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ABSTRACT

Mathematical thinking plays a central role in mathematics education. Equipping students with mathematical
thinking skills is essential to move beyond rote memorization and foster critical inquiry, interpretation, and
reflective thinking, thereby recognizing mathematics as a product of thought. In this context, this study aimed to
map the articles on mathematical thinking published between 1990-2021 in the Web of Science database using
the bibliometric analysis method and to investigate the research trends. As a result of the search made with the
phrase "mathematical thinking" in the Web of Science (WoS) database, 668 articles published in English between
January 1990 and December 2021 in the field of mathematics education were included in this research. This
research revealed a consistent increase in the number of studies on mathematical thinking over the years
examined. The most frequently used keywords in the studies examined were mathematics, noticing, mathematics
education, student mathematical thinking, problem solving, advanced mathematical thinking, teacher education,
teacher knowledge, reasoning, evaluation, teacher candidate education, technology, mathematics teaching, fractions,
task design, cognitive demand, and reflection. Country-based analysis revealed that the United States, Australia,
and Turkey produced the highest number of articles. The bibliometric analysis of the articles on mathematical
thinking revealed a four-cluster structure formed according to the relationships of the keywords reflecting the
articles. These sets are: recognition, development, advanced mathematical thinking and technology. It is thought
that this study on the dynamics of mathematical thinking will help researchers, teachers, and students have an
idea about the areas that need research and make plans accordingly.

KEYWORDS

Bibliometric analysis, mathematical thinking, mathematics education.

Matematiksel diigsiinme iizerine yapilan ¢aligmalarin sistematik olarak
incelenmesi

OZET

Matematiksel diistinme, matematik egitiminde 6nemli bir yere sahiptir. Ogrencilerin sadece formiil ezberleyen
bireyler olmayip, sorgulayan, yorumlayan, dusinen bireyler olarak yetistirilebilmesi, matematigin bir disunce
drdnd oldugunun anlasilabilmesi igin ogrencilere matematiksel distinme becerisi kazandirmak ©6nem
tasimaktadir. Bu kapsamda galismanin amaci Web of Science (WoS) veri tabaninda 1990-2021 yillari arasinda
matematiksel distinme Uzerine yayinlanan makalelerin bibliyometrik analiz yontemi kullanilarak haritalandiriimasi
ve arastirma egilimlerinin izlenmesi olarak belirlenmistir. Web of Science veri tabaninda “mathematical thinking”
ifadesi ile yapilan tarama sonucunda; matematik egitimi alaninda Ocak 1990-Aralik 2021 tarihleri arasinda
Ingilizce dilinde yayinlanan 668 adet makale aragtirmaya dahil edilmistir. Aragtirmanin sonucunda belirlenen yillar
arasinda matematiksel disinme Uzerine yapilan galisma sayisinin duizenli olarak artis gosterdigi belirlenmistir.
Ayrica incelenen galismalarda en sik kullanilan anahtar kelimelerin matematik, fark etme, matematik egitimi,
dgrenci matematiksel disinmesi, problem ¢ozme, ileri matematiksel disinme, ogretmen egitimi, 6gretmen
bilgisi, akil yiritme, degerlendirme, aday 6gretmen egitimi, teknoloji, matematik ogretimi, kesirler, gorev tasarimi,
biligsel talep ve yansitma oldugu gériilmistir. Ulkelere gore inceleme yapildiginda ABD, Avustralya ve Tirkiye'nin
en fazla makale Ureten Ulkeler oldugu fark edilmistir. Matematiksel diistinme ile ilgili makalelerin bibliyometrik

T This article is derived from the first author's master's thesis and was presented as an oral presentation at ISRIS-II.
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analizi makaleleri yansitan anahtar kelimelerin birbirleriyle iligkilerine gore olusan dort kiimeli bir yapiy! ortaya
cikarmistir. Bu kiimeler; fark etme, gelistirme, ileri matematiksel distinme ve teknoloji olarak isimlendirilmistir.
Matematiksel distinmenin dinamiklerine yonelik olarak yapilan bu galismanin arastirmacilarin, dgretmenlerin,
ogrencilerin arastirmaya ihtiyag duyulan alanlar hakkinda fikir sahibi olmalarina ve bu dogrultuda planlamalar
yapmalarina yardimci olacagi dustndlmektedir.

ANAHTAR KELIMELER

Bibliyometrik analiz, matematiksel diisinme, matematik egitimi.

Introduction

Individuals utilize diverse cognitive structures to address everyday problems. Mathematics is a
domain in which such cognitive processes and logical relationships are utilized effectively
(Duran, 2005). Mathematics, as a discipline, fosters essential cognitive habits—reasoning,
recognizing patterns, making predictions, and problem solving—that are transferable to real-life
contexts (Umay, 2003).

