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Anahtar Kelimeler
Asimptotik denklik,
Bessel istatistiksel
yakinsaklik,
Lacunary dizi

Oz: Dizi uzaylan ve toplanabilirlik teorisi cercevesinde, klasik yakinsama ve
siirlilik kavramlarinin teorik temelleri lizerine 6nemli ilerlemeler kaydedilmis
olmakla birlikte, yenilik¢i yakinsama yontemlerinin arastirilmasi hala kritik bir
alan olarak one c¢ikmaktadir. Literatlirde, 6zellikle Bessel fonksiyonlarinin bu
teorik yapilarla entegrasyonu yoniinde belirgin bir eksiklik bulunmaktadir. Bu
calisma, cift diziler igin g katli Bessel ¥,-A}-asimptotik istatistiksel denklik ve
glclit Bessel T, - A3 -asimptotik denklik kavramlarini tanitarak, bu boslugu
doldurmayi ve s6z konusu kavramlar arasindaki kapsama iligkilerini kapsamli bir
bicimde incelemeyi amaclamaktadir. Bessel fonksiyonlarinin bu baglamda
teorilere dahil edilmesi, yalnizca matematiksel analiz alanindaki mevcut teorik
cerceveleri genisletmekle kalmayip, ayni zamanda alanin ileri diizeydeki
arastirmalarina ve uygulamali problemlerin ¢6ziimiine yonelik saglam bir temel
teskil etmektedir. Bu yenilik¢i kavramlar, Bessel fonksiyonlariyla iliskili dizi
davranislarinin daha derin bir sekilde anlasilmasina katkida bulunmakta ve bu
anlayisin matematiksel uygulamalarda kullanilabilirligini artirmaktadir.

Some Properties of Bessel T,-Aj5-Asymptotically Statistical Equivalent Double Sequence

of Order p
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Abstract: In the context of sequence spaces and summability theory, significant
progress has been made in the theoretical foundations of classical concepts such as
convergence and boundedness. However, the exploration of innovative
convergence methods continues to emerge as a critical area of research. A notable
gap in the literature is the integration of Bessel functions into these theoretical
frameworks. This study aims to fill this gap by introducing the concepts of Bessel
T,-Aj-asymptotically statistical equivalence of order g and strong Bessel T,-4%-
asymptotically equivalence of order g for double sequences, examining the
comprehensive interrelations of these concepts. The inclusion of Bessel functions
in these theories not only extends the existing theoretical frameworks within
mathematical analysis but also provides a solid foundation for further research
and the solution of applied problems in the field. These innovative concepts
contribute to a deeper understanding of sequence behavior related to Bessel
functions and enhance their applicability in mathematical applications.

1. Introduction

building on the work of Fridy and Orhan. For a
deeper understanding of lacunary convergence and

Statistical convergence, first introduced by Fast [1] in
1951, represents a noteworthy generalization of the
classical idea of convergence, enhancing its relevance
across diverse mathematical domains. In 1993, Fridy
[2] introduced lacunary statistical convergence as a
refined extension to the established notion of
statistical convergence. Subsequently, Fridy and
Orhan [2] established a relationship between these
two forms of convergence. Later, Cakan and Altay [3]
extended these findings to multidimensional settings,

its generalizations, additional insights can be found in
the study by Freedman et al. [4] along with various
other sources.

The concept of statistical convergence was further
generalized by Kostyrko et al. [5], who introduced
ideal convergence. These types of convergence are
based on an ideal which is nonempty and closed
under finite unions and subsets. Das et al. [6]
expanded this framework to include ideal
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convergence of double sequences within metric
spaces. Tripathy [7] extended the discussion by
introducing lacunary ideal convergence for real
sequences. Additionally, Das et al. [8] developed the
notions of ideal statistical convergence and ideal
lacunary statistical convergence by integrating the
idea of ideals. Belen et al. [9] further explored ideal
statistical convergence for double sequences,
presenting it as a new generalization of both
statistical and conventional convergence. Kumar et al.
[10] contributed by defining ideal lacunary statistical
convergence for double sequences. Studies on
statistical convergence and ideal convergence can be
reviewed in references [11-26].

