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Abstract: This article examines the population dynamics of solutions such as global
existence, global boundedness, and mass persistence, to a parabolic elliptic type of
chemotaxis-competition system including logistics kinetics under no-flux boundary
conditions in a smoothly bounded domain. Tello and Winkler were the first to
investigate the global existence and global boundedness of the system mentioned
above. Then Tao and Winkler examined qualitative properties of the given system
such as the mass persistence of solutions. This study improves some known results
and reveals that under some suitable conditions, there exists a classical solution to
the system described above that is globally bounded. In addition, it is shown that the
population as a whole is never extinct. In other words, any globally defined positive
solution eventually persists in mass from below and is bounded in pointwise above
by certain positive constants. We wanted to highlight that the methods and
techniques utilized in this article are completely different from the approach used
in the previous research.

Bir Lojistik Kemotaksis-Rekabet Sisteminin C6ziimlerinin Kiiresel Sinirlilig: ve Kitlesel

Kalicihigy

Anahtar Kelimeler
Lineer hassasiyet,
Lojistik kaynak,
Global varlik,
Global sinirhilik,
Kitlesel kalicilik

0z: Bu makale, diizgiin sinirh bir alanda akisiz sinir kosullari altinda lojistik kinetik
iceren parabolik eliptik tipte bir kemotaksi-rekabet sistemine ait global varlik,
global smirhlik ve kiitlesel kalicihigr gibi ¢oziimlerin popiilasyon dinamiklerini
incelemektedir. Tello ve Winkler'in ilk olarak yukarida belirtilen sistemin kiiresel
varligini ve siirliligini incelemistir. Daha sonra Tao ve Winkler, verilen sistemin
coziimlerin kiitlesel kaliclligr gibi dinamik ozelliklerini arastirmislardir. Bu
calismada, bilinen bazi sonuglar gelistirilmistir ve uygun kosullar altinda sistemin
kiiresel olarak var ve sinirl olan tek bir klasik ¢6ziime sahip oldugunu gostermistir.
Buna ilave olarak, popiilasyonun bir biitiin olarak asla yok olmadig: gésterilmistir.
Baska bir deyisle, kiiresel olarak tanimlanmis herhangi bir pozitif ¢c6ziim er yada ge¢
belirli birer pozitif sabitlerle noktasal olrak iistten ve kiitlesel olarak alttan
sinirlandirilir. Bu makalede kullanilan ydntem ve tekniklerin, daha o6nceki
arastirmalarda kullanilan yaklasimdan tamamen farklidir.

1. Introduction

chemical, leading them to migrate towards areas of
elevated chemical concentrations or away from areas
of heightened chemical concentrations. Keller-Segel

The term chemotaxis depicts the motion of living
organisms or mobile cells in return for a chemical
gradient. Keller and Segel in [1, 2] presented this
phenomenon in the 1970's and it plays an important
role in many biological circumstances, for instance,
immune system response, gravitational collapse,
tumor growth, population dynamics, and immune cell
migration, etc. In these models, the density of cells or
creatures correlates with the concentration of the

type chemotaxis models are typically expressed by
partial differential equations (PDEs), which delineate
the spatiotemporal evolution of cell density and
chemical concentration. Through the interplay of
processes such as diffusion and chemotaxis, these
equations provide a framework for comprehending
the intricate dynamics of chemotactic systems.
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Core challenges in chemotaxis models determines
whether solutions blows-up in finite-time or exist
globally. The following question is whether these
solutions are bounded provided that solutions are
exist. Furthermore, if they are ultimately bounded, it
is crucial to examine the long-term dynamics of
bounded solutions, including persistence, stability,
etc. In this context, a ton of research have been
performed on the dynamical properties of many
chemotaxis systems, for example the investigation of
local existence, uniqueness, global existence, global
boundedness, a finite time blow-up, persistence and
asymptotic stability, etc. We refer the reader to
explore the articles [3, 4, 5] for more details.

The following logistic chemotaxis model will be
investigated in this paper:

{ut = Au— ¥V - (uVv) + hu — ku?, o)
0=A4v —av + bu,

for x€Q, t >0, along with the homogeneous
Neumann boundary conditions

du Jdv

== 2

= =3 0 on 09, (2)

and the initial conditions uy(x): = u(0, x;u,) that
satisfies

Uy € C°(Q) and wuy =0, 3)

as well as Q c RY with N > 1 is a smooth domain
and y,a,b, h, k > 0 are positive numbers.

