ® vy whenever vy < vs and va < vy.

Definition 9. [{4] A binary operation ® : 7 x ¢ — ¢, where ¢ =[0,1] is named to be a continuous
t-conorm if for each vi,va,vs,v4 € Z, the below conditions hold:

(1) ® is associative and commutative;

(2) ® is continuous;

(3) Vi @0 =1 forallv, € 7;

(4) v1 ® va < v3 @ vy whenever v1 < vz and v < vy.

Example 1. [24] The continuous t-norms are v1 @ vy = min{vy,va} and vy Mve = v1.ve. On the other
hand, continuous t-conorms are v1 ® vy = max{vi,ve} and vy ® vo = vy + vy — V1.V3.

Definition 10. [10] Let n € N and W be a real vector space having dimension d > n (d is finite or

infinite). A real valued function ||-,..., || on W x W X ... x W = W™ gratifying the below four axioms:
n times
(1) ||k1, K2, .., kol = 0 if and only if k1, Ka, ..., Kk, are linearly dependent;
(2) ||k1, K2, - .., Knl| remains invariant under any permutation of ki, Ka, ..., kKn;
(3) 1K1, K2,y bne1,0kinl] = || ||K1, K2, - .y Kne1, kn|| for @ € R (set of real numbers);
(4) llk1, K2, -y kn—1, T + w|| < |61, 625+« Bne1, T|| + |51, K2, - - -, Kn—1, W||,
is called an n-norm on W and the pair OV, ||-,...,||) is named to be an n-normed linear space.

As an illustration of n-normed linear space we take W = R"™ equipped with the Euclidean norm

w11 . Win
lwy, wa, ..., w,| = abs
Wn1 T Wnn,
where w; = (w1, wig, ..., W) € R™. For instance, we get ||wy, ws, ..., w,|| > 0 in an n-normed linear

space.
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127] Let W be a vector space over € and ® and ® be continuous t-norm and t-conorm

(0,00) to [0,1]. Then, a siz tuple (W, T, R, VU, &, ®)

W™ x (0,00) — [0,1], if the below conditions hold:
(1) T(nla R2,...,Kp—1,Wn; g) + §R(Hla K2,...,Kkpn—1,Wn; C) + \11(517 R2,..., Kp—1,Wn; C) S 3;
(2) T(Kh K2y ...y Kn—1,Wn; C) > 0;
K1,K2, .y bn_1,Wn; () = 1 if and only if w; are linearly dependent, 1 < j < n;
3) T 1 if and only if w; are linearly dependent, 1 < j <
(4) Y(K1,K2,. . Kn_1,Wn;C) is invariant under any permutation of ki, Ka, ..., Wn;
(5) Y(K1,K2,. k-1, kWn;C) = T(K1,K2, ...\ Kn1, Wn; |<T\)’ k#0 and k € F;
(6) T(Kla R2,y.+..,Rn—-1,Wn + w;m C + T) 2 T('L{‘:h R2, ...y Rn—1,Wn; <) T(K/la R2,..ny "fn—l,w;ﬁ T);
(7) Y(k1,K2, .-, En_1,Wn;C) is non-decreasing continuous in (;
(8) lime o0 Y(K1, K2,y hin1,Wn;¢) = 1 and lim¢ 0 Y(k1, Ko, - -, Kp—1, Wn; ) = 0;
(9) 8?(/{b R2,...,Rp—1,Wn; C) > 07.
(10) R(Kk1,K2,. - Kn—1,wn;¢) =0 if and only if w; are linearly dependent, 1 < j < n;
(11) R(K1, K2, ..., En-1,Wn; () is tnvariant under any permutation of K1, Ka, ..., Wn;
(12) R(K1,K2,y ...y Ene1, KWn; () = R(K1, K2, -+, Kn—1, Wn; %), k#0 and k € F;
(13) R(K1, K2, - -« ki1, Wn + W3 C+T) < R(K1, K2, -+ o o1, W3 €) @ R(K1y K2y ey K1, W3 T);

<y Kn—1,Wp; ) 18 non-increasing continuous in C;
s Bn—1,Wp; C) =0 and lim¢_,o R(k1, Ko, . .
ceeyRn—1,Wn; C) > 07'

<y Rn—1, Wn; C) = 1;

(17) V(K1, K2, ..., kn—1,wn;¢) =0 if and only if w; are linearly dependent, 1 < j < n;

(18) U(K1,K2, ... Kn—1,Wn;C) is invariant under any permutation of Ki,Ka, ..., Wn;

(19) VU(Kk1, K2, Kn—1, KWn;C) = U(K1, K2y -+, Kne1, Wn; |<7\)’ k#0 and k € F;

(20) \11(517 R2,...,Rp—1,Wn + w;m C + T) S \Ij(’{lv R2,...,Rpn—1,Wn; C) ® \Il(ﬁla R2y.eey 'k‘./nflvw;z; T);

(21) ¥ (K1, K2, ..

<y Kn—1,Wn; () is non-increasing continuous in (;

~7"$n717wn§C) €

(22) lim¢_oo U(K1, K2, - - -, Kn—1,Wn;C) =0 and lim¢_0 U(K1, Ka, - .-, Kp—1,Wn; () = 1.

In the sequal, we shall use the notation X for neutrosophic n-normed linear space instead of
W, T, R, ¥, @, ®) and we denote .4, to mean neutrosophic n-norm on X.

Example 2. [27] Let W, |, ...,-||) be an n-normed linear space. Also, let v1 ® v2 = min(v1,v2) and
v1 ® ve = max(vy,vs) for every vi,va € [0,1]. If we define T, R and ¥ as
¢
T(k1, K2y s bn—1,Wn;C) =
( b e n7<) C+||Hl7"£27"-a"<‘n717wn||
[k1, K2, - - -, Kn—1, Wal|
R(k1, K2, En_1,Wn;C) =
( 1, ~h2, s vn—1, ’naC) <+“/€1,/€2,--~7f‘€n—1,wn||
and ‘I’(K17K27~-~,Kn—1’wn;<) = ||H‘1’K‘2""<?Hn—17wn”.

Then, W, YT, R, ¥, H,®) is a neutrosophic n-normed linear space.

