
 

 877 

 

BİTLİS EREN ÜNİVERSİTESİ 

FEN BİLİMLERİ DERGİSİ 
 

ISSN: 2147-3129  /  e-ISSN: 2147-3188 
 

    Article Type  : Research Article  Year : 2025 

 

    Received  : December 24, 2024 Volume : 14 

    Revised  : February 24, 2025 Issue : 2 

    Accepted : June 24, 2025 Pages : 877-886 

    DOI : 10.17798/bitlisfen.1606755   

 

CROSSED CORNERS OF LIE ALGEBRAS 

 

Işıl Zekiye KURTULUŞ 1 , Özgün GÜRMEN ALANSAL 1, *   

1 Kütahya Dumlupınar University, Mathematics Department, Kütahya, Türkiye  

* Corresponding Author: ozgun.gurmen@dpu.edu.tr  

 

 ABSTRACT  

 
In this work, we explore the concept of crossed corners in lie algebras and establish a 

connection between the category of crossed corners of lie algebras and the category of reduced 

simplicial lie algebras with Moore complex has length 2. 
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1 INTRODUCTION 

The concept of crossed modules of groups was first introduced by Whitehead in [1]. The 

lie algebra analog of crossed modules was studied by Kassel and Loday in [2]. Ellis, in [3], 

defined a Lie algebra version of crossed squares. In [4] the equivalence between simplicial lie 

algebras and these crossed structures was established. Later, quadratic modules of Lie algebra 

were presented in [5]. The study of quasi quadratic modules over Lie algebras can be found in 

[6]. For additional research, braided crossed modules of Lie algebras can also be given in 

[7,8,9]. 
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Alp introduced the concept of crossed corners of groups, which are closely related to 

crossed squares, and explored the connections between them [10,11,12]. Crossed corner and 

related structures are given for commutative algebras [13,14].  

The primary goal of this paper is to define crossed corners over lie algebras. We examine 

the close relationship between the categories of crossed corners of lie algebras and reduced 

simplicial lie algebras with a Moore complex of length 2, using Peiffer pairings in the Moore 

complex.  

2 MATERIAL AND METHOD 

As recalled in Kassel and Loday [2], a crossed module of lie algebras is a 

homomorphism of lie-algebras 𝛾: 𝐿1 → 𝐿2, with a Lie algebra action of 𝐿1 on 𝐿2, satisfying the 

following axioms: 

LieCM1.  𝛾(𝚤2 ∙ 𝚤1) = [𝚤2, 𝛾(𝚤1)]               

LieCM2.   𝛾(𝚤1) · 𝚤1
∗ = [𝚤1, 𝚤1

∗]                

for all 𝚤1, 𝚤1
∗ ∈ 𝐿1, 𝚤2 ∈ 𝐿2. Morever, a crossed module is isomorphic to a simplicial lie 

algebra whose Moore complex has length 1.  

Definition: Let 𝐿1, 𝐿2 and 𝐿3 are Lie algebras. Suppose given a diagram of Lie algebras   

 

is a crossed corner with Lie actions of 𝐿2 on 𝐿1 and 𝐿3 on 𝐿1, and a function ℎ: 𝐿2 × 𝐿3 → 𝐿1. 

Then 

LieCC1.     𝛾 and 𝛾′ are crossed modules of Lie algebras. 

LieCC2.        ℎ([𝚤2, 𝚤2
′], 𝚤3) = 𝚤2 ∙  ℎ(𝚤2

′, 𝚤3) − 𝚤2
′ ∙ ℎ(𝚤2, 𝚤3) 

        ℎ(𝚤2, [𝚤3, 𝚤3
′]) = 𝚤3 ∙ ℎ(𝚤2, 𝚤3

′) − 𝚤3
′ ∙  ℎ(𝚤2, 𝚤3) 

LieCC3.         ℎ(𝛾 (𝚤2), 𝚤3) = 𝚤3 ∙ 𝚤1 

                        ℎ(𝚤2, 𝛾′(𝚤1)) = 𝚤2 ∙ 𝚤1 

LieCC4.           (𝚤2 ∙ 𝚤3) ∙ 𝚤1 = [𝚤2, 𝚤3] ∙ 𝚤1 
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                         (𝚤3 ∙ 𝚤2) ∙ 𝚤1 = −[𝚤2, 𝚤3] ∙ 𝚤1 

