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Abstract
Let R be a proper *ring, a,b € R and m € N. It is proved that a is m-weak group

invertible if and only if a is right hybrid (a*, (a*)*a™)-invertible for some k& € N*. Several
new characterizations of m-weak group inverses are presented by means of right ideal and
right annihilator. Under the assumption that a has the m-weak group inverse a®m, we
present some sufficient and necessary conditions which guarantee the additive property to

hold for m-weak group inverses, namely (a + b)®m = (1 + a®mb)~1a®m.
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1. Introduction

Pseudo core inverses [11] and weak group inverses [21] are two kinds of significant
generalized inverses. They play important roles in different research fields. In 2021, as a
common generalization of these two generalized inverses, a new generalized inverse called
m-weak group inverse [26] was introduced.

Let R be a ring with an involution *. Recall that R is a proper *-ring if a*a = 0 implies
a = 0 for any a € R. Throughout this article, R is always a proper *-ring. The symbols N
and NT denote the sets of all nonnegative integers and positive integers, respectively. Let
a € R and m € N. If there exist z € R and k € N such that

za" =d*  ax? =z, (d¥)*a™ Tz = (d¥)*a™,

then zx is called the m-weak group inverse of a. The m-weak group inverse of a is unique
if it exists, and it is denoted by a®m=. When m is taken as a different value, the m-weak
group inverse coincides with other generalized inverses.

(i) 0-weak group inverse of a is exactly its pseudo core inverse;
(ii) 1-weak group inverse of a is exactly its weak group inverse;
(iii) 2-weak group inverse of a is exactly its generalized group inverse [8].
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The m-weak group inverse is closely related to different generalized inverses, such as DMP
inverses [14], weak core inverses [7], m-weak core inverses [9], Moore-Penrose m-WGI [19].
For more results of m-weak group inverses, readers can refer to [6,8,10,16-18,22].
In 2012, Drazin [5] introduced notions of (b, ¢)-inverse and hybrid (b, c)-inverse. The
(b, ¢)-inverse unifies many known generalized inverses. For instance, given a € R,
(i) the group inverse of a is its (a,a)-inverse;
(ii) the Drazin inverse of a is its (a”, a¥)-inverse for some k € N7;

(iii) the pseudo core inverse of a is its (a*, (a*)*)-inverse for some k € N7,

As far as the authors know, few known generalized inverses coincide with hybrid (b, ¢)-
inverses but not (b, ¢)-inverses. In Section 3, the relations among m-weak group inverse,
(b, ¢)-inverse and hybrid (b, ¢)-inverse are established. It is proved that a is m-weak group
invertible if and only if @ is right hybrid (a*, (a*)*a™)-invertible for some k € N*. Remark
3.7 below illustrates that the weak group inverse of a is exactly right hybrid (a*, (a*)*a)-
inverse of a but not (a*, (a¥)*a)-inverse. In addition, by means of right ideal and right
annihilator, several new characterizations of m-weak group inverses are obtained.

Let A € M,(C) be invertible and E € M,(C). As is well known, if [ + A~'FE is
invertible, then A + E is invertible with

(A+E)yt=T+AE)y AL

This formula was extended to the cases of different generalized inverses. For instance,
Castro-Gonzélez et al. [2] gave some sufficient and necessary conditions for (A + E)P =
(I+APE)~1 AP In Section 4, we consider the equivalent conditions under which additive
properties of m-weak group inverses hold, namely (a + b)®m = (1 4 a®mb)~1qa®m.

2. Preliminaries
In this section, we present some necessary definitions and lemmas.

Definition 2.1. [4] Let a € R. If there exist € R and k € N such that

zaft! = ak, ar? =z, za=az,

then a is said to be Drazin invertible and x is called the Drazin inverse of a. Such an z is
unique and denoted by a”. In particular, z is called the group inverse of @ when k = 1.

If k£ is the smallest positive integer such that above equations hold, then & is called the
Drazin index of a and denoted by i(a).