Definition 12. [27] Let {wy} be a sequence in a Nn-NLS X. Then, {wy} is named to be convergent to
v € W with respect to Ny, if for everyo > 0,( > 0 and k1,Kk2,...,kn_1 € W there exists kg € N such that
Y(k1,K2, .y kn—1, Wk — U;¢) > 1 — 0 and R(k1, ke, ..., kn—1, Wk — V;C) < 0, V(K1,Ka,...,Kn—1, Wk —

v;C) < o for all k > ko. In this scenario, it is denoted as Ny, — limw, = v or wy, Sy,

Definition 13. [27] Let {wy} be a sequence in a Nn-NLS X. Then, {wy} is named to be Cauchy
sequence with respect to Ny, if for every o > 0, > 0 there exists kg € N such that

T (K1, K2y vy K1, W — W3 C) > 1 — 0 and R(K1, ke, ..., kn1, W — Wy; () < 0,
U(K1, Koy -y Bn—1, Wk — Wi; ¢) < o for all k,m > k.
Theorem 1. [27] Let {wy} be a sequence in W. Then, {wy} is convergent in OV, ||-,...,-||) iff {wx} is

convergent in X with respect to neutrosophic n-norm as defined in Ezample [3



A™(#)-CONVERGENCE IN NEUTROSOPHIC n-NORMED LINEAR SPACES 281

3. A™.Z(A;,)-CONVERGENCE

In this section we define A™ . #-convergence and A™.#-Cauchy sequence with respect to neutrosophic
n-norm and develop some of their interesting properties.

Definition 14. Let {wy} be a sequence in a Nn-NLS X. Then, {wy} is named to be A™-convergent to

v € W with respect to Ay, if for every o € (0,1), ¢ > 0 and nonzero k1,Ka,...,kn—1 € W there exists
ko € N such that
Y (K1, K2,y s bn—1, A"wg —v; () > 1 — 0 and R(k1, K2, ..., kn—1, AW, —v;() < 0,

U (K1, K2y - vy in—1, A"wg, — v;¢) < o for all k > k.

. L . A™ (N,
In this scenario, it is denoted as Ny, — lim A™w, = v or wg -(——)—> v.

Definition 15. Let {wy} be a sequence in a Nn-NLS X. Then, {wy} is named to be A™-Cauchy sequence
with respect to Ny, if for every o € (0,1), ¢ > 0 there exists kg € N such that

Y(K1, Koy -y bn—1, AMwp — A™w;; () >1—0 and
R(K1, K2,y b1, AT wr — A"w;; () < o
U(K1, K, ...y kn—1, AMw — A™w;; () < o,

for all ki > k.

Definition 16. Let {wy} be a sequence in a Nn-NLS X and % C 2N be a non-trivial ideal in N.
Then, {wy} is named to be generalized difference .7 -convergent to v € W with respect to Ay, (named as
A™ I (Ny,)-convergence) if for every o € (0,1),( > 0 and nonzero k1, Ka,...,kn—1 € W such that

{k e N:Y(k1,k2,..., in-1, A"wg —v;¢) <1 —0 or R(K1,ka, ..., kn-1, AW —v;() > o and
V(k1, K250 bin1, AMwg —v;() > 0} € S,

In this scenario, it is denoted as I (Ny,)—lim A™wy, = v or w, e ACO N And, v is called A™ . (N,)-

limit of {wg}.
Example 3. Let W = R" with

w11 . Win
w1, wa, ..., wy,| = abs
Wn1 T Wnn,
where w; = (w1, Wig, . . ., W) € R™. We take continuous t-norm and t-conorm as v1 B vy = min{vy,va}

and vy ® vy = max{vy,va} for every vy,vs € [0,1]. We take Nn-NLS as defined in Ezample[d Let .5
be a class of subsets of N such that natural density of each subset is zero. Then, & becomes a nontrivial
admissible ideal. Now, we define a sequence {wi} € W by

A {(1,0,...,0) =1, ifk=: ieN
(0,0,...,0) = 0, otherwise

Then for any o € (0,1) and ¢ > 0, we have
{k e N:Y(k1,k2, ..., 6n-1, A"wg; () <1 —0 or R(K1, ke, ..., kn_1, A"wg; C)
>oand U(K1, K, ..., kin_1, AMwg; () > o}
={keN:|Ki, ke, ..., 6¢n—1, AT wy| > % >0 or ||K1,K2, ..., Kp—1, AT wy|
>(o >0} C{keN:k=i% ieN}

Since 6({k e N: k =1i% i€ N}) =0, Z(A,) — lim A™w;, = 0.

From Definition we can easily prove the following lemma.

Lemma 1. Let {wi} be a sequence in a Nn-NLS X. Then, for every o € (0,1),¢ > 0 and nonzero
K1, K2, ..., kn—1 € W, the below properties are gratified:
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(1) F(Ay) — lim A™wy, = v;

(2) {k e N: Y(k1,k2,. .., kn-1,A"wp —v;() <1 -0} € S, {k € N: R(k1,ke,...,En-1, A"wy —

v;{) > o}t €S and {k e N: U(k1,ka,...,6n-1, AW —v;() >0} €.9;

(3) {k € N : Y(k1,k2,. ., kn-1, AW, —v;¢) > 1 — 0 and R(k1, K2, ..., kn-1, A"wi, — v;() <

o, U(Kk1, K2,y bin—1, A™wy, —v; () < o} € F(F);

(4) {k e N:T(k1,K2,. -, kn_1, A"wr—v;{) > 1—0} € F(F), {k € N: R(k1,Kka, ..., kn—1, AMw—

v;{) <ot e F(I) and {k e N: U(k1,k2,...,6n_1, AW, —v;() < o} € F(I);

(5) S —lmY(k1,Kka,- ., kn—1, AW —v;¢) = 1, S —lim R(k1, K2, - . -, kn—1, A™wi —v;¢) = 0 and

I —lm V(K1 Ka, ...\ kn—1, A™wy —v;¢) = 0.

Theorem 2. Let {wy} be a sequence in a Nn-NLS X. If {wy} is A™.F (Ny,)-convergent, A™ .7 (Ny,)-limit

of {wg} is unique.