In which there are Lie actions 𝐿2 on 𝐿3 and 𝐿3 on 𝐿2, 

             𝚤3 ∙ 𝚤2 = 𝛾′ℎ(𝚤2, 𝚤3) 

             𝚤2 ∙ 𝚤3 = 𝛾ℎ(𝚤2, 𝚤3)  

for all 𝚤1 ∈ 𝐿1, 𝚤2, 𝚤2
′ ∈ 𝐿2, 𝚤3, 𝚤3

′ ∈ 𝐿3. 

These actions are well defined as shown in the first authors masters thesis [15]. Also 

here, the crossed corner category 𝑳𝒊𝒆𝑪𝑪 for Lie algebras is created.  

Example: Let I be a Lie algebra and 𝐼1, 𝐼2 be any two ideals of  I.  

 

The diagram of inclusions together with the actions of 𝐼1, 𝐼2  on 𝐼1 ∩   𝐼2 given by Lie 

bracket and the function  

ℎ: 𝐼1 ⊗ 𝐼2 → 𝐼1 ∩ 𝐼2 

       (𝚤1,𝚤2) ↦ [𝚤1, 𝚤2] 

gives a crossed corner.   

3 RESULTS AND DISCUSSION 

Theorem: The category of reduced simplicial Lie algebras of dimension two and smaller L of 

the Moore complex and the category of crossed corner defined on Lie algebras are equivalent 

to each other. 

Proof: For the reduced simplicial Lie algebra 𝐿  whose Moore complex is NL, let  𝑁𝐿1 =

Ç𝑒𝑘𝑑0
1  and  𝑁𝐿1′ = Ç𝑒𝑘𝑑1

1. We obtain the following diagram of Lie algebras 

 

and where the h morphism  
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ℎ: 𝑁𝐿1 × 𝑁𝐿1
′ ⟶

𝑁𝐿2
𝛾3(𝑁𝐿3 ∩ 𝐼3)⁄  

                                                            (𝚤, 𝚤′) ⟼ [𝑠1(𝚤), 𝑠1(𝚤′) − 𝑠0(𝚤′)] 

for all 𝚤 ∈ 𝑁𝐿1,  𝚤′ ∈ 𝑁𝐿1
′. Then, we will demonstrate that all the axioms of a crossed 

corner are satisfied. 

𝐿𝑖𝑒𝐶𝐶1.   𝛾2 , 𝛾2
′  are crossed modules for lie algebras.  

𝐿𝑖𝑒𝐶𝐶2. We will show that  

ℎ([𝚤1, 𝚤2], 𝚤′) = 𝚤1 ∙ ℎ(𝚤2, 𝚤′) − 𝚤2 ∙ ℎ(𝚤1, 𝚤′) 

by taking  𝚤1, 𝚤2 ∈ 𝑁𝐿1, 𝚤′ ∈ 𝑁𝐿1
′. 

               ℎ([𝚤1, 𝚤2], 𝚤′) = ℎ(𝚤1𝚤2 − 𝚤2𝚤1, 𝚤′) 

                                    = [𝑠0(𝚤1𝚤2 − 𝚤2𝚤1), 𝑠1(𝚤′), −𝑠0(𝚤′)] 

                                    = [𝑠0(𝚤1𝚤2) − 𝑠0(𝚤2𝚤1), 𝑠1(𝚤′) − 𝑠0(𝚤′)] 

                                    = [𝑠0(𝚤1)𝑠0(𝚤2) − 𝑠0(𝚤2)𝑠0(𝚤1), 𝑠1(𝚤′) − 𝑠0(𝚤′)] 

                                    = [𝑠0(𝚤1)𝑠0(𝚤2), 𝑠1(𝚤′) − 𝑠0(𝚤′)] − [𝑠0(𝚤2)𝑠0(𝚤1), 𝑠1(𝚤′) − 𝑠0(𝚤′)] 

