MATHEMATICAL SCIENCES AND APPLICATIONS E-NOTES
Vor:4 (1) 40-44 (2016) ©MSAEN

On Some Special Codes Over F3 + vIF3 + ulF5 + u*F3
Mustafa OZKAN, Figen OKE*

(Communicated by Murat TOSUN)

Abstract

In this paper the structure of the ring F3[t; U]/ < ub, v2,up > Whereu? =0 v” = 0and wv = vu = 0 is
described. The distance function on the ring R = 5 + vF3 + ulF3 + u?F3 which is isomorphic to the ring
is defined. This means that linear codes over the ring R can be written. Then it’s shown that the Gray
images of cyclic codes over the ring R are quasi-cyclic codes of index 2 over the ring Fs3 + vFs. Then
another Gray map from the ring [F3 + vIF3 to [F5 is described. Thus the relation between the cyclic codes

over the ring R = F3 + vF3 + uF3 + u?F5 and quasi-cyclic codes over field Fj is established.
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1. Introduction

Cyclic codes, constacyclic codes over different rings (Finite chain rings, Frobenious rings, i.e.) were studied
before. Also the Gray images of these codes and structure of codes over fields are discussed before. Previous years
the relations between codes over the rings in one variable and the codes over fields were studied. In recent years the
relations between the codes over the rings in more variables and the codes over fields have been studied. Especially
in [9]; (1 + v) -constacyclic codes over Fy + uFy + vFy + uvFy where u? = v? = 0, u.v — v.u = 0 were studied by S.
Karadeniz and B. yildiz. In [10]; X. Xiaofang studied (1 + v) -constacyclic codes over the ring Fy + uF3 + vF2 where
u? = v? = 0,u.v = v.u = 0. In this study a special ring in two variables is defined under certain conditions. The
structure of the cyclic codes over this ring is investigated. Relations between the codes over this ring and the codes
over a finite chain ring in one variable are obtained via a Gray map. Another Gray map from the finite chain ring to
a finite field is defined and then the images of quasi-cyclic codes are obtained. Consequently; 1t isshown that the
cyclic codes over the ring R are the quasi-cyclic codes over field F3 via the composite of two new Gray maps.

2. Preliminaries

It is known that Ry = F3 + uF3 + u?F5 where u® = 0 and Ry = F3 + vF5 where v? = 0 are the commutative rings.
In the ring Ry; writing Ry = F3 + vF3 where v? = 0 instead of F3 , the set Ry +uR> + u® Ry where u? = 0 is obtained.
Then we have Ry + uRy + u?Ro= (F3 + vF3) +u.(F3 + vF3) 4+ u?.(F3 4+ vF3)= F3 + vF3 + uF3 + uvF3 + uF3 + u?vF3

Received : 05-August-2015, Accepted : 14—February—2016

This article is the written version of author’s plenary talk delivered on September 03- August 31, 2015 at 4th International Eurasian Conference on
Mathematical Sciences and Applications (IECMSA-2015) in Athens, Greece.



On Some Special Codes Over F3 + vF3 + uF3 + u?F3 41

the condition wv = vu = 0 to the conditions «® = 0 in R; and v2 = 0 in Ry . Then the set Ry + uRs +
u?Ry is equal to the set R = F3 + vF3 + uF3 + u?F3. Thus is a ring with the usual addition and multiplica-

tion under the conditions u®* = 0 v? = 0, uwv = vu = 0. It is easily seen that R is isomorphic to the ring
F
3[u,v]/< =0, v =0,uv=vu=0>"

Let C be a linear [n, k, d]_ code. It means that C has the length n , it’s dimention is & and it’s minimum distance
isd . Let R be a ring. Each submodule C of R" is called a linear code with lenght n over the ring R. A subspace
C of F3" is called a linear code with lenght n over the field F5. Each codeword ¢ in such a code C is a n-tuple of

the form ¢ = (c,, ¢1,...,cn—1) € R™ and can be represented by ¢ = (c1, ca, ..., ¢,,) +—c(x) = Y ¢;.x* € R[z] . This
i=1

notation can be written for the elements of R;™ , R;™ and F% similarly.
The Gray map from the ring R to R} is defined as ;