Proof. If possible, let # (A7) — im A™w, = vy and F(A;,) — im A™w, = vy where v; # vg. Let
o € (0,1) be given. Choose w € (0,1) such that (1 —w)®@ (1 —w) > 1—0 and w ® w < ¢. For any

¢ > 0 and nonzero Ki,kKo,...,kn—1 € W, we define

kGN:T<n1,n2,...,nn_1,Amwkv1;> < lw};
K1, K2, vy K1, AWy —vg; = | < l—w};
K1, K2, v vy Bne1, A wyE — v1;
1

. m .
keN: U (K, Koy ooykno1, ATw, — vy

2
g
\ | Il
— — = A
Pl
m
Z,
=

< )
! )
< )

)

kEN:\I/<nl,ng,...,nn_1,Amwk—v2;

Since ¥ (A,,) — lim A™w;, = vy, by Lemmall]

My 1 (w,C), Mp1(w, () and My 1(w,() € S.
Again, as & (A;,) — lim A™wy, = vg,

Py 2(@,C), Br2(w@, () and By (@, () € S
Let Arp,w)(0,C) = [Ar1(@,() U B 2(@, Q)] N [My1(w, () U By (@, ()]

N [ My 1(w, () U By 2(w,()]. Then &y 5w (0,() € F. Obviously N\ oy 5 v)(0,() € F(F). So, let

k€ N\ v 5 w)(0,(). So, there are three possible cases to be considered.
Case-1:If k € N\ (A 1(w,() U By 2(w,()), then we have

T<K17K27"'7K7’L713U1 - UQ;C)

¢ ¢
>7T (K17”€27---a"<‘n—17Amwk Uiy T ( K1, K2, ooy Kin—1, AT Wy — v2; 5

>(l—-w)®E(l-w)>1-o0.

Since o > 0 is arbitrary, Y (K1, ke, ..., Kkn—1,01 —v2;¢) = 1 for all ¢ > 0. Hence v; = vs.
Case-2 : If k € N\ (Mp 1(w, () U By 2(w,()), then we can have
R(K1, K2y -y Kno1,V1 — V2;()

¢ ¢
<R (Iil,’iz,---a/‘in—hﬁmwk ULy R K1, K2, k1, A" wy — vy

<w®w < o.

Since o > 0 is arbitrary, R(k1, k2, ..., kn—1,v1 — v2;¢) = 0 for all { > 0. Hence v; = va.

Case-3: If k € N\ (Ay,1(w,() U By 2(w,()), then by similar technique as above we can arrive at

R(Kk1, K2,y Kno1,V1 — V2;() =0 Le., v1 = va.
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In all the above three cases, we get v1 = vz, which is a contradiction. Hence A™ .7 (A;,)-limit of {wy} is
unique. O

Now, we give two interesting results based on the translation invariant ideal.

Proposition 1. Let {wy} be a sequence in a Nn-NLS X. Then, 7 (A;) — lim A™wy,
=v = S(AM,) — lim A™wi41 = v under the condition & is a translation invariant ideal.

Proof. Let .7 (Ay,) — lim A™wy, = v. Then

{k e N:YT(k1,k2, ., kn-1,ATw —v;¢) <1—0 or R(k1,kKa,...,kn—1, AW —v;{) > o and
U(K1, Koy e nybin_1, A™wg —v;() >0}
Since .7 is a translation invariant ideal,
{k+1eN:T(k1,K2,. s kn-1,A"wr11 —v;¢) <1—0 or R(k1,Kk2,.. ., kn-1, A" Wkt1 —v;¢) > 0 and
U(K1, K, .-y kn—1, AMwg11 —v;() > 0} € I,
ie., I(A) — Iim A™wyq = v. O

Proposition 2. Let {wy} be a sequence in a Nn-NLS X. Then % (A;,) — lim A™ L,
=v = S(AN,) — lim A™wy, = v under the condition .% is an admissible translation invariant ideal.

Proof. Let % (Ay,) —1lim A™~lwy, = v. Since .7 is a translation invariant ideal, by Propositionwe have
I (M) —lim A" Ly = v. Since (A™wy) = (A™ Lwy, — A™ twy 1), therefore 7 (A;,) —lim A™wy, =
v. (Il

Theorem 3. Let {wy} be a sequence in a Nn-NLS X. If A, —lim A™wy, = v then & (Ay) —lim A™wy, =
v.

Proof. Let Ay, — lim A™wy, = v. Then, for every o € (0,1), ¢ > 0 and nonzero ki,Ka,...,kn—1 € W
there exists kg € N such that

Y (K1, K,y kn1, AW —v;¢) > 1 — 0 and R(k1, ke, ..., kno1, ATwy —v;() < 0,
U (K1, K2y vy bin_1, A™wg —v;() < o
for all k£ > kg. Therefore, it is immediate that the set
{keN:T(k1,k2,-,kn_1, ATwr —v;¢) <1—0 or R(Kk1,K2,- .-, kn—1, AW, —v;() >0
and U (K1, Ka, ..., kn—1, ATw, —v;() > o}
is finite. Since .# is an admissible ideal, hence
{k e N: Y (k1,62 ., kn_1,A"wr —v;¢{) <1—0 or R(k1, K2y, kn-1, A"wr —v;() >0
and U (K1, kg, ..., kn_1, A"w, —v;() > 0} € L.
So, S () — lim A™wy, = v. O

But, in general, the converse of the above theorem need not be true which can be illustrated as given
below.

Example 4. Let W = R" with

w11 . Win
w1, wa, ..., w,| = abs
Wp1 *++ Wnpn
where w; = (W1, Wiz, . .., W;n) € R™. We take continuous t-norm and t-conorm as v1 Bve = min{vy,va}

and v1 ® vy = max{vy,va} for every vi,ve € [0,1]. We take Nn-NLS as defined in Example @ Let 9
be a class of subsets of N such that natural density of each subset is zero. Then, & becomes a nontrivial
admissible ideal. Now, we define a sequence {wi} € W by

gy J(R0,0) if k=% i €N
b (0,0,...,0) = 0, otherwise
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A" (N o .
Then we obtain I (Ay,) — im A™w, = 0, but wy ﬁ(@ 0 as it is not convergent in R™, so from
Theorem[1], we have it is not convergent in W with respect to ;.

Theorem 4. Let W be a real vector space, {wy} and {l;} be two sequences in a Nn-NLS X. Then, the
below statements hold good:

(1) If Z(ANy,) —lim A™wy, = vy and I (Ay) —lm A™l, = ve, I (Ay,) —lHm A™ (wy, + 1) = v1 + va;
(2) If F(Ay) —lim A™wy, = v, I (Ay,) — Im A" (kwy,) = kv, £ # 0;
(3) If Z(ANy,) —lim A™wy, = vy and I (Ny,) — Um A, = vg, F(Ny,) — Um A™ (wy, — Ii,) = v1 — va.

