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Abstract

We obtain a complete classification of a finite group G in which every maximal subgroup
of order divisible by p is p-decomposable for a given prime divisor p of |G| and our results
generalize a recent result of Shi and Tian.
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1. Introduction

In this paper, all groups are assumed to be finite. It is known that if a group G can be
written as the direct product of a Sylow p-subgroup of G and a Hall p’-subgroup of G, then
G is called a p-decomposable group. A group G is not p-decomposable but all of its proper
subgroups are p-decomposable, then group G is called inner p-decomposable. A group G
is called inner-nilpotent group, if G is non-nilpotent but all of its proper subgroups are
nilpotent. A group G is called p-closed, if its Sylow p-subgroup is normal in G. Specially,
if p1 |G|, G is p-closed. Inner-nilpotent group G is a group whose order is p*¢?, where p, q
are distinct prime number. There is a normal Sylow subgroup and a non-normal Sylow
subgroup in G, the non-normal Sylow subgroup is a cyclic group. If the Sylow g-subgroup
of G is normal, we call inner-nilpotent group G as a ¢-fundamental group [2]. In this
paper, the symbol P : Q) represents the semidirect product of P and @, where P is normal
in G. Shi and Tian [5, Theorem 1.1], characterized the structure of a group in which
every maximal subgroup of order divisible by p is nilpotent (or abelian). In this paper,
considering any fixed prime divisor p of the order of a group G, we obtain the following
result in Theorem 1.1 whose proof is given in Section 3. The symbols appearing in this
paper can be found in [3]. In this paper, P; stands for the Sylow-i subgroup of G.

Theorem 1.1 Suppose that G is a group and p is a given prime divisor of |G|. Then
every maximal subgroup of G of order divisible by p is p-decomposable if and only if one
of the following statements holds:

(1) G is a p-decomposable group.

(2) G is not a p-decomposable group, and the following statements are true.
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(2.1) G = P : @ is an inner p-decomposable group, where P is a Sylow p-subgroup
of G and @ is a cyclic Sylow g-subgroup, p # ¢, and @ has only one maximal subgroup;

(2.2) G = @ : P is an inner nilpotent group, where P is a Sylow p-subgroup of G
and where @ is a Sylow g-subgroup of G.

By Theorem 1.1, the following corollary emerges.

Corollary 1.2 ([5, Theorem 1.1]) Suppose that G is a group and p is any fixed prime
divisor of |G|, then every maximal subgroup of G of order divisible by p is nilpotent if and
only if one of the following statements holds:

(a) G is a nilpotent group;

(b) G = P : Q is an inner-nilpotent group, where P € Syl,(G) and Q € Syl,(G), P is
normal in G, p # ¢;

(c) G = @ : P is an inner-nilpotent group, where @ € Syl,(G) and P € Syl,(G), @ is
normal in G, q # p;

(d) G = Z, : K, where K is an inner-nilpotent group and (p, |K|)= 1.

2. A lemma

Lemma 2.1 ([2, Theorem 1]) Inner-p-closed group has the following two forms (1)
G/®(G) is a simple group of complex order; (2) G is a g-fundamental group whose order

is p*q”®.

3. Proof of Theorem 1.1

Proof. The sufficiency part is evident, we only need to prove the necessity part. For a
finite group G, it is either p-decomposable or non-p-decomposable. If G is p-decomposable,
the conclusion (1) is obviously correct. In the following discussion we suppose G is not
p-decomposable.

Now we choose any maximal subgroup H of G. If p | |H|, then H is p-decomposable; if
p1 |H|, then H is also evidently p-decomposable. Hence, every maximal subgroup of G is
p-decomposable. So, G is inner p-decomposable.

In the following we divide our arguments into two cases.

Case 1. G is a p-closed group.