Marouf [27] provided the definitions for
asymptotically equivalent and asymptotic regular
matrices. Patterson [28] expanded on these concepts
by formulating an asymptotically statistical
equivalent counterpart and establishing natural
regularity conditions for nonnegative summability
matrices. Subsequently, Patterson and Savas [29]
applied the definitions from [28] to lacunary
sequences, thereby extending their applicability.
Additionally,  Savas [30] examined  ideal
asymptotically statistical equivalent sequences and
ideal asymptotically lacunary statistical equivalent
sequences.

Et and Colak [31], Et et al. [32-34] expanded the
framework of difference sequence spaces through
their generalizations.

Mathematics provides an effective approach for
tackling and resolving issues associated with circular
and cylindrical shapes, which are modeled using
Bessel functions. Originally introduced by the
German mathematician Friedrich Bessel [35], these
functions have become essential tools across various
domains of mathematics, science, and engineering
due to their relevance and adaptability. The
exploration of Bessel functions involves an extensive
array of mathematical investigations, such as their
properties, asymptotic characteristics, integral forms,
and special cases. Beyond their theoretical
significance, Bessel functions are also widely applied
in practical fields, including physics, engineering, and
other scientific areas. The Bessel function of the first
kind, denoted as J,, can be expressed through the
following infinite series representation:

(-1)* (Q)zsw

Je(@) = L TCs +£ + 18! \2

’

where £ represents the order of the Bessel function,
and, and I' denotes the gamma function. The gamma
function, also known as Euler’s integral, is given for
0> 0 by

36

[oe]

I(o) = f ¥y ldy.
0

Ibrahim et al. [36] explored and defined concepts
such as Bessel-based convergence, Bessel-type
boundedness, statistical Bessel Cauchy sequences,
and statistical convergence within the framework of
Bessel functions.

The main results of this study are presented in the
following section. We introduce new concepts,
including Bessel T, - 4} -asymptotically statistical
equivalence of order p and strong Bessel T,-4}-
asymptotically equivalence of order g for double
sequences.

2. Material and Method

The sequence space J.(X) is characterized as
follows:

Jr(X0) = {W = (W,): 3 (Wo) € X}
where X represents any sequence space, i € N, £ is a

real number and
(_1)Z Wo'+z
+1+46)z!\ 2

Id
3o =)
z=0

Since X is a linear space, J} (X) will also be a linear
space.

2z+1

Definition 2.1 A sequence (W,,) is considered
statistically convergent to the value W* provided that
forallt >0,
1 —
ZILIEJE'{U <z |WU -w
This convergence can be expressed as St — limW, =
wr,

>T}| =0.

Definition 2.2 A sequence (Wc) is described as
Bessel bounded (orJE-bounded) if there exists a
positive value P € R*such that

|7 (W,)| < P for each o € N.
The collection of all J!' -bounded sequences is
demonstrated by £,[J}].

Throughout the paper, we assume thatc,d,t;,t, €
(0,1]. We use j to represent (c,d) and 1 to represent
(t4, t;). We establish the following relations:

lec<tandd <t,,
S c<tyandd <t,,
leoc=t andd =t,,
(0,1] © c,d € (0,1]
(0,1] © ty,t, € (0,1],
lwhenc=d =1,

= lwhent; =t, =1,
p>1whenc>1landd > 1.

o T ™ e ™
M m IR A A
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The sequence Ogp = {(uq,vn)} is referred to as a
double lacunary sequence if there exist two strictly
increasing integer sequences (uq) and (”’r)) satisfying
the following conditions:
uy=0,hy=u; —u,_y >®asq—- »,
vy = 0,h, = vy — v,y > wasy - oo,
The intervals determined by 6, , will be denoted by
I, = {(u):/u,q_1 <u< uq},
I, = {(/U):UI)_I <wv < f%}
= {(u, V)i <u<ugand vy_; < v < "’n}'

_ % = _ ™ _ = _
dQe = 1Ay = » and qg, = 4Gy, where kg, =
Ug—1 vy—1

vy and hy, = h,h,.
The symbols for difference double sequences,
originally defined by Tripathy and Sarma [37, 38], are
expressed as follows

= 33 () (v

u1=0 uy=0
where the first-order difference is defined as:

Xoy = X0, ~ Xou+1 ~ Xo+1,e T Xo+1,0+1 for allo,0 €
N.
3. Results

Definition 3.1 Consider W = (W,,,) and Z = (Z,,)
as two real-valued double sequences such that
A"W(m) and A”‘Zm) are nonnegative. W and Z are
referred to as Bessel T,-A"-asymptotically equivalent

of order p if, for any T > 0,

A" T (Wey)

@,

(o,m) EN

ZT]EZZ.