Proof. 1t is straightforward. So, we omit details. O

Theorem 5. Let {wy} be a sequence in a Nn-NLS X. Then, .9 (Ay) — im A™wy, = v if and only if
there exists a € C N such that € € ¥ and
Ny — lim A™wg = v.
k—o0
ke€
Proof. First, suppose that % (A4;,) — lim A™w;, = v. Then, for any ¢ > 0,¢ € N and for all nonzero
K1,K2,...,Kpn—1 € Wv

1 1
Yy (q,0) ={k e N: T(Kk1,K2,...,5n-1,ATw —v; () > 1 —6 and R(k1, Ko,y ... kn1, ATwp —v;() < 6,

1
\I/(Fv'lam% . '7Hn—1aAmwk - UaC) < 5} € ﬂ(ﬂ)
and

1
Ty (q,0) ={k e N: Y(k1,ka,...,kn-1, A"wp —v;{) <1— 6 or R(k1, Koy .oy bno1, ATwg —v; ) >

b

m
F& SE N

\Il(ﬁla K2, .. '7/€nflyAmwk - U;C) Z

1
q}
We observe % 4. (¢4 1,¢() C % 4. (g, (). Now, we shall show that
for k € %4 (q,¢), N — klim A"w = .
—00

Suppose that wy, Aj(ﬁ)» v. Then for some o € (0,1), T(k1,Ka,...,kn-1,A"w —v;¢) < 1 — 0,
R(K1, K2y v oy bn_1, A™wg, —v;¢) > o and Y (K1, K, ..., kn—1, A™w, — v; () > o holds good except at

most finite number of terms k € %4 (q, (). Let
Dy, (0,0) ={k € N: T(k1,k2,...,kn-1, AW, —v;() > 1 — 0 and R(k1, K2, ..., kn—1, A"wr —v;() < T,
\Il(ﬁla K2,...3,Kn-1, Amwk — v C) < 0}7
where o > %. Then 9.4, (0,¢) € & as . is an admissible. As, o > %, 4. (q,¢) € Dy, (0,¢) and hence
%y (q,¢) € & which contradicts %4 (q,() € F(5). Therefore, for k € %4 (q,0),
Ny — limg oo A™wy, = 0.
Conversely suppose that there exists a 4 C N such that ¢ € % () and
Ny — lim A"™wy, = v.

k—o0

ke€
Then for every o € (0,1),¢ > 0 and nonzero k1, ks, ..., kn—1 € W there exists ky € N such that

Y (K1, K2y -y in—1, A"wy, —v;¢) > 1 — 0 and R(k1, K2, ..., kn—1, AW — v;() < o,

U (K1, K2,y kn—1, AMw, —v;() < o for all k > ko, k € €.

Thus
{k e N:Y(k1,k2,...,kn-1, A"wr —v;() <1 —0 or R(k1,k2,...,kn-1, A™w —v;{) > o and
U (K1, K2y - vy bin_1, A™w —v;() >0} € .7,
since .# is an admissible. Hence % (.A4;,) — lim A™wy, = v. This completes the proof. O

Theorem 6. Let {wy} and {lx} be two sequences in a Nn-NLS X such that 7 (Ny,) —lim A™l;, = v and
{k e N: A™[;, £ A™wi} € F. Then, I (ANy) — Iim A" wy, = v.
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Proof. Suppose Z(A;) — limA™l;, = wv. Then, for every ¢ € (0,1),( > 0 and nonzero
K1,K2,...,Kkn_1 € W, the set & € .4 where

o ={k eN:T(k1,k2,...,6n-1, A" —v;() <1—0 or R(k1,k2,...,kn-1, A"l —v;{) > 0o and
U (K1, K2y vy b1, A" —v;() > 0}
It is clear that
{k e N:Y(k1,k2,.. ., n_1, A"wg —v;¢) <1 —0 or R(K1,k2,...,kn_1, A"wr —v;{) > o and
UKy, K2y ey bin_1, A™wg —v;() >0} C A U{k e N: A", # A" wy }.
By the condition,
{k e N:YT(k1,k2, -, kn_1,ATwr —v;¢) <1—0 or R(k1,Kka,...,kn—1, AW —v;¢) > o and
U (K1, K2,y - vybin_1, A™wg —v;() >0} € 7,
ie., J(AM) — lIim A™wy, = v. O

4. A" 7*(A;,)-CONVERGENCE
Now, we proceed with the notion of A™ . #*-convergence in a neutrosophic n-normed linear space X.

Definition 17. Let {wy} be a sequence in a Nn-NLS X . Then, {wy} is named to be generalized difference

S*-convergent to v € W with regards to A, (in short A™.Z*(A;,)-convergence) if there exists a set

H ={ky <ky <--- <k, <---} CN such that & € F(I) and N;, — limy_,oc A™wy, = v. In this

case, we write I*(Ay,) —lm A™wy, = v or wy, AT, 4 and v s called A™.5* (Ap)-limit of {wy}.
We establish the connection between A™.7*(A;,) and A™.7 (A;,)-convergence.

Theorem 7. Let {wy} be a sequence in a Nn-NLS X . If I*(Ny,)—lim A"wy, = v, S (Ay,)—lim A™wy, =
.

Proof. Since I*(A,) — lim A™wy, = v, there exists a set & = {k1 < ko < -+ < kp < -} C N
such that 7" € 7 () and A}, — lim, oo A™wy, = v ie., for every o € (0,1), ¢ > 0 and nonzero
K1,K2,...,Kkn_1 € VW there exists pp € N such that

Y (K1, K250y b1, A wy, —v;¢) > 1 =0 and R(k1, ko, ..., kp1, A, —v;() < 0,
U(k1, K2,y bin—1, A" wy, —v;¢) < o for all p > po.
So,
{kp € N2 Y (K1, K2,y i1, A" wg, —v;¢) <1 —0 or R(k1, ko, ..., k1, A" wy, —v;¢) > o and

U(k1, k25w e oy bin—1, A"wg, —v;¢) > 0} C{k1, ko, ..., kpo—1}-
Let 4 =N\ J¢. Then,
{k e N:YT(k1,k2, -, kn_1,ATwr —v;¢) <1—0 or R(k1,Kka,...,kn—1, AW, —v;¢) > o and
V(K1 K2,y bin—1, A" wp —v;() > 0} CYU{k1, ko, ... kpy—1}.
Since .# is an admissible ideal,
{k e N:Y(k1,k2,..,n-1, A"wg —v;¢) <1 —0 or R(k1, kK2, .., kn-1, A"w —v;{) > o and
U(K1, K2,y bin—1, AMwg —v;¢) >0} € 7.
This shows that #(4;,) — lim A™wj, = v. O

In general, the converse of the above Theorem need not be true which can illustrated by the following
example.

