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Abstract

In this study, the numerical solutions of some systems of ordinary and partial
differential equations have been analyzed by using the Differential Transformation
Method (DTM) and compared with solutions of other numerical methods. This method
can be used to solve some ordinary and partial differential equations in a short time by
using very simple computer commands and codes. The first chapter, the basic definition
of its Differential Transformation Method and properties are given. In the last chapter,
examples are solved by using the differential transformation method and are compared
with other solutions of numerical methods.
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Adi ve kismi diferansiyel denklem sistemlerinin ¢zUmu icin
diferansiyel doniisiim yonteminin uygulamalari

Ozet

Bu ¢alismada Diferansiyel Doniisiim Yontemi ile bazi adi ve kismi diferansiyel denklem
sitemleri  incelenmis ve diger ¢OzUm yoOntemleri ile yapilmis sonuglarla
karsiulastirtimistir.  Basit bilgisayar kodlar: ile bu yontem bir¢ok adi ve kismi
diferansiyel denklem i¢in kisa siirede ¢oziime ulagabilen bir yontemdir. Giris kisminda
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Diferansiyel Doniigiim Yontemi ile ilgili temel tamim ve ifadeler verilmis olup son
baslikta uygulamalara yer verilmistir.

Anahtar kelimeler: Diferansiyel déniisiim yontemi, adi ve kismi diferansiyel denklem
sistemleri.

1. Introduction

The Differential Transformation Method is a method aiming to find the Taylor
expansion of differential equations. Since many functions can be written in the
polynomial form, polynomial solutions of differential equations can be obtained with
this method. It is also highly compatible with computer languages, such as MAPLE,
MATLAB.

The Differential Transformation Method is first introduced by Zhou in 1986 [1]. In this
article, linear and nonlinear initial boundary value problems on electrical circuits are
examined. After Zhou's definition, Chen and colleagues have described a new structure
of DTM that was similar to Zhou’s definition and used this new structure to solve
eigenvalue problems [2-4]. With Zhou's and Chen work, the known structure of DTM
has begun to appear. In 2003, Ayaz is generalized DTM to two-variable partial
differential equations and obtained new transformations about two variable functions
[5]. Furthermore, Ayaz is used to DTM to obtain the exact solution of different type of
differential equations [6-8]. In 2005, Arikoglu and Ozkol used to new form of DTM
about solution of boundary value problems for integro-differential equations [9]. In
2006, they used to DTM for solving differential-difference equations [10]. They also
developed new DTM form for the solutions of fractional differential equations [11, 12].
All these studies have shown that the differential transformation method can be used
different kind of differential equations and some other equations. As well as a method
other than DTM for numerical solutions; Padé Approximation [13]. Also new solution
techniques continue to be developed in the literature [14-17]. Further information
related to DTM and new solution techniques can be found in the literature.

In this paper, solutions of some systems of ordinary and partial differential equations
have been analyzed by using the differential transformation method and are compared
with other solutions of Finite Element methods.

All k,h,m,n, p,q,r,seN for transform function steps in the whole study and the

abbreviations are as follows; DTM; (Differential Transform Method) [1, 2, 4], VIM;
(Variational Iteration Method) [18], LDM, (Laplace Decomposition Method) [19],
ADM; (Adomian Decomposition Method) [20].

2. Basic definitions

2.1.  One-variable differential transformation

Using relevant references [1, 2, 4, 6, 9-12, 21-29] the fundamental definitions of the
One-variable Differential Transformation are explained as follows:
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Definition 1 The one-variable differential transformation of w(t) function is defined as
follows:

Q(n) = i{;’;ﬂ w(t)} (2.1)

n!

Q(n) is the transformed function, which is called the T- function of w(t) function.

Definition 2 The inverse differential transform of Q(n) is defined as follows:

olt) = ig(n)t" (2.2)

Definition 3 The one-variable DTM can be concluded from equations (2.1) and (2.2) as
follows:

n

d
" 2.
" a)(t)lot (2.3)

o(t) :i%{

By using the equations (2.1), (2.2) and (2.3), the basic operations of the one-variable
differential transform functions can be summarized in the following table,

Table 1. One-variable differential transform functions.

Function T- function

o(t)=y(t)+ z(t) Q(n)=Y(n)xZ(n)

o(t)=u(tv(t)slt)  Qn)=D> UrV(s)S(n—r—s)

r=0 s=0

olt) = y(t) Q(n) = AY(n)
olt)=ylt) Q=Y ¥(Z(n-1)
olt)=e* Q(n)= i”
olt) = d;i’rft) Q(n) = (n+1)(n+2)...(n +m)U(n +m)
ot)= w Q(n)=(n+1)Y(n+1)

dt
o(t)= u(t)d—;v(t) Q(n) = zn:(n —r+2)(n—r+1)U(r)V(n—r+2)
olt)=cos(ft+a)  O(n)=2—cosZ"+a)

n! 2

a(t)=sin(ft + ) Q(n):f_nsin(”_”+a)
n! 2

d d 2
o(t)= Eu(t)av(t) Q(n)= ;(r +1)(n—r+1U(r +1)V(n—r+1)
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Table 1. (Continued).

Function T- function

1, n=m
olt)=t" Q(n)=5(n—m):{

0, n#m
oft)= [u(t)dt T i U

o(t)= u(t)v(t):—;s(t) Q(n)= Zn:ni:(n —r—s+2U(r)V(s)S(n—r—s+2)

r=0 s=0

olt)=0" (n) =219
n!
A" o
o(t)=sh(At) Q=41 if nis odd
0, ifniseven
0, ifnisodd
o(t) = ch(At) Qn)=1{ 4
, ifniseven
n!
olt)=e"" Q)=

n!