The National Council of Teachers of Mathematics (2000) emphasized that in an increasingly
dynamic and evolving world, the need for individuals to interpret and apply mathematics in
everyday life is growing steadily, and that mathematical thinking and problem-solving skills are
becoming more essential across various domains. The mathematics curriculum aims to
support students in developing mathematical thinking skills, interpreting mathematical
concepts, fostering positive attitudes toward mathematics, solving real-life problems, and
making interdisciplinary connections. Furthermore, the program highlights the importance of
understanding mathematical concepts and the relationships between them, with the
overarching goal of cultivating individuals who possess strong mathematical reasoning and are
effective problem-solvers (Ministry of Education [MoNE], 2018).

Mathematics is an intellectual activity that has developed out of humanity’s curiosity to “know
and understand the truth” (Altun, 2018). Despite the many definitions of mathematics put
forward by researchers over time, the fundamental question of what mathematics truly is
remains unanswered. For some, it is a type of intellectual game governed by specific rules; for
others, it is a computational technique applied in science and daily life. Some define it as a
branch of science that deals with abstract entities, such as numbers. However, from the
perspective of mathematicians, mathematics is regarded as a unique mode of thinking that
leads us to certain knowledge and truth (Yildirm, 1988).

Baykul (2009) proposed four perspectives on the nature of mathematics, shaped by individuals’
purposes for engaging with mathematics, their experiences within the field, and their attitudes
and interests toward it:

1. Mathematics is the measurement, counting, calculation, and drawing used to solve
problems encountered in daily life.

2. Mathematics is a language whose alphabet consists of symbols.

3. Mathematics is a logical system that contributes to human rational thinking.

4. Mathematics is an auxiliary tool we rely on to understand and contribute to the
development of the world we live in.

Despite extensive discussions and attempts to define it, mathematics remains a subject often
approached with prejudice in schools due to its abstract nature and is commonly perceived as
difficult and tedious (Sengul et al., 2014). Dreyfus (1991) observed that some students merely
memorize formulas in mathematics classes, failing to engage with the underlying principles that
define mathematical thinking. Cultivating students as critical thinkers, beyond mere
memorization, is essential for helping them recognize mathematics as a product of thought and
to develop their mathematical thinking skills. Mathematics is a discipline that contributes to the
formation of mathematical thinking in individuals (Samo & Kartasasmita, 2017). Mathematical
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thinking is not limited to knowing how to reach a solution for a specific type of problem; it is a
mode of thinking that also aids in generating solutions to new and complex problems
encountered in daily life (Fisher et al., 2012).

Like mathematics itself, there is no consensus among researchers on a single definition of
mathematical thinking. According to Alkan and Bukova-Glzel (2005), mathematical thinking is
a type of thought that proves beneficial due to its usefulness and productivity in addressing
needs and solving problems. Liu Po-Hung (2003) defined mathematical thinking as a set of
complex processes including prediction, induction, deduction, description, generalization,
exemplification, formal and informal reasoning, verification, and similar cognitive activities. In
this context, it can be stated that mathematical thinking begins with an individual's effort to
perceive objects in their environment and to make meaningful connections between them (Tall,
1995). Considering these definitions, it is understood that to concretize mathematical thinking,
which is understood to be abstract, researchers have tried to examine its characteristics,
components and the issues that distinguish mathematical thinking from other thinking (Arslan
& Yildiz, 2010). In this context, Alkan and Bukova-Gtizel (2005) point out that the most prominent
feature that distinguishes mathematical thinking from other forms of thinking is the ability to
reach a new concept or knowledge through abstraction, estimation, generalization, reasoning,
hypothesizing, testing hypotheses, description and proving by using previously learned
mathematical concepts and knowledge (Figure 1).

Estimation Exemplification Generalization Reasoning

C 11 )

MATHEMATICAL
Perceptions THINKING ) Product
Abstraction Forming Testing  Proving
Hypotheses  Hypotheses EIEIN

Figure 1 The operational structure of mathematical thinking (Alkan & Bukova-Glizel, 2005)

Examining studies on mathematical thinking, which enrich cognitive development and are
applied both in daily life and mathematics education, is essential to identify key areas of focus,
associated concepts, and their interrelationships. Accordingly, this study aims to map the
publications on mathematical thinking between 1990 and 2021 in the Web of Science (WoS)
database using bibliometric analysis and to track research trends. In line with this purpose, the
following research questions were addressed:

e How are studies on mathematical thinking distributed across publication years and
countries?

e Which keywords are most frequently used in studies on mathematical thinking, and
how do they evolve over time?

e What is the country-wise distribution of citation counts in studies on mathematical
thinking?

e What structure emerges from the co-word analysis conducted on studies on
mathematical thinking?

