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ABSTRACT

On the stability of second order neutral delay differential equation;
In this paper, a basic theorem on the behavior of solutions of linear
second order neutral delay differential equation is established. As
a consequence of this theorem, a stability criterion is obtained.

Keywords: “Neutral delay” differential equation, Characteristic
equation, Stability, Trivial solution.

OZET

Ikinci mertebeden neutral delay differansiyel denklemlerin
kararlilig1: Bu makalede sabit katsayili dogrusal ikinci mertebeden
neutral delay diferansiyel denklemlerin davraniglari izerinde temel
bir teorem verilmistir. Bu teoremin sonuglarindan yararlanarak
kararlilik kriterleri elde edilmistir.

Anahtar Kelimeler: “Neutral delay” differansiyel denklemi,
karakteristik denklem, kararllik, asikar ¢coziim
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1. INTRODUCTION

Let us consider initial value problem for second order delay
differential equation

V(O +o/(t-1)=py' ) +pyt-0)+qy0) +q,)(t-7), t 2 0, (1)

y()=¢(), -7 <t<0, (2)

where ¢, p,, p,, q,, q, are real numbers, 7 1s positive real
number and ¢(¢) is a given continuously differentiable initial
function on the interval [—7,0].

In many fields of the contemporary science and technology
systems with delaying links are often met and the dynamical
processes in these are described by systems of delay differential
equations [1,4,5]. The delay appears in complicated systems with
logical and computing devices, where certain time for information
processing is needed. The theory of linear delay differential
equations has been developed in the fundamental monographs [1],
[4-6], [8].

The equation of form of (1) is of interest in biology in
explaining self-balancing of the human body and in robotics in
consructing biped robots (see [10], [12]). These are illustrations of
inverted pendulum problems. A typical example is the balancing of
a stick (see [13]). Equation of form of (1) can be used as test of
equations for numerical methods (see [7], [14]).

In [3], it has been established the boundedness under the
conditions >0, k>0, p>—k and |q|+r|p|<b, on [0,0) of

the solution of the second order equation
V'O +by () +qy(t—r)y+ky(t)+ py(t—r)=0,for 1 >0,

where 7>0, together with a given continuously
differentiable initial function

() =¢)on [-r0].

This equation Lyapunov function with the help of the
stability criteria were obtained.
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Recently, Cahlon and Schmidt et al. [2] have established the
stability criteria for a second order delay differential equation of
form (1) with p,p, 20 and ¢,q, <O. This equation is obtained the
stability of second order delay differential equation using
Pontryagin’s theory for quasi-polynomials. However, we study the
stability of the some problem using the method of characteristic
roots.

This paper deals with the stability of the trivial solution for a
second order linear neutral delay differential equation with constant
delay. An estimate of the solutions is established. The sufficient
conditions for the stability, the asymptotic stability and instability
of the trivial solution are given. Our results are derived by the use
of real roots (with an appropriate property) of the corresponding
(in a sense) characteristic equations. The techniques applied in
obtaining our results are originated in a combination of the methods
used in [9] and [11].

As usual, a twice continuously differentiable real-valued
function y defined on the interval [—7,%0) is said to be a solution
of the initial value problem (1) and (2) if y satisfies (1) for all
>0 and (2)forall —7<7<0.

It is known that (see, for example, [4]), for any given initial
function ¢, there exists a unique solution of the initial problem (1)-
(2) or, more briefly, the solution of (1)-(2).

Before closing this section, we will give two well-known
definitions (see, for example, [5]). The trivial solution of (1) is said

to be “stable” (at 0) if for every & >0, there exists a number
¢ ={(g) >0 such that, for any initial fuction ¢ with

o) <,

the solution y of (1)~(2) satisfies

] = max

—7<t=0

| (t)|<e , forall te[-7,0).

Otherwise, the trivial solution of (1) is said to be “unstable”
(at 0). Moreover, the trivial solution of (1) is called “asymptotically
stable” (at 0) if it is stable in the above sense and in addition there
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exists a number ¢, >0 such that, for any initial function ¢ with
l¢]| < ¢,. the solution y of (1)-(2) satisfies

lim y(#) =0.

