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assumptions on the parameters. We then propose a fractional-type Hardy integral inequality
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1. Introduction

The study of integral inequalities is a central topic in mathematics, particularly in real and functional analysis. It is used to determine the
possible values of complex integrals, i.e., integrals that cannot be evaluated exactly using the usual techniques. Let us take a brief look
at the most famous integral inequalities. The Holder integral inequality connects integrals of products, the Minkowski integral inequality
generalizes the triangular inequality to integrals, the Cauchy-Schwarz integral inequality, which can be seen as a special case of the Holder
integral inequality, gives a fundamental bound for the integral version of the inner product, the Jensen integral inequality applies to convex
functions and integrals, the Gronwall integral inequality estimates solutions to differential inequalities, the Sobolev integral inequality relates
function norms in Sobolev spaces, the Chebyshev integral inequality bounds probabilities using integrals, the Young integral inequality
helps with convolution estimates, and the Hardy integral inequality gives bounds on weighted integrals and establishes key relationships in
functional spaces. These results have many applications in physics, probability and optimization. The mathematical details of them can be
found in the following books: [1-5].

For the purposes of this article, we will emphasize the Hardy integral inequality. A brief review of the results used for the purposes of
the article is given below; the full historical facts and details can be found in [6,7]. The classical Hardy integral inequality states that, for
p € (1,+00) and f : (0,4-o0) — R such that

+oo
| rwrd < e

we have

/. B [ (t)\dtrdx <6, [Irwpar,

_(_r Y
CP_(p_1) : (1.1)

See [1,8]. A finite integration interval version was also established, attributed to [9]. Tt states that, for (a,b) € (0, +o0)? U {=e0}? with a < b,
p € (1,+) and f : (a,b) — R such that

where

[ s < 1o
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we have

‘/ab E /ax |f(t)|dtrdx§ C,,/a[7 |f(x)|Pdx,

where C), is given in Equation (1.1). For more information, we refer to [6, Section 1.5].
Another famous variant of the Hardy integral inequality is the fractional Hardy integral inequality, which states that, for p € [1,+o0),
A € (0,+0)\{1} and f : (0,+o0) — R such that

oo p
0 x

we have
+oo p Hoo oo _ p
[T g [ [ US04
Jo xt Jo Jo |x —y|1+2

where D is a certain constant (to be discussed later). We also refer to [6, Chapter 5] for the relevant historical background and developments.
There are other versions of these integral inequalities that extend their applicability. They are used in harmonic analysis, partial differential
equations, mathematical physics and probability theory. In addition to the classic books [6,7], a selection of articles on the subject is given
below: [10-29].

In particular, in [23], some results and proofs have attracted our attention. The fractional Hardy integral inequality is demonstrated in an
original and simple way, with clear assumptions and exact constants. In particular, we emphasize two results, described below.

* The result in [23, Lemma 2] is formulated below, modulo some minor changes in the presentation. Let p € [1,4e0), A € (0,+00)\{1}
(note that the value A = 1 is excluded) and f : (0, +o0) — R such that

o0 P
0 X

Then the following integral inequality holds:

e lf@P R Bl VACO RN AC)l
/0 7dx < Doc,p,/l/o /0 dxdy,

X |x—y|'+’l

where
2P 144
Dy pj = Amax (|1 — o, [2a—1[]} -

and o € (0,+o0) can be arbitrarily chosen such that

2r—1

Z . 1.2)

N =

* In the same framework and under the same assumptions, but with a finite and f : (0,a) — R, [23, Corollary 1] ensures that

RVACII ¢S = fFOIP
/0 TdXSDa’p’l/o /0 dedy

X

The proofs of [23, Lemma 2] and [23, Corollary 1] are based on the triangular inequality, a thorough decomposition of the integral, the use of
the Fubini-Tonelli integral theorem, integral calculus and basic arithmetic. The fact that these comprehensible developments are combined
with the exact expressions of the constants involved is a real plus for a deeper understanding of these inequalities.

This article contributes to the topic in three related ways. First, we generalize the result in [23, Lemma 2]. In particular, we extend it to
p € (0,400), including the new case p € (0, 1], and we slightly relax the assumption on & described in Equation (1.2). Second, the fractional
Hardy integral inequality in [23, Lemma 2] is not valid for A = 1. So we have no upper bound on the term

[er,
0 )

X

which we will call "the case A = 17 for our purposes.