2.2. Two-variables differential transformation

Using relevant references [3, 5, 8, 24, 26, 30, 31] the fundamental definitions of the
Two-variables Differential Transformation are explained as follows:

Definition 4 The two-variables differential transformation of w(t,z) function is defined
as follows:

Q(n,m):L 0 olt,z) 9
n|m| 8t"52m t=0,z=0

Q(n,m) is the transformed function, which is called the T- function of w(t,z) function.

Definition 5 The inverse differential transform of Q(n,m) is defined as follows:
olt,2)=).> Qn,mk"z" (2.5)
n=0 m=0

Definition 6 The two-variable DTM can be concluded from equations (2.4) and (2.5) as
follows:

n m
—a—eniml| ot"oz t=0
z=0

a)(t,z):ii ! {amm a)(t,z)} t"z" (2.6)
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differential transform functions can be summarized in the following table,

Table 2. Two-variable differential transform functions.

Function

T- function

ol(t,z)=u(t,z)£v(t,z)

olt,z)=ault,z)

Q(n,m)=U(n,m)£V(n,m)

Q(n,m)=al(n,m)

olt,2)= augt,z) Q(n,m) = (n+1)U(n+1,m)
(o(t,z)zM Q(n,m)=(m+1)U(n,m+1)

o(t,z)=u(t,z)v(t,z)

olt,z)=t"z?

ou(t,z) ov(t,z)

Q(n,m)= Z":iu(r,m —s)V(n-r,s)

r=0 s=1
1, n=pm=q

Qn,m)=6(n—p,m—q)=06(n-p)o(m-q)= )
0, otherwise

Q(n,m):Zn:i(H-l)(n—H-l)U(r+1,m—s)V(n—r+1,s)

o(t,z)=
ot ot =0 5=0
oft,2)= aug’z) avg,z) Qlnm) =3 (s +1)(m—s+)U(r,m—s+DV(n—r,s+1)
z z r=0 s=0
olt,z)= auétt, 2) 6v(gt,z) Q(n,m)= Zn:i(n —r+1)(m-s+1)Un-r+1,s)V(r,m—s+1)
z

olt,z)=u(t,z)v(t,2)z(t,z)

r=0 s=0

n_n-r m m-s

Qn,m)=>>">">"Ulr,m—-s-p)\V(g,5)Z(n—r—q,p)

r=0 q=0 s=0 p=0

o(t,z)=u(t,2) 62;(:2,2) Q(n,m)= Z":i(n —r+2)(n—r+2U(r,m—s\V(n—r+2,s)
" ult, z)
o(t,z)= Qn,m)=(n+1)....(n+r)(m+1)....m+s)U(n+r,m+s)
ot'oz’
olt,z) = tPe™ ln,m) =2 s(n—p)
m!
olt,z)=e"" Q(n,m) ey
m! n!

2.3.  Three-variables differential transformation

Using relevant references [7, 24, 26, 31] the fundamental definitions of the Three-
variables Differential Transformation are explained as follows:

Definition 7 The three-variables differential transformation of w(t,z,y) function is
defined as follows:

an+m+p

1
n'm!p! [6t"8z’"8y”

Q(n,m,p)= a)(t,z,y)} (2.7)

t=0,z=0,y=0

Q(n,m,p)is the transformed function, which is called the T- function of w(t,z,y)
function.
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Definition 8 The inverse differential transform of Q(n,m,p) is defined as follows:

a)(t,z,y):iiiQ(n,m,p)t”z’"y” (2.8)

n=0 m=0 p=0

Definition 9 The three-variable DTM can be concluded from equations (2.7) and (2.8)
as follows:

an+m+p

0 0 0 1
olt,z,y) = — w(t,z,y)} t"z"y" (2.9)
25 S e

Imlpl
nim:p! £20,2=0,y=0

By using the equations (2.7), (2.8) and (2.9), the basic operations of the three-variable
differential transform functions can be summarized in the following table,

Table 3. Three-variable differential transform functions.

Function T- function

wlt,z,y)=ult,z,y)£v(t,z,y)  Qn,m,p)=U(n,m,p)=V(n,m,p)

olt,z,y)=au(t,z,y) Q(n,m,p)=aU(n,m,p)
olt,2,y) =2 QAn,m,p) = (n+1U(n-+1,m, p)
olt,z,y) = 2482V Qn,m,p) = (m+ )U(n,m+1,p)
olt,z,y) _out.z.y) Q(n,m,p)=(p+1)U(n,m,p+1)
(r+s+q) | | |
olt,z,y) _oTutzy) Q(n,m,p) = (n+ )t (m+s)! {p+ q)! Uln+r,m+s,p+q)
ot'oz°oy? n! m! p!

olt,z,y)=ult,z,y\v(t,z,y) Q(n,m,p)= iizu(r,m -s,p—q\V(n—r,s,q)

r=0 s=0 g=0

:MM Q(n,m,p):iii(n—r+l)(m—s+1)u(n—r+1,s,q)V(r,m—s+1,p—q)

olt,z,y)
ot 0z r=0 s=0 =0

3. Applications of DTM to system of differential equations

In this section, we have applied DTM to the system of ordinary and partial differential
equations. The solutions of examples that was discussed in this section have been
checked by the MAPLE program. MAPLE programming codes describing the solution
produced are given for all examples.