{—>0

2. STATEMENT OF THE MAIN RESULTS AND
COMMENTS

If we look for a solution of (1) of the form y(¢)=e* for
t € IR, we see that A4 is a root of the first characteristic equation
2(+c)=pA+p,le” +q +q,.e”™ . 3)

Let now y be the solution of (1)-(2). Define

x(t)=e y(), for te[-r,0),

where A, is a real root of the characteristic equation (3). Then, for
every 1 >0, we have

X"(0)+ 24X (1) + x(0) +ce % (x"(t — 1) + 24, x'(t = 1) + Ax(t — 7))
= plx,(t) + pJ’ox(t) + pzeiﬁofx’(t - 2') + pzioe%ofx(t - 2') + %x(t) + %e%orx(t - 2')

or

[0+ ce ™ x'(t =)+ 24 — p)x(t) + € 7 (2cA, — p)x(t—7)|

= (Do + G = 2)X(O) + (P2 + G, —clg)e M x(t = 7). 4)
Moreover, the initial condition (2) can be equivalently written
x(t)=e g@t), for te[-7,0] (5)

Furthermore, by using the fact that A4, is a root of (3) and
taking into account (5), we can verify that (4) is equivalent to

X' () +ce X't —1)+ (24, — p)x(t) + i (2cA, — p,)x(t—1)

t

= (P + G = 2) [ X($)ds + (P2 + 4, —cA)e ™" [x(s —)ds
0

0
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+x'(0) +ce M¥'(=7) + (24, — p)x(0) + e " (2¢4, — p,)x(-T)

xX'()+ce X' (t—1)=( p— 2/10))6(2‘)-1-672&( P, —2cA)x(t—1)

(P + i —A) j X(8)ds +(Pydy + @, —CcA2)e j x(s)ds

T

+¢'(0) = 4,6(0) + c(¢'(-2) = 4P (-7) + (24, = p)#(0) + (¢, - p))P(-7),

X(1)+ce Xt —7) = (p, —24)x(1) + ¢ " (p, —2¢4)x(t — 7)

(P + Gy = ) [ X5 +(pa Ao+ g, = e )e * [x(s)ds + L(Ay;)
0

0

X' () +ce X (t—1) = (p, —24,)x(t) +e " (p, —2¢A)x(t — 1)

~ (Pl +4s —chy)e " [x(s)ds +(pydy +4; —cip)e ™ [x(s)ds+L(4y:9)
0

0

X'()+ce X (t—1) = (p, —24,)x() + e " (p, —2¢A, )Xt — 1)

(e~ pyAy—qy)e ™" jx(s)ds + L(A:0), (6)
where 4
L(Zy:4)=4(0)-2,6(0) )= A1) + (24, = p)dO)+(2ch, - p,)d(-7)
+ (P Ay +q, —cA)e Te%sgﬁ(s)ds : (7)
Let 4

,Bzo =(p,A4, +9q, —C/lﬁ)re’%f +21, — p, +(2c4, _pz)e—zof 20
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and we define

z(t) =x(t)— L(4:4) , for

Ao

t>—1.

Then we can see that (6) reduces to the following equivalent
equation

Z(O)+ce 2 (t—1)=(p, —24,)z(t) +e " (p, —2cA,)z(t —7)

+ (e = Ao —ay)e ™ [z(s)ds

-7

(8)

If we look for a solution of (8) of the form z(f)=e" for
te IR, we see that ¢ is a root of the second characteristic equation

5(1 +ce " hT) ): Py =24, +(p, —2cA, e "
+8 (1—e ")ch —prhy —q)e ™77 )

On the other hand, the initial condition (5) can be
equivalently written

o) — gy L)

Ao

, te[-7,0]. (10)
Let /7(5) denote the characteristic function of (9), i.e.,
F(8)=6(1+ce )= p, +24, +(2cA, — p,)e "

+6 (e - l)(c% — P2 =4, )eiﬂof

Since 0 =0 is a removable singularity of F(J5), we can
regard F(0) as a entire function with