(I)l : R—)R%
a+bv+ cu+du?— ®(a+bv+ cu+du®) =01 (r +qu) = (2¢,q + 2r)

where 7 = a + cu + du? and ¢ = b + au + (a + ¢)u®. Then we have

®1(a+bv+ cu+du®) = (2b+ 2au + (2a + 2¢)u?, (b + 2a) + (a + 2¢)u + (a + ¢ + 2d)u?). The map ®; can be
generalized to R" as ;

Dy (t1,ta, s tn) = (q1,G2, ooy Gy @1 +T1,G2 + T2, ...y @ + 7 ) Where t; = r; + g;v such that r; = a; + c;u + d;u?,
¢ = b; + a;u+ (a; + ¢;)u® forall i = 1,2, ..., n . Note that the Gray map from R; to F} is defined as ;

Oy : R, — F)
T+ yu + 2u? = Oo(z + yu + 2u?)

here @5 (2 + yu + 2u?) = (2,y + 2,2y + 2,0 + 2,2 + y + 2,0 + 2y + 2,22 + 2,20 + y + 2, 27 + 2y + 2).
The map ®; can be generalized to R} as;

Do(b1,bo,ycybp) = (21,22, 00 Zn, Y1 + 21, Y2 + 225 ooy Yn + 20, 201 + 21, 2Y2 + 22, ooy 2Un + 20,
1+ 21,2+ 22,..., T + 2n,T1 + Y1 + 21,02 + Y2 + 29, ..., Ty, + Yn + Zn,
1+ 2y1 + 21,29 + 2ys + 29, .oy Ty + 2y + 20, 221 + 21, 222 + 29, ..., 20, + 2y,
201 +y1 + 21,220 + Yo + 29, ..oy 200 + Yn + 2n, 221 + 2y1 + 21, 229 + 2y + 29, ...,
22, + 2yn + 2n)

For each (b1, ba, ..., b,) € R} , where b; = z; + yiu + zu?,2;,vi, 2 € F3 , fori =1,2,...,n . The weight function
wp, for each element r of R =F5 + vF5 + uF3 + u?F3 is defined as ;

12 ;s reR—Riu

15 ; r€ Ryu— Ry.u?
wr(r) =1 4 Cre Ryad

0 ; r=0

Then wr(r) = > wg(r;) is satisfied for each element r = (rq, 79, ...,7,) € R™ . It is known that the homogeneous
i=1
weight of each s € R, is defined as ;
6 ; s€R;— Ry.u?
Whom(s) =< 9 ; s€ Ryu? — {0}
0 ; s=0

Then whom(s) =Y whom(S;) is satisfied for each element s = (s1, s2, ..., s,) € R}. The Hamming weight on Fj3 is
i=1

defined as wy (0) =0, wy (1) = 1,wy(2) = 1. Hence wy(c) =) wp(c;) is hold for each ¢ = (¢y, ¢, ..., ¢,) € FY.
i=1
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The minimum distance of a code C'is defined as ;

dr(C) = min{dg(z,y)} ,here xz,y € C, z #yif Cisacode over R,

Ahom (C) = min{dyom(z,y)} , herex,y € C', x # yif C'is a code over R; and

dp(C) = min{dy(x,y)} , here z,y € C, x # yif C is a code over F5. Each element of R is written as
a+bv+ cu+du?=r+quwherer =a+cu+du® € Ry, q="b+au+ (a+ c)u® € Ry . Itis clearly seen that the
equalities wWg(1) = Whom(P1(r)) = wy (P2(P1(r))) for each r € R™ are satisfied. Therefore it means that ®; is an
isometry from (R",dg) to (R3", dhom) and @ is an isometry from (R3", dhom) to (F3", dr). Expressing elements of
Ras a+bv+ cu+du? =r+quwherer =a+cu+du? € Ry and ¢ = b+ au + (a + c)u? € Ry arebothin R,

we see that

wr(a+bv+ cu+ du?) = wr(r+ qv) = Whom(2¢, ¢ + 27) = Whom (20 + 2au + (2a + 2¢)u?, (b + 2a) +
(a+2c)u+ (a+c+2d)u?) = wy(2a + 2¢,a + ¢ + 2d,a + 2¢, 2a + 2d, 2¢, 2¢ + 2d, 2a + 2b + 2¢,b + ¢ + 2d,
a+2b+2c,a+b+2d,2b+ 2¢,2a + b+ 2¢c + 2d,2a + b+ 2¢,2a 4+ 2b+ ¢+ 2d,a + b+ 2¢,2b + 2d, b + 2c,
a+2b+ 2c+ 2d)

A cyclic shift on R" is a permutation o such that

O'(Coaclv ~-~7cn—1) - (Cn—hc()v ...,C”_g) .