To our knowledge, the DTM solutions of the discussed examples have been newly
submitted the literature.

Example 1 Consider the Biomass Transfer Equation (ODE) see [32, 33]; x(t); biomass
decayed into humus, y(t); biomass of dead trees, z(t); biomass of living trees, t; time
in decades (decade = 10 years)
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Biological system of differential equations;

x'(t)=—x(t) +3y(t),
y'(t)=—3y(t) +52(t), (3.1)
Z'(t)=-5z(t).

Suppose there are no dead tree and no humus att =0, with initially z, units of living
tree biomass. These assumptions require that the initial conditions be in the form,

x(0)=y(0)=0, z(0) = z,. (3.2)

Taking one-variable transformation of Eq. (3.1) and by using the related operations in
Table 1, we get

(k +1)X(k +1) = —X(k) +3Y k),
(k+1)Y(k +1) = —3Y (k) + 52(k), (3.3)
(k+1)Z(k +1) = —-5Z(K).

the following with initial conditions
X(0)=0,Y(0)=0, Z(0) = z,. (3.4)
Using the Egs. (3.1), (3.2), (3.3) and (3.4), we get the following results with MAPLE.

Ex.1-MAPLE code
[> X[0]:=0; Y[0]:=0; Z[0]:="#msub(mi("'z"),mn("0")):
[> Fl:=proc (k) options operator, arrow;(k+1)*X[k+1]=-X[k]+3*Y[k] end proc:
[> F2:=proc (k) options operator, arrow;(k+1)*Y [k+1]=-3*Y[k]+5*Z[Kk] end proc:
[> F3:=proc (k) options operator, arrow;(k+1)*Z[k+1]=-5*Z[k] end proc:
[> for i from 0 to 10 do eql[i]:=F1(i); eq2[i]:=F2(i); eq3[i]:=F3(i);
solve({eql[i]}); assign(solve({eql[il}));
solve({eqg2[i]}); assign(solve({eq2[il}));
solve({eq3[i]}); assign(solve({eq3[i]})); end do:
[> x:=sum(X[k1]*t"k1,k1=0..10);y:=sum(Y [k1]*t"k1,k1=0..10);z:=sum(Z[k1]*t"k1,k1=0..10);

Some calculation steps of produce can be given as follows,

15 —45 145 —165 1771
X(1)=0,X(2) ==2z,,X(3) =——2,,X(4) = ——2,, X(5) =——2,,X(6) =——2,,...
(1) @) =720, XB) === 20, X(8) === 20, X(5) =— =20, X(6) == =7

245 ~170 1441

-931
Y(1)=5z,,Y(2)=-20z,,Y(3) = TZO ,Y(4)= TZO ,Y(5) =

= 7.,Y(6)=
24 ° (©) 18

25 -125 625 —625 3125
Z(1)=-52,,Z(2) ==2z,,Z(3) =——12,,2(8) =——2,, Z(5) =———2,, 2(6) =——
(1) 0,2(2) 20() c 0()240() 240() a4

(3.5)

Zy,e

Zy,e

As a result, we can give the solution of x(t), y(t) and z(t) in series form as follows:
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15, 45 ., 145 ., 165 . 1771
X(t)ZTZot —7201' +—ztT ———z 7+ —— 2zt +...

245

170 1441 931
———zt'+ Zt° ===z, t° +... (3.6)
3 24 18

125 ., 625 _, 625 .. 3125
zZ.t” + zZt — zZ.t”+ zZ.t”+

6 ° 24 ° 24°° 144 °

z.t3

y(t)=52z,t —20z,t* + .

25
2(t) =z, —5z,t + 7201‘2 —

which are exactly the same as the solutions obtained by [32, 33]. Finally, the closed
forms of solutions are obtained by means of Taylor expansion:

15
x(t) = ?zo(e‘“ —2e +e),

5 _ _
Vi) =2 2(-e Y +e™), 3.7)
2(t)=z,e™.
5. 1010 X(t): 3.3 10214 II X(t): —
4% 1010 I'w,l Y(t): — \I y(:E): —
R ‘I".,\ z(t): 2 % 10l I‘. z(t):
2% 10 "\\ } ‘.Il
] \ L x 1 \"'w,ll
N S | ‘\\_____
-1. % 101
-2, % 101 1% 1021
-3 % 10 fl
—-4.% 1014 | | | / | | | | R ‘||
B P BRI R 5 5 T
Figure 1: Solution with (k =0,...,10). Figure 2: x(t), y(t), and z(t); z,=1.

Example 2 Consider the following nonlinear system of PDE see [20]:

u+uyv =2,
t XX (38)
v, +uv, =0.
with the initial conditions
u(x,0)=x, v(x,0)=x. (3.9

Taking two-variables transformation of Eq. (3.8) and by using the related operations in
Table 2, we obtain the initial conditions Eq. (2.5).

(h+1)U(k,h+1)+Zk:Zh:(r+1)(k—r+1)U(r+1,h—s)V(k—r+1,s)=25(k,h),

o (3.10)
(h+1V(k,h+1)+ D D (r+1)(k—r+1U(r +1,h—s)V(k—r +1,5)=0.

r=0 s=0
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And, transformed initial steps are as follows;

ZU(k,O)x" =X,
k=0

D V(k,0)x" =x.
k=0

Hence from Eq. (3.11), we get

U(0,0)=0, V(0,0)=0
U(1,0)=1, V(1,0)=1
U(2,00=0, V(2,0)=0
U(3,00=0, V(3,0)=0

equations, which can be given by the following general form,

1  ifk=1
0 otherwise
1  ifk=1

0 otherwise

U(k,0) ={

ko)~

(3.11)

(3.12)

(3.13)

Using the Egs. (3.8), (3.9), (3.10), (3.11), (3.12) and (3.13) we get the following results

with MAPLE.