Method

This study employed bibliometric analysis to map articles on mathematical thinking published
in the WoS database between 1990 and 2021. VOSviewer software (van Eck & Waltman, 2020)
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was used to analyze the articles, offering statistical insights into items, their interrelations, and
cluster formations. The results obtained indicated relevant terms, their occurrences, and their
clustering patterns. This study aims to associate theoretical knowledge with observable
elements and offer empirical evidence for representing structures associated with
mathematical thinking.

Research design

The research design was based on the framework developed by Gokce and Glner (2021), Gokge
and Giner (2022), and Giner and Gokge (2021). Accordingly, as shown in Figure 2, this study
consisted of four stages: exploration, visualization, identification, and verification.

EXPLORATION

Web of Science
database search

VISUALIZATION

Visualization with
VOSviewer

IDENTIFICATION

Identification of the
generated networks

VERIFICATION
Providing evidence

Figure 2 Research design

The first stage, the exploration phase, involved a search in the WoS database using the term
mathematical thinking. The visualization phase encompassed the results of clustering terms
related to mathematical thinking using the VOSviewer software. The identification phase
consisted of naming the networks that emerged because of clustering. In the verification phase,
evidence from the publications included in this study was provided to support the emerging
cognitive structure. In this study, to determine the overall trends of articles published on
mathematical thinking between 1990 and 2021, the results obtained through bibliometric
analysis were interpreted in conjunction with an in-depth examination of the selected
publications.

As a result of a search conducted in the WoS database using the term ‘mathematical thinking”
within the topic field (title, abstract, and keywords), 1,423 studies related to mathematical
thinking were identified. When the criteria outlined in Table 1 were applied, the number of articles
included in this study was reduced to 668, and the analysis continued with these selected
articles.

It was found that the earliest accessible article on mathematical thinking in the WoS database
was published in 1980. However, since the keywords of the five articles published between 1980
and 1990 could not be accessed, the starting year of the study was determined as 1990.

Table 1 Exploration details

Criteria

Database Web of Science

Search term “mathematical thinking”
Publication year January 1990 - December 2021
Document type Article

Language English

The data analysis began with descriptive analyses conducted through the WoS system.
Subsequently, bibliometric analyses were performed using the VOSviewer software. Data from
the articles obtained from the WoS database were transferred to the VOSviewer software, where
bibliometric analyses were conducted and mappings were generated. The analyses carried out
included co-word and citation analyses. Prior to the co-word analysis, necessary adjustments
and consolidations were applied to terms with the same or similar meanings. For instance, in
cases where the keywords student mathematical thinking, student thinking, and students’
mathematical thinking appeared, the dataset was standardized by assigning the label student
mathematical thinking. Keywords were presented in italics throughout the article. During the
visualization process in VOSviewer, network visualization, overlay visualization, and density
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visualization techniques were utilized. This section constitutes the visualization phase of the
study.

During the identification phase, the networks obtained in the previous visualization stage were
named by considering their general characteristics and trends. In this process, studies
containing the high-frequency keywords emerging in each cluster were first identified, and their
purpose statements and abstracts were examined. The analysis revealed that studies sharing
keywords within the same cluster also exhibited a common research trend. Based on the focal
areas of these studies, the clusters were accordingly named. In the verification phase, evidence
supporting these labels was provided through the examined articles, and both were interpreted
together.

Validity and reliability

Validity refers to the extent to which the intended measurement accurately reflects the concept
without being confounded by other variables, whereas reliability pertains to the degree to which
the measurement is free from errors (BUyukoztlrk et al., 2017). It can be stated that validity in a
study is ensured through the researchers’ effort to observe the work as objectively as possible.
In addition to the data obtained during the detailed examination of the subject matter or data,
certain methods, such as participant confirmation, peer review, or expert evaluation may be
necessary during the process of creating a conceptual map (Yildirnm & Simsek, 2008). Miles and
Huberman (1994) emphasize that internal validity, which concerns the accuracy of research
findings, requires that the findings be consistent and meaningful within themselves. They
highlight the need for clear procedures to confirm findings, identify transparency gaps, and
ensure that inferences and generalizations align with the collected data. In this context, to
ensure the internal validity of the study, detailed information was provided regarding the criteria
for selecting the articles examined, the total number of articles included, and the data collection
method. Evidence was presented during the validation phase to ensure the consistency of the
labeling process.

External validity, which is related to the generalizability of research findings, requires that the
results can be generalized to similar settings and situations (Guba & Lincoln, 1982; Sencan,
2005). Miles and Huberman (1994) state that to ensure external validity, the sample should be
described in detail so that comparisons with other samples can be made, the sample should be
diversified enough to allow generalization, necessary explanations should be provided to enable
testing of findings in other studies, and attention should be paid to ensuring that findings can
be easily tested in similar contexts. In this regard, the data, design, and the research process
have been clearly described to allow other researchers to review the study.