32(A"<7;) p—
This relationship can be expressed as W Z.
Definition 3.2 For g € (0,1], the sequences (Wm)
and (Z,,) are considered Bessel ¥, - A" -

asymptotically statistical equivalent of order p if, for
all t,y > 0, the set

;(q. p) € N2 {(a, ®):o < u,and @
97y
A g (w,,
v # -S|z T] 2 Y]
4 Jt(ZGU))
E 32-

SC(ZZ(A”[]") p) —
This concept is represented as W Z.

Definition 3.3 Let0 = {(uq,/trn)} denote a double
lacunary sequence, and assume p € (0,1]. The
sequences (Wcu;) and (Zm)) are referred to as Bessel
T,-Ag-asymptotically statistical equivalent of order p
if, forany 7,y > 0,

A" (W)
07 Z,0)

[(q, y) EN

{( ,®) €

e g’

=>T| =y €EZ,,

where I, = {(u, v)itgy <u <ugand vy <v <

Un} and bg.n represents the pth power (I)q,n)'3 of by,

— 55(%2(4"9})p)
This is denoted as W

Definition 3.4 Let 9={(uq,4rn)} represent a
lacunary sequence, and assume p € (0,1]. The
sequences (WGO’,) and (Eou;) are defined as strong

Bessel T,-4j-asymptotically equivalent of order f if,
forall T > 0,
AnJI‘l(W )
(q.m) € be — e e
Y (0,w)Elqy anJ, (thu))

E 3:2.

_ , — Ny(za(am3} 2)
This concept is expressed as W

Theorem 3.1 Let 5, 1 € (0,1] satisfy p < 1. Under this

S nqlty ~
— Sp(T2(a"3)p) —
condition, if W oL Z, it

__S5(%2 (MJ ), /1) _

follows that

Proof. Omitted.

Theorem 3.2 Let0 = {(uq,/m))} represent a double
lacunary sequence, and let g € (0,1]. If

liminfqg’t) > 1(liminfq§l >1 and liminfqg > 1),

Sg(Iz(A”JE) ) —

(‘lz(A"JE) p) —
then W Z implies W Z.

Proof. Suppose that liminfqg > 1 and liminfqg >1,
say liminfqg = ¢; and liminfq§ = d; and define ¢, =
(Clz D) ndd, = (le_l). At that time, there are positive
integers q, and y, such that q; > 1+ ¢, for g = qo,
and q¢ > 1 + d, for ny = y,. Therefore, for q > q, and

) = 1, the following supplies:
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— S%(%2(a"31)p) >

Since W ~ , we can express the
following:
4"J{(Wsy)
(0,0):0 <uzand ) < vy, |——=+—6
ugvy! 74795 (Z44)
1
wod (0, )
Afn, n Wﬂ'
€ Iq,t): #_U))— g’ > T}
A"} (Z g0)
_ neid
- bgbt) uC’U'd I)Csd (O', (1))
A” w
J rl( UU)) g > T}’
| 473} (Zss)
( n
>
1+4+c,
) o w)
1+d, I)CI)I) 29
2" J{ (W)
Iq,t): ?— C =Tl
4" 7, (Zuu))
Additionally, we derive
It (Woy)
(a,1) € (0,0) € (22 Weu) S
{ ViR 19} Zo)
=T =2y
ci(a,n)
NZ: 7 {(a,u)):a < u, and g
aVy
AT M W{r
< vy M — C‘ > T}
23} (Z )
C2 d, )
> €
‘y(1+c2X1+d2 T2

(Iz(A”J )p)
for all T,y > 0. Thus, we conclude W

The following results are presented without including
their proofs.