Ex.2-MAPLE code

[> UU:=proc(m,n) local UU; UU[m,n]:=piecewise(m=1 and n=0,1,m<>1 and
n=0,0,U[m,n]); sprintf(*'%a:=%a",u[m,n], UU[m,n]) end proc;

[> for k from O to 10 do for h from 0 to 10 do
SOL.:=parse(UU(k,h)); U[k,h]:=SOL; 'U[k,h]' end do end do;

[> VV:=proc (m,n) local VV; VV[m,n]:=piecewise(m=1 and n=0,1,m<>1 and
n=0,0,V[m,n]); sprintf("%a:=%a",v[m,n], VV[m,n]) end proc;

[> for k from O to 10 do for h from 0 to 10 do
SOL:=parse(VV(k,h)); V[k,h]:=SOL; 'V[k,h]' end do end do;

[> Mu:=proc(m,n) local Mu; Mu[m,n]; Mu[m,n]:=piecewise(m=0 and n=0,1,0);
sprintf("%a:=%a",deltafm,n], Mu[m,n]) end proc;

[> for k from 0 to 50 do for h from 0 to 50 do
SOL:=parse(Mu(k,h)); delta[k,h]:=SOL; 'delta[k,h]' end do end do;

[> F1:=proc(k,h) options operator, arrow;(h+1)*U[k,h+1]+sum(sum((r+1)*(k-r+1)*
U[r+1,h-s]*V[k-r+1,s],5=0..h),r=0..k)=2*delta[k,h] end proc;

[> F2:=proc(k,h) options operator, arrow; (h+1)*V[k,h+1]+sum(sum((r+1)*(k-r+1)*
U[r+1,h-s]*V[k-r+1,s],5=0..h),r=0..k)=0 end proc;

[> for k from 0 to 10 do for h from 0 to 10 do eql[k,h]:=F1(k,h); eq2[k,h]:=F2(k,h);
solve({eql[k,h]}); assign(solve({eql[k,h]}));
solve({eq2[k,h]}); assign(solve({eq2[k,h]})); end do end do;

[> u:=sum(sum(U[kkk,hhh]*x"kkk*t*hhh,hhh=0..4),kkk=0..4);
v:=sum(sum(V[kkk,hhh]*x"kkk*t*hhh,hhh=0..4),kkk=0..4);
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Some steps are

U(0,0)=0,
U(1,0)=1,
U(2,0)=0,
U(3,0)=0,

and

V(0,0)=0,
V(1,0)=1,
V(2,0)=0,
V(3,0)=0,

and these values are continuing.

U(0,1)=1,
U@,1)=0,
U(2,1)=0,
U(3,1)=0,

V(0,1)=—
V(1,1)=0,
V(2,1)=0,
V(3,1)=0,

demonstrations

1
Ulk,h)=<1
0
1
Vik,h)=<-1
0

As a result, we can give the series solutions of u(x,t) and v(x,t) as follows:

U(0,2)=0,
Uu@,2)=0,
U2,2)=0,
U(3,2)=0,

V(0,2)=0,
V(1,2)=0,
V(2,2)=0,
V(3,2)=0,

ifk=1andh=0
ifk=0andh=1
otherwise
ifk=1andh=0
ifk=0andh=1
otherwise

u(0,3)=0,
u(1,3)=0,
U(2,3)=0,
U(3,3)=0,

V(0,3)=0,
V(1,3)=0,
V(2,3)=0,
V(3,3)=0,

U k, h 0 U k, h
k=1 h=0 K: k=
U(1,0)x u(0,1)t
ux,t)=x+t
V(k,h Vik,h
V(X t) ZZ lilhl) k h Zz ( ) k h
k=1 h=0 o k!
V(1,0)x v(0,1)t
vix,t)=x—t

SARP U., EVIRGEN F., IKIKARDES S.

U(0,4)=0,
u@,4)=0,
U(2,4)=0,
U(3,4)=0

v(0,4)=0,
V(1,4)=0,
V(2,4)=0,
V(3,4)=

otherwise

otherwise

(3.14)

(3.15)

If we generalize these values, we get following

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

which are exactly the same as the solutions obtained by VIM [18,34] and ADM [20].
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Figure 3: Solution with (k,h =0,...,10). Figure 4: u(x,t)and v(x,t).
Example 3 Consider the following nonlinear system of PDE see [20]:

u,+2vu, —u=2,

3.22
v, —3uv, +v=3. (3:22)
with the initial conditions
u(x,0)=e", v(x,0)=e". (3.23)

Taking two-variables transformation of Eq. (3.22) and by using the related operations in
Table 2, we obtain the initial conditions Eq. (2.5).

(h+1)U(k,h+1)+ zii(k —r+1V(r,h—s)U(k —r +1,5)—U(k,h) = 25(k, h)
r:O S:O (324)
(h+1)V(k,h+1)=3> > (k—r+1)U(r,h—s)V(k—r+1,5)+V(k,h) =35(k, h)

r=0 s=0

and, transformed initial steps are as follows;

ZU(k,O)Xk——XO+F 1'|‘;X2 ; } _IX4+_|X5+

N | (3.25)
Svikow =txo-tei e Tp e 1

k=0 1! 2! 3! 41 5!