Example 5. Let W = R"™ with
wil o Win
[lwy, wa, ..., wy| = abs

Wn1 e Wnn
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where w; = (w1, Wig, . . ., W) € R™. We take continuous t-norm and t-conorm as v1 B vy = min{vy,va}
and v1 ® vo = max{vy,va} for every vi,vs € [0,1]. We consider the neutrosophic n-normed linear space
defined as in Example @ Let N = |, Z; be a decomposition of N such that for any r € N each Z; contains
infinitely many i's where i > r and 9; N 2. = O whenever i # r. Let % be the class of all subsets of N
which intersects only a finite number of Ps. Then, & becomes a non trivial admissible ideal of N. Now
we define a sequence {wr} € W by A™wy, = (%,O,...,O) eR™ ifk € Dy. Let 0= (0,0,...,0) € R™.

Then for ¢ > 0 and nonzero K1, Ka,...,kn—1 € W, we have
¢
Y(k1,k9, oo, bn_1, Aw; () = =1
( 1, 2, y hvm—1, kaC) C—f—H/‘ﬁl,/‘ﬁz,...,lﬁn_l,AmwkH )
K1,K2,...,Rn—1 AmwkH
R(K1, K2,y b1, AT wg; ) = I3, k2, - . —0
( 1,2, sy vn—1, k?7C) C+||’§317’§327---3K/n—17AmwkH ’
_1, A™
and ‘IJ(1€1,I€2,...,/€n_1,AmUJk;<): “’417’427 y Bn—1, wk” 0

¢
as k — oo. Since Z is an admissible ideal, therefore I (ANy,) — lim A™wy, = 0.

Now, if possible, let I*(A;,) —lim A™wy, = 0. Then, there exists a set & = {k1 < ko <--- <kp <
-} C N such that # € F () and N;, — limy oo A" wy, = 0. Since X € F(I), there is G € &
such that N\ & = &. Now by the construction of #, there is j € N such that 4 C ngl 9;. But
then 91 C & and therefore A™wy, = (j%,O, ..., 0) for infinitely many k, € A& which contradicts
Np = limy 00 A™wy, = 0. Therefore {wy} is not A™.F*(N;,)-convergent to 0 € W.

Then, question normally arises that under what condition the converse of the above Theorem is true.
We investigate it in the following theorem.

Theorem 8. Let {wy} be a sequence in a Nn-NLS X. If 7 (N;,) — im A™wy, = v and & satisfies the
condition (AP) then J*(Ay) — lim A™wy, = v.

Proof. Suppose that .# satisfies the condition (AP) and .#(4;) — im A™w, = v. Then, for every
o € (0,1),¢ > 0 and nonzero k1, ks, ..., kn—1 € W such that

{k e N:YT(k1,k2, -, kn_1, ATwr —v;¢) <1—0 or R(k1,K2,-.,kn_1,A"wr — v;{) > o and
\II(HlaHZa“anflvAmwk _ch) > J} €.

Define
1
o; ={keN:1—=<Y(k1,K2, -, kn-1,A"wr —v;() <1 — = or
=4 = (K1, K2 1 k Q) i1
1 < R( A™ ()<1 d
- K1,62, s bin_1, ATwg —v;¢) < = an
T 1, K2 1 k J
L < Y A™ <) 1}
. K1y K2y e vy bin_1, ATwg —v; () < =}
Tl 1; K2 1 k J

Clearly, {71, o, ...} is countable and pairwise disjoint and each .27; € .#. Since .# satisfies the condition
(AP), there exists a countable family {%, %, ...} of subsets of N belonging to .# and o A%; is finite
for each i and ¥4 = U;B; € #. Now from the associated filter of .# there is .Z € .#(.#) such that
A =N\ ¥. It is sufficient to prove the theorem that the subsequence {wg }rer is A™-convergent to v
with regard to 4;,. Let @ € (0,1). Choose kg € N such that kio < w. Then, it is immediate that

{k e N:Y(k1,k2,...,6n-1,A"wr —v;() <1—w or R(k1, k2., kn_1,A"wp —v;¢) > w and
U(k1, Koy ooy bin—1, A"y, — v; () > w}
1 1
C{keN:Y(k1,k2y ..oy bn_1,A"wg —v;¢) <1-— . or R(k1, K, ..., kn—1, AWy —v;() > T and
0 0
ko+1

\Ij(ﬁlaHQa"an—lvAmwk 7U7<) > i} c U 52{1
ko i=1
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Since A, ANRB;, 1 =1,2,..., ko + 1, are finite, there is py € N such that

ko+1 ko+1
(U%i>m{keN;k>po}=<Um)n{keN;k>po}. (1)

i=1 i=1

Ifk>poand k€ X, k¢ UfiTl AB;. So, by , k ¢ Uf:lrl o7;. Therefore, for every k > pg and k € &
we get

Y (K1, K2y - vy i1, A"wg —v;¢) > 1 — 1w,
R(k1, K2,y bin—1, AT wg —v;¢) < @,
and (K1, Ko, ..., kn—1, A"w, —v;() < w.
Since w € (0, 1) is arbitrary, we have #*(4;,) — lim A™w; = v. Hence proved. a

5. A™.7(A,,)-COMPLETENESS

Now, we proceed with the notion of generalized difference .#-Cauchy sequence in neutrosophic n-
normed linear spaces.

Definition 18. Let {wy} be a sequence in a Nn-NLS X. Then, {wy} is named to be generalized difference
S -Cauchy sequence with regard to Ay, (in short A™.% (Ay,)-Cauchy) if for every o € (0,1),( > 0 and
NONZETro Ki,Ka, ..., kn—1 € W there exists a natural number ko = ko(o) such that

{k e N:Y(k1,K2,..., 6n—1, A"wr — A" wi,; () <1 —0 or R(K1, ke, ..., kn-1, ATwr — AMwy,;¢) >0
and ¥(k1, ko, ..., kn—1, AT w, — AMwy,; () > o} € S

Now, we proceed with the investigations of relation ship between A™.7(.4;,)-Cauchy sequence and
A™. 7 (Ny,)-convergence of a sequence.

Theorem 9. Let {wy} be a sequence in a Nn-NLS X. If {wy} is A™ .7 (N,)-convergent, it is A™.F (N,)-
Cauchy sequence.