On the other hand, reliability refers to the replicability of research findings, which ensures the
external reliability of the study. For internal reliability, the analysis of the data obtained can be
confirmed by another researcher. Data analysis conducted based on a pre-established and
clearly defined conceptual framework also enhances internal reliability (Yildinm & Simsek,
2008). To ensure reliability in this study, expert opinions were sought after the networks formed
during the labeling phase were named. Additionally, the data analysis process was transparently
documented.

Results

The results obtained from this research are presented in accordance with the phases outlined
in the research design.

Exploration

Descriptive analyses of the articles retrieved through a search using the term “mathematical
thinking” in the WoS database are presented in this section. First, the change in the number of
articles accessed over the years was examined. Figure 3 displays the number of articles
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published between 1992 and 2021, presented in five-year intervals. Since no accessible
publications prior to 1992 were identified in the WoS database, the periods were defined starting
from 1992.

350

299
300
250

200 176

150 129

Number of publications

100

50 = 36
10

1992-1996 1997-2001 2002-2006 2007-2011 2012-2016 2017-2021

Publication year

Figure 3 The distribution of articles published on mathematical thinking by year

As shown in Figure 3, the number of studies on mathematical thinking accessible through the
WoS database have increased in each five-year period than the previous one. In the second and
third periods, the number of articles approximately doubled compared to the preceding period;
in the fourth period, it increased by about 3.5 times, and in the last two periods, it rose by
approximately 1.5 times compared to their respective previous periods. Although the rate of
increase varies, an overall upward trend in the number of studies throughout the examined
timeframe is evident.

Secondly, the highly occurring keywords in articles published on mathematical thinking were
identified and are presented in Table 2.

Table 2 Highly occurring keywords

Keyword Frequency  Keyword Frequency
Mathematics 48 reasoning 14
Noticing 41 assessment 13
mathematics education 39 preservice teacher education 13
student mathematical thinking 37 technology 12
problem solving 30 mathematics teaching 11
advanced mathematical thinking 26 fractions 10
teacher education 18 task design 9

teacher learning 16 cognitive demand 8

teacher knowledge 15 reflection 3

When examining the highly occurring keywords, it was found that the keyword appearing in the
highest number of articles was mathematical thinking. However, considering its limited
discriminative effect, this keyword was excluded from the table.

As seen in Table 2, the most frequently used keywords in articles written on mathematical
thinking include mathematics, noticing, mathematics education, and student mathematical
thinking. Additionally, keywords, such as problem solving, advanced mathematical thinking,
teacher education, teacher learning, teacher knowledge, reasoning, assessment, preservice
teacher education, technology, mathematics teaching, fractions, task design, cognitive demand,
and reflection are also among the commonly used keywords.
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Although the most frequently used keywords in articles on mathematical thinking have been
mentioned above, the emergence dates of these keywords over time are also believed to provide
more detailed information about the trends in studies on mathematical thinking. Therefore, the
top 10 keywords that appeared in each five-year period are presented through a timeline.

Figure 4 illustrates the change over time in the keywords used in articles on mathematical
thinking. It is observed that some keywords, such as mathematics education, problem solving,
assessment, and teacher education, appeared in all periods, even if they were not always among
the top ten.

-problem solving -professional
-classroom interaction -development
-mathematics learning -mathematics
-teaching practice -advanced
-advanced -mathematical thinking
-mathematical thinking -mathematics education
-cogntive development -teacher education
-algebraic functions -reasoning -problem solving
-discipline -attitude -reasoning
-formation -bloom’s (1936) -formative assessment
_knots -taxonomy -noticing
-modernity -mathematical -early childhood
-rationality -communication -education
1902 2002 ‘ 2mz ‘ 2022
[ ) L] - L ] L] L ] L ]
1887 ‘ 2007 ‘ 2017 ‘
-advanced -advanced -noticing
-mathematical thinking -mathematical thinking -mathematics education
-pedagogical -mathematics education -fractions
-knowledge -preservice teacher -professional
-calculus/analysis -education development
-college mathematics -teacher knowledge -teacher education
-preservice teacher -professional -student mathematical
-education -development thinking
-problem solving -problem solving -cognitive demand
-beliefs -assessment -computational
-collaborative learning -proof thinking
-modeling -representation -assessment
-reform in mathematics -task design -technology
-education

