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Abstract: In this study, we showed that the spherical indicator curve frames can correspond to a Bishop

frame according to the Serret-Frenet frame of a regular curve.
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1. Introduction and Preliminaries

Curves are one of the critical areas of differential geometry. Space curves were defined as the
intersection of two surfaces by Clairaut in the first quarter of the 18th century [9]. Frenet (1847)
and Serret, without knowing each other, defined a frame using the derivatives of a regular curve.
This frame was called the Serret-Frenet frame, referring to the two. Sometimes it is simply called
the Frenet frame. The Frenet frame [7] in Euclidean space E? is a frame obtained using the velocity
and acceleration vectors of a regular curve. Let the velocity and acceleration vectors of the curve

7m:1 — E3 be 7/ and 7", respectively. Accordingly, the orthonormal frame {t, n, b} obtained
as

71', 7T,/\7T”
n=bat

T W AR

is the Frenet frame. Here, the vector fields t, n and b are called the tangent vector field, the
principal normal vector field and the binormal vector field of the curve 7, respectively. If the curve
7 is unit speed ( |7’ = 1), then

, 71-”

t=n'., n=——, b=tAn.
’ k'l
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Derivative changes of the frame {t, n, b}are

t' = kn,
n = —kt+7b,
b’ = -7n

Here k and 7 are called the first and second curvatures of the curve 7, respectively, such that

||7T’/\7T”|| d det (ﬂ.l,ﬂ.lI’ﬂ.Hl)
=———and7=——"—"7—"-

) I’ A

The quintet {t, n, b, x, 7} are called Frenet apparatus. Many studies have been done on this frame
in geometry, physics and engineering. These studies have also been advanced in non-Euclidean

spaces. Some of these studies are spherical indicators of curves. If X () = X (7 (s)) € T (s) the

unit vector field X is said to be constrained to the curve 7. If we take X = ﬁa, while the point
P flows on the curve 7, the curve drawn by the unit sphere of the point @ is called the spherical
indicator on the unite vector field X . Bilici [3] obtained spherical indicators of involute evolute
curves with the help of the Frenet frame. Senyurt and Caligkan [10] studied the spherical indicators
of timelike Bertrand curve pairs. Senyurt and Demet [11] calculated the geodesic curvatures and
natural lifts of the spherical indicators of timelike-spacelike Mannheim curve pairs. Ateg et al.
[1] gave tubular surfaces obtained with spherical indicators. Capin [5] calculated the arc lengths
and geodesic curvatures of the spherical indices of curves in the Minkowski space E3. Kula and
Yayli [8] examined slant helices and their spherical indicators. Erkan and Yice [6] studied the
roles of Bézier curves in E? and E? with the help of Serret-Frenet and curvatures, both using and
not using algorithms used in applied mathematics and computer engineering. Frenet frames on

Riemannian manifolds have been also investigated, [1, 12].

Many frames can be obtained from one curve. One of them is the Bishop frame. A Bishop

frame [4] {t, n1, no} on the curve 7 that rotates about the tangent vector t by an angle z is

t = t,
n = nj;cosr+ngsine,
b = -n;sinz+nscosz.
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The derivative change of this frame is

t, = kll'll + k2n27
Illl = —klt,
1’1’2 = —]{igt,
ki = kcosz,
ko = ksinz,
T = z.

Here, the quintet {t, ni, no, k1, k2} are called Bishop apparatus.
In this study, we examined the spherical indicator curve frames using angles according to the
Serret-Frenet frame of a regular curve. We showed that these frames can correspond to a Bishop

frame. We expressed and proved the results. We reinforced the study with an example.
2. According to the Frenet Frame Spherical Indicators and Results
Let {t, n, b, k #0, 7 # 0} be the Frenet apparatus of a unit speed curve

T J — E?
s — w(s).

The Darboux vector and the pol vector of this curve are

w = Tt+kb,

1
= —w=tsin¢+ bcosa,

Iwl
respectively. Here
K
cos¢p = —, 2
VK2 + 712 ®
sing = S (3)

VK2 + 712

and ¢ are the angles between the pole vector ¢ and the binormal vector b.
From now on, unless we state otherwise, we will consider a curve 7 as a curve with a unit

speed and curvatures k # 0,7 # 0.