                                    = 𝚤1 ∙ [𝑠1(𝚤2) − 𝑠1(𝚤′), 𝑠0(𝚤′)] − 𝚤2 ∙ [𝑠0(𝚤1) − 𝑠1(𝚤′), 𝑠0(𝚤′)] 

                                    = 𝚤1 ∙ ℎ(𝚤2, 𝚤′) − 𝚤2 ∙ ℎ(𝚤1, 𝚤′) 

Akça and Arvasi [4] have introduced the functions 𝑀𝛼,𝛽 in the Moore complex for a 

simplicial Lie algebra L. We will use these functions in the following axioms 

𝐿𝑖𝑒𝐶𝐶3. We will show that 

ℎ(𝛾2(𝚤∗), 𝚤′) = 𝚤′ ∙ 𝚤∗ 

by taking 𝚤∗ ∈
𝑁𝐿2

𝛾3(𝑁𝐿3 ∩ 𝐼3)⁄  , 𝚤′ ∈ 𝑁𝐿1
′ 

               ℎ(𝛾2(𝚤∗), 𝚤′) = [𝑠1𝑑2(𝚤∗) − 𝑠0𝑑2(𝚤∗), 𝑠1(𝚤′)] 

                                    = [𝑠1𝑑2(𝚤∗), 𝑠1(𝚤′)] − [𝑠0𝑑2(𝚤∗), 𝑠1(𝚤′)] 

For 𝛼 = (0) , 𝛽 = (2,1) , image of 𝑀𝛼,𝛽  

            𝑑3 (𝑀(2,1),(0)(𝚤, 𝚤∗)) = 𝑑3([𝑠2𝑠1(𝚤), 𝑠0(𝚤∗) − 𝑠1(𝚤∗) + 𝑠2(𝚤∗)]) 

                                             = [𝑑3𝑠2𝑠1(𝚤), 𝑑3𝑠0(𝚤∗) − 𝑑3𝑠1(𝚤∗) + 𝑑3𝑠2(𝚤∗)] 
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                                              = [𝑠1(𝚤), 𝚤∗, 𝑠0𝑑2(𝚤∗) − 𝑠1𝑑2(𝚤∗) + 𝚤∗] 

                                             = [𝑠1(𝚤), 𝑠0𝑑2(𝚤∗)] − [𝑠1(𝚤), 𝑠1𝑑2(𝚤∗)] + [𝑠1(𝚤), 𝚤∗]∈𝛾3(𝑁𝐿3 ∩ 𝐼3) 

Thus, 

                             ℎ(𝚤, 𝛾2
′(𝚤∗), ) ≡ [𝑠1(𝚤), 𝚤∗]          𝑚𝑜𝑑 𝛾(𝑁𝐿3 ∩ 𝐼3) 

                                                   = 𝚤 ∙ 𝚤∗ 

Similarly, we show that 

ℎ(𝛾2(𝚤∗), 𝚤′) = 𝚤′ ∙ 𝚤∗ 

for 𝚤∗ ∈
𝑁𝐿2

𝛾3(𝑁𝐿3 ∩ 𝐼3)⁄  , 𝚤′ ∈ 𝑁𝐿1
′ 

                               ℎ(𝛾2(𝚤∗), 𝚤′) = [𝑠1𝑑2(𝚤∗), 𝑠1(𝚤′) − 𝑠0(𝚤′)] 

                                                    = [𝑠1𝑑2(𝚤∗), 𝑠1(𝚤′)] − [𝑠1𝑑2(𝚤∗), 𝑠0(𝚤′)] 

for 𝛼 = (1), 𝛽 = (2,0) , image of 𝑀𝛼,𝛽 

𝑑3 (𝑀(1),(2,0),(𝚤∗, 𝚤′)) = 𝑑3[𝑠2𝑠0(𝚤′) − 𝑠2𝑠1(𝚤′), 𝑠1(𝚤∗) − 𝑠2(𝚤∗)] 

                                  = [𝑑3𝑠2𝑠0(𝚤′) − 𝑑3𝑠2𝑠1(𝚤′), 𝑑3𝑠1(𝚤∗) − 𝑑3𝑠2(𝚤∗)] 