Proof. Let {wy} is A™F(A;,)-convergent to v. For a given o € (0,1), choose w € (0,1) such that
1l-w)®(l—w)>1—0and w®w < 0. Then for any ¢ > 0 and nonzero k1, kg, ...,kn—1 € W, each
of the following sets

oy ={k € N: YT(k1, K2y, kn_1, A" wy, —v;g) >1—w},

2
,;zfg:{k:GN:%(Hhﬁg,...,mn,l,Amwk—U;g) < w}
and @ = {kzeN:\I'(m,mg,...,ffn,l,Amwk—v;g) < w}

belongs to #(.#). Let B = oy N ato N af5. Then B € F(F). So, let k € AB. Choose a fixed ky € B.
Then,

T(ﬁ17ﬁ27 ceey K;n717Amwk - Amwkoag)
> Y(K1, K2,y in—1, AT wy — v; g) Y(k1, K2, - - - Kn—1, AWk, — v 5)
>1-w)@E((l—-w)
> (1—-o0)
and
§R(li].al€27 sty K;nf]nAmwk - Amwk()?é.)
<R(k1, k2, Kin—1, AT wg — v; g) ® R(K1, K2, -« -y Kn—1, AWk, — v; g)
<w®w

< o0.
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Similarly we have ¥ (k1, ko, ..., kn—1, A™w, — A™A™wy,;¢) < o. Therefore,

{k € N: T(k1,K2y- -y kn_1, A"wr — A" wy,;¢) > 1 — o and R(k1, K2, .- ., kn—1, A" w — A" wy,; ) < o,
U (K1, K2y - vy in—1, A"wy, — A wy,; () < o} € F(I).

Hence, {wy} is A™.#(A;,)-Cauchy sequence. O

Theorem 10. Let {wy} be a sequence in a Nn-NLS X. If {wy} is A™ S (N;,)-Cauchy sequence, it is
A™.F(N;,)-convergent.

Proof. Let {wy} be A™.7(A,,)-Cauchy sequence but not A™.7 (A}, )-convergent. Then for o € (0,1),¢( >
0 and nonzero K1, Ka, ..., kn—1 € W there exists kg = ko(o) € N such that # € .# where

H ={k e N:Y(Kk1,ka, ..., En-1, ATwr — A™wg,;¢) <1 —0 or R(K1,Ka, ..., kno1, ATwp — Awg;¢) > 0
>0

and \IJ(KZ1, K2y.o.yRn—1, Amwk - Amwko; C)

And, # € % where
M ={k eN:YT(k1,ka . ,kn-1, AWy —U;%) >1—o0 and R(k1,Ka, ..., Kn1, AT wy, —v;%) <o,

U (K1, K2y - - vy K1, AWy, — v; g) <o}

Consequently

Y (K1, K2,y k1, AW — A" w3 ¢) > 2T (K1, ke, - -+, Kn—1, A wE, — v; g) >1—0

and
R(K1, K2,y bin—1, AT wi — A w5 C) < 2R(K1, Ka, - -« Kn—1, AT wy, — v; g) <o,
U(K1, K2y - vy b1, A"wg — A" w3 ¢) < 2U(K1, Ko, . .oy K1, AW, — v; g) <o,
if
1
T(/@l,mg,...,nn_l,Amwk—U;g) > U;
2 2
m a m C g
and (K1, Ka, ..., Kn_1, A™wE — v; 5) < §;W(m1,m2,...,nn_1,A Wy — V; 2) < 5

respectively. This yields

{k e N: Y (k1,K2, ..., kn-1, AW — A™wg,;¢) > 1 — 0 and R(K1, Ka, ..., kn_1, A™wr — A™wy,;¢) < o,
U (K1, K2y vy b1, AMwy, — A" wy,; () < o} € 7,

which means ¢ € . that implies # € .Z%(.#) by which we arrive at a contradiction. Hence, {wy} is

A™ F (Ny,)-convergent. O

Definition 19. A Nn-NLS is named to be A™.%-complete with regard to Ay (in short A™F(A;,)-

complete) if every A™.F(Ny,)-Cauchy sequence is A™ .5 (Ny,)-convergent.

Remark 1. In the light of Theorem we see every Nn-NLS is A™ .7 (Ny,)-complete.

Now, from Theorems [5] [9] and [10] we get the following result.

Theorem 11. Let {wy} be a sequence in a Nn-NLS X. Then, the below properties are gratified:
(1) {wy} is A™ I (Ny,)-convergent;
(2) {wy} is A™ I (Ny,)-Cauchy;
(3) There exists a € C N such that € € F(F) and the subsequence {wy}rece is an A™-Cauchy
sequence with regard to A;,.

}.
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6. A™F(Ap)-LimiT POINT

First we recall some basic topological terminology from [16].
Definition 20. [16] For o € (0,1),( > 0, € W and every k1, K2, ...,kn—1 € W, the open ball (also
named as Ny-open ball) centered at o and of radius o with respect to ¢, denoted by B(«,0;(), is defined
by
:@(OL,O’;() = {’UJ eEW: T(Kla'%Qa"'aK/n—lya*w;C) >1-o0 and %(Kla'%Qa"'aK/n—lya*w;C) <o,
\Ij(lil, K2y ...y Kp—1,0 — W; C) < U}'
Definition 21. A subset & of W is called open with respect to Ay, (named as Ny, -open set) if for each

« € O there exists an Ny -open ball of some radius which is contained in 0.

Let X be an Nn-NLS. If we take a collection J 4. as T4, = {0 C W: 0 is an 4;, —open set}. Then
., becomes a topology on X. A subset % of W is named to be bounded with respect to .4, (denoted as
p-bounded) if there exist ¢ > 0 and o € (0, 1) such that for each o € %, T(k1, k2, ..., kn_1,05¢) > 1—0
and R(k1,Ka, ..., kn-1,0;C) < 0, (K1, K2y ...,Kkn-1,;C) < o holds for every k1, Kka,...,kn—1 € W [16].

Here, we define some topological notions with regard to .4, which will be needed to develop our results.
Definition 22. Let % C W and v € W. Then, v is named to be a limit point of % with respect to Ny,
(N -limit point) if for every A, -open ball centered at v contains at least one point of % different from
.

% is named to be closed in W with regard to .4;, (A;,-closed set) if it contains all of its A;,-limit
point. Throughout our discussion .7 denotes closure of &7 with respect to .4;,.