A linear code C over R of lenght n is said to be cyclic code if it is satisfied the equality o(C) = C . Let a € R}™ with
a=(ag,a1,...,an_1) = (a® |a®), a e R}, foralli=0,1. Let 0®* be the map from R?" to R?" given by

092(a) = (0(a®) |o(a)))

where ¢ is the usual cyclic shift. A code D of lenght 2n over R, is said to be quasicyclic code of index 2 of
0®2(D) = D . A cyclic shift on R?" is a permutation 7 such that

T(doadlv "~7d2n71) = (d2n717d01 "'ad2n72) .

A linear code D’ over R; of lenght 2n is said to be cyclic code if it is satisfied the equality 7(D’) = D’. Let
a € FI¥" with a = (ag, ay, ..., an—1) = (@@ [a®) [a@ |...[a® ), o) € F} ,foralli =0,1,...,8. Let 0® be the map
from F1*" to F18" given by

0®(a) = (o(al®) |J(a(1)) |J(a(2)) |-.. |J(a(8)) )

where ¢ is the usual cyclic shift. A code C’ of lenght 18n over F; is said to be quasicyclic code of index 9 of
o®(C) =C".

3. Gray images of codes over the ring R

In this section firstly it will be shown that the ®; Gray image of a cyclic code over R is a quasi-cyclic code of
index 2 with even length. Secondly it will be shown that the ®, Gray image of a cyclic code over R; is a quasi-cyclic
code of index 9 with even length.

Lemma 3.1. ®;.0 = 0®2.® is satisfied.

Proof. Letc = (cg,¢1,...,cn—1) € R" where¢; =r; + ;v for0 <=1i<=n—1.
If ®1(c) = Pi(co,c1yeescn1) =P1(r0 + Qv 71 + Q10, o; "1 + Gu1v). = (2q0,2q1, .., 2¢n—1,q0 + 270, q1 +
281, ooy 1 + 2rn—1) then 6%2 (®1(c)) = (2¢n-1,240, -, 2qn-2, Gn—-1 + 2rn—1,q0 + 270, .-, n—2 + 2rn_2)
On the other hand, o(¢) = o(cg, 1, ..oy en—1) = (Cn—1, Coy -y Cn—2) -
Then (I)l (U(C)) = (I)l (U(C)) = (I)l 0(607617 "'7Cn71) = cbl (Cn717607 "'7Cn72) = @1(7}171 + VGn—1,70 + V40, ..., Tn—2 +
UQTL72) = (2(_171717 240, -+, 2qn—2,qn—1 + 271,90 + 270, -.; gn—2 + 27an72) .
O

Theorem 3.1. A code C with length n over R is a cyclic code if and only if ®1(C') is a quasi-cyclic code of index 2 with length
2n over R .

Proof. Suppose that C'is a cyclic code. Then ¢(C) = C' . By applying ®;, we have ®,(¢(C)) = ®:(C). By
using the Lemma 3.1, we have 0®%(®1(C)) = ®;(c(C)) = ®1(C) . So ®;(C) is a quasi-cyclic code of index 2 .
Conversely, if ®;(C) is a quasi-cyclic code of index 2, then ®2(®,(C)) = ®;(C). By using the Lemma 3.1, we have
0®2(®1(C)) = ®1(c(C)) = ®1(C) . Since P, is injective then o(C) = C.

O
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Lemma 3.2. 0®%.®y = ®y.7 is satisfied.