The biological interpretation of model (1) describes
the mechanism of cellular movement, where mobile
cells migrate towards regions with a higher
concentration of chemical substance. The chemotaxis
term —yV - (uVv) depicts the impact of chemotactic
migration, and the parameter h > 0 denotes the
growth rate of cells; k > 0 indicates self-limitation of
the cells; a > 0 reflects the rate at which degradation
occurs of the chemical substance; and b >0
represents the pace at which production occurs of the
mobile cells.

We remark that model (1) has been analyzed in many
research works up to now, and many results have
been obtained in the existing literature. When N > 2
and h = k = 0, it was shown that a finite-time blows-
up occurs in solutions of (1) under some restriction
on the initial condition, look at [6, 7, 8, 9] for more
details. When a=b =1 and h,k > 0, Tello and
Winkler in [10] demonstrated that for any suitable
nonnegative initial function, (1) possesses a global
bounded solution if
kN

— @
The long-term behaviors of solutions has also been
examined in many research paper, for example, the
readers are referred to the research papers [11, 12,

N <2 or N = 3 whenever y <

13, 14, 15, 16, 17, 18] for the other studies including
weak solutions, boundedness, and stability of positive
constant solution, etc.

For reader intersrts, we present the following
parabolic-elliptic chemotaxis system with a logistics
source and singular sensitivity:

u 2
ut=Au—)(V-(v—va)+hu—ku, X € Q,

—Av + av = bu, x € Q.
Whenn = 2 and m = 1, Fujue, Winkler and Yokota in
[19] showed that any finite-time blow-up was not
observed in the above system and all global solutions
are globally bounded provided that

2

ax
h> T, for 0<)(S2
a(x — 1), for y > 2.

Then, this result was generalized by the authors Kurt
and Shen in [20] to the all space dimensions, and they
proved that any positive classical solutions exists
globally and stays bounded under some parameter
conditions between a, y and the initial function u,.

Whenn = 2and m € (0,1), Zhao in [21] proved that
mentioned system admits a globally bounded
classical solution with k being large enough.
Recently, Kurt in [22] demostrated that there is a
global classical solution for sufficiently large k.
Moreover, the global boundedness are given under
the additional restriction

1 1
m<-—+— with n>2.
2 n

For additional variants of the aforementioned model,
concerning the long-term properties of nonnegative
solutions including the problems such as uniform
boundedness, persistence, stability, entire and
periodic solutions and more, we recommend the
reader to explore the research articles [23, 24, 25, 26,
27,28, 29] for further reading.

Our motivation to investigate the problems discussed
in this paper is outlined as follows. It is well known
that [10, Lemma 2.4] proves that if (4) holds, then
model (1) admits a classical solution that is globally
bounded, i.e.,

sup Il u(t,”) llpeo)< oo, vt > 0. (5)
This result was improved by Hu and Tao in [12,
Theorem 1.1], and they obtained the same result even
at the critical point. Furthermore, Tao and Winkler in
[30, Theorem 1.1] studied the mass persistence of
solutions and they proved that when Q ¢ RY with
N > 1 is convex, all positive solutions to model (1)
always persists as a whole, in other words, for every
given nonnegative global classical solution (u,v) of
model (1), if Q is a convex domain and (4) is valid,
then for some k, > 0, we have
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f u(t,x)dx =k, for all t> 0. (6)
Q

However, it still remains open whether (6) is true
when the case O ¢ RY with N > 1is not convex. As
far as our knowledge, there has not been carried out
any research on this problem yet. This papers aims to
answer to this question.

1.1 Fundamental results

We provide our results in this subsection. The generic
constant C is not dependent on solutions, and may
vary in value at different places. Moreover, we
assume that

(7)

N<2 <k N ith N > 3
S2orysgygp Wi > 3.

The first result is on the global LP-norm of u.

Theorem 1 (L? -boundedness). Suppose that (3)
and (7) are valid. Then

f uP(t,x;up)dx < C,
Q

forall t € (0, Tpay)-

The second result is on the global existence &
boundedness of solutions.

Theorem 2. Suppose that (3) and (7) hold.

¢ (Global existence) The solution (u,v) is global,
which means,

Tnax(Ug) = .