Let P be a Sylow p-subgroup of G, we have P < G. By Schur-Zassenhaus theorem, G
has a p-complement ). Then G = P : (). Choose any maximal subgroup K; of (), we can
get PK7 is a maximal subgroup of GG, then PK; is p-decomposable. Thus PK; = P x Kj.
If @ has at least two different maximal subgroups K7 and K5. Then PK; = P x K;, where
i=1, 2. Since @Q = (Kj, K3), we have PQ = P x @, a contradiction. Hence, @) has the
unique maximal subgroup Ki, then @ is a cyclic Sylow ¢-subgroup, where ¢ is a prime
number and p # ¢. Thus, (2.1) is proved.

Case 2. G is not a p-closed group.

Since G is inner p-decomposable, G is inner p-closed. By Lemma 2.1, we can get (a)
G/®(G) is a non-abelian simple group; (b) G is a ¢-fundamental group.

Assume that the case(a) occurs. Let G = G/®(G). By G is a non-abelian simple group,
we get GG is a non-abelian simple group if ®(G) = 1. By classification of finite simple
groups, there are three types of non-abelian simple groups. They are alternating groups,
sporadic simple groups and simple groups of Lie type, respectively. In the following we
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divide our arguments into three cases.

Case 2.1. G is an alternating group, G = A,. Suppose p{ n and n > 6. A,_; is
the maximal subgroup of A,, evidently, p | |A,—1|. However, A,,_; is a simple group and
it’s not p-decomposable, a contradiction. So p | n and p > n — 1, thus p = n, now we
have A, = A,, and we can select the maximal subgroup N¢(P) of G, where P is a Sylow
p-subgroup of G. We can get Ng(P) = P : CLgl , it’s clearly that it is not p-decomposable.

Hence it’s a contradiction. If n = 5, A5 has three prime factors, they are 2,3,5 respec-
tively. We consider the maximal subgroup Ss if p = 3, since 3 | |S3|, Ng(P) = P : Cy is
non-decomposable, a contradiction. We consider the maximal subgroup Dig if p=2 or 5,
p | |D1o|, D1g = Cs : C3 is non-decomposable, a contradiction.

Case 2.2. G is a sporadic simple group.

Suppose G = My, then ©(G) = {2,3,5,11}. By [3], We get the maximal subgroup
L(11) of G whose prime factors are also p = 2,3,5 or 11. Since p | |L2(11)|, L2(11) =
P, x H, it contradicts that Ly(11) is a simple group.

Suppose G = Suz, then 7(G) = {2,3,5,7,11,13}. By [3], if p = 2,3,5,11, we consider
the maximal subgroup Mjs : 2 of G. p | |Mi2 : 2|, but Mjs : 2 is not p-decomposable,
a contradiction. If p = 7, we consider the maximal subgroup A7 of G. 7 | |A7|, then
A7 = P; x H, it contradicts that A7 is a simple group. If p = 13, we consider the
maximal subgroup L3(3) : 2 of G. 13| |L3(3) : 2|, but L3(3) : 2 is not p-decomposable, a
contradiction.

Suppose G 2 Fisg, then 7(G) = {2,3,5,7,11,13,17,23}. By [3], if p = 2,3,5,7, 17,
we consider the maximal subgroup Sg(2) of G. Since p | |Sg(2)|, Ss(2) = P; x H, where
1=2,3,5,7,17, a contradiction. If p = 13, we consider the maximal subgroup O;(S) S5
of G. Since 13 | |0 (3) : S3|, OF (3) : S5 is not p-decomposable, a contradiction. If
p = 11,23, we consider the maximal subgroup 2'' - Mas of G. Since p | |2 - Mo,
211 . My3 = P; x H, where i = 11,13. Then My3 is p-decomposable, it contradicts that
M3 is a non-abelian simple group.