Now, we define A™(A;,)-limit point, A™.#(4;,)-limit point and A™.# (4;,)-cluster point of a sequence
{wr}.
Definition 23. Let {wy} be a sequence in a Nn-NLS X. Then a point o € W is named to be a A™-limit
point of {wy} with respect to Ny, (in short A™(Ay,)-limit point) if there is a subsequence of {wy} which
1s A™-convergent to o with respect to Ny,.

We denote A™.Z"»(wy,) to mean the set of all A™(_4;,)-limit points of {wy}.

Definition 24. Let {wy} be a sequence in a Nn-NLS X. Then, a point « € W is named to be a A™.7 -
limit point of {wy} with respect to Ay, (in short A™.F (Ny,)-limit point) if there exists a A4 C N such
that A ¢ F and the subsequence {wg }ke.x is A™-convergent to v with respect to Ny,.

We denote A™A“" (wy,) to mean the set of all A™.7(A;,)-limit points of {wy,}.

Definition 25. Let {wy} be a sequence in a Nn-NLS X. A point o € W is named to be A™ .7 -cluster
point with respect to Ny, of {wr} (in short A™.F(Ny,)-cluster point) if for every o € (0,1),¢ > 0 and
NONZETO K1,K2y ...y Kn_1 €W,

{keN:T(k1,k2,-, kn—1, AW — ;¢) > 1 — 0 and R(k1, ke, ..., kn—1, A"wr —a;() < o,
U (K1, K2,y -y bin_1, ATw — () <o} & A
We denote A™T"»(wy,) to mean the set of all A™.#(_4;,)-cluster points of {wy,}.
Theorem 12. Let {wy} be a sequence in a Nn-NLS X. Then, A™ A (wy) € A™T" (wy,) holds good.

Proof. Let v € AmA”’L(wk). Then, there exists a A4 = {k1 < k2 < -++ < k, < -} C N such
that .# ¢ . and the subsequence {wg}re.z is A™-convergent to v with respect to Ay, i.e., for every
€ (0,1), ¢ > 0 and nonzero ki, ke, ...,k,—1 € W there exists nyg € N such that

T (K1, K2y -y ko1, A"wyg, —v;¢) > 1 — 0 and R(k1, K2, - .., kn—1, AWk, —v;() < 0,
U(K1, Ky ..oy kn—1, AWy, —v;() <o
holds for all n > ng. Let
o ={k eN:Y(k1,k2,...,6n-1,A"wr — ;¢) >1— 0 and R(k1, ke, ..., kn-1, AW — a;¢) < o,
U(k1, K2,y -y bin—1, A™wg —a; () < o}

Then, it is obvious that &/ O .#Z \ {k1,ka,...,kn,—1}. Since .# is an admissible ideal, & ¢ .#. Therefore,
v € AT (wy,). Hence proved. O
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Theorem 13. Let {wy} be a sequence in a Nn-NLS X. Then, A™T (wy,) C A™ L (wy) holds good.

Proof. Let v € A™T*"»(wy). Then, for every o € (0,1), ¢ > 0 and nonzero k1, Kz, . . ., kn_1 € W the set
M ={k e N:YT(k1,K2y.. ,kn-1, A"w — ;) > 1 — 0o and R(k1, K2, ..., kn-1, AW — ; () < 0,
U(k1, b2y - vy fin_1, A™wp —a;() <o} & £.

Since .# is an admissible ideal, .# must be infinite. So, we can write .# as {k; < ks <--- <k, <---}.

AT A, ,
Thus we have a subsequence {wg }re.# of {wy} such that wy,, ERCON v, i.e., v € A™ZL (wy,). Hence

proved. O

Theorem 14. Let {wy} be a sequence in a Nn-NLS X. Then, A™T* (wy,) is a closed set in W with
respect to the topology induced by Ay, -norm.

Proof. Let a € AmT'#n(wy,). Choose o € (0,1) and ¢ > 0. Then, we have an element y € A™T* (wy) N
PB(a,0;¢). We select 9 € (0,1) such that B(u,¥;¢() C P(a,0;(). Then for every nonzero
K1,K2,...,Kkn_1 € W, it follows that

{keN:T(k1,k2, -, kn—1,ATw — ;) > 1 — 9 and R(k1, ke, ..., Eno1, ATwp — p; () < 9,
U(K1, Koy e nwy b1, AMwy — p;¢) < 9}
C{keN:Y(ki,k2y. oy bn-1,A"wp — ;) > 1— 0 and R(k1, K2, .. ., kn—1, AW — a; () < o,
U (K1, K2y -y kne1, A"wg — ;) < o}
Since € A™T (wy,),
{keN:Y(k1,k2,..., 601, AW — a;¢) >1— 0 and R(k1, ke, ..., kn_1, AW — a;¢) < o,
U(K1, K2y vybin—1, A"w —;() <o} & S
Therefore o € A™T"»(wy,). Hence the result is proved. O
Theorem 15. Let {w;} be a sequence in a Nn-NLS X. If I (ANy,) — lim A™wy, = v, ATAM (wy,) =
AT (wy) = {v}.
Proof. 1t is omitted. |

7. CONTINUOUS LINEAR OPERATORS PRESERVING A™.7(.4;,)-CONVERGENCE

In this section, we explore the notion of continuous mapping and prove that a linear operator preserves
A™ F (Ny)-convergence iff it is continuous on W. Throughout this section we denote ¥ (k1) = z1,
G (ko) =22,...,9(Kn-1) = 2n—1.

Definition 26. A mapping ¥ : W — W is named to be continuous at v € W with regard to Ay, (in short
Ny -continuous) if for o € (0,1) and ¢ > 0 and nonzero Ki,Kka,...,kn—1 € W and z1,22,...,2n1 € W
there exist o1 = o1(o,(,v) € (0,1) and {; = (0,{,v) > 0 such that for all w € W such that

Y (K1, K2, - s kn—1,w —0;(y) > 1—01 and R(Kk1, K2, -, kn—1,w —U;(q) < 01,
U(K1, K,y kn—1, W —U; () < 01
implies
Y(z1,22,. ., 2n-1,9(w) — 9 (v);¢) > 1 —0 and R(z1, 22, ..., 2n-1, 9 (w) — ¥4 (v);() < 0,
U(z1,22,...,2n-1,9(w) =9 (v);¢) <o
If ¢4 is A;,-continuous at each point of W, then ¥ is called .4;,-continuous on W.

Now, we define sequential continuity of a mapping for the generalized difference sequence with regard
to A,.

Definition 27. A mapping 4 : W — W is named to be sequentially continuous at v € W with regard to
Ny if for any sequence {wi} € W, A, — Im Y (A™wy,) = 9 (v) whenever Ay, — lim A™wy, = v.