Figure 4 Timeline of frequently used keywords

For the period between 1992 and 1997, keyword data could be accessed from only one study.
During the 1997-2001 period, the top-ranking keywords included advanced mathematical
thinking, college mathematics, and preservice teacher education. This suggests that the studies
in this timeframe were more focused on older student groups. In addition, problem solving,
beliefs, collaborative learning, modeling, and reform in mathematics education are among the
notable keywords. During the 2002-2006 period, prominent keywords included classroom
interaction, teaching practice, cognitive development, reasoning, attitude, mathematical
communication, and Bloom’s (1956) taxonomy. The data suggest that, during this period, studies
focusing on classroom interaction and the use of mathematical language came to the forefront.
During the 2007-2011 period, unlike previous periods, keywords, such as teacher knowledge,
professional development, assessment, proof, representation, and task design appeared among
the top 10 most frequently used keywords. In the 2012-2016 period, keywords like formative
assessment, noticing, and early childhood education were observed among the most frequently
used for the first time. In the five-year period between 2017 and 2021, the keyword noticing,
which had already emerged in the previous period, became the most frequently used keyword,
drawing particular attention. Additionally, cognitive demand, computational thinking, and
technology appeared among the top 10 keywords for the first time.
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Subsequently, the top 10 countries were identified based on the number of articles on
mathematical thinking retrieved from the WoS database. The findings are presented in Table 3.

Table 3 Top 10 Countries and citation counts in articles on mathematical thinking

Rank Country Frequency E‘E;Tizir;f Average Citations per Publication
1 USA 315 8623 27.37
2 Australia 42 375 8.92
3 Turkey 39 134 3.43
4 United Kingdom 34 430 12.64
5 Germany 26 175 6.73
6 Canada 23 165 717
7 Israel 23 303 13.17
8 New Zealand 22 228 10.36
9 Netherlands 18 204 11.33
10 China 18 90 5

In the ranking based on the number of publications on mathematical thinking, the United States
ranks first with 315 articles. Australia and Turkey follow in second and third place, respectively.
China ranks tenth with 18 publications. However, when examining the average number of
citations per publication, the ranking shifts. While the United States maintains its lead, Israel and
the United Kingdom follow the second and third places, respectively. Although Turkey ranks third
in total citation count, it ranks tenth in average citations per publication.

Visualization

In the visualization phase, the aim is to reveal the network of relationships among the keywords
used in articles on mathematical thinking through the VOSviewer software. For this purpose, an
overlay visualization was first generated for the studies published between 2002 and 2021.
Studies published before 2002 were excluded from the visualization due to their low number.

Figure 5 presents a visualization of the keywords used in studies on mathematical thinking
between 2002 and 2021, with colors indicating the year of emergence. Keywords appearing
around 2002 are represented in dark blue, transitioning to green and then yellow as they
approach 20217. Upon examining the map, it is observed that keywords closest to the dark blue
color include pedagogical knowledge, constructivism, proof, college mathematics, preservice
teacher education, advanced mathematical thinking, and discourse.
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Figure 5 Overlay visualization of keywords related to mathematical thinking
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These keywords appear to have been used more intensively around 2005. Keywords, such as
creativity, technology, problem solving, communication, professional development, early childhood
education, video, abstraction, and reasoning, are represented in green. It can be said that these
keywords were more frequently encountered around the years 2010-2015. Keywords closest to
yellow include computational thinking, programming, noticing, lesson study, cognitive demand,
fractions, pre-service teachers, and elementary mathematics. Since these keywords have usage
both before and after 2020, the terms represented in yellow are considered to reflect more
recent research topics. Figure 6 presents a density visualization that examines heat maps based
on the frequency intensity of the items.

Figure 6 Density visualization of keywords related to mathematical thinking

In the density visualization, the most frequently used keywords are shown in colors closer to
yellow. Accordingly, upon examining the map, the most used keywords are observed to be
mathematics, mathematics education, problem solving, advanced mathematical thinking, noticing,
student mathematical thinking, and professional development. Thirdly, the network visualization
was used to observe the connections and relationship networks among the keywords (Figure
7).
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Figure 7 Network visualization of keywords related to mathematical thinking

In the network visualization map, each circle represents a keyword. Keywords that are used
more frequently are depicted with larger circles, while less frequently used keywords are
represented by smaller circles. The lines connecting the circles indicate the strength of the
relationship between two keywords. A thicker line represents a stronger connection between
two keywords, whereas a thinner line signifies a weaker connection. Additionally, keywords
more closely related to each other are positioned closer together. Examining Figure 7 reveals
that the keywords are grouped into four clusters. These clusters, shown in yellow, red, blue, and
green, are formed based on the frequency of co-occurrence of the keywords. Like the
relationships between the circles, clusters that are more closely related to each other are located
nearer to one another.

Identification
At this stage, the clusters identified in the previous visualization phase were named, and
descriptive information for each cluster is presented in Table 4.