Theorem 3.3 Let 6 = {(uq,/zrn)} be a double lacunary
sequence, with g € (0,1] and

(limsupqg <oo and limsupqg < 00).

sizeae)
Then, if W o it

5 @) o

limsupq,, <

follows that

38

_ Ng(T2(amal)p) —

Theorem 3.4. If w ~ Z, then

__sg(T2(am3p)

Definition 3.5 ([3]) A double index sequence 8’ =
{(u;,vn’)} is referred to as a double lacunary

refinement of the sequence 6 = {(uq,vn)} when

{(q, )} < (g 5)}-

Theorem 3.5 Assume that8'is a double lacunary
refinement of the double lacunary sequence 6 and let

Iy € Igy. If there exists a constant T > 0 such that for
every I;’),/l € Il,,and p, A€ (01],
p
|Iqt)|
s§(x2(4"30)p) —
holds, then if W Z it follows that

sg,(:tz(A”J )a)

~

Proof. For all T > 0 and each I",_,l, there is an I, such

that I,']_A C I,,, In this case, we have the following:

CR

p)

l . nJ}E(WUU))
g (Z,0)

A”JE(WW)
A“J:(fm)

( ol

[(0, w) €

|pl|

_g‘

and so
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1 A”JE(WW))
(p,) EN:——=|j(o,0) €I} j:|——=—=—G
e P43 (Za0)
= T} =y
c {(q. 9)
1
€ N2 5 {(0, )
T
. AnJ;(WJ“)) _ g > T
Y4 gi(Ze) |
=>T. y} €Z,.

Therefore, we obtain the desired result.

Theorem 3.6 Consider double lacunary sequences 6
and 6'. Define I, ,3 = I, N Il’,‘,l(q, y,p,A=123..).
If there is a 7 > 0 such that

i
I .
M > tforall 5,1 € (0,1] provided I, ,; # @,
|1a,0]
__ sg(w(am3f)p) —
then the relation W o Z leads to

__Spi(Ta(amal)h) _
w

~

Theorem 3.7. Let j, 1 € (0,1] be given such that j <
A and 0 = {(u,v,)} and 0" = {(u},vy)} be two
double lacunary sequences such that [, c Iy,

(i If
lim inf hgﬁg >0
o R T €
__ Sy (@ (amaf)A) _ __ s5(wa(amaf)p)
then W ~ Z implies W ~ Z,
(ii) If
h!h,
l- q _U — 0’
o hORL? (2)
__sS@(ama)e) — Se(Ta(ama)a) _
then W ~ Z implies W ~ Z.
Proof.
)] Suppose thatl,, c I, for eachqg,p €N

and that condition (1) holds. For a given
T > 0, we obtain

39

A’”J:(?aug) _ g’ > ‘[}
473}(Zo) 3
At w,
2 [(0, W) € Igy: ﬁ—
t\Pow
> T]

{(o—, ®) € Iyy:

|

and so

1

4 (Wa)
h151 hrgz

{(0’ D g1z,
héhd 1

T wBR? hGhd

2°3;(Way)
43¢ (Z o)

2

{(G, w)

2

qn*

)

for all g, € N. Then, we can write

1 2"J} (W)
(q,9) € N2: — (0,0) €1, ——= -G
[ by W 873} (Zo0)
= T} = y}
c {(q, D)
2.
eN .—hlfll}?f)z {(0, W)
A" g (w
crljn: J’t’(_g“))_g ZT
2" J}(Z54)
hehd
= yh'gl R €3z

— s§(z2(am31)p)
for every 7,y > 0. Hence, W ~ Z.

— S(2(a"3)p) —
Let W ~ Z and condition (2)

holds. Since Iy C IC’W fort > 0, we can

(i)

express:
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1 n[]n(W )
1ty gty I( (l)) # g >7T
R R 473%(Z 5)
1
- h'ﬁﬁltz uzl—l <o= Uq—1 A’Ut;—l
q y
A" n W
<< vy M_CIZT]
47352 54)
1

!
{uq<aSuq/\4fn<o;

=

{uq_l <O S UGNV

+ 1ty ot
R
< 44! AnJ;(WJU))

< vy ——G
" 1473{(Z00)

L]
h;tll’_l;tz

|arat(w
29} (Z0e)
< (g1 = 1) (vy s —vy-1)
- h/é1ﬁ/;2
(g — o) (v — 1)
hréq{r;Z
— (0w
h' 1h'
. AnJ:(WUU)) _ g > T}
P ey =
43¢ (Z44)

< (g — 1) (v —
- hltl’{ltz
(u — Ug- 1)("’0
hltlhl

”r;—l)

(o, )

+w3ﬁ?
|4rat(W,y)
q* fan; (Eaa;)
2k Ry
Wi

4

+——% |10, w)
h! 1hl
,A”JE(WW)
" 4735 (Z44)
2h' R
Sh“qﬁtz
q°
hChd {( , )
|4rat(W,,)
" 4738 (Z4)