F0)=24,—p, +(2c4, - pz)e%of - (C%(Z) — Pyl — qz)Te%OT = :Bﬂo

But, by the definition of £, #0, a root of the characteristic
equation (9) must become o, # 0.
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Let now Z be the solution of (8)-(10) and &, be a real root of
the characteristic equation (9). Define for o, # 0

v(it)=e z(t), forall te[-r,).
Then, for every >0, we have

V() +ce "Nt~ 1) = (p, - 24, — 8, M) +(p, — 24, — 8, e P (¢ ~1)

t

+(e X — p,A, —q,)e " J‘ef‘g"sv(l —s)ds . (11)

t—T

Moreover, the initial condition (10) can be equivalently
written

V(1) = g(t)e 70 — o Li:9) , for te[-7,0]. (12)
B,
Furthermore, by using the fact that 5, # 0 is a real root of (9)

and taking into account (12), we can verify that (11) is equivalent
to

—t(A+dy)

v(t)+ce wWt-1)=

(1 =245 =8,)[ V(s)ds +(p, ~2cA, —c8,)e™ ™ [w(s - 7)ds

0 0

+ (Cﬂé — Py — 4, )e_%f

j.e_g‘)s {j. v(u — S)du}ds +v(0) + ce TN y(—1)

0

v(t)+ce "yt —1) =
t t-t
(py =24 = 6,) [ W(s)ds + (p, ~ 204, —e8, e [u(s)ds

0 -7
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2 — AT
+(cAy — prdy —q,)e

J‘e“s‘)s { Iv(u)du}ds +(0) + ce T RTy(—1)>

0

-8

(1) +ce N1 = 1) = (p, =24, = 8,) [ (s)ds
0

+(p, —2cA, —cd,)e (%+5°)T{.0[v(s)ds+ Iv(s)ds}

i (Cﬂ' — Py — 4, )e

j 5{ [y + j v(u)du}ds-l—v(O)-l—ce "ot (1)

0

-

V(1) + Ceif(ﬂw%)v(t -7)=(p,~24 -0,
Iv (8)ds +(p, - 2c4, —cd,)e 40" Iv(s)ds

0 0

+ (02(2) - pzﬂ“o -4, )ezor..'eﬁos{ Iv(u)du}ds e R(ﬂ“o > 50 5 ¢) )

0 0

t
V(1) +ce "Nt — 1) = (e, + 2cA, — p,)e LT Iv(s)ds

0
-7

+(p, A, +q,— cﬁé)e’ﬂ“fj‘e’g"sdsj‘ w(s)ds +(p, —2cA, — c§0)e’(ﬂ°+§°” Iv(s)ds

0 0 0

+ (02(2) - pzﬂ“o -4, )ezor..'eﬁos{ Iv(u)du}ds + R(ﬂ“o > 50 > ¢) )

0 0
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t
V(1) +ce "Nt — 1) = (¢S5, + 2¢, — p,)e T Iv(s)ds

-7

+(p,A, +q, — clﬁ )e%fje5°s{ jv(u)a’u}ds +R(4,,0,,0), (13)

0 t—s

where

RC,8) = $(0) + cp(—r) — 2o "’)(Hce*”)

ﬂo

+(p, —2¢h, —c8,)e P j‘eg"s(e%v(s) _ L(go;¢)jds

Ao

=1

+(cﬂ§pzﬂoq2)e%fje50S{i 50“[ () - L4, r; ¢)J u}ds (14)
A

0

Next, we define

R(4,5;8)

.6

w(t) =v(t)— , for t>-1, (15)

where

;.5 =1+ 0 4 (p, —2cA, —cby)e” .

+50’2(1—e’5°f —502'e’5°TXCﬂ,§ — P4 —qz)e”q"f. (16)

Then we can see that (13) reduces to the following equivalent
equation

t
w(t) +ce "Wt — 1) = (e, + 2¢A, — p,)e T Iw(s)ds

-7

+ (P + @, —ch)e ™ | e5°s{ | w(u)a’u}ds , 120, (17)

0 t—s
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On the other hand, the initial condition (12) can be
equivalently written

L(A9) o R(4,0039)

) = d(1)eForot _
w(t) =g(t)e 5. —

,for te[-7,0]. (18)

We have the following basic theorem.