The core-EP inverse of a complex matrix [15] was extended to the pseudo core inverse
of an element in a ring with involution by Gao and Chen [11].

Definition 2.2. [11] Let a € R. If there exist € R and k € NT such that

za"tt =dF,  ar? =1z, (ax)* = az,

then a is said to be pseudo core invertible and x is called the pseudo core inverse of a.
Such an z is unique and denoted by a®. In particular, when k& = 1, z is called the core
inverse [1,20] of a.

In 2018, Wang and Chen [21] defined the weak group inverse of a complex matrix. In
2020, Zhou et al. [23] generalized this notion to the weak group inverse of an element in
a proper *-ring.

Definition 2.3. [23] Let a € R. If there exist # € R and k € NT such that

za*t =df,  ax? =z, (d¥)*d®z = (d¥)*a,

then a is said to be weak group invertible and z is called the weak group inverse of a.
Such an z is unique and denoted by a®.
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The m-weak group index is defined similarly as the Drazin index. If a is m-weak group
invertible, then a is Drazin invertible, and the m-weak group index of a is equal to its
Drazin index. Therefore, we still use i(a) to represent the m-weak group index of a.

The symbols R?, R?, R® and R®= denote sets of all Drazin invertible, pseudo core
invertible, weak group invertible and m-weak group invertible elements in R, respectively.

Lemma 2.4. [11] Let a € R. If there exist x € R and k € NT such that

zaf ! = ak, ar? =,

1) ax = a™a™ for arbitrary positive integer m;
(2) zax = x;
(3) a is Drazin invertible, a® = x*T1a* and i(a) < k.

In [25], the authors denote
Ti(a) = {z € R: za"™ =", aa® = = for some positive integer k}.

Lemma 2.5. [25] Let a € RP, ky,....,kn, 81,...,8, € N and 1, ...,x, € Ti(a). If s, # 0,
then

n n
H akixfi = a*zs, where k = Zkl and s = Zsi.
‘ i=1 i=1

Lemma 2.6. [4] Let a € R. Then a € RP if and only if a* = o'z = ya**1 for some
z,y € R and k € NT. In this case, aP = aFaktl = yF+1gF,

Lemma 2.7. [26] Let a € R. Then a € R® if and only if there exists v € R such that
(aP)*a = (aP)*aPz. In this case, a® = (aP)3x.

Now, recall the notions of (b, ¢)-inverse and right hybrid (b, ¢)-inverse.
Definition 2.8. [5] Let a,b,c € R. If there exists y € R such that
yay =y, yR=>0R, Ry= Rc,

then a is said to be (b, ¢)-invertible. Such an element y is unique and called the (b, ¢)-inverse
of a.

For arbitrary y € R, the right annihilator of y is defined, as usual, by y° = {r €
R: yr=0}.

Definition 2.9. [5] Let a,b,c € R. If there exists y € R such that
yay =y, yR=">0R, y° =",

then a is said to be right hybrid (b, ¢)-invertible. Such an element y is unique and called
the right hybrid (b, ¢)-inverse of a.

Lemma 2.10. [27] Let a,b,c,y € R. Then the following conditions are equivalent:
(1) y is the right hybrid (b, c)-inverse of a;
(2) yab=", cay = ¢, yR C bR and ¢® C y°.
Recall that an element a € R is called {1, 3}-invertible if there exists z € R such that

azxa = a, (az)* = az. The symbol RH3} denotes the set of all {1,3}-invertible elements
in R.

Lemma 2.11. [12] Let a € R, then Ra = Ra*a if and only if a € R113Y,
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3. New characterizations of the m-weak group inverse

In this section, we establish the relations among m-weak group inverse, (b, c)-inverse
and hybrid (b, c)-inverse. Now, we establish the relation between weak group inverse and
right hybrid (b, ¢)-inverse.

Theorem 3.1. Let a € R. Then a € R® if and only if a is right hybrid (a*, (a*)*a)-
invertible for some k € N*. In this case, a® is the right hybrid (a*, (a*)*a)-inverse of
a.