Hence from Eq. (3.25), we get
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1 1
U(OIO) :al V(OIO) =

!
1 1
U(lr O) = ;I V(ll 0) = __l

UR0)==, V(2,0== (3.26)
2! 2!
1 1
equations, which can be given by the following general form,
U(k,0) =% ifk=0,1,2,..
1
— ifk=0,2,4,.. (3.27)

V(k,0)= 1
ﬁ Ifk=1,3,5,...

Using the Egs. (3.22), (3.23), (3.24), (3.25), (3.26) and (3.27) we get the following
results with MAPLE.

Ex.3-MAPLE code

[> for kk1 from 0 to 30 do U[kk1,0]:=1/factorial(kk1) end do;

[> G1:=-1/factorial(kk2); G2:=1/factorial(kk2); for kk2 from O to 30 do
V[kk2,0]:=piecewise(type(kk2,0dd),G1,type(kk2,even),G2) end do;

[> Mu:=proc(m,n) local Mu; Mu[m,n]; Mu[m,n]:=piecewise(m=0 and n=0,1,0);
sprintf("%a:=%a",delta[m,n],Mu[m,n]) end proc;

[> for k from O to 100 do for h from 0 to 100 do
SOL:=parse(Mu(k,h)); delta[k,h]:=SOL; 'delta[k,h]" end do end do;

[> F1:=proc(k,h)options operator,arrow;(h+1)*U[k,h+1]+2*(sum(sum((k-r+1)*
V[r,h-s]*U[k-r+1,s],5=0..h),r=0..k))-U[k,h]=2*delta[k,h] end proc;

[> F2:=proc(k,h)options operator,arrow;(h+1)*V[k,h+1]-3*(sum(sum((k-r+1)*
U[r,h-s]*V[k-r+1,s],s=0..h),r=0..k))+V[k,h]=3*delta[k,h] end proc;

[> for k from 0 to 10 do for h from 0 to 0 do eql[k,h]:=F1(k,h); eq2[k,h]:=F2(k,h);
solve({eql[k,h]}); assign(solve({eql[k,h]}));
solve({eq2[k,h]}); assign(solve({eq2[k,h]})); end do end do;

[> for k from 0 to 9 do for h from 1 to 1 do eql[k,h]:=F1(k,h); eq2[k,h]:=F2(k,h);
solve({eql[k,h]}); assign(solve({eql[k,h]}));
solve({eq2[k,h]}); assign(solve({eq2[k,h]})); end do end do;

[> for k from 0 to 8 do for h from 2 to 2 do eql[k,h]:=F1(k,h); eq2[k,h]:=F2(k,h);
solve({eql[k,h]}); assign(solve({eql[k,h]}));
solve({eq2[k,h]}); assign(solve({eq2[k,h]})); end do end do;

[> for k from 0 to 7 do for h from 3 to 3 do eql[k,h]:=F1(k,h); eq2[k,h]:=F2(k,h);
solve({eql[k,h]}); assign(solve({eql[k,h]}));
solve({eq2[k,h]}); assign(solve({eq2[k,h]})); end do end do;

[> for k from O to 6 do for h from 4 to 4 do eql[k,h]:=F1(k,h); eq2[k,h]:=F2(k,h);
solve({eql[k,h]}); assign(solve({eql[k,h]}));
solve({eq2[k,h]}); assign(solve({eq2[k,h]})); end do end do;

[> u:=sum(sum(U[kkk,hhh]*x"kkk*t*hhh,hhh=0..4),kkk=0..4);
v:=sum(sum(V[kkk,hhh]*x~kkk*t"hhh, hhh=0..4),kkk=0..4);
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Some steps are

1 1 1 1
0'0I o!1! “ o2l O'3| 0!4!
1 1 1 1 1
U(llo):_l U(lll):_l U(l 2)__ U(l 3) . U(114):_r
10! 111! 112! 1131’ 114!
1 1 1 1 (3.28)
1 1 1 1 1
U(3I O) =T U(3I 1) =" U(3I 2) = U(3r 3) = U(3I 4) -
310! 311! 31217 31317 3141
and
1 1 1 1 1
(0 O) V(Oll):__l V(OIZ):_I V(OI3):__I V(OI4):_I
0'0I 0!1! 012! 0!3! 0!4!
V0= ——\ VL=, VI2)=———\ VL3, V(L4
1!0! 111! 1121 113! 1141
1 1 1 1 (3.29)
V(zlo):_l V(2 )___I V(2,2):—, V(213):__: V(2:4):_;
210! 2111 2121 213l 2141
1 1 1 1 1
V(3 0) V(311)=_r V(312)=__1 V(313)=_; V(3r4):__-
3'0' 311! 3121 313! 3141

and these values are continuing. If we generalize these values, we get following
demonstrations