Theorem 2.1 Let the Frenet apparatuses of a curve 7 :J — E3 be {t, n, b, k, 7} and the
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tangents indicator curve m =t be the Frenet apparatuses {t¢,ng,by,kt,7¢}. Therefore
tt = n,
ng = -tcos¢+bsing,

by = tsing+bcosg,

Kt = seco,
!
L
K
do
Here, ¢' = —.
¢ ds
dry  dt
Proof On condition that —- = — =,
ds ds
Ty = KN,
nf = —k*t+kn+rTb,
" _ l4 " 3 2 / /
Ty = —3/€/€t+(/€ - K° — KT )Il+2(li7'+l£7’ ) kThb.

Using Equation (1), we obtain the first and second curvatures of the curve ¢ =t is

4 A 4
Kt = Ime A mel] ”W; ” =sec o
Il
and
_ det (mg, ', ") _ &

Tt
Ny .

)

respectively. If we take the derivative of the curve 7y =t with respect to its arc parameter sy,

dmy  dt dtﬁ ds

—=—=— = —Kn.
dsy dsy dsdsy dsg
If so,
dme o
dSt B
and
ds 1
= - . 4
dsy K 4)
On the other hand, if we use (2), (3) and (4), we have
dte
dSt .
ng = sroTie —tcos ¢+ bsing,
[
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and
by =ty Ang = tsing + b cos ¢.

According to these, the proof ends. O

Corollary 2.2 On the tangent indicator curve m = t, there is a Bishop frame {n,—t,b} that

rotates about the tangent vector ty =n by an angle ¢ and the following equations exist

o a1 (—t) + azb,
dSt
d (_t) = —ain
dSt ’
LA
dSt = 211,
al = 1,
as = tang,

where aj and as are the first and second curvatures of the Bishop frame{n,-t,b}, respectively.

Proof 1t is seen from Theorem 2.1 that the frame {n,-t,b} is a Bishop frame. We have

dn dn ds 1
== - 22T (kt+7b) =
dsg ds dsg (H-H-)H
= -t+ (Z)b,
K
d(-t) _ d(-t)ds _ 1
dsg - ds ds¢ Km/@ -
db _ dbds 7
dsg © ds ds¢ ok
Therefore
ap = _17
as = z:tangb.
K
If so, the proof ends. O

Theorem 2.3 For a curve w:J — K2, let apparatuses of the tangents indicator curve m =t

be {t¢,ng,by,ke, 7t} and let apparatuses of the principal normal indicator curve my = t be
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{tn, Nn, bn, n, Tn}. There are the following equations

tn = nNg,
n, = Dbycosw-—tysinw,
b, = Dbgsinw +tgcosw,
2
’
Kn = 1+( ¢ ) ,
[w
wl
T, = —-——
; Iwl’

where cosw = # , Sinw = % and the angle w is the angle between vectors by and ny .
n n
Proof On condition that dm _dn_ T,
ds ds
= —kt+7b,
m = -K't—(k*+7°)n+7'b,
T = [—H”+(KZ2+72)/€]t—3(/€,7'+/€7',)1’1+ [T"+(/€2+7’2)I€] b.

Using Equation (1), the first and second curvatures of the curve 7, = n are obtained as

2
! " A
K/n - ”7(-1’1/\7;1’1” - 1+( z ) (5)
|7 Iw
and
.. det (mp, T, ) W' (©)
L= ——~wintn/
A Iwl’

respectively. If we take the derivative of the curve m, = n with respect to its arc parameter sy,

dmr, dn dn ds ds
—=—=——=—{(-kt+7b)
ds, ds, dsds, dsy
and
4 1 _ 1 (7)
dsn  Vr2+72 |w|
If so,
dmy .
L tn, = —tcos¢ +bsing = ng.
dsn
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On the other hand, if we use (5), (6) and (7), we have

dty,
ds, VK2 -1 1
n, = dsn __ VP (tsing + bcos¢) - —n.
e I "

dsp,

K2 -1

If we say cosw =-————, sinw = —, we get
Kn Kn

n, = by cosw — ty sinw,

and
bn =ty An, = bgsinw + t4 cosw.

Corollary 2.4 The frame {ty, ng, bt} is a Bishop frame rotating about the tangent vector ty, = ng

by an angle —w on the principal normals indicator curve m, =n. We have the following equations

dng

= bibg — bat
dSn 10t 20t
db¢
— = -} ,
dsn 1Ng
dty
— = b
dSn 2N,
14
bl = (b ’
[w|
by = -1,

where by and by, {ti, ng, by} are the first and second Bishop curvatures of the Bishop frame,

respectively.