Theorem 1. Let 4, and % (5, #0) be real roots of the
characteristic equations (3) and (9). Assume that the roots 4, and

% have the following property

50 = (| cl+|co, +2cA,—p, | T)e—(zoﬂso)f

+5072(1_6750T —502-@750T)| pz/lo +q2 _c/’lg |e*}-02' <l (19)
and
B, =P+, —cR)re ™ +24 — p, +(2ch, — py)e ™" =0,

Then, for any ¢C 1([—2',0],[R), the solution y of (1)-(2)
satisfies
ef(;“’“s")ty(l) B L(4,:0) o _ R(4,,04;0)
% .5,
for all 7>0, (20) where L(4,;¢), R(4,,6,;¢) and n, ; were
given in (7), (14) and (16), respectively and

67(10+50)t¢(l) _ L(4y;9) oo _ R(4y,6,;9)

A 172,.5,

<M (4,000, 5,5

M(2,,6,;¢) = max

‘. 1)

Proof. It easy to see that property (19) guarantees that
N5 >0. Applying the definitions of x, z, v and w we can

)

obtain that (20) is equivalent to
| W) |<M (4,000 15, 5, V120. (22)

So, we will prove (22).
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From (18) and (21) it follows that
| w(t) <M (4, 6430) , for.ze[-7,0] (23)

We will show that M(A,,0,;¢) is a bound of w on the
whole interval [-7,0) . Namely

| w(t) <M (A,,0,;¢) , forall 1e[-7,2). (24)

To this end, let us consider an arbitrary number & >0. We
claim that

| w(t)|[<M(A,,0,,¢)+¢& , forevery t €[—71,0). (25)

Otherwise, by (23), there exists a ¢ >0 such that
W) |< M (A,,0,;8)+&, for t<t" and |w(t")|=M(A,,0,,4)+¢.
Then using (17), we obtain

M(,0,:0) +& FAw(t) [ cle ™ [w(t" ~1)|

+[¢d,+2¢k, = py [e “ " [ w(s)| ds

b
t-T

0 s

T £
+ P+, —chg e | e5°s{ [lwa)| du}ds
<{(c|+|cd, +2cA, — p, | r)e B
+6,2 (1= =8y7e ) Py + 4y —c A | [M(4.6,:0) +¢]
<[(2,,6,:0) +¢]
which, in view of (19), leads to a contradiction. So, our claim is
true. Since (25) holds for every € >0 it follows that (24) is always
satisfied. By using (24) and (17), we derive

t
lw(t) < cle ™ 0wt —1)+| cO, +2¢cl, — p, | @ ol I| w(s)|ds

-7
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T

t
+ Podo+ @, —cAy e ™| e5°s{ [1wa)| du}ds
t—s

0
<A el +1c8, + 20, — p, | 2
+6,” (l —e —5ore75°f)| P Ao +q, —c X |e ™" }A/[(ZO,50;¢)

:M(40>50;¢)u10)50 5]
for all #>0. That means (22) holds.
Theorem 2. Let 4, and &, (5, #0) be real roots of the

characteristic equations (3) and (9). Consider £, as in Theorem 1.
Then, for any ¢ € C'([—,0],/R), the solution y of (1)-(2) satisfies

lim{e(%*%ﬁy(l) _ L(;o;¢) eﬁot} _ M

where L(4,;4), R(4,,0,;¢) and n, s were given in (7),
(14) and (16), respectively.

2
t—>0

.6

Proof. By the definitions of x, z, v and w, we have to
prove that

lim w(r) = 0. (26)

t—>0

In the end of the proof we will establish (26). By using (17)
and taking into account (22) and (24), one can show, by an easy
induction, that W satisfies

(w(n) <y, 5 )"M(2,6,,8), forall 1>nz—7, (1=01,.). (27)
But, (19) guarantees that O<y, ; <1. Thus, from (27) it

follows immediately that W tends to zero as { = ®_i.e. (26) holds.
The proof of the Theorem 2 is completed.

Theorem 3. Let 4, and &, (J,#0) be real roots of the
characteristic equations (3) and (9) and also the conditions in
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Theorem 1 f, and u, , be provided. Then, for any
S Cl([—z',O],[R), the solution y of (1)-(2) satisfies for all >0

| ¥(0)|< | ;’% N(2y,8,,0)e™

e

h k,e; h
| L ey, N, By9)e 7 (28)
M34.5, 1B | 155

where

N,.5, Was givenin (16),
kzo =1+ 4 |+ ]|+ 4 D+124 — p, | +]| 2¢4, — p, |e%0Ta

+ P Ao+, —c Ay |e T (29)

k — T
hy o =1+ |c|+—2 |(1+|c|e )
Ao

k
— (A +8 )t y)
0% "0

_1 —507 . 5
+5O (e —l)|p2—2cO—cO|e 5]
/IO

k
+5,° (502' +e 7 — l)| i — Ay — 4, | el"f(l + ﬁ} . (30)
2o

e, = max {e’g"’} 31
and

N(Ay.6,:4) = max | max ¢ ()

—7<t<0!