Table 4 |dentification of clusters

Color Cluster Name
noticing (41), student mathematical thinking (37), problem solving (30),
Red Noticing teacher education (18), teacher knowledge (15), preservice teacher
education (13), teaching practice (9), preservice teachers (8), equity (7),
mathematical modeling (6)
professional development (25), teacher learning (16), assessment (13),
green Development mathematics teaching (11), task design (9), video (8), curriculum (8),
cognitive demand (8), reflection (8), numeracy (7)
Advanced advanced mathematical thinking (26), reasoning (14), fractions (10),
blue mathematical proof (7), teaching (6), college mathematics (6), discourse (6), calculus
thinking (5), clinical interviews (5), cognitive development (5)
mathematics education (39), technology (12), algebra (7), computational
thinking (7), geometry (6), formative assessment (6), communication (6),
yellow Technology

programming (5), classroom discourse (5), abstraction (5), algebraic
thinking (5)




ODUSOBIAD 836

As shown in Table 4, the red cluster has been named “Noticing” because it includes studies
related to the recognition and identification of students’ mathematical thinking. The frequently
used keywords in this cluster are noticing, student mathematical thinking, problem solving,
teacher education, teacher knowledge, and preservice teacher education. The green cluster has
been named “Development” as it encompasses studies to enhance students’ mathematical
thinking. In this cluster, frequently used keywords include professional development,
assessment, mathematics teaching, and curriculum. The blue cluster has been named “Advanced
Mathematical Thinking” because it contains studies related to advanced mathematical thinking.
Frequently used keywords in the blue cluster are advanced mathematical thinking, reasoning,
fractions, discourse, clinical interviews, and cognitive development. The yellow cluster has been
named “Technology” as it includes studies aimed at designing instructional environments that
enhance mathematical thinking through the use of technological tools. Frequently used
keywords in this cluster include mathematics education, technology, computational thinking,
programming, and communication.

Verification

The verification stage refers to the process of seeking evidence, including the examination of
articles, to determine the consistency of the naming. Below is the review of the articles related
to each cluster:

Cluster 1: Noticing

Upon examining the first cluster, represented by red, the prominent keywords identified include:
noticing, student mathematical thinking, problem solving, teacher education, teacher knowledge,
preservice teacher education, and teaching practice. Since these keywords are interrelated in the
context of teachers and preservice teachers working with students at various educational levels
to notice and elicit students' mathematical thinking, the largest cluster has been labeled
“Noticing.”

For instance, studies that examine the extent to which preservice teachers can notice children's
mathematical thinking (Superfine et al., 2018; McDuffie et al, 2014; Coskun et al, 2021),
research investigating the effects of a curriculum module designed to enhance preservice
teachers' ability to notice students’ mathematical thinking (Krupa et al., 2017), and studies
focusing on the impact of an intervention aimed at professionally noticing students’ conceptual
development in integers and arithmetic reasoning on elementary preservice teachers'
professional noticing skills, attitudes toward mathematics, and mathematical knowledge for
teaching (Fisher et al., 2018) are included in this cluster. Similarly, studies involving preservice
teachers include research by Fernandez et al. (2013), which analyzed how elementary preservice
teachers notice students’ mathematical thinking and proposed an initial framework consisting
of four developmental levels, and Fernandez et al. (2012), which aimed to characterize the
development of preservice mathematics teachers’ professional noticing of students’
mathematical thinking in online contexts. Wager (2014) examined how teachers participating in
a professional development course responded to what they noticed about children’s
engagement in elementary mathematics classrooms and how their noticing was linked to their
stance toward equitable mathematics pedagogy. On the other hand, Huang and Li (2012)
compared how teachers with varying levels of professional experience noticed events in
mathematics classrooms. Nickerson et al. (2017) focused on the challenges of assessing
middle school mathematics teachers’ professional noticing of students’ mathematical thinking,
while Lee and Francis (2018) investigated the relationships among elementary teachers’
perceptions of using student thinking in instructional decision-making, their professional
noticing skills, and their actual use of student thinking during instruction.
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Cluster 2: Development

An examination of the second cluster, represented by green, reveals frequently occurring
keywords, such as professional development, teacher learning, assessment, mathematics
teaching, task design, video, curriculum, cognitive demand, reflection, and numeracy. Since this
cluster encompasses studies to enhance students’ mathematical thinking, it has been labeled
“Development.” For instance, studies included in this cluster comprise Leatham et al. (2015),
which aimed to enhance student thinking by conceptualizing mathematically significant
pedagogical opportunities; Fraivillig et al. (1999), which proposed a pedagogical framework to
support children’s conceptual understanding of mathematics and the development of their
mathematical thinking; and Hudson et al. (2015), which examined participants in a newly
developed master's course designed to promote the development of mathematical thinking in
elementary school, while also aiming to encourage university researchers to engage in
curriculum development research. On the other hand, Wager and Parks (2016) examined how
play in the early childhood period can serve as a context for assessing and fostering children’s
mathematical thinking. Van Oers (2010) conducted a study aimed at promoting mathematical
thinking by supporting young children in engaging with schematic representations and
notations within play contexts. Similarly, Fouze and Amit (2018) carried out a study that aimed
to develop mathematical thinking by integrating ethnomathematical folklore games -a learning
process in mathematics that is interesting, enjoyable, and effective -into mathematics
education. Efforts have been made to develop teachers’ expertise in understanding, assessing,
and fostering children’s mathematical thinking using task-based one-on-one assessment
interviews (Clarke et al., 2011). Akcay and Boston (2018) examined preservice teachers’ ability
to integrate technology into instructional practices in ways that support students’ mathematical
thinking and reasoning, employing the Instructional Quality Assessment. Additionally,
Schoenfeld (2017) explored how video can enhance both the understanding and promotion of
mathematical thinking and teaching.