Proof It is seen from Theorem 2.3 that the frame {t¢, n¢, bt} is a Bishop frame. We have

dng o dtn
ds,  dsp
=  Knpllp

= fn[btcosw -ty sinw]

=  Kpbgcosw — kptysinw,

dby d(tsin¢+bcos¢)g__ ¢’ N
ds, ds dsp,  ||w| ©
dty dn ds

— = —— =m.

dspn ds dsp
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Therefore
/HQ -1 ’
by = Kpcos(w)=kyp~———= ¢ ,
Fin 1]l
. 1
by = —kpsin(w)=-Kkp— =-1.
n
Thus, the proof is completed. O

Theorem 2.5 Let the Frenet apparatuses of a curve @ :J — E® be {t, n, b, k, 7} and the

Frenet apparatuses of the binormal indicator curve m, =b be {tp, np, by, kb, Tb}. We have
tr, = -1,
n, = tcos¢—bsing,

b, = tsing+bcose,

Kb = CSCo,
4
S
-

Here, the angle ¢ is the angle between vectors t and ny,.

Proof If we take the derivative of the curve m, = b with respect to its arc parameter sy,

dm, db ds ds
b _= =
dsp, ds dsp dsp
For this reason
d 1
tp = -n ve — = = (8)
dsp, 7
Accordingly
Kb = CSC Q,
and

ny, = t cos ¢ — bsin ¢.
On the other hand, we obtain
bp =ty Anp =tsing + beos ¢.
Also, if we consider Equation (8),

L _d0) _d(o)ds o

dsc ds ds¢ T
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Corollary 2.6 The frame { t,—n, b} is a Bishop frame rotating about the tangent vector m, = b

by an angle —¢ on the binormals indicator curve T, =n. We have the following equations

d(-
( n) = Clt - Cgb7
dSb
dt
a = —C1 (—n),
db
a = C2 (—1’1)7
c1 = cotg,
Cy = —1,

where cyand co, {t,-n, b} are the first and second Bishop curvatures of the Bishop frame,

respectively.

Proof It is seen from Theorem 2.5 that the frame { t, - n, b} is a Bishop frame. We have

d(-n) d(-n) ds 1
= — = (kt—7b) —
dsp ds dsp (vt =7 )T,
(e
T
dt dt ds
_ = —_— === t
dsp ds dsp (=n)cot g,
db _ dbds
ds,  dsdsp
If so,
¢ = E = cot ¢,
T
Cy = -1.
On the other hand, if we consider (8),
d¢ do¢ ds ¢,1
™= —= ——— = —.
b dsp ds dsp T

Theorem 2.7 Let the Frenet apparatuses of a curve m:J — E3

be {t, n, b, k, 7} and let the

Frenet apparatuses of the spherical indicator curve of the pol vector e = ¢ be {tc, n¢, be, ke, T} -
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We have

te = tcos¢—Dbsing,

n. = ncosf - [tsing+bcosp]sin,
be = mnsind+ [tsing +bcosd]cosb,
2
Ke = 1+(”;V,”) ,
6/
Tec = —g, ¢¢0

Jwl

(@) +Iwl’

Here, the angle 0 is the angle between vectors n and ne, and cosf = , sinf =

¢l

NG

Proof If we take the derivative of the curve n. = ¢ = tsin¢g + bcos¢ with respect to its arc

parameter s,

dr. dc ds , . ds
dse dsdse ¢ (tcos¢ sin.g) dse

and provided that ¢’ £ 0,

te =tcosp—Dbsing ve ;SSC = % 9)

Since

dee _ Kele = _d(tcos~bsing) ds =—(tsing +bcos¢) + Mn7
ds dsp ol

Ke = 1+(”W”)2
C ¢, b

ne =ncosf — [tsing + bcosd]sinb, (10)

and

be =te Ane =nsind + [tsing + bcos ¢] cosb. (11)

On the other hand, if we consider (9),

_d(-0) _d(-0)ds _ ¢

Tc =

dse ds dse ¢
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Corollary 2.8 The frame

vy = tcos¢-bsing,
V2 = 1,
vy = tsing+bcos¢

is the pol vector field indicator curve me = ¢, a Bishop frame rotating about the tangent vector

vy =tcos¢ —bsing by an angle —0. We have

d
A = divy —davs,
dsc
dV2

= —d
dSC 1V1,
dV3

= d ,
dsc 2V
b
d2 = _17

where dyand dg are the first and second Bishop curvatures of the Bishop frame {vi,va2,vs},

respectively.