Proof. Lett = (to,t1,...,tan—1) € RZ" where t; = z; + y;u + z;u? for0 <=i<=2n—1.
If T(t) = I/(to,tl, ...,tgn_l) :(th_l,to, ...,tgn_g) ’ then @Q.T(t) = @2(t2n_1,t0, ...,tgn_g)

= (22n-1,205 s Z2n—2,Y2n—1 + Z2n—1, Y0 + 205 - Y2n—2 + Z2n—2,2Y2n—1 + Z2n_1,

2yo + 20, -y 2Y2n—2 + 22n—2,T2n—1 + Z2n—1,T0 + 20, ..., Tan—2 + Z2n—2,

Ton—1 + Yon—1 + 22n—1, %o + Yo + 205 -y Tan—2 + Y2n—2 + 22n—2,

ZTon—1 + 2Y2n—1 + 22n-1,Zo + 2Yo + 20, -y T2n—2 + 2Y2n—2 + 22n_2,

2%2n—1 + 22n—1,2T0 + 20, ..., 2T2pn—2 + 22n—2,2T2n_1 + Y2n—1 + 22n—1, 270 + Yo + 20, ...,
229p—2 + Yon—2 + Z2pn—2, 2T2p—1 + 2Y2n—1 + Zon—1, 220 + 2yo + 20, ...,

229n—2 + 2Y2n—2 + Z2n—2).

On the other hand, if ®5(t) = ®o(to, t1, ..., ton—1)

= (20, 21, oy Z2n—1, 40 + 20, Y1 + 215 s Y2n—1 + Z2n—1,2Y0 + 20, 2y1 + 21, -, 2Y2n—1 + Z2n—1,
To + 20,21 + 21, s T2n—1 + 22n—1, %0 + Yo + 20, T1 + Y1 + 21, s T2n—1 + Y2n—1 + Z2n-1,
To + 2yo + 20,21 + 2y1 + 21, oy Tan—1 + 2Y2n—1 + Zon—1, 200 + 20,221 + 21, ..., 2T2n—1 + Zop_1,
2z0 + yo + 20,221 + Y1 + 21, -, 2Ton—1 + Y2n—1 + Zon—1,
2x0 + 2yo + 20,221 + 2y1 + 21, -, 2Tan—1 + 2Y2n—1 + 220-1)

then we have 0®°.®,(t) = 0®%(to,t1, ..., tan_1)

= (22n—15205 ) 22n—2; Y2n—1 + Z2n—1,Y0 + 20, -, Y2n—2 + Z2n—2,2Y2n—1 + Z2n—1,
2yo + 20, -y 2Y2n—2 + 22n-2,T2n—1 + 22n—1,To + 20, ..., T2n—2 + 22n_2,

Tan—1 + Y2n—1 + 22n—1, %0 + Yo + 20, ---; T2n—2 + Y2n—2 + 22n—2,

Ton—1+ 2Y2n—1 + 22n-1,To + 2y0 + 20, -, T2n—2 + 2Y2n—2 + 2202,

2%2n—1 + 22n-1, 270 + 20, ..., 2T2n—2 + Z2n_2,

2T2n -1 + Yon—1 + 22n-1,2T0 + Yo + 20, --; 2T2n—2 + Y2n—2 + Z2n_2,

2T9n—1 + 2Y2n—1 + 22n—1, 220 + 2Yo + 20, -, 2T2n—2 + 2Y2n—2 + Zon—2)-

Theorem 3.2. A code C with length 2n over Ry is a cyclic code if and only if ®2(C) is a quasicyclic code of index 9, with
length 18n over F3 .

Proof. 1f C'is a cyclic code , 7(C) = C . Then have ®5(7(C)) = ®3(C) , we have 0®2(5(C)) = ®5(7(C)) = ®5(C)
from Lemma 3.2. So ®5(C) is quasicyclic code of index 9 . Conversely, if ®5(C') is quasicyclic code of index 9, then
0®9(®4(C)) = ®2(C) . By using the Lemma 3.2, we have 0% (®5(C)) = ®2(7(C)) = ®(C) . Since P, is injective
then 7(C) = C'.

O

Using the above theories the main conclusion is given below:
Corollary 3.1. A code C with odd lenght n over R is a cyclic code if and only if ®5(®1(C)) is quasicyclic code
of index 9 and with lenght 18n over F5 .
O

4. Conclusion

It is presented the finite ring F3 + vF3 + uF5 + u?F3 where u® = 0,02 = 0 and uv = vu = 0. It is acquired that the
Gray image of a cyclic code over R with lenght n.
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