Cluster 3: Advanced Mathematical Thinking

Upon examining the third cluster, represented by blue, the prominent keywords identified include
advanced mathematical thinking, reasoning, fractions, proof, teaching, college mathematics,
discourse, calculus, clinical interviews, and cognitive development. Based on these themes, the
cluster has been labeled “Advanced Mathematical Thinking.” For example, Yoon et al. (2011)
argued that gestures play a role beyond simply conveying thought and supporting
understanding; they demonstrated how gestures can help construct a virtual mathematical
structure. Engelbrecht (2010), on the other hand, proposed certain frameworks to facilitate the
transition from school mathematics -often perceived as traumatic by many students- to
advanced mathematics. Dickerson and Pitman (2016) conducted a qualitative study involving
ten undergraduate mathematics departments to examine students’ definition-writing abilities.
Inglis and Alcock (2012) presented a comparison of proof-validation behaviors between novice
undergraduate students and practicing research mathematicians. Meanwhile, Radu and Weber
(2011) explored improvements in undergraduate mathematics students’ reasoning about
completed infinite iterative processes, and Weber and Mejia-Ramos (2011) investigated the
goals that guided nine research mathematicians as they read published proofs, along with the
types of reasoning they employed to achieve these goals. Among the studies identified in this
cluster is Tsamir and Tirosh (1999), which demonstrated how research-based insights into high
school students’ conflicting solutions to various representations of the same problem can be
used to raise students’ awareness of inconsistencies in their reasoning. Also included are
Szydlik (2000), who investigated the mathematical beliefs of 27 university mathematics
students and the connections between those beliefs and their understanding of limits; Dickerson
and Doerr (2014), who examined high school mathematics teachers’ perspectives on the
purposes of mathematical proof in school mathematics; and Gavin et al. (2013), who explored
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the impact of challenging geometry and measurement units on the achievement of second-
grade elementary students. These studies contribute to the third cluster.

Cluster 4: Technology

An analysis of the fourth cluster, represented by yellow, reveals key recurring terms, such as
mathematics education, technology, algebra, computational thinking, geometry, formative
assessment, communication, and programming. Since this cluster includes studies focused on
designing instructional environments that aim to enhance mathematical thinking through
technological support, it has been labeled “Technology.” For example, Huscroft-D'Angelo et al.
(2014) examined the effects of an intervention designed to promote the communication of
mathematical thinking among students with learning difficulties through a digital writing
platform. Lee (2005) provided insights into how three preservice teachers interpreted and
developed their roles in supporting students' mathematical problem solving using a technology
tool. Similarly, Cui and Ng (2021) investigated the interaction between mathematical and
computational thinking in elementary students’ mathematical problem solving within a block-
based programming environment. Benton et al. (2018) implemented the ScratchMaths program
curriculum designed to foster mathematical and computational thinking skills through learning
to program. Rowlett (2015) conducted a study on promoting strategic and mathematical
thinking through the game Quarto, played in Maths Arcade, an extracurricular university club.
Meanwhile, Sherman et al. (2020) conducted a systematic analysis of how technology-based
tasks are integrated into secondary mathematics curricula based on an analysis of 20 textbook
samples. Studies included in this cluster also feature El-Demerdash et al. (2016) focused on
designing and evaluating digital resources to foster creative mathematical thinking in the
context of biomathematics, and Kaur (2020), who investigated the impact of using dynamic
geometry environments on young children's thinking about angles. Additionally, Henning et al.
(2012) examined the relationship between instructional design and classroom discourse as
implemented by a mathematics teacher, while Yilmaz and Argun (2018) conducted a case study
involving five secondary mathematics preservice teachers to explore the role of visualizations
in mathematical abstraction—a key process in mathematical thinking. These studies contribute
to the fourth cluster.

Discussion, conclusion and recommendations

This study conducted a bibliometric analysis of articles on mathematical thinking published
between 1990 and 2021 in the WoS database. Articles were categorized by publication year,
keywords, and country of origin. Bibliometric networks were developed to map the relationships
among keywords associated with mathematical thinking.