¢ (Global boundedness) There is C,, > 0 such that

Il llo)S Coo V£ > 0.

The last result is on the mass persistence of solutions.

Theorem 3 (Mass persistence). Suppose that (3)
and (7) are valid. Then

f u(t,x;ug)dx =6, vVt>t,>0,
Q

for some constant 6, > 0.

We organized the remain part of this paper as below.
Section 2 is dedicated to present some key estimates
and some well known formulas and estimates.
Section 3 is devoted to the analysis of the LP-norm of
u, the global existence and global boundedness of
solutions to (1). Additionally, we will investigate
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mass persistence of globally bounded solutions of (1).
Then we discuss and compare our results to previous
results obtained in the previous research papers in
the literature in Section 4.

2. Material and Method

This section is dedicated to present some elementary
lemmas.

Lemma 1. Assume that u, satisfies (3). Then there is
Tmax(Ug) € (0,00] such that (1) admits a unique
classical solution, which is symbolized by (u(t, x; ug),
v(t,x;up)), on (0, Thax(Ug)) with u(0,x;uy) = uy(x)
and u € C#1((0, Tmax) X Q) N C((0, Tax) X ), and
v € C2°((0, Typax) X Q). Moreover, if Tyay < o0, then

limsup|lu(t,)|lcog) = .
t7Tmax

Proof. The proof can be obtained from the similar
arguments of [10, Theorem 2.1].

Second, suppose 1 < p < oo and let X,, = LP(Q) and
—A+al:D(—A+al) c LP(Q) - LP(Q) with
D(-A+al) ={ueWw??(@)| =0 on o}
Assume that (al —A)# is the fractional power
operator of (al —A) and let Xf = D((al — A)F)
with graph norm

lullp=I (al = AP llpp
forf >0andu € Xg. See [31, Definitions 1.4.1 and
1.4.7] for more details.

Lemma 2. Assume that1 < p < oo.

o If 28 —g >0 >0, then Xs & C°(Q).

e Assume ¢ € C!(Q) satisfying ‘;—(5 = 0 on 9. Then
there are constants ¢, C,, > 0 such that

Il e=@=DtY . ¢ |lpy< C, (1 + t_z) e gl

for every t > 0.

Proof. (1) might be obtained from [6, Theorem 1.6.1].
(2) follows from [32, Lemma 1.3].

Lemma 3. It holds that

h
f u < my = max {—IQI,f uo}
Q k Q

for every t € (0, Thax), Where || is the Lebesgue
measure of (.

Proof. Integrating (1) and employing Holder’s
inequality entails



H.I. Kurt / Global Boundedness and Mass Persistence of Solutions to A Chemotaxis-Competition System with Logistic Source

d k 2
—fu=hfu—kfu2ghfu——fu
dtJg Q Q Q 121\ Jq

forevery t € (0,Tax)- Then ODE's
principle completes the proof.

comparison

3. Results

We provide our fundamental results throughout this
section.

3.1. LP-boundedness

This section examines the LP-norm of u. We first give
some estimates.

Lemma 4. For all m € R, we have
mJ. um'1Vu-Vv+af vu™ = bf umtt
Q Q Q

for every t € (0, Tiax)-

Proof. Let us multiply the equation (1) by u™ ! and

integrating by parts over (). Then
f u™ . (Av—av+bu) =0
Q

for all t € (0, Tyax)- The proof thus holds.

xb

Lemma 5. For given q € (1’W
)+

Cq > 0 such that

), there exists

f ul(t, x;ug)dx < C,, (8)
Q

forall t € (0, Tiax)-

Proof. First of all, we remark that if k > yb, then (8)
naturally follows. Therefore, we assume that k < yb.
For every given y, b,k > 0, let us define g > 1 such
that

q:=1+Xb_k- (9)

Next, let us multiply (1) by u?~! and integrating over
Q. Then

1 d

—— | u? =fuq‘1Au—)(f u?v . (uvv)
q dtfn Q Q

+hfuq—kjuq+1
Q Q

= —(q- 1)] w2 ?
Q

+(qg — 1))([ u?~ vy - vu
Q
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+hJ- uf —kf ul*tl
Q Q

for t € (0, Tyyax)- Note that letting m = q in Lemma 4
together with (9) yields that
f uq+1
Q

(11)

(10)