1
U(k,h)=m k:O,l,Z, (330)
vikn =" ko012 (3.31)
7 - k!h! - 7 ] YARR] ]

As a result, we can give the series solutions of u(x,t) and v(x,t) as follows:

u(x,t) = szlhl (3.32)

k=0 h=0

1 1 1 1 1 1 1 1 1
U, t) =14+t + =2+ =+ x+ =X+ =+ xt +=xt? +=xt* + =Xt +=x +—xt +... (3.33)
2 6 2 6 2 6 2 4 12

u(x,t)=e*" (3.34)
o oo (_1)k+h o
v(x, ):ZZ Xt (3.35)
== klh!
v(x,t)=1—x—t‘+1x2 +xt +1t2 —lx3 —ltx2 —ltzx—lt3 +iX4 + 1tx += 1 X+ (3.36)
2 2 6 2 2 6 24 6 4
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vix,t)=e" (3.37)

which are exactly the same as the solutions obtained by VIM [18, 34] and ADM [20].
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Figure 5: Solution with (k,h=0,...,10). Figure 6: u

Example 4 Consider the following nonlinear system of PDE see [20]:

u,+vu, —3u=2,

3.38
V,—uv, +3v=2, (3.38)
with the initial conditions
u(x,0)=e*, v(x,0)=e>. (3.39)

Taking two-variables transformation of Eq. (3.38) and by using the related operations
on Table 2, we obtain the initial conditions Eq. (2.5).

(h+1)U(k,h+1)+ Zkzh:(k —r+1)V(r,h—s)U(k —r +1,5)—3U(k,h) = 25(k, h)
rZO s:O (340)
(h+1V(k,h+1)= > > (k—r+1)U(r,h—s)V(k—r +1,5)+3V(k,h) =25(k, h)

r=0 s=0

and, transformed initial steps are as follows;

© 0 1 2 3 4 5

D Uk, 0)x" =%x° +%x1 +%x2 +%x3 +%x4 +%x5 +..

k=0 ! ! | ! [ I (3.41)
© 0 21 22 3 24 5

DV Ox ==X’ - —x" + X - =X+ X - =X+

k=0 0! 1! 2! 3! 4! 51

Hience from Eq. (3.41), we get
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2° 2°
U(OIO) _al V(OIO) _a

2! 2!
U(llo) _EI V(]‘IO) - _E

2 2 3.42

uR,0)=2, v@E,0== (3.42)

2! 2!

23 23

U(3,0):;, V(3,0):—;

equations, which can be given by the following general form,

k

U(k,O):% if k=0,1,2,...

k
2 k=024, (3.43)
Vik,0)=

2"
- ifk=1,3,5,..

Using the Egs. (3.38), (3.39), (3.40), (3.41), (3.42) and (3.43) we get the following
results with MAPLE.

Ex.4-MAPLE code

[> for kk1 from O to 30 do U[kk1,0]:=2"kk1/factorial(kk1) end do;

[> G1:=-2"kk2/factorial(kk2); G2:=2"kk2/factorial(kk2); for kk2 from 0 to 30 do
V[kk2,0]:=piecewise(type(kk2,0dd),G1,type(kk2,even),G2)end do;

[> Mu:=proc(m,n) local Mu; Mu[m,n]; Mu[m,n]:=piecewise(m=0 and n=0,1,0);
sprintf(*%a:=%a",delta[m,n],Mu[m,n]) end proc;

[> for k from 0 to 100 do for h from 0 to 100 do
SOL:=parse(Mu(k;h)); delta[k,h]:=SOL,;'delta[k,h] end do end do;

[> F1:=proc(k,h) options operator, arrow; (h+1)*U[k,h+1]+sum(sum((k-r+1)*
V[r,h-s]*U[k-r+1,s], s=0..h),r=0..k)-3*U[k,h]=2*delta[k,h] end proc;

[> F2:=proc(k,h) options operator, arrow; (h+1)*V[k,h+1]-(sum(sum((k-r+1)*
U[r,h-s]*V[k-r+1,s], s=0..h),r=0..k))+3*V[k,h]=2*delta[k,h] end proc;

[> for k from 0 to 10 do for h from 0 to 0 do eql1[k,h]:=F1(k,h); eq2[k,h]:=F2(k;h);
solve({eql[k,h]}); assign(solve({eql[k,h]}));
solve({eq2[k,h]}); assign(solve({eqg2[k,h]})); end do end do;

[> for k from 0 to 9 do for h from 1 to 1 do eql[k,h]:=F1(k,h); eq2[k,h]:=F2(k,h);
solve({eql[k,h]}); assign(solve({eql[k,h]}));
solve({eg2[k,h]}); assign(solve({eq2[k,h]})); end do end do;

[> for k from 0 to 8 do for h from 2 to 2 do eql[k,h]:=F1(k,h); eq2[k,h]:=F2(k,h);
solve({eql[k,h]}); assign(solve({eql[k,h]}));
solve({eq2[k,h]}); assign(solve({eq2[k h]})); end do end do;

[> for k from O to 7 do for h from 3 to 3 do eql[k,h]:=F1(k,h); eq2[k,h]:=F2(k,h);
solve({eql[k,h]}); assign(solve({eql[k,h]}));
solve({eg2[k,h]}); assign(solve({eq2[k,h]})); end do end do;

[> for k from 0 to 6 do for h from 4 to 4 do eql[k,h]:=F1(k,h); eq2[k,h]:=F2(k,h);
solve({eql[k,h]}); assign(solve({eql[k,h]}));
solve({eg2[k,h]}); assign(solve({eq2[k,h]})); end do end do;

[> u:=sum(sum(U[kkk,hhh]*x"kkk*t*hhh,hhh=0..4),kkk=0..4);
v:=sum(sum(V[kkk,hhh]*x*kkk*t*hhh,hhh=0..4),kkk=0..4);
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Some steps are