This raises the following question: Can we prove a fractional-type Hardy integral inequality for this case? We provide an answer to this
question by modifying the proof of [23, Lemma 2] on several crucial points. The case p € (0,+-<o) is also considered and the constants
involved are given. Third, a similar question arises for the term

/Oa Md}g

X

where a is finite. An answer is also given. Thus, new integral inequalities are established, considering understudied cases of the fractional
Hardy integral inequality. The proofs are detailed for accuracy and reproducibility.

The rest of the article is divided into four sections: Section 2 is devoted to the generalization of [23, Lemma 2]. Fractional-type Hardy
integral inequalities for “the case A = 1” and for infinite and finite intervals are considered in Sections 3 and 4, respectively. A conclusion is
proposed in Section 5.
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2. Generalization of an Existing Result

The first proposition offers a generalized version of [23, Lemma 2]. In particular, the points below are developed.

* The condition on p, i.e., p € (1,+o0), can be relaxed as p € (0, +oo), with a slight modification of a constant.
* The condition on « recalled in Equation (1.2) can be slightly relaxed with little mathematical effort.

These modifications give more flexibility to the constant in the factor in the main inequality.

Proposition 2.1. Let p € (0,+00), A € (0,+o0)\{1} and f : (0,4o0) — R such that

/*” [f ()17
0

dx < oo
x/l

Then the following integral inequality holds:

e | f ()1 e e fe) = O
/0 ) dXSFﬁ'p’l/o /O oy T+ dxdy,

where

max (2P 1 ! max(2?
o= [1- MO r - ppror] L 1 o -

and B € (0,+o0) can be arbitrarily chosen such that

max(2P~11)

T * gt <1
Proof. The proof revisits that of [23, Lemma 2]. The details are given below. First, for any p € (0,4oc0) and (u,v) € R2, we have
lu+v|P < max (2771, 1) [|ul? + |v|P].
See [30, Chapter 1]. This inequality applied to u = f(y) and v = f(x) — f(y) gives
F@)P =1 0) + &) = FONP < max(2P~ 1, D[ £()]P +max(2P~ 1, D] f(x) = fO)I7.
Now, since B € (0,4oc0) and x'** € (0, 4-0), dividing by Bx'**, we have

T < maxr ) T a2t LSS

Integrating with respect to y € (Bx,2Bx), we get

[Py ioret 1) [P YO g 1y [P V=10,
Bx

ﬁx1+}. ™ ﬁx1+l x ﬁlerl

For the left term, we have

[Pl U P, rer

. ﬁxl”” _ﬁle X+

X

Using this and integrating with respect to x € (0, +), we find that
+oo P
/ ‘f(%)'dxgmax(ZP_l,l)P+max(2”_l,1)Q7
0 X

where

+oo  2fBx |f
_/ / x1+l

oo (2 \f fOr
_/ / xl+A g dvdx.

Let us now bound P and Q successively.
For P, the Fubini-Tonelli integral theorem ensures the change in the order of integration, which gives

o= f e = [ "o [ e o
= [ o g {(2‘3) (’jﬂ ay= @ =gt [TV,

and

2.1)

(2.2)

(2.3)

(2.4)
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On the other hand, for Q, with a suitable decomposition of the integrated term, we have

P ) = )l
ﬁ/ / dydx

A e —y|T+2

1 1+A +oo  2fBx )4
<= sup sup x 1y+‘7t / / F) 1+)?| dydx
B x€(0,400) ye(Bx,2Bx) X |x—y|

—y|IHA | e oo — p
B o e ST
ﬁ x€(0,+00) ye(Bx,2Bx) X + 0 0 |x_y| +

The term in square brackets can be developed as follows:

up up wp ma |x—ﬁx|l+l |x—2ﬁx|1+}”
u u; ——— = su X ,
x€(0,400) ye(Bx,2x) xl+A x€(0,4-00) xl+A xlt+h

= {max[|1—B|,28 — IH}HA’

We therefore obtain
1 B ot [T ) =P
0< g lmax(|1-pl -1y [ [ dvas @5)

Combining Equations (2.3), (2.4) and (2.5) together, we get

e | f)P max(2~',1) 5 a1 [T If)P
/0 Sdes MRS 0t 1) / s

max (277, 1) 144 e f ) = fO)IP
+f{max[| —Bl.2B—1}"" / / de

This is equivalent to the following inequality:

max(271, 1) ] PP, max@ ) a1 W) — fO)P
[177< B 1}/0 dx < (max (1=l 2p -1y [ [T LI

A Xt B +A

Since B € (0,+o0) is chosen such that

max(27~1 1)