(@q—Dxb

(q - 1))(] ul vy - Vv <
Q q

= kf ul+t,
Q

Note also that, by the Erhling type lemma, for given
€ > 0,we find C(g) > 0 such that

4¢ q
fuqs—zf |Vuz|2+C(e,q>(f u)t
Q qa°Jq Q
< sf u?2|vu|? + C (s, q),
Q
which, by Lemma 3, implies

—(q - 1)Luq_2|Vu|2 < —<%+h)fnuq

+C(h q)(Mmo)?, (12)

for all t € (0, Tjhax)- Collecting from (10) to (12), we
obtain

d
—f u? < —f u? + C(h,q)(my)?
dt Jg N

for all t € (0, Tjhax)- The ODE's comparison principle
yields

j ul(t, x; uy)dx
Q
< max {f ud (x)dx, 2C (h, q)(mo)q}
Q
forall t € (0, Tpyax)- The lemma thus follows.

N
N-2
—such that

Proof of Theorem 1. First, since y < —+-——, Lemma 5

N[22z | =

guarantees that there are some g >
f ul(t,x)dx < K, for all t € (0, Tyyax)-
Q

Next, in view of the Gagliardo-Nirenberg embedding
theorem, Young's inequality, we obtain for all given
& > 0, we have

)
J uP*l =l uz ||
O

2(p+1)
14
2(p+1)

L P (@



H.I. Kurt / Global Boundedness and Mass Persistence of Solutions to A Chemotaxis-Competition System with Logistic Source

2(p+1)6
p
2(Q)

2(p+1)(1-6)
Huz Il 7
LP(Q)

P
SClvuz |l

2(p+1)6
E P
+Cluz ll 58
LP(Q)

(p+1)6

T

(p+1)(1-6)
q

pZ

&

K,

<cC q

| P-2|Vu|2) )
Q

(p+1)6
+C(Ky)

< SJ- uP2|Vul|? + C(p,q,5,6,K,, 9|
0 ( q ) (13)

for all t € (0, Tyax), Wwhere

p_ P
9=2q 20+1) _ P 'p+1—q

1+2-1 p+1 p+gq
2q 2

€ (0,1)

and @< 1.

Third, multiplying the equation (1) by u?~! with p >
1 and integration by parts over the set (), we get that

s [w == [wwr
p dtJg Q
ub~1

+)((p—1)fQ -~ Vu - Vv

+hf up—kf upP*t
Q Q

forall t € (0, Tjyax)- Letting m = p in Lemma 4 yields

x(p—1)
-1 f uP~ vy - Vo < —f uP+l
x(p—1) N » N (14)

for all t € (0, Tpax)- Moreover, by Young's inequality,
we have

(

forall t € (0, Tyyax)- This together (13) and (14) yields
that

1
h+—)fupskfup+1+C(h,k,|Q|)
b/ Jg Q

)((p—l)fu”‘1Vu-Vv+hfu”—kfu”+1
Q Q Q

-1
< MJ uP* + C(h k, Q)
p Q

1
<@-0 [ w2l - [ W+ c@.ph k1D,
Q bJa

forall t € (0, T\pax)- We then arrive at
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1 dJ- P < ( l)f p—zlv |2
—— | uP < —(p- u u
p dtlg Q
+(p—1)J- uP~2|Vu/?
Q

1
[ w+c@nnkian,
bJq
which implies
d
—f uP < —f u? +C(p, x, h k, Q)
dt J, Q

for all t € (0, Tax). Let y(t):= [, uP(t,x)dx such
that

y@®+y@®) < xhk|Q)

for all t € (0,Tyax). Then the ODE's comparison
principle implies that

y(t) < max {j ub (x)dx, 2C(p, x, h k, |Q|)}
Q

for all t € (0, Tpyax)- The proofis completed.
3.2. Global existence and boundedness

We now prove Theorem 2.

Proof of Theorem 2. We will show Ty ,x = o by
contradiction. First, let us suppose that Ty, < oo.
Then by the constant formula, we have

u(t,”) = e"@-Dty,

t
—)(f e~ (@=Dty. (yu(., s)Vv(,s))ds
0

t
+J e” @D, s)(a + h — ku(,s))ds
0

=L+, +forallt € (0, Tax)- (15)

We now give the following estimates for I;, I, and I5.
First,

Iy llpeocqy=Il =@Mt | e0qy
<l ug Iy forall t>0.