4

4

for each 7 € N. Then, we can express

40

1 4" (W)
) eN——N(o,0) €I, [——=222 —
(o < vl iy
=Tl =V
ci(am)
) 1
E CcChd (O—' (l))
b3by
A" g (w,
€l J*n(_GQ)—g‘zr} 2]/}
24" J{(Z40)
e zz.
. — sp(Ta(ama)p) —
At  that time, ~ leads to

__Sp(Ta(amal)2) _

Theorem 3.8. Let j, 1 € (0,1] be given such that j <
2 and 0 = {(ug,v,)} and 0’ = {(u},v;)} be two
double lacunary sequences such that I, c I,

_ Nq(zz(A”J )/1)
If (1) holds, then W

— Nc(zz(ﬁnﬂb p) —
implies W

If (2) holds and W, Z € fz (A™gt), then

W Ng(ilz(f\fﬂi‘).p) —
Ny(T; (MJ") ,1) _
Z,where

2 (an ) = {W — (W,): sup|8"W,, | < oo}.
0,0

M

(i)
w implies

Proof. Omitted.

Theorem 3.9. Let 5,1 € (0,1] be given such that § <
A and 6 = {(uq,vn)} and 0' = {(/u;,vn')} be two

double lacunary sequences such that I, c I,
N3, (T2(am3M ) _
()  Let (1) hold, ifW " ~ " Zthen
— 55(12(4”3 )p)
w
(i) Let (2] supply and w € ¢4(a"J8), if
— Sg(T2(a"3})p) —
w o Z, then
— Ng, (T (4" 3) —
0 2~ t =
Proof.
8 Omitted.
__ S5z (A"J“).f)) _
(ii) Suppose that W ° L and
W,Z € 2, (A™gl). Then, there exists a
constant P > 0 such that M—
234 (Zoy)
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any T > 0, we obtain

1 Z
ity
hi

D (U;U))Elclg,t)

_ 1
h';l ]{/

t2

1

ity —it2

h q h y (o,0)El gy

(h:q - hq) (En - En)

Y (0,0)ElGy=Iqy

2°9f(Wey) _
43{(Z o)

4"} (Woy)
A/n‘-‘]; (EO' 0))
A3 (Wey)
2"3%(Zoy)

|

-S

P

1

1t —t2

h q h D (U;U))Elq,n

,tl rt2
R

275 (W)
A1 J2(Z )

|

_ (h;ﬁ; + hoh, — hih, — th;,> ,

1
+ hrHEItZ
q

9 (UIU))EIq,t)

1ty t,
hq ht)

2h{h;
< (h'tlﬁtz +
qa '

1
+ hrHEItZ
q

< ( i
- 1ty -t
R

L1
hréq{r;Z

+ 71
tyt2
hlqlh!n

< ( i
- 1ty -t
R

_l_

P
hihy
hohy

9 (UIU))EIq,t)

{(a, W) € I,

ty1pts
hq hI)

2,

+1>2P

(0,.w)Elyy
A”J;(Wau;)_ ’>
A”’L(L[»1 (Zsg) I

(o.w)€l .y
4"l (Way)
2473%(Z5)

+1>2P

T
1ty gty
hq hI)

and so

Gl<

27 (Way) _
473} (Z00)
2h§1i€;2>P

27 (Way) _
473} (Z00)

T

231 (W,,)
173} o)

|
|
2°3{(Way) _

473} (Z0)

431 (W,,)

473;(Z5)

_g‘

S

S

2

1 2" JE(Wg,,)
@O eNros D ey 2T
h q h n (o"u))elc’m) Jt( UG))
9[(%9)
e N ——[(,0)
— o,
behy
A g (w,
q,t): M—g ZT} ZZ}
2" (Z50) P
€3,
for every T,y > 0. Hence, we have

NS, (Ta(ama) )
w Z.

~

4. Discussion and Conclusion

This study makes a significant contribution to the
field of sequence spaces and summability theory by
introducing the concepts of Bessel T, - Aj -
asymptotically statistical equivalence of order p and
strong Bessel T,-Aj-asymptotically equivalence of
order p for double sequences. The integration of
Bessel functions into these frameworks provides a
fresh perspective on the behavior of sequences and
addresses a notable gap in the existing literature. The
results obtained here contribute to the advancement
of summability theory and open up new
opportunities for further research and applications in
mathematical analysis.
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