                                  = [𝑠0(𝚤′) − 𝑠1(𝚤′), 𝑠1𝑑2(𝚤∗) − 𝚤∗] 

                                  = [𝑠0(𝚤′), 𝑠1𝑑2(𝚤∗)] − [𝑠1(𝚤′), 𝑠1𝑑2(𝚤∗)] − [𝑠0(𝚤′), 𝚤∗] + [𝑠1(𝚤′), 𝚤∗] 

Thus, 

ℎ(𝛾2(𝚤∗), 𝚤′) ≡ [𝑠0(𝚤′), 𝚤∗] − [𝑠1(𝚤′), 𝚤∗]        𝑚𝑜𝑑 𝛾(𝑁𝐿3 ∩ 𝐼3) 

                                                                  = [𝑠1(𝚤′), 𝚤∗] 

                                                          = 𝚤′ ∙ 𝚤∗                (since, 𝑠0𝚤′ = 𝑠1𝑠0𝑑1𝚤′  = 0 ) 

𝐿𝑖𝑒𝐶𝐶4. We will show that   

(𝚤′ ∙ 𝚤′′) ∙ 𝚤∗ = [𝚤′, 𝚤′′] ∙ 𝚤∗ 

for all  𝚤′ ∈ 𝑁𝐿1 , 𝚤′′ ∈ 𝑁𝐿1
′ , 𝚤∗ ∈

𝑁𝐿2
𝛾3(𝑁𝐿3 ∩ 𝐼3)⁄  

                  (𝚤′ ∙ 𝚤′′) ∙ 𝚤∗ = (𝛾2ℎ(𝚤′ ∙ 𝚤′′)) ∙ 𝚤∗ 

                                    = 𝑑2[𝑠1(𝚤′), 𝑠1(𝚤′′) − 𝑠0(𝚤′′)] ∙ 𝚤∗ 

                                    = [𝑑2𝑠1(𝚤′), 𝑑2𝑠1(𝚤′′) − 𝑑2𝑠0(𝚤′′)] ∙ 𝚤∗ 
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                                    = [𝚤′, 𝚤′′ − 𝑠0𝑑1(𝚤′′)] ∙ 𝚤∗ 

                                    = [𝚤′, 𝚤′′] ∙ 𝚤∗                (since, 𝛾1(𝚤′′) = 0)  

Similarly the axiom (𝚤′′ ∙ 𝚤′) ∙ 𝚤∗ is satisfied. 

We can define the construction of a reduced simplicial Lie algebra with a Moore 

complex of length ≤ 2 from a crossed corner of lie algebras. Then 

 

by using the equivalence of the reduced crossed square of Lie algebras with crossed corners,  

 

 

 

 

we can obtain a bisimplicial Lie algebra with this square. Where γ, γ’, μ, μ’ are crossed modules 

for Lie algebras. Since 𝜇: 𝐿2 → {0} is the zero Lie algebra morphism   

 

this is reduced simplicial Lie algebra. From 𝐿2 × {0} ≅ 𝐿2 and 𝜇′: 𝐿3  →   {0}   respectively 

 

 

are reduced simplicial Lie algebras. 

We will use the functor defined by Artin and Mazur [16] to transform bisimplicial lie 

algebras into simplicial lie algebras 
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The subset of the lie algebra   𝐿1,0 × 𝐿0,1 = (𝐿2 × {0}) × (𝐿3 × {0}) is  

𝐿1 = {((𝚤2, 0), (𝚤3, 0))|𝑑1
ℎ(𝚤3, 0) = 𝑑0

𝑣(𝚤2, 0) = 0}  

where {0} ≅ 𝐿0. 

                                                                  𝜑: 𝐿1 → 𝐿3 × 𝐿2 × {0} 

                                        ((𝚤2, 0), (𝚤3, 0)) ↦ (𝚤3, 𝚤2, 0) 

is a isomorphism. Then  

                                                                            𝑑0(𝚤3, 𝚤2, 0) = 0 

                                                                            𝑑1(𝚤3, 𝚤2, 0) = 0 

Hence, we obtain {𝐿1, 𝐿0} as a reduced 1-truncated simplicial lie algebra together with 

d0,1 zero lie algebra homomorphisms.  