Proof. Suppose that a € R® with i(a) = k. Now, we claim that a® is the right hybrid
(a*, (a®)*a)-inverse of a. It follows, from Lemma 2.4, that a®aa® = a® and o® =
a¥(a®)k*1 € aFR. This together with a* = a®a**1 € a®R implies a® R = a*R. Then,
for any t € (a®)°, we get that (a¥)*at = (a¥)*a2a®t = 0. That is, (a®)° C ((a¥)*a)°. Let
r € ((a*)*a)°. Since R is a proper *-ring and (a*)*a*+1(a®)fr = (a*)*a?a®r = (a¥)*ar

0, it follows that a**!(a®)¥r = 0. So, we conclude that a®r = aPa*(a®)*r = 0 by
Lemmas 2.4 and 2.5. That is, ((a*)*a)° C (a®)°.

Conversely, assume that there exists ¥ € NT such that y is the right hybrid (a*, (a*)*a)-
inverse of a. It follows, from Lemma 2.10, that ya**! = o, (a*)*a?y = (a¥)*a, y € a*R
and ((a¥)*a)® = y°. Multiplying (a*)*a?y = (a¥)*a by a” on the right gives (a*)*a?ya* =
(a*)*a**1. Since y € a*R and R is a proper #-ring, we conclude that a?ya® = a**! €
a**2R. By Lemma 2.6, a is Drazin invertible, which together with y € a*R implies
aaPy = y. So, ay? = ayaaPy = aya**t(aP )y = a1 (aP) 1y = y. Hence, y is the
weak group inverse of a. O

Using a similar method as in Theorem 3.1, we can prove the main result of this section
as follows.

Theorem 3.2. Let a € R and m € N. Then a € R®m if and only if a is right hy-
brid (a*, (a*)*a™)-invertible for some k € N*. In this case, a®m is the right hybrid
(a*, (a®)*a™)-inverse of a.

In the above theorem, the corresponding result on pseudo core inverses can be presented
by taking m = 0, which recovers a result by Zhu et al. [28].

Recall that @ € R is called a weak group element if ¢ € R® and a® = oP.

Corollary 3.3. Let a € R. Then a is a weak group element if and only if a is right hybrid
(a*, (a¥)*a)-invertible for some k € Nt and ((a*)*a)° = (a¥)°.

It is natural to consider the (a*, (a*)*a)-invertibility of a.

Proposition 3.4. Let a € R. Then a € R®? if and only if a is (a*, (a*)*a)-invertible for
some k € N*.

Proof. Suppose that a € R® with i(a) = k. It follows, from [23, Remark 4.4] and
Theorem 3.1, that a € R® and a® = (a®)%a is the right hybrid (a¥, (a¥)*a)-inverse of a.
So, it suffices to prove that R(a*)*a = Ra®. By Lemmas 2.4 and 2.5, we have that
a® = (a®)%a = (a®)%*aa®Pa = (a®)?(aa®)*a
(a®)?(a"(@®)*)a = (a®)*((a®)*)*(d*)*a € R(a")"a.
This together with (a*)*a = (a*)*a2a® € Ra® implies R(a*)*a = Ra®.

Conversely, assume that there exists k& € N* such that a is (a¥, (a¥)*a)-invertible. By
Theorem 3.1, we get that a € R® C RP with i(a) < k and R(a*)*a = Ra®. So, there
exists t € R such that t(a*)*a = a?a®. Multiplying by a**1 on the right, we obtain
that t(a®)*akt2 = a**2. Hence, a**? = t((a”)*)?(a**+?)*a**+? ¢ R(a**?)*a**+2. Then, it
follows, from Lemma 2.11, that a2 € R{13} which implies a € R® by [11, Theorem
2.3]. O



characterizations of m-weak group inverses 5)

Combining Theorem 3.1 and Proposition 3.4, we can recover a result in [22]: for A €
M,,(C), the weak group inverse of A is exactly its (A*, (A¥)* A)-inverse for some k € N*.