-t <

we also have

= | f(x max 1 ! max(2 =
'/0+ |f(l)|pd <[ a. (2p 1)( )ﬁl 1 a ( = ){max[ ﬁ‘ ‘213 ]H}lJrl / /+ |f‘x yll( )|Pd d

x A B +A
te e [f) = fFO)IP
g [T
Bpd fo o Jo x — |1+ Y
where Fp , 3 is given in Equation (2.1). The proof of Proposition 2.1 ends. O

This result shows greater flexibility than [23, Lemma 2], on the same mathematical basis. Indeed, the case p € (0, 1] is now considered, and
B can be chosen more flexibly than ¢ in [23, Lemma 2]. Note that, for any p € (0, 1], based on Equation (2.1), we have

-1
Fppa= 1= @ =" | 5 {max(i1=Bl.]26 — 1]} **.

The presence of p in the index of Fp , 3 is due to the fact that B may depend on p.
These aspects have a positive effect on the constant factor in the main inequality.

3. A New Fractional-Type Hardy Integral Inequality

The proposition below fills a gap in [23, Lemma 2] and in the literature on integral inequalities in general. It provides a valuable fractional-type
inequality for ’the case A = 17, i.e., for the following integral as the left term:

/+°° \f(X)V’dx
0 x ’

which was avoided in [23, Lemma 2]. As in Proposition 2.1, we assume that p € (0,+o0) and reuse some techniques from the proof of that
proposition.
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Proposition 3.1. Let p € (0,+0) and f : (0,+o0) — R such that

[T e
0

Then we have

+""\f() e e foIr
[T ez Gy [ [ SO

where

max(27~1,1)8
a [0 —max(27—1,1)]

Go pa = {max[|1 —al, |2 — 1]} /¢, 3.1)

8 > max (2”1, 1) and o € (0,+o0) (it is completely arbitrary).

Proof. A significant modification of the proof of [23, Lemma 2] is necessary, where the new constant 6 plays an important role. First, it
follows from Equation (2.2) applied to u = f(y) and v = f(x) — f(y) that

NP = 1£) + 1) = fOIIP < max (2P~ D)7+ max (2271 D)1 (x) = f ()P

We now divide the above terms by cx! T, activating the parameter 6, which is positive. This gives us

fIP fOIP ) —FOI”

axito Y146 axi+o

< max(2P~! 1) +max (2771 1)

Integrating with respect to y € (ax?,2ax?), we get

[V 4y 1) O gy pngaret, 1y [ VRS0,

ax® ox!+o ax® ox!+0 axd® ox!+o

Noticing that

)

[0, el Pl

ax®  ox! o ox!+0 Joxe X

and integrating with respect to x € (0, +o0), we find that
+eo P
/ @dxSmax(2p71,1)U+max(2p71,l)\/, (3.2)
0

where

U:.= e F) d dx
- OCxHe

oo 200 | £(x) — £(y)[P
/ / x1+9 T atre

Let us now bound U and V successively.
For U, the Fubini-Tonelli integral theorem ensures the change in the order of integration, which gives

g [ O e T e | [ L aa
/ /[y/Za 176 ocx1+9 y_/o O /[y/(Za)]l/9 axi+8 Y

[ ()3

Note that the resulting term no longer depends on o.
On the other hand, for V, we have

S A i LT O T

and

x1+o |x9 y|I+1/6
! |x? ‘IH/G Heo 2007 |f(x) )|P
2 S L
« LE(O-,er)ye(axe,zaxe) x1+0 |x9 1+1/9

Q

1 |x® _y‘1+1/9 oo oo | )P
S a|eor o / / o oiai/e dydx.
LE(O-,er)ye(ax",zaxe) x1+0 |x9 —y\ 1+1/e
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Thanks to the introduction of the key term |x® —y|'*1/€  we have
wup sup |x97y|]+]/9 — ap max ‘xefaxe‘wl/e |x972(xx9\'+'/9
x€(0,400) ye(ax? 20x?) x1+6 x€(0,+00) x1+0 ’ x1+6
= {max[|1 —al,|2a —1]]}' /9.
We therefore obtain
oo )P
141/6 If(x) = fO)
V< —{max[|1—oc| Ra— 1Y / / Wdydx. G.4)
It follows from Equations (3.2), (3.3) and (3.4) that
+oo p 2p=1 1) ptee p =11 +oo P
/ |f(x)| dx < max( ) )/ ‘f(x)| dx+max( ’ ){max[“ia"‘za 1—0—1/9/ / ‘f )‘ dydx
0 x 6 0 x a |x6 ,y‘lﬂ/e
This is equivalent to
max(2P~', D) (= [f@P _ max(2P~' 1) [yreve e f ) = FWIP
{1 - S /O e < B2 fmax |1 — ) [0~ 1]} / / - _y‘m/e W)= JOI 4ar.
Since 6 > max(2°~1, 1), we get
e f ()17 max(27~',1)6 1+1/6 e f ) = fOIP
dx < max |1 —al,|2a—1 / / 7dd
/0 x o [0 — max (2P~ 1)]{ ! d & —y|1+1/6 e
oo oo | fo)P
= GG,pa/ / ‘xe |1+1/6 oy i1/ Aydx,
where Gg p, ¢ is given in Equation (3.1). The proof of Proposition 3.1 ends. O