Proof If we use the following equations

vy = tcos¢-bsing,
Vo = n,
vy = tsing+bcosg,
with (9), (10) and (11), we obtain
tC = Vl,
ne = vgcosf—vssind,
b, = vosinf +vscosb.
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This shows that {vi,v2,v3} is a Bishop frame. Accordingly,

dvy ﬁ ds
dse  ds dse
_ d(tcosg-bsing) 1
- ds &
= ”;’:’”n—(tsin¢>+bcos¢)
v,
= (ZS, 2 35
dvy dn ds |[w
= ——— =V,
dse ds dsc @’
dvs dvs ds
= —_ =Vi.
dse ds dse¢
Therefore
[wl
dl = ¢, )
dy = -1

Example 2.9 Let a curve w be defined as

7: J — B3
2t3
t — 7r(t)=(3,t2,t)

in 3. The Frenet apparatuses of the curve m are

1 2
t = 2t%,2t,1
1 (221,
1
n = —— (8% +4t,-8t" +2,-8t> — 4t),
2(2t2+1)
b = ¥(—2 4t,-4t%)
2(22+1) Y 7 ’
2
K = —,
(2t2+1)
-2
T = —
(2t2+1)
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From (2) and (3), it is obtained that

cos @

sin ¢

VK2 + 712
T
2

R

VK2 + 72

—_

ﬁ’

L
-~

Accordingly, we can easily calculate the following apparatuses:

If the Frenet apparatuses of the tangent indicator curve my =t are {ty,n,, by ,k¢, 7t }, then

from Theorem 2.

1

te

by

Rt

Tt

¢

K

0.

1

sec ¢ = V2,

n=———
2(2t2 +1)

—tcosgp+bsing = -

tsing + bcosg = (

(8¢% + 4t, -8t + 2, -8t - 4t),

1

2

1

307_

1

ol

22 (2t2+ 1)

(4t7 - 2,8, -4t + 2),

If the Frenet apparatuses of the tangent indicator curve my =n are {tn, Ny, bn, Kn, T},

then from Theorem 2.3

nn

Kn

Tn

ng =

bt cosw —tysinw = —

b sinw + t¢ cosw = (—

Iwl

1

T2V2 (212 + 1)

1
2

1

2(262 + 1)

507_

S

)

(4t - 2,8t,-4t* + 2),

(8¢ +4t,-8t* +2,-8t> - 4t)

If the Frenet apparatuses of the tangent indicator curve m, = b are {tp, np, by, kb, b},
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then from Theorem 2.5

1 ; )
tp = -n=-————(8t° +4¢t,-8t" +2,-8¢> - 4t),
2(2t2+1)
; 1 2 2
n, = tcos¢p—bsing= (4t - 2,8t,-4t +2),

22 (2t2+ 1)
by, = tsin¢+bcosgz5—( L 0 1)
b \/i’ ) \/5 )
Kp = csc¢:—\/§,

Tb=0.

Since me =c=tsing +bcos¢ = (—%,0, —%), the spherical indicator of the pole vector me = c is

a point.

5 _

O _

5|
-50 i
50 0 10
Figure 1: The curve w

Conclusion

Curves are a subject that is used in many fields such as science, engineering, computer design,
astronomy studies, and geography. Examining curves means examining the changes in curves.
These changes are called the differential geometry of curves. The characterization of curves can be
examined with the differential of curves. A lot of work has been done on this subject so far. We
have given the sources related to these in the previous sections. Sometimes it is easier to give an
idea about a curve with the help of spherical indicators. In this way, spherical indicators of curves
are also important. In the studies so far, spherical indicators have been examined with the help
of the curvatures of their curves. In this study, we examined spherical indicators depending on
the angle between the tangent vector field of a curve and the Darboux vector field. We saw that
with this technique, operations and calculations become simpler. In addition, in this study, we
showed that spherical indicators (tangent spherical indicators, primary normal spherical indicators,

binormal spherical indicators) correspond to a Bishop frame according to the Frenet frame of a
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Unit Sphere
Tangents indicator curve m¢ =t
Principal normal indicator curve 7, = n

—_— Binormal indicator curve m, = b

Figure 2: Spherical indicators

regular curve. We could not fully achieve our goals with this study due to lack of time. We could
not examine the indicators of a regular curve according to the Darboux frame and the Sabban

conflict. These will be addressed in other studies later.
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