Remark 3.5. Let S be a ring with involution (not necessarily be a proper *-ring). Recall
that an element b € S is left *-cancellable if b*bx = b*by implies bx = by for any z,y € R.
An immediate fact is that a ring is a proper x-ring if and only if each element is left
x-cancellable. Noting that an element is left *-cancellable if it is {1, 3}-invertible, we can
conclude a result below.

Let a € SP with i(a) = k. Then a € S© if and only if a is (a¥, (a¥)*a)-invertible.
Indeed, noting that a” is left -cancellable if a¥ € R{1:3} the rest proof is immediate from
the proof of Theorem 3.1 and Proposition 3.4.

Corollary 3.6. Let a € R and m € N. Then a € R® if and only if a is (o, (a*)*a™)-
invertible for some k € NT .

Remark 3.7. Let R = M>(Z) and take the involution as the transpose. From [23,
1

Example 4.5], we know that (1 8) is weak group invertible but not pseudo core invertible.

That is, in a proper *-ring, a is right hybrid (a, a*a)-invertible but not (a, a*a)-invertible.

The forthcoming example shows that the condition R being a proper *-ring is not
superfluous for Theorem 3.1. In other words, when R is not a proper *-ring, the condition
a € R® is not equivalent to the condition that a is right hybrid (a”, (a*)*a)-invertible.

Example 3.8. Let G = {¢,a,b, c} be a non-cyclic group. Let S = Z3G be equipped with
an involution *: (xi1e + xea + w3b + x4¢)* = x1€ + x2b + x30 + 24c. Take t = 2e + a.
From [26, Example 3.8], we know that each element in S has at most one weak group
inverse and t is not left x-cancellable. It is easy to verify that ¢ is idempotent and hence
is weak group invertible. However, t is not right hybrid (¢,¢*¢)-invertible. Assume that ¢
is right hybrid (¢,t*t)-invertible. Since S is commutative, we get that t*¢ is idempotent.
Then ¢ is (t,t*t)-invertible by [27, Proposition 2.5]. From Remark 3.5, we have that ¢ is
core invertible and hence is left x-cancellable. It is a contraction. Therefore, ¢ is not right
hybrid (t,t*t)-invertible.

Inspired by the characterizations of pseudo core inverses in [28], we give the following
characterizations by means of right ideal and right annihilator.

Proposition 3.9. Let a € RP withi(a) = k. Then the following conditions are equivalent:
(1) a is weak group invertible;

(2) R=d"R& ((a*)*a);

(3) R=a"R+ ((a*)*a)°;

(4) a*aR = a*a*R @ a*a((a¥)*a)°;

(5) a*aR = a*a*R + a*a((a¥)*a)°.

Proof. (1)=(2): It is clear by Theorem 3.1 and [27, Theorem 2.4].

(2)=(3)=-(5) and (4)=-(5): They are obvious.

(1)=(4): Suppose that a is weak group invertible. If there exist € Rand y € ((a*)*a)°
such that a*a*z = a*ay, then (a*)*a*z = (aF)*ay = 0. Since R is a proper *-ring, it follows
that a*z = 0. Consequently, a*a*z = a*ay = 0. That is, a*a* RNa*a((a*)*a)° = 0. In view
of a*a*R @ a*a((a*)*a)® C a*aR, it suffices to prove that a*aR C a*a*R @ a*a((a¥)*a)°.
It follows, from Lemma 2.4, that a*a?a® = a*a**(a®)* € a*a*R. This together with
1 — aa® € ((a*)*a)° implies that a*a = a*a?a® + a*a(1 — aa®) € a*a* R @ a*a((a¥)*a)°.
Thus, a*aR = a*a*R @ a*a((a¥)*a)°.