Second,

| WER PRI
t
= f e~ @=Dty (., s)(a+ h —ku(,s))ds
0

_(a+hy?

Y for all

t € [0, Tax)-
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Third, let p = 1 and assume thatg <p <N <gqand
A € (1, 0) such that

1 1 < 1 d 1 <1 <1 1)
p Nog AT TGN (e
Hence, employing the Gagliardo-Nirenberg inequality

and Theorem 1.1, we have

Vvl g2
L2-1(Q)

SCIHVI np
LN-P(Q)
<M, (17)

<Cllu ||LP(Q)

forall t € (0, Tyay), thanks to

A q q 1 Np
A-1 _r-a_z '
1= G-pa

1 1
p N

Then, by Lemma 3, Holder inequality, (16), and (17),
we get

a7 la@ =l u laa) ) V01l o

A-1(Q)
1 1
Sl 1 g 121 e
i 1
< (Tno)q}‘L A u "LOO(Q) (18)

for allt € (0, Tax)- Now let us fix § € (%,%) and { €

(O,% — B) as well as T € (0, Tyax)- Hence, by Lemma
2, Theorem 1 and (18), we obtain

t
Il I, ”L°°(Q)=” )(f e~ @-Mty . vy IILoo(Q)
0

t
< Cl)(fo I e=(@=8ty - uvy s o

t
= Cl)(f I (al = A)Pe= =DtV . u¥y I (g,
0

t 1
< Cz)(f (t—s)P(1+(t —s)2)eSCs)
0
X” u(" S)V‘U(', S) "LP(Q) ds

< C(p, g, A, mo, Mp)x
—5) Pz 0=
f (t—>s)~ 249 | u(-, s) ”L°°(Q)
< Cy(p, 9,4, mo, My, x)

© 1
X f (t —s) P ze~ =95
0
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1

X sup Ilu(,s) ||

s€[0,T] 1= (ﬂ)

1

< Cp sup llu(,s ||oo
se[OI:;‘] C:5) oy

for all t € [0,T], where C, € (0, ). Substituting I, I,
and /5 into (4.1), we get that

sup Il u(t,) llpo<
te[o,T]

(a + h)?

+ " U.O "LOO(Q)+ 4k

+Cp - ( sup I u(,t) ||L°°(Q))

te[o,T

for all T € (0, Tyay), Where 0 < 1 — qil <1and C, >

0. Hence,

limsup|lu(t,) |l @) < o,
t7Tmax

which contradicts to Lemma 1. This immidiately
yields that Tp,, =o0 and supllu(t,)ller@) is
bounded for all ¢ > 0. The proofis thus complete.

3.3. Mass persistence

This section is dedicated to analysis of the mass
persistence of solutions to (1). Note that, by Theorem
2, we obtained that T, = o, and (u(t,x;uy),
v(t, x;uy)) is the globally bounded classical solution

of (1) on (0, ).

We first provide following elementary lemma, which
was established in [33, Lemma 2.5].

Lemma 6. Let «, B, 5, be positiveand 8, > 1,6, > 1

and t, € R, and y € C1([ty, ®)) is nonnegative and
satisfies

y' () = ay(t) — B1y1(t) — By (1)

forall t > t,. Then

y(t) = min {y(to) ( 7 )611_1,(2&[),)#]

forall t > t,.
We next provide an estimate for u(¢, x) from below.

Lemma 7. Let r € (0,1). Then

u"(t, x;uy)dx = 6,
fﬂ (% 10) 9)

forallt > t, > 0.
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Proof. First, multiply the equation (1) by u"~! and
integrate over () to obtain
1d
-——lu =0 —r)f u""?|vu|?
rdtJg a
—(1- r))(f u " Wu - Vo
Q
+hJ- u” - kf utt
Q Q (20)

for all t > 0. Second, letting m = r in Lemma 3.1

gives
(L—r)xr f .
—— | vu
Q

r

f ur+1,
Q

-(1- r))(f u TV -V =
Q

(1—-r)xb
Bl—

forall t > 0.
Third, let us define € > 0 such that

q(n —2r)

0<@=-n

<e<1<g,

where r € (0,1),and g € (1,2) as in Lemma 5.