. max|(r) |

10

e (1), max

7<t<0

 max |¢'(1)
Y

(32)
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Moreover, the trivial solution of (1) is stable if 4, <0 ,
A, +0, <0, it is asymptotically stable if A4, <0, 4, +J, <0 and
itis unstable if o, >0, A4, +0,>0 .

Proof. By Theorem 1, (20) is satisfied, where L(A,;¢) and

M(A,,0,;¢) are defined by (7) and (21), respectively. From (20) it
follows that

e*(ﬂo +6o)t

L(io;¢)|e—6oz+|R(ﬂ’0750;¢)| n
|ﬂﬂo | 7740,60

o)<

M(4,,6,:9)1,, 5, (33)

Furthermore, by using (29), (30), (31) and (32), from (7), (14)
and (21), we obtain

| L(Ao: D) [ ¢ (0) |+ 4, [| #(0) |
+el(¢' D)+ A | p2) M1 24, — py (| 4(0)]

+12¢2, = p, 1 6(-D) | +| PrAy + @, —cAg le ™ Ie%s | #(s) | ds

<(1+] 4 |+ | (A+] Ay D+ 24 — py |+ 204, — py [ € *
| Pady + s —CA | €T (2. 50:0)

:kﬂ,ON(ﬂ’Oaé‘o;¢)a

| RCAy, 50,8 < 6(0) | + ¢ | (=) |+ 20D (1 o)
5, |

Giorsn [ o] s LAy,
+ s =264, —cB, | 9 e ( ol
-7 Ay

T 0 .
+|cAs— Ay —q, | e%ffeg°s{je5°” (el"" | p(u) | +—| L|(;°’T) jdu}ds
A

0 -5
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k, k,
<| t|e]+—2 (1t |c|e ™ )+ 8, (e ~1)| p, - 24, —cB, | e 0| 14 —2
1B, | 1B, |

Ao

k
+5072(507+675°T _1)|Cﬂ<2) — DA —q, e (IJF'B_H (4y>0458)

:hzo,soN(/10>5o;¢)a
LG {e }lR(% 09)|

155, | e sy 6,

k.e. h
|4 2% | T, N(2,,6,,0)
1B | 1, s,

Hence, from (33), we conclude that for all 7>0,

M (7,,8,,4) < max " (o) }+

h
IO -0 e + 2 N (4.5, 4)
2o | M 0.5,
ko 0 hﬂ'o 50
4 1+ﬁ o V(A 00, (34)
Ao 9.8

and consequently, (28) holds.
Now, let us assume that 4,<0 and A,+0, <0. Define

(l)| It follows that | ¢ ||< N(A4,,0,;¢). From (34), it
follows that

EOE o] 14 5% 1+ )hM N(4,.6,.4)
Y |:840| |,8;,0| .5, Hy, 5, Ten 0>00>?) >

] = max

—7<t=0
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20 o o
for every 12V Since —=— >1, by taking into account the
}“0

k k,e h
fact that —=— 4| 1+ s, 5, +(l+,u10)50) %% »1, we have
1B, | 18, | hon

|ﬁﬂ~0 | Ag.5

k k. e h
() <{— ; |+(1+ Lt }%,% T (TR =3 }N(ﬂo,éo;m,
Ay

for all 7e[—-7,), which means that the trivial solution of (1) is
stable (at 0).

Next, if 4, <0 and A, +6, <0, then (28) guarantees that

lim y(¢) = 0 and so the trivial solution of (1) is asymptotically
t—>w

stable (at 0).
Finally, if 6,>0 , A,+0,>0, then the trivial solution of

(1) is unstable (at 0). Otherwise, there exists a number ¢=/(1)>0

such that, for any ¢eC 1([—2',0],[R) with || @< ¢, the solution y
of problem (1)-(2) satisfies

| y(*)|<1 forall 1>-7. (35)
Define
by(O) = = e e[-70]

Furthermore, by the definition of L(40;9) and R(;to’éo;(é),
by using (9), we have