(5)=(1): There exists r € Rand t € ((a*)*a)° such that a*a = a*a*r+a*at. Multiplying
by (a*)* on the left, we get (a**1)*a = (a**1)*aFr + (a¥*1)*at = (a**1)*aFr. Then,
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Multiplying by ((a”)*+2)* on the left, we can get (a”)*a = (aP)*a*r = (a)*aPa*+1r. Tt
follows, from Lemma 2.7, that a is weak group invertible. U

Proposition 3.10. Let m € Nt and a € RP with i(a) = k. Then the following conditions
are equivalent:

(1) a is m-weak group invertible;
2) R=a"R& ((d*)*a™)°;
) R= akR—i— ((ak)*am)o},
) (am)*amR _ (am)*akR o (am)*
)

(

(3
(4
(5 (am)*amR — (Cbm)*akR-i- (am)*

a
a

m((ak)*

4. Additive properties of m-weak group inverses

In this section, we consider the equivalent conditions under which additive properties
of m-weak group inverses hold, namely (a + b)®m = (1 + a®mb)~1q®m.

Lemma 4.1. [24] Let a € RP with x € Ty(a) and s € N*. Suppose that 1+zb is invertible
for some b € R. Take f =a+b and fo = (1 +xb)~tx. Then the following statements are
equivalent:

(1) 1 —az)bax =0 and (1 —ax)f*(1 —az) =0;

(2) f is Drazin invertible with i(f) < s and fo € Ti(f).

In this case, ffo = ax and T)(f) = aTj(a), where a = (1 + xb) 1.

Using Lemma 4.1, we give additive properties of weak group inverses in next two theo-
rems.

Theorem 4.2. Let a € R® and s € NT. Suppose that 1 + a®b is invertible for some
bec R Take f = a+band fo = (1 4+ a®b)"1a®. Then the following statements are
equivalent:

(1) (aa®)*b(1—aa®) € (aa®)*aa®R, (1—aa®)baa® = 0 and (1—aa®)f5(1—aa®) =
0;
(2) f is weak group invertible with i(f) < s and fo € Ti(f).
In this case, f® = fo+ f2t(1 — aa®), where (aa®)*b(1 — aa®) = (aa®)*aa®t(1 — aa®).

Proof. Assume i(a) = k. Since

(aa®)*a(1 — aa®) = [a*(a®) " a(1 — aa®)

it follows that (aa®)*b(1 — aa®) = (aa®)*f(1 — aa®).
(1)=(2): It follows, from Lemma 4.1, that f is Drazin invertible and

(1+a®0)"1a® e Ti(f), i(f) < s

According to Lemma 4.1, ffy = aa®. Since (ffo)*f(1 — ffo) = (aa®)*f(1 — aa®) €
(aa®)*aa®R and f2fy € ffoR, we conclude that (ffo)*f € (ffo)*ffoR, which implies
(fP)*f € (fP)*fPR by Lemma 2.5. Thus, f is weak group invertible according to Lemma
2.7.

(2)=(1): From Lemma 4.1, we have that there exists s € N such that (1 —aa®)baa® =
0, (1 —aa®)f5(1 — aa®) = 0. Tt follows, from Lemma 2.5, that (ffo)*f = (ffo)* f*f® =
(ffo)* ffof?f® € (ffo)* f foR. That is, (aa®)*f € (aa®)*aa®R. Thus,

(aa®)* f(1 — aa®) € (aa®)*aa®R.
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In this case, suppose that (aa®)*b(1 — aa®) = (aa®)*aa®t(1 — aa®). By direct com-
putation, we have

Y faa® + (aa®)* f(1 — aa®)
aa®)* faa® + (aa®)*b(1 — aa®)
)*

(aa®

(

(a faa® + (a ®) aa®t(1 — aa®)
(

(

(

(aa®)" f

)
FRVFETS + (ffo)* Fof5t(1 — ffo)
fro) f2If fo + fot(L — £ fo)].