Suppose G = Jy, then 7(G) = {2,3,5,7,11,23,29,31,37,43}. By [3],ifp = 2,3,5,11, 37,
we consider the maximal subgroup Us(11) : 2 of G. Since p | |Us(11) : 2|, U3(11) : 2 is not
p-decomposable, a contradiction. If p = 23, we consider the maximal subgroup Ly(23) : 5
of G. Since 23 | |L2(23) : 5|, L2(23) : 5 is not p-decomposable, a contradiction. If p =7,
we consider the maximal subgroup 2?12 - Mag : 2 of G. Since 7 | |2}ﬁ12 - Mag @ 2|,
2?12 - Moo : 2 is not p-decomposable, a contradiction. If p = 29, we consider the maximal
subgroup 29 : 28 of G. Since 29 | |29 : 28|, 29 : 28 is not p-decomposable, a contradiction.
If p = 43, we consider the maximal subgroup 43 : 14. Since 43 | |43 : 14|, 43 : 14 is not
p-decomposable, a contradiction.

We can also get a contradiction when G is an other sporadic group according to the
Atlas form [3].

Case 2.3. G is a simple group of Lie type.

Let G be a classical group.

Suppose G = L,(q),q = r', where r is a prime. If p=r or p{ (¢" — 1), by [1, Tables]
and [6, Proposition 4.1.17], G has a subgroup PGL,,_1(q), p | |PGL,—1(q)|, so PGL,_1(q)
is p-decomposable, a contradiction. If p | (¢" — 1) but p 1 (¢ — 1), where i < n, G has a
subgroup Ng(P) = % : Cp [4]. It is not p-decomposable, so it is a contradiction.

Suppose G = PSUs,(q). If p | qT13"1 *(¢" — (—1)%) but pt (¢** — 1), by [1, Tables] and
[6, Proposition 4.1.17], G has a subgroup PGUs,-1(q), p | |PGU2,-1(q)|, so PGUa,—1(q)
is p-decomposable, a contradiction. If p | (¢?® — 1), then by [1, Tables] and [6, Proposition



4 Q.Q. Wang, S.J. Tao

4.1.17], G has a subgroup PSL,(¢?).(¢ — 1).2. So p | |PSL,(¢*).(¢ — 1).2|, and thus
SL,(¢%).(q — 1).2 is p-decomposable, a contradiction.

Suppose G = PSUsp11(q). If p | ¢ [13%(¢° — (=1)%) but p t (¢***1 + 1), by [1, Tables]
and [6, Proposition 4.1.17], G has a subgroup PGUay(q), p | |PGU2,(q)|, so PGUay(q)
is p-decomposable, a contradiction. If p | (¢>**! + 1), by [1, Tables] and [6, Proposition

4.1.17], G has a subgroup q2";:11+1 :(2n+1), p| \(q%;:ll“ :(2n+1))|, so QQZJ:lH :(2n+1)
is p-decomposable, a contradiction.

Suppose G = PSpa,(q). If p | ¢[17=(¢* — 1) but p t (¢*® — 1), by [1, Tables] and [6,
Proposition 4.1.17], G has a subgroup E;JF(Q"*Z) :((g—1)x PSPay,—2(q)), p | \E;H%*z) :
((g — 1) x PSPy,—2(q))|, so E;+(2n_2) : ((g = 1) x PSPyy_2(q)) is p-decomposable, a
contradiction. If p | (¢" —1) but p ¢ ;:11 (g% —1), then by [1, Tables] and [6, Proposition
4.1.17], G has a subgroup PSO,, (q), p | |PSOs,(q)|, so PSO,,(q) is p-decomposable, a
contradiction.

Suppose G = PQany1(q). Ifp | q(¢"—1) [17=(¢** —1), by [1, Tables] and [6, Proposition
4.1.17], G has a subgroup PS5 (¢).2, p | |P3..(¢).2|, so PQ3, (q).2 is p-decomposable, a
contradiction. If p | (¢"+1) [T7='(¢* — 1), by [1, Tables] and [6, Proposition 4.1.17], G has
a subgroup P, (q).2, p | |[PQ5,(q).2], so PQ,,(q).2 is p-decomposable, a contradiction.