2°3° 2°3' _2°3 _2°3 2°3°

U(0,0)= , U(0,1)= , Ul(0,2)= U(0,3)= U(0,4) = ,
0.00=For VON=4ry V02 03)="5 ©4=0a
140 2131 192 143 2134
U(@1,0)= Uu@l,1)= , U(,2)= u@,3 Uu@,4)= ,
(1,0) (1,1) o (1,2) (1,3) (1,4) m
22 0 22 1 292 293 22 4
uR,0=22, ven=22, up2- u2,3) uR,4) =22,
2101 T 21 131 2141
23 0 23 1 23 2 23 3 23 4
UE0=22, ue =22, ue2=-22, ue3=-2, U=
3101 31 3021 3131 3141
and
0~0 091 092 093 0~4
V0,0=22, vo,1)=-22, vio2=22, vio3=-22, v,a=22,
0!o! ol1! 012! 0!3! 0!4]
140 192 143 144
VLo =22 v, ve--22, ve-2E, vaa--23,
110! 1121 113! 1141
2230 2232 2233 234
3490 392 393 3494
VE,0)=-22 V(31)= V(3,2)=—23 , VBEI=2, vEa)=-23
310! 111’ 3121 313! 3141

(3.44)

(3.45)

and these values are continuing. If we generalize these values, we get following

demonstrations

2¢3"
U(k,h):klhl if k=0,1,2,...and h=0,1,2,...
k~h
V(k,h)=(—1)k+”£ if k=0,1,2,...and h=0,1,2,...

k!h!

As a result, we can give the series solutions of u(x,t),v(x,t) as follows:

9 4 9 2
u(x,t)=1+2x+3t +2x* +6xt +Et2 +§x3 +6x°t +9xt’ +Et3 +§x" +4xt+9x°t2 +9xt> +...

U(X, t) — eZX+3t
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v(x,t)=1-2x—3t +2x> +6xt Jrgt2 —§x3 —6x°t —9xt’ —%tg + Ex4 + Xt +9x°t +... (3.52)
v(x,t)=e > (3.53)
which are exactly the same as the solutions obtained by VIM [18] and ADM [20].

Example 5 Consider the following nonlinear system of PDE see [20]:

u-vw, =1

V,—w,u, =5 (3.54)

W, —u,v, =5

with the initial conditions

u(x,y,0)=x+2y, v(x,y,0)=x-2y, w(x,y,0)=—x+2y. (3.55)

Taking two-variables transformation of Eg. (3.54) and by using the related operations in
Table 3, we obtain the initial conditions Eq. (2.8).

h
s=0
i
s=0 p:
h

2

5=0 p:

and, transformed initial steps are as follows;

(m+1)U(k,h,m+1)— (k=r+1)(h—s+1V(k—r+1,s,p)\W(r,h—s+1,m—p)=75(k,h,m)

(3.56)
(m+1)V(k,h,m+1)—

M- 1M
M 10

(k=r+1)(h—s+1W(k—-r+1,s,p)U(r,h—s+1,m—p)=556(k,h,m)

I
o

r

I
o

M)v
M=

(m+1)W(k,h,m+1)— (k=r+1)(h—s+1)U(k—r+1,s,p)V(r,h—s+1,m—p)=55(k,h,m)

r=

o
Il
o
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U(k,h,0)x"y* =x+2y

V(k,h,0)x"y* =x—2y (3.57)

M 1M 1D
[ 1M+ 1D

W(k,h,0)x" y* =—x+2y

\
Il

o
Il

o

Hence from Eq. (3.57), we get

U(1,0,0)=1, V(1,0,00=1, W(1,0,0)=-1,

u(0,1,00=2, Vv(0,1,00=-2, W(0,1,0)=2, (3.58)
U(L,1,0)=0, V(1,1,00=0, W(1,1,0)=0,

equations, which can be given by the following general form,

1 ifk=1landh=0

Ulk,h,0)=<2 ifk=0andh=1

0 otherwise

1 ifk=1andh=0

V(k,h,0)=1-2 ifk=0andh=1 (3.59)
0 otherwise

-1 ifk=1landh=0

W(k,h,0)=4 2 ifk=0andh=1

0 otherwise

Using the Egs. (3.54), (3.55), (3.56), (3.57), (3.58) and (3.59) we get the following
results with MAPLE.

Ex.5-MAPLE code

[> UU:=proc(m,n,g) local UU; UU[m,n,g]:=piecewise(m=1 and n=0 and g=0,1,m=0 and
n=1 and g=0,2,g<>0,U[m,n,g],0); sprintf("%a:=%a",u[m,n,g],UU[m,n,g]) end proc;

[> for k from O to 10 do for h from 0 to 10 do for m from 0O to 10 do
SOL.:=parse(UU(k,h,m)); U[k,h,m]:=SOL; 'U[k,h,m]" end do end do end do;

[> VV:=proc(m,n,g) local VV; VV[m,n,g]:=piecewise(m=1 and n=0 and g=0,1,m=0 and
n=1 and g=0,-2,9<>0,V[m,n,g],0);sprintf("%a:=%a",v[m,n,g],VV[m,n,g]) end proc;

[> for k from O to 10 do for h from 0 to 10 do for m from 0 to 10 do
SOL:=parse(VV(k,h,m)); V[k,h,m]:=SOL;'V[k,h,m]" end do end do end do;

[> WW:=proc(m,n,g) local WW; WW[m,n,g]:=piecewise(m=1 and n=0 and g=0,-1,m=0 and
n=1and g=0,2,g<>0,W[m,n,q],0); sprintf("'%a:=%a",w[m,n,g], WW[m,n,g]) end proc;