That is, (f°)“f = (fP)*fP L f5 + f5t(L = ffo)] € (fP)*fPR. Then, by Lemmas 2.5
and 2.7, f® = (fPPP P Ff5 + f5t(L = ffo)] = fo+ fit(1 — aa®). .

Theorem 4.3. Let a € R® and s € NT. Suppose that 1 + a®b is invertible for some
be R Take f = a+band fo = (1+ a®b)"1a®. Then the following statements are
equivalent:

(1) (aa®)*b(1 — aa®) =0, (1 — aa®)baa® =0 and (1 — aa®)f*(1 — aa®) = 0;
(2) f is weak group invertible with i(f) < s and f® = fo.

Proof. (1)=(2): It follows, from Theorem 4.2, that f is weak group invertible and f®
fo+ f3t(1—aa®), where (aa®)*b(1—aa®) = (aa®)*aa®t(1—aa®). Since 0 = (aa®)* (
aa®) and R is a proper *-ring, it follows aa®t(1 — aa®) = 0. Thus, fZt(1 — aa®) =
feffot(1 — aa®) = 0, which implies f® = f.

(2)=(1): By direct computation,

(aa®)"f(1 - aa®) = (ffo)"f(1 - ffo)

= (Ff)f = (FH15) F2 fo
= (P58 = U Pl =0
O
The next example illustrates that the condition
(aa®)*b(1 — aa®) € (aa®)*aa®R
is necessary in Theorem 4.2.
1 0 00
. . 1 0 00
Example 4.4. In My(Z), take transpose as the involution. Let a = 000 2]
00 00
00 00 1 0 00
0010 1 0 00
= = is @ = D = 2 = i
b 000 0 , f =a-+b. It is clear that a a a 000 0 . It is easy
00 00 00 00
to verify that (1 — aa®)baa® = 0, (1 — aa®)f3(1 — aa®) = 0 and (aa@)*b(l —aa®) ¢

—
@

(aa®)*aa®My(Z). Therefore, by Theorem 4.2, f is not weak group invertib

Compared with Theorem 4.2, the condition (aa®)*b(1 — aa®) = 0 in Theorem 4.3 is
necessary.
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Example 4.5. In My(R), take transpose as the involution. Let a =

OO OO
O O OO
o OO

S O = =

b=

OO OO
O O OO

0 0

(1) 8 , f = a+b. Tt is clear that (1—aa®)baa® =0, (1—aa®) f3(1-aa®) =0
0 0

and (aa®)*b(1 — aa®) € (aa®)*aa® My (R). Thus, according to Theorem 4.2, f is weak
group invertible. However, (aa®)*b(1 — aa®) # 0. It follows, from Theorem 4.3, that
f® #£(1+a®b)"1a®.

Now, we obtain corresponding results of m-weak group inverses. Their proofs are omit-
ted, since they are similar to those of Theorems 4.2 and 4.3.

Theorem 4.6. Let m € N, a € R®n and s € Nt. Suppose that 1+ a®mb is invertible for
some b€ R. Take f =a+0b and fo = (1 + a®mb)~ta®m. Then the following statements
are equivalent:

(1) (aa®m)* fm(1—aa®m) € (aa®m)*aa®m R, (1—aa®m)baa®m = 0 and (1—aa®m) f5(1—

aa®m) = 0;

(2) f is m-weak group invertible with i(f) < s and fo € T;(f).
In this case, fOm = fo+f T (1—aa®m), where (aa®m)* £ (1—aa®m) = (aa®m)*aa®@mt(1—
aa®m).

Theorem 4.7. Let m € N, a € R®n and s € Nt. Suppose that 1+ a®mb is invertible for
someb € R. Take f =a+0b and fo = (1+ a®mb)~ta®m. Then the following statements
are equivalent:
(1) (aa®m)* fm(1—aa®m) =0, (1—aa®m)baa®m = 0 and (1—aa®m) f5(1—aa®m) = 0;
(2) f is m-weak group invertible with i(f) < s and f®m = f.