This result is thus a proposal of a fractional-type Hardy integral inequality for an under-explored case. The key point was the use of an
adaptable parameter 0, which activates numerous intermediate terms, including |x9 -y 1+1/8 We should also mention the presence of the
parameter ¢, which can be set to any positive value.

Note that, when p € (0, 1], the constant G ,, o in Equation (3.1) is reduced to

Gopa= {max |1 - al, |20 — 1]} /€,

0
o(6—1)

which is independent of p.
Furthermore, for p € (0,+-co) taking ot = 1/2, we find that

B max(27~1,1)0 1 1 1+1/6
Gore = (172 [0 - max(2r11)] {ma" [ - 5‘ ’ ‘2 2 1” }

B max(27~1,1)92-1/8
6 —max(2r-11)

and the inequality in Proposition 3.1 gives

/‘*“’ \f(x)|pdx< max(2P~1,1)62~ 1/6 /*""/*"" )|pd I
0 b)

X = @—max(2r1 1) |1+1/9

with 8 > max(2P~!,1). Especially, for p € (0, 1], we have

/+m PO 4 < 92 2 /M i
0 x - '

|x9_y|1+1/9

Besides filling a gap in the literature, this inequality has the merit of having a simple and original constant in the factor.
In the general case, we can also note that the change of variables z = x? gives

Foo e | oo e | £ 0)Y — FOIP ey
/ / |x —y\lﬂ/e d dx = 9/ / lz— y|1+1/9 2 dydz.

Therefore, the inequality in Proposition 3.1 with the denominator term |x — y| 1+1/8 can be reformulated as follows:

+""\f( )P oo e | £(x1/0) — ()| L/o-1
/0 ———dx < Gma/ / _— = dydx.

\x y‘1+1/9

From this point of view, the inequality can be seen as a special type of fractional Hardy integral inequality.
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4. A New Fractional-Type Hardy Integral Inequality on a Finite Interval

The proposition below fills a gap in [23, Corollary 1] and in the literature on integral inequalities in general. It provides a valuable
fractional-type inequality for “the case A = 1” when the integration domain is finite, i.e., for the following integral as the left term:

[,
0 X

where a is finite. This case was avoided in [23, Corollary 1]. We also assume that p € (0,4-e0), including the not yet considered case
p€(0.1].

Proposition 4.1. Let a € (0,4o0), p € (0,400) and f : (0,a) — R such that

/ RGN
0 X

Then we have

Qe ¢ W =S
fy e o, e

max(2P~11)6
o [6 —max (271, 1)]

where

Ho po = {max[|1 — a, |20 — 1]} +1/0 .1

8 > max(2P~! 1) and a € (0,+0) is such that

a<-a" 4.2)

) —

Note that o may depend on a.

Proof. The proof is similar to that of Proposition 3.1, but a special treatment of the integration interval has to be done at several strategic
points. We detail it to understand the assumption made on o in Equation (4.2), which depends on a. First, the inequality in Equation (2.2)
gives

FIP = £ )+ [f(x) = fO)IP < max(2P~ 1, D) f )P +max(2P~, 1) f(x) = f )1

146

Dividing the above terms by ax' ™7, which is positive, we get

OV o1, O o1,y V1O

axlto 110 axito

Integrating with respect to y € (ax?,2ax?) (with x € (0,a)), we obtain

20 | £(x) P 20 | F(y)|P 20 | £ (0) = f ()P
p—1 Y p—1 X fy
./axe axl+9dy§max(2 ,1)./0”9 axl+9dy+max(2 ,l)/axe pER? dy
Noticing that
[, b Pt st
ax® ox!+o ax!+o ox® x ’
and integrating with respect to x € (0,a), we find that
ra 14
/ @d}cg max (2P~ 1)W +max (27!, 1)z, 4.3)
0
where
209 |f
W= / / ocx“‘e d dx
and

//2‘“ |fx xw)l dydx.