Suppose G = PQ3, (q). If p | q ?;11(q2" — 1), but p 1 (¢" — 1), by [1, Tables] and [6,
Proposition 4.1.17]], G has a subgroup PSpa,—2(q), p | |PSp2n—2(q)|, so PSpan—2(q) is p-
decomposable, a contradiction. If p | ¢" —1, let the prime factor q of |2, (¢)| be of power ¢,

n(n—1)

then by [1, Tables] and [6, Proposition 4.1.17], we can find a subgroup Eé_ 2 GLy(q),
n(n—1) n(n—1)

t_i P S
p| ‘Eq :

: GLy(q)l, so E;_ 2 :GLy(q) is p-decomposable, a contradiction.

Suppose G = PQ, (q). If p | q]_[?z_ll(q% — 1), but p 1 (¢" + 1), by [1, Tables] and
[6, Proposition 4.1.17], G has a subgroup PSpa,—2(q). Since p | |PSpan—2(q)|, PSpan—2(q)
is p-decomposable, a contradiction. Suppose p | (¢" + 1) and n is an odd number. By
[1, Tables] and [6, Proposition 4.1.17], G has a subgroup GU,(q). Since p | |GU,(q)|,
GU,(q) is p-decomposable, a contradiction. Suppose p | (¢" +1) and n is an even number.
G has a subgroup PQ. (¢?).2. Since p | |PQ, (¢%).2], PQ,, (¢*).2 is p-decomposable, a
contradiction.

Let G be an exceptional group.

Suppose G = Ga(q), |Ga2(q)| = ¢®(¢° —1)(¢>—1). If p | ¢°(¢* —1)(¢*—1), but pt (¢*+1),
by [7, Table 4.1], G has a maximal subgroup SLs(q) : 2. Since p | |SL3(q) : 2|, SL3(q) : 2
is p-decomposable, a contradiction. If p | ¢> + 1, G has a maximal subgroup SUz(q) : 2.
Since p | |SU3(q) : 2|, SUs(q) : 2 is p-decomposable, a contradiction.

Suppose G =% Dy(q), *Da(q)] = ¢"*(¢®+¢" +1)(¢° = 1)(¢* =1). It p | ¢"*(¢° = 1)(¢* — 1),
by [7, Theorem 4.3.], G has a maximal subgroup Ga(gq). Since p | |G2(q)|, then Ga(q) is
p-decomposable, a contradiction. If p | (¢> + ¢ + 1), by [7, Theorem 4.3.], G has a
maximal subgroup (Cy2 441 X Cp24g41) 2 SLa(3). Since p | [(Cpepgr1 X Cppgr) + SLa(3)],
(Cyrigi1 X Cprigy1) + SLa(3) is p-decomposable, a contradiction. If p | (¢* — ¢ + 1),
by [7, Theorem 4.3.], G has a maximal subgroup (Cp2_,41 X Cp2_gyq) + SL2(3). Since
P | [(Cp_gr1 X Cpr_gy1) = SLa(3)], (Cpr_gy1 X Cp2_gq1) : SLa(3) is p-decomposable, a
contradiction. If p | (¢* — ¢®> + 1), by [7, Theorem 4.3.], G has a maximal subgroup
Cp_q21 + 4. Since p | |Cpa_g2yq 4], Cpa_p24q + 4 is p-decomposable, a contradiction.

We can also get a contradiction when G is an other exceptional group.

From (b) of [2], we have G = @ : P, where G is an inner nilpotent group, P is a Sylow
p-subgroup of G and where @ is a Sylow g-subgroup of G. (2.2) is proved.
O
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4. Proof of Corollary 1.2

Proof. 1t is obviously that (b) and (c) are true from (2.1) and (2.2) of Theorem 1.1.
From 1 of Theorem 1.1, if G is p-decomposable, then G = P x K, where P is the Sylow
p-subgroup of G, and K is the Hall p'-subgroup of G. Suppose K is nilpotent, then G is
nilpotent, (a) is proved. Suppose K is not nilpotent. Let N < K. Then P x N < G, so
p | |P x NJ|. So, N is nilpotent, and we can get K is inner-nilpotent. If P is not a group
of order p. Let H < P and |H| =p. Then p | |H x K|. So H x K is nilpotent, and we get
K is nilpotent, a contradiction. Hence, P is a group of order p, (d) is proved. O
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