[> for k from O to 10 do for h from 0 to 10 do for m from 0 to 10 do
SOL:=parse(WW (k,h,m)); W[k,h,m]:=SOL;'W[k,h,m]" end do end do end do;

[> Mu:=proc(m,n,g) local Mu; Mu[m,n,g]; Mu[m,n,g]:=piecewise(m=0 and n=0 and
g=0,1,0); sprintf("%a:=%a", delta[m, n, g], Mu[m, n, g]) end proc;

[> for k from 0 to 10 do for h from 0 to 10 do for m from 0 to 10 do
SOL:=parse(Mu(k,h,m)); delta[k,h,m]:=SOL; 'delta[k,h,m]" end do end do end do;

[> Fl:=proc(k,h,m) options operator, arrow; (m+1)*U[k,h,m+1]-
(sum(sum(sum((k-r+1)*(h-s+1)*V[k-r+1,s,p]*W[r,h-s+1,m-p],p=0..m),
s=0..h),r=0..k))=delta[k,h,m] end proc;

152



BAUN Fen Bil. Enst. Dergisi, 20(2), 135-156, (2018)

[> F2:=proc(k,h,m) options operator, arrow; (m+1)*V[k,h,m+1]-
(sum(sum(sum((k-r+1)*(h-s+1)*W[k-r+1,s,p]*U[r,h-s+1,m-p],p=0..m),
s=0..h),r=0..k))=5*delta[k,h,m] end proc;

[> F3:=proc(k,h,m) options operator, arrow; (m+1)*W[k,h,m+1]-
(sum(sum(sum((k-r+1)*(h-s+1)*U[k-r+1,s,p]*V[r,h-s+1,m-p],p=0..m),
§=0..h),r=0..k))=5*delta[k,h,m] end proc;

[> for k from 0 to 5 do for h from 0 to 5 do for m from 0 to 5 do
eqlk,h,m]:=F1(k,h,m); eq2[k,h,m]:=F2(k,h,m); eq3[k,h,m] :=F3(k,h,m);
solve({eql[k,h,m]}); assign(solve({eql[k,h,m]}));
solve({eqg2[k,h,m]}); assign(solve({eg2[k,h,m]}));
solve({eq3[k,h,m]}); assign(solve({eq3[k,h,m]})); end do end do end do;

[>

u:=sum(sum(sum(U[kkk,hhh,mmm]*x"kkk*y*hhh*t*mmm,mmm=0..3),hhh=0..3),kkk=0..3);

v:=sum(sum(sum(V[kkk,hhh,mmm]*x*kkk*y~hhh*t*mmm,mmm=0..3),hhh=0..3),kkk=0..3);

w:=sum(sum(sum(W[kkk,hhh,mmm]*x”kkk*y*hhh*t*mmm,mmm=0..3),hhh=0..3),kkk=0..3);
Some steps are

U(0,0,0)=0 V(0,0,0)=0 W(0,0,0)=0
U(0,0,1)=3 V(0,0,1)=3 W(0,0,1)=3
U(0,1,0)=2 V(0,1,00=—2 W(0,1,0)=2
U(0,1,1)=0 V(0,1,1)=0 W(0,1,1)=0
U(1,0,00=1 V(1,0,00=1 W(1,0,0)=-1
U(1,0,1)=0 V(1,0,1)=0  W(1,0,1)=0
U(1,1,00=0 V(1,1,00=0 W(1,1,0)=0
U(,1,1)=0 V(1,1,1)=0  W(1,1,1)=0

(3.60)

and these values are continuing. If we generalize these values, we get following
demonstrations

3 ifk=0,h=0andm=1
2 ifk=0h=1andm=0
Ulk,h,m)= f (3.61)
1 ifk=1,h=0andm=0
0 otherwise
3 ifk=0,h=0andm=1
-2 ifk=0,h=1landm=0
Vik,hm)={ = (3.62)
1 ifk=1,h=0andm=0
0 otherwise
3 ifk=0,h=0andm=1
2 ifk=0,h=1landm=0
W(k,h,m)= f (3.63)
-1 ifk=1,h=0andm=0
0 otherwise
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As a result, we can give the series solutions of u(x,y,t),v(x,y,t) and w(x,y,t) as

follows:

OOIkh Olokh 100kh
er =T3S " L i A i

U(0,0,1)t U(0,1,0)y U(1,0,0)x

u(x,y,t)=x+2y+3t

0 0 1 k,h, m 0 1 o0 k,h, m 1 0 O k,h, m
o R YRR T2

v(0,0,1)t v(0,1,0)y V(1,0,0)x

vix,y,t)=x—-2y+3t
ODIW(khm)khm Olow(khm)khm 100W(khm)kh
wix,y,t)= + + yt" + O
by =222 Y 22 e ¥ B2 a2
W(0,0,1)t W(0,1,0)y W(1,0,0)x

w(x,y,t)=x—-2y+3t

which are exactly the same as the solutions obtained by LDM [19] and VIM [20].

4. Conclusion

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

This study shows that the Differential Transformation Method can be applied to solve
some systems of ordinary and partial differential equations. The results in examples
show that the solutions obtained with DTM coincide with the solutions obtained with
other methods (VIM, LDM, ADM, etc.) in the literature. Besides this, the DTM method
can be easily adapted to many computer programs. Because it uses only simple
operations. For all these reasons, DTM can be used easily to solve some different type

of ODEs and PDEs.
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