Let us now bound W and Z successively.
For W, the Fubini-Tonelli integral theorem ensures the change in the order of integration, but we need to adjust the bounds of the integral by
taking into account a. We find that

/2““ /mm O/ |fi I vy,

/2(1 1/9




28 Universal Journal of Mathematics and Applications

Using min [(y Ja)/ e,a] < (y/a)"/?, Equation (4.2) which gives 20ta® < a and the fact that the integrated term is non-negative, we have
20a®  p(y/a)'/® (v/a)/®
W< / / |f19 // |f16dxdy
[y/(2a)]/o ox!T ly/a))/e ox!T
p y/Ot 1/9 1
7/ O] / yue ox!+o dx| dy
l
g [ (5)-C)e=a 5 “

On the other hand, for Z, using again Equation (4.2) which gives y € (ax?,2ax%) C (0,4a), we get

Sy T LR LT

xlt0 ‘xe _y|1+1/6

1 | |1+1/9 2009 ‘f )‘P
< — | sup sup / / dydx

o |:x€(0,a)y€((xx9,2(xx9) x1+9 ‘xe _y|1+1/9
< 1 sup sup M /a ¢ Mdydx
Y x€(0,a) ye(ax? 2ax9) x1+6 ‘xe _y|1+1/9

We have
X —y| 1176 0 — B |1T1/0 | 8 g0 |141/0
sup sup ———-—— = sup max ,
x€(0,a) ye(ax? 2ax?) x1+6 x€(0,a) x1+6 x1+0

= {max[|1 —al, [2a — 1]} F1/.

We therefore obtain

Z<f{max[|1—a| 200 — 1|]}1“/"/ / #I)/Ldydx (4.5)

It follows from Equations (4.3), (4.4) and (4.5) that

@I max(n 11) fa |f( ), max (2771 1) o [“ [|fx)—fO)IP
[ v+ P fmax 1~ a, po— 1y [ [TV E v,

0 0 Jo |X9*y‘1+1/9

which is equivalent to

{1_ma><(2g*1,1)} [, ML) a1 - e, o1y 1 [ [P LSO

o Jo Jo |x8 —y[1+1/6

Since 6 > max(2°~1, 1), we get

/ |f ‘[7 max(2p71 1)9 {max[|17(x\,|2a7IH}IH/G/a alf(x)_f(y)lpdydx

o [0 —max(2P~1,1)] 0 Jo [x0—y[it1/6

_ P
g [ [ IO

|x6 —y[1+1/6

where Hy ,, o is given in Equation (4.1). The proof of Proposition 4.1 ends. O

Proposition 4.1 thus completes Proposition 3.1 by considering a finite integration interval. It shows that, contrary to Proposition 3.1, when
considering the integration interval (0,a), o cannot be chosen arbitrarily; the assumption in Equation (4.2) must be satisfied. In particular, if
we take a = 1, we can choose o = 1/2, so that the constant in Equation (4.1) becomes

max (27—, 1)92-1/0
0 —max(2r—11)

Ho po =

and the inequality in Proposition 4.1 gives

L f ()P max (27~ 1 ,1)62~ 1/6 U (x)
/0 dx < // dd

X ~  6-—max(2r11) |x® — y\1+1/9

In the general case, note that the change of variables z = x? gives

“|f(x) = fO) If(/8) = fO)IP /61
/ |x9,y|1+1/a 9/ / iy |1+1/9 dydz.

Therefore, the inequality in Proposition 4.1 can be reformulated with the denominator term |x — y| 141/6 45 follows:

/|f dx < Hp(x/ /|f1/9 f)P RPN

X y‘1+1/9

We can note that the integral of integration with respect to x is now (0, ae).
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5. Conclusion

In this article, we have contributed to two key results in [23], which are [23, Lemma 2] and [23, Corollary 1]. In particular,

* we have refined the main constant in the main inequality in [23, Lemma 2], and with p € (0, +c0) instead of p € (1, +o0),
* we have provided solutions to open problems corresponding to the establishment of fractional-type inequalities with the following
integrals as the left term:

[er,
0 X
or

/Oa de,

X

where a is finite.

These inequalities have been proved with some significant modifications of the proof proposed in [23], which are more adaptable to the
particular case under consideration. The article thus fills a theoretical gap and, in a sense, completes [23, Lemma 2] and [23, Corollary 1].

The

techniques developed can certainly be reused to solve complex mathematical inequalities. This is the logical perspective of the article.
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