𝐿2,0 × 𝐿1,1 × 𝐿0,2 = (𝐿2×(𝐿2 × {0})) × ((𝐿1 × 𝐿3) × (𝐿2 × {0})) × (𝐿3 × (𝐿3 × {0}))  

subset of lie algebra of  ((𝚤2
′ , 𝚤2

′′, 0), (𝚤′1, 𝚤3), (𝚤2, 0), (𝚤3
′ , 𝚤3

′′, 0)) contains elements. And, maps are 

                                                                     𝑑0
𝑣(𝚤2

′ , 𝚤2
′′, 0) = 𝑑1

ℎ(𝚤′1, 𝚤3, 𝚤2, 0) 

                                                                                     𝑑1
𝜈(𝚤′1, 𝚤3, 𝚤2, 0) = 𝑑2

ℎ(𝚤3
′ , 𝚤3

′′, 0) 

Therefore, it can be expressed in terms of elements of 𝐿2  

((𝚤2
′ , 𝚤2

′′, 0), (𝚤′1, (𝛾′(𝚤′1))𝚤3
′ ), (𝚤2, 0)), (𝛾′(𝚤′1)𝚤3, 𝚤3

′′, 0)) 

where 𝚤2
′′ = 𝚤2 ve  𝛾′(𝚤′1)𝚤3 = 𝚤3

′ . 

We can say that 𝜑′ is isomorphism defined by  

𝜑′ ( (𝚤2
′ , 𝚤2

′′, 0), ((𝚤′
1, 𝚤3), (𝚤2

′′, 0)), (𝛾′(𝚤′
1)𝚤3, 𝚤3

′′, 0)) = ((𝚤′1, (𝚤3, 𝚤2
′′)), (𝚤3

′′, (𝚤2, 0)) 
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As a result, by applying the Artin Mazur [16] functor, we obtain the corresponding 

reduced simplicial Lie algebra. 

 

where, maps are 

                           𝑑0
1(𝚤3, 𝚤2, 0) = 0 

                          𝑑1
1(𝚤3, 𝚤2, 0) = 0 

                                             𝑠0
0(0) = (0, 0, 0) 

                          𝑑0
2 ((𝚤′1, (𝚤′3, 𝚤2

′′)), (𝚤3
′′, (𝚤2

′ , 0))) = (𝚤3
′′, 𝛾(𝚤′1)𝚤2

′′, 0) 

                          𝑑1
2 ((𝚤′1, (𝚤′3, 𝚤2

′′)), (𝚤3
′′, (𝚤2

′ , 0))) = (𝚤3
′′, 𝛾′(𝚤′1)𝚤′3, 𝚤2

′′𝚤2
′ , 0)              

                                    𝑑2
2 ((𝚤′1, (𝚤′3, 𝚤2

′′)), (𝚤3
′′, (𝚤2

′ , 0))) = (𝚤′3, 𝚤2
′ , 0) 

                                                 𝑠0
1(𝚤′3, 𝚤′2, 0) = ((0, (0, 𝚤′2)), (𝚤′3, (0, 0))) 

                                                                        𝑠1
1(𝚤′3, 𝚤′2, 0) = ((0, (𝚤′3, 0)), (0, (𝚤′2, 0)))                            

We can obtain the 2-truncated reduced simplicial lie algebra. 

Equivalences between reduced simplicial Lie algebras, quadratic modules, and braided 

crossed modules are given for [5, 7], for the group case of this construction see also [17]. Using 

this theorem, equivalences of these structures can also be provided with crossed corners. 

Additionally, it can be adapted within Leibniz algebra, Lie-Rinehart algebra, and Leibniz-

Rinehart algebra [18, 19, 20, 21]. 

4 CONCLUSION AND SUGGESTIONS 

In this study, we introduce the lie algebra of crossed corners and show that the category 

of reduced simplicial lie algebras with a Moore complex of length 2 is equivalent to the category 

of crossed corners of lie algebras. For future research, this framework could also be extended 

to other algebraic structures. 
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