Theorem 16. A mapping ¥ : W — W is N, -continuous if and only if it is sequentially continuous with
regard to Ny,.
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Proof. 1t is straightforward. So, we omit details. (]
Definition 28. A mapping 4 : W — W is named to preserve A™ .7 (N;,)-convergence in W if I (Ny,) —
lim A™wy, = v implies I (Ny,) —lim G (A™wy) = 4 (v) for any sequence {wi} € W.

Theorem 17. A linear operator 4 : W — W preserves A™. (N;,)-convergence in W if and only if ¢

18 Ny, -continuous on WW.

Proof. Let {wy} be a sequence in W such that .7 (A;) — im A™w;, = v. Let ¢ is Ay-continuous on
W. So, for o € (0,1) and ¢ > 0 and nonzero K1, K2,...,5kn—1 € W and 21, 29,...,2,—1 € W there exist
o1 =01(0,(,v) € (0,1) and ¢; = (0,¢,v) > 0 such that for all w € W such that

Y(k1,Ko,y .y kn—1,w —v; (1) > 1— 01 and R(k1, K2, .., kn—1, W — ;1) < 01,
U(K1, K2y e vy bn_1, W —v;(;) < 01
implies
Y(z1,29,. . 2n-1,%(w) —4(v);¢) >1— 0 and R(z1, 22, ..., 2n-1,4%(w) — ¥4 (v);() < 7,
U(z1,29,. ..y 2n-1,9(w) —9(v);{) < o
Since I (Ay) — Iim A™wy, = v,
M ={k eN:Y(k1,k2,...,6n-1, A"wr —v;(;) >1— 01 and R(k1, K2, ..., kn_1, AW —v;(;) < o1,
U(K1, Koy enybin_1, AMwg —v;(,) < o1} € F(I).
Now, consider the open balls
B(v,01,(1) ={w eW : T(k1,k2,...,6n—1,w —v;(y) > 1 —01 and R(k1, ke, ..., kn_1,w —v;(;) < 01,
U (K1, K2y - e s Kn_1,W —U;(y) < 01}
and
B(EG(v),0,0) ={G(w) eW :Y(21,22,...,2n-1,9%(w) —4(v); () >1— 0 and
R(z1,22,. .., 2n-1,9(w) —9(v);¢) < o, U(21,22,...,2n-1,9(w) — ¥ (v);() < o}
centered at v and ¥(v) respectively. From the above fact, it follows that if w € %B(v,01,(;) then
Y (w) € B(Y(v),0,(). Hence, we can have
MC{keN: Y (21,22, .., 2n-1, 9 (A" wy) — 9 (v);¢() > 1 — 0 and
R(z1,22,. .y 2n-1, 9 (AMwg) — 9 (v);¢) < 0,V(z1,22,...,2n-1, 9 (A"wy) — 4 (v);() < 0} € F(I),
as M € F(F). Therefore S (A;,) —lim G (A™wy) = G (v), i.e., 4 preserves A™ 7 (N;,)-convergence.
Conversely, suppose that ¢ preserves A™.# (A}, )-convergence. We shall show that ¢ is .A4;,-continuous
on W. If possible, let ¢ is not 4;,-continuous at some point v of W. Then there are some o € (0,1)
and ¢ > 0 such that w € ZB(v,01,(;) but Y(w) ¢ B(4(v),0,() for all o1 = 01(0,{,v) € (0,1). Since
@ is not sequentially continuous, there is a sequence {wy} € W such that A4, — lim A™w, = v but
N = lim G (A™wy,) # 9 (v). Since A, — lim A™wy, = v,
{k e N:Y(k1,K2,...,kn-1, A"wi, —v;(;) > 1 — 01 and R(k1, K2, .-, kn—1, AW — ;) < 01,
U (K1, K2,y - e s kin_1, A"wy, —v; () < o1} € F(I).
In fact
{k e N:T(k1,k2, ., kn—1, AW —v;(;) > 1 — 01 and R(k1, Ko,y ..., Kpo1, ATwy —v; () < 071,
U(K1, K2y vy in_1, A"wg, —v; () < o1}
C{keN:Y(z1,22,..,2n-1,9(A™wg) —4(v);¢) <1—0 or
R(z1, 225+ -y 2n—1, Y (A™wg) — 4 (v);¢) > 0 and V(z1,29,...,2n-1, 9 (A" wy) — 4 (v); () > o},
therefore
{keN:YT(21,22,...,2n-1,9(A"wy) — 4 (v); () <1—0 or R(z1,22,...,2n-1,9(A"wy) — 4 (v);{) > 0o
and U(zy, z2,...,2n—1,9(A™wy) —9(v);¢) > 0} € F(F).
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This gives 7 (Ay,) — im & (A™wy,) # ¢ (v), which contradicts the fact that & preserves A™.7(.A;,)-
convergence. So, our assumption ¢ is not .4;,-continuous at some point v of W is wrong. Therefore ¥ is
p-continuous on W. This completes the proof. O

8. CONCLUSION AND FUTURE DEVELOPMENTS

Incorporating the latest advancements, this paper has unveiled the innovative concepts of A™.#(.A;,)
and A™.7*(A;,)-convergence, presenting a groundbreaking generalization of generalized difference sta-
tistical convergence within summability theory. We have delved into the key properties and revealed
the intricate relationship between these two pioneering concepts using the condition (AP). In this work,
we have explored the concept of A™.7(A4;,)-Cauchy sequences, highlighting the interrelationship with
A™ Z(N;,)-convergent sequences. Furthermore, we have established the completeness of every Nn-NLS
within this generalized difference ideal-driven framework. We have conducted an in-depth exploration of
A™ I (Ay)-limit and A™ .7 (A;,)-cluster points of sequences within the framework of the neutrosophic n-
norm. Our results have shown that the set of all A™.#(_4;,)-cluster points constitutes a closed set under
the topology induced by this norm. Furthermore, we have established that a linear operator preserves
A™ Z(N;,)-convergence if, and only if, it remains continuous in relation to the neutrosophic n-norm.
Research on sequence convergence in neutrosophic n-normed linear spaces is still in its early stages, with
limited progress made thus far. Building upon the insights gained from this research, future studies may
extend this notion to encompass compact operator, further exploring its connections to double sequences
within the framework of .4;,. This concept can also be applied to convergence-related challenges across
various branches of science and engineering, offering valuable insights and solutions.
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