Then, by Lemma 5, and Hoélder's inequality we get
that

a-e
(r+1-g)q q
u a-¢

(L) (1)

£ (r+1-8)q\ q
< G ([ )
Q

for all t > t,. Note that by the Gagliardo-Nirenberg
inequality and Young’s inequality, we also obtain that

q—&

r+1-8q\ q
f u 9-¢ = |
QO

<c ||Vu§

2(r+1-g)

r

uz 2q(r+1-¢)

L 7@-9 (Q)

2(r+1-)9 2(r+1-¢)(1-9)

T

L2(Q)

r
2

|
L2()
2(r+1-¢)

r
+C|u2

L2(Q)

. _ -1
<@-r(c) (k+m) fur‘2|Vu|2
r Q

(r+1-g)(1-9) r+1-¢

r\ r-9(+1-¢) r r
+C1<f u5> +C2<f u5> ,
Q Q

(21)
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where
1 r(q—¢)
E_Zq(r+1—£)19 n q—qs+r£
g9="r——=—-————¢€(0,1),
1,1 1 2q r+1-¢ ©.1)
n 2 2
and
r+1—¢)9 n(q—qe+re
( W _ng—q )e(O,l),
T 2qr
and
r+1—e)(1-9
( )( )>1,
r—9(r+1-—¢)
and
r+l—e¢
—>1
r

It then follows that

1—
<k + M)I < (1 - r)f u 2| Vul?
r Q Q

([ ol e

for all t>t, where B;,f, are certain positive
constantsand 8, > 1and 6, > 1.

Substituting (21) and (22) into (20) yields that

1d

— "=(1- T—2v2
rae| w=a-n [ v

—(1—r))(f u""Wu - vy
Q
+hf ur—kfur+1

Q Q
= (1—r)f u" 2| vu|?

Q

1—-7r)yb

+( )X

- jvur+hj u”

Q Q
(e G20

cofon(f )"

r
for every t > t,, due to nonnegativity of the term
Jo, vu”. Now let us denote

y(t) :=J- u” forallt > t,.
Q
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Then we get
Y'(®) 2 hy(®) = B1y®(6) = By % (1)

forall t > t,. Then by Lemma 6, we get

1 1
for 2= )
u" =8 =miny(ty), (=5 A ere
0 "2, 2B,
_ (r+1-9)(1-9)
for all t >t, where h>0, 6, = i > 1,
r+l1-¢ -£ (1-nr)xb
0, =" 1, 1 =Cy(C) 7 (k+522) > 0, as
well as B, = C,(C,) ¢ (k + W) > 0. The lemma

is thus complete.

Proof of Theorem 3. Note that, by Holder inequality,
for any given r € (0,1), we have

L x)d _Q%l T(t,x)d ’
fﬂu(tx)x>|| (fﬂu(tx)x> (23)

forall t > 0. Note also that, by Lemma 7, for any given
r € (0,1), there is § > 0 such that

f u'(t,x;ug)dx =6 forallt > t,.
Q

This together with (23) follows that

1

r—1 r

J-u(t,x;uo)dx > Q| {f u’(t, x; uo)dx}
Q Q

11
> Q| ér =:m",

for every all t > t,. The theorem then follows.

4., Discussion and Conclusion

We now discuss our results that have been obtained
the theorems 1, 2, and 3.

First, we highlight that the technique applied in
Theorem 3 is completely different from the approach
utilized in [24, Theorem 1.1]. We also note that our
approach to prove the L? -norm of u at the critical
condition in Theorem 1 is literally different from
approach the given in [12, Lemma 2.5].

Next, observe that the mass persistence of classical
solutions for model (1) was gained in [24] provided
that Q ¢ RY is convex. However, Theorem 3 ruled
out this condition completely.

Third, it is important to remark that the assumption
(7) presented in this paper recovers the assumption
(4) established in the previous works [10, 24].
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Fourth, LP - norm of u yields global existence and
global boundedness as well as mass persistence of
classical solutions to model (1).

Finally, the results of Theorems 1, 2 and 3 are
considerably beyond the findings obtained in [10, 12,
24]. We also point out that Theorem 1 recovers both
[12, Lemma 2.5] and [24, Lemma 2.3]. Moreover,
Theorem 2 recovers both [10, Lemma 2.4] and [12,
Theorem 1.1]. Finally, Theorem 3 recovers [24,
Theorem 1.1].
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