Take m = 0 in the above result. Since (aa®)*(1 — aa®) = 0, we can recover the main
result in [3].

Corollary 4.8. [3] Let a € R® and s € NT. Suppose that 1+ a®Pb is invertible for some
be R Take f = a+band fo = (1+ a®b)"1a®. Then the following statements are
equivalent:

(1) (1 —aa®)baa® =0 and (1 — aa®)f*(1 — aa®) = 0;

(2) f is pseudo core invertible with i(f) < s and f© = fo.

Under the assumption of Theorem 4.3, the next result presents the conditions which
guarantee f being a weak group element.

Proposition 4.9. Let s € NT and a € R®. Suppose that 1 + a®b is invertible for some
bec R Take f = a+band fo = (1 +a®b)"1a®. Then the following statements are
equivalrnt:

(1) (aa®)*b(1 — aa®) =0, (1 — aa®)baa® =0 and f5(1 — aa®) = 0;

(2) (aa®)*b(1 — aa®) =0, faa® = aa®f and (1 — aa®)f* = 0;

(3) f is a weak group element with i(f) < s and f® = fo.

Proof. (1)=(3): According to Lemma 4.1 and Theorem 4.3, f is weak group invertible
with i(f) < s and f® = (1 +a®b)71a®, ff® = aa®. This implies f*(1 — ff®) = 0.
Thus, f+1f® = f5. By [26, Lemma 2.7], we have fP = f®.

(3)=(2): It follows, from Lemma 4.1 and Theorem 4.3, that (aa®)*b(1 — aa®) = 0,
ff® = aa® and (1 — aa®)f5(1 — aa®) = 0. Since f® = P we conclude that faa® =
PP = FfPF = aa®f and (1 - aa®)f* = (1 — ffP)* = 0.
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(2)=>(1): It is clear that f5(1 —aa®) = (1 —aa®)f* = 0. Since faa® = aa® f, we have
baa® = aa® f — a?a®. This implies baa® € aa®R. Hence, (1 — aa®)baa® = 0. O
Let A, B € M,(C) be invertible. The absorption law is known as A~1(A + B)B~! =
A~1 4+ B~ This property is extended to cases of generalized inverses such as the group

inverse, the Drazin inverse, and the pseudo core inverse. As an application of Theorem
4.7, we obtain the next result about the absorption law for m-weak group inverses.

Proposition 4.10. Let m € N and a,c € R®m with i(c) = s. Take b= c —a. Then the
following statements are equivalent:
(1) a@m (a + C)C®m — a@m + C@m ;
(2) aa®m = cc®m;
(3) 1+ a®mb is invertible, (aa®m)*c™(1 — aa®m) = 0, (1 — aa®m)baa®» = 0 and
(1 - aa®m)c*(1 — aa®m) = 0;
(4) 14 a®mb is invertible, c®m = (1 + a®mb)~1a®m,
Proof. (1)<(2): It is obvious by [13, Theorem 4.10].
(2)=(4): Since aa®m = cc®m it follows, from Lemmas 2.4 and 2.5, that
a@mbc®m — a@mcc@m _ a@mac®m — a@7naa@m _ a@mac@m
= a9 — 4O (aa®m)cOm = a®m — 42 (aOm )2 Om
— 4®n — (0a®)®n = ¢ _ (OO
a@m J— C@m‘
Thus,
(1 _|,_ a@an)(l —_ C@mb)
= 1+a%9b— cOnb— a®mbcOmp
= 1+a9b—Onb— (a®n — Om)b = 1.
Similarly, (1 — ¢®mb)(1 + a®mb) = 1, hence 1 + a®mb is invertible and (1 + a®mb)~! =

1 _ c@mb' Then7 (1 _i_al@an)*la@m e (1 — C@mb)a@m = a@m — c@mba@m = a@m — (a@m _
c@m) — c@’nz.

(4)=>(2): It follows, from Lemma 4.1, that cc®m = aa®m.
(3)<(4): Tt is clear by Theorem 4.7. O
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