L()LO>¢0) = 50 o cé‘oe*(ﬂoﬂ?o )i + (26’/10 _pz)(e—(ﬂo+50 )ia _ef,qof)

+ (pz/'to +q, —ck )e%f{ieg"sds — z‘j

= 122 — (23 — py)e " —(p, Ay +q, —c BT
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= _,Bzo >

0
R(A4,.6,:¢4) =1+ ce o 4 (p,—2cA, — 050)67%”50)7 J.ef(s": (e%: (e%”s"): - e%:)+ 1)ds

-7

+(Clz J2UN 612)@ I 50{}650” (e’ﬂ""” (e”"*%)“ —eﬂ"O”)Jrl)a’u}ds

0

-5

=1+e %™ 4 (p, —2cA, —cS,)e ¢

+0,° (1 —e " — 5 re " XC% — DAy — qz)e”q"f

=1 5, >0.

Let ¢ < C'(~7,0],IR) be defined by

- I, ||¢0’

where ¢, is a number with 0</, </¢. Moreover, let vy be the
solution of (1)-(2). From Theorem 2 it follows that ' satisfies

time 0"y - L) g :lim{ R — ‘5‘”}
t—>w0 ﬂ o300 || ¢0 ||

A

_ R(4,04:¢)

77}“0 > é‘0

(471 DRy, 830) _ 1,
M s X

But, we have |¢|=/¢,<¢ and hence from (35) and
conditions o, >0, A,+0, >0 itfollows that

lim{e(ﬂoﬂ%) ’y(l) . L(;o;¢) e5°’}=0,

Ao
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This is a contradiction. The proof of Theorem 3 is completed.

3. EXAMPLES

Example 1. Consider

V') —%y”[t - %} =-3y'(1)+ %y'[f - %} + J;6_ B+ %y[f — %}
120, (36)

WO =4(0), —%szso,

where ¢(¢) is an arbitrary continuously differentiable initial
function on the interval [—%,O]. In this example we apply the

characteristic equations (3) and (9). That is, the characteristic
equation (3) is

A A
f[l—é}:—ﬂ%hz +@+%e2 37)

2

and we see that A =—1 is a root of (37). Then, for A, =—1 the
characteristic equation (9) is

1 1
—(5-1) —(5-1)
5l—le2 :—lJrle2 1.
6 6

Therefore, 0=0,=-1 is a root, and the conditions of
Theorem 3 are satisfied. That is,

e Je

e
,uﬂoﬁoz,uflrlzg<l and ,820:,87121—?7&0.

Since A, =—1<0 and A, +0,=-2<0, the zero solution of
(36) is asymptotically stable.
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Example 2. Consider
y(t)+ y(f 1)———y(f) y(f 1)——y(f)+ y(f 1),

1>0, (38)

y()=¢(t),-1<1<0,
where ¢(¢) is an arbitrary continuously differentiable initial

function on [7101 The characteristic equation (3) is

2e e 2e e e

f[ui}——z——z %—1+1e (39)

and we see easily that 4 =0 is a root of (39). Taking 4, =0, the
characteristic equation (9) is

1
5[1 +ie5J =1 —Le’g 1 e ds
2e
Therefore, we find that 6 =6, =—1 is a root. Corresponding

to the roots 4, =0 and 6, =—1
satisfied. That is,

the conditions of Theorem 3 are

2

1 1
s = u0)1:5+;<1 and ,Bﬂo By = —;tO

Since 4,=0 and A, +0, <0, the zero solution of (38) is
stable.

Example 3. Consider
1" | T ' ' T -z T
Y'O+y [Z_Ej =3y (1) +3y (1—5)—(l+e 2jy(f)—Zy(f—E),

>0 (40)

2
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(1) =¢(1), —%szgo,

where ¢@(¢) is an arbitrary continuously differentiable initial

function on [—%,O] . The characteristic equation (3) is

2

i EAEY 2
22 =31+3e 2 —[He 2}—2e 2 (41)

A =1 the

?

and we see easily that 4 =1 is a root of (41). Taking
characteristic equation (9) is

s “Zsa
ol l1+e ? =l+e ? .

Therefore, we find that 6 =0, =1 is a root. Corresponding to
the roots 4,=1 and J,=1, the conditions of Theorem 3 are
satisfied. Since 6, >0 and A, + 9, >0, the zero solution of (40) is
unstable.
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