The findings of the study are presented in the stages of exploration, visualization, labeling, and
verification, respectively. Bibliometric analyses were conducted using VOSviewer software to
identify interrelated keywords by examining articles on mathematical thinking. A review of
studies on mathematical thinking in the WoS database since 1990 reveals that the number of
publications was relatively low in the first decade. Although there was no consistent growth rate
in the following years, the number of articles continued to increase in each subsequent five-year
period. An examination of the frequently used keywords revealed various terms associated with
mathematical thinking in the reviewed studies. Keywords, such as noticing (Coskun et al., 2021;
Fernandez et al., 2012; Fernandez et al., 2013; Fisher et al., 2018; Huang & Li, 2012; Krupa et al.,
2017; Lee & Francis, 2018; McDuffie et al., 2014; Nickerson et al., 2017; Superfine et al., 2019;
Wager, 2014), problem solving (Bloom, 2007, Hashemi et al., 2015; Hino, 2007), advanced
mathematical thinking (Inglis & Alcock, 2012; Dickerson & Doerr, 2014; Dickerson & Pitman, 2016;
Engelbrecht, 2010; Weber, 2011), teacher education (Jacobs et al.,, 2010; Sleep & Boerst, 2012;
Stockero et al,, 2017), reasoning (Bayazit & Osmanoglu, 2017; Tsamir & Tirosh, 1999; Woods et
al., 2006), assessment (Drijvers et al, 2019; Rowlett et al, 2019; Wager & Parks, 2016),
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technology (Hitt et al., 2016; Kaur, 2020; Nickels & Cullen, 2017), task design (Norton & Kastberg,
2012; Paterson & Sneddon, 2011), and cognitive demand (Akcay & Boston, 2018; Estrella et al.,
2020; Hallman-Thrasher, 2017) were among the most commonly co-occurring with
mathematical thinking.

The timeline analysis of keywords provides insights into the trends of studies conducted on
mathematical thinking. During the initial period from 1992 to 1996, keywords could be retrieved
from only one article. The available keywords from this period constitute the basis of the data
collected. Between 1997 and 2001, the studies focused on areas, such as advanced
mathematical thinking (Szydlik, 2000; Tsamir & Tirosh, 1999; Williams, 2001), pedagogical
knowledge (Fraivillig et al., 1999; Vacc & Bright, 1999), university-level mathematics, preservice
teacher education (Mewborn, 1999), and young children's perceptions of mathematics in problem-
solving contexts (Franke & Carey, 1997). In the early 2000s, the research began to concentrate
on themes, such as classroom interaction and teaching practices (Hufferd-Ackles et al., 2004,
Woods et al., 2006), cognitive development (Yuzawa et al., 2005), reasoning (Selden & Selden,
2003), attitudes (Oers, 2002), mathematical communication (Cooke & Buchholz, 2005), problem
solving, and mathematical discourse (Kieran, 2001). Between 2007 and 2011, advanced
mathematical thinking continued to be among the most frequently used keywords. Notably, the
studies on advanced mathematical thinking conducted during these years primarily focused on
university-level mathematics (Weber, 2009; Inglis & Simpson, 2009; Oehrtman, 2009). Unlike
earlier periods, keywords, such as teacher knowledge (Philipp et al., 2007; Wilson, 2011),
professional development (Ryken, 2009; Van Es & Sherin, 2008), assessment (Hino, 2007; Ryken,
2009; Young-Loveridge, 2011), proof (Koichu, 2010), representation (Ryken, 2009; Stewart &
Thomas, 2009), and task design (Paterson & Sneddon, 2011) also emerged among the top ten
most frequently used keywords. Between 2012 and 2016, keywords, such as formative
assessment (Ginsburg, 2016; Henning et al., 2012; Sleep & Boerst, 2012), noticing (Carter &
Amador, 2015; Roth McDuffie et al., 2014; Wager, 2014), and early childhood education
(Ginsburg, 2016) emerged for the first time among the most frequently used keywords. During
the 2017-2021 period, the number of studies related to noticing (Lee, 2019; Nickerson et al.,
2017; Superfine et al.,, 2017) increased significantly, and keywords such as cognitive demand
(Estrella et al., 2020; Hallman-Thrasher, 2017; Otten et al., 2017), computational thinking (Kallia
et al,, 2021; Pérez, 2018), and technology (Amador, 2017; Nickels & Cullen, 2017) appeared
among the top ten for the first time. These findings suggest that in the most recent period, there
was a greater integration of technology into education, with increased use of technological tools
compared to earlier periods. The consistent recurrence of keywords such as preservice teacher
education, teacher education, teaching practice, and professional development across all periods
underscores a sustained emphasis on enhancing teacher competencies and the quality of
teacher preparation programs in relation to mathematical thinking. Additionally, the timeline
analysis reveals that keyword problem solving appears in nearly every period. This suggests that
problem solving lies at the core of mathematical thinking and aligns with studies that argue
problem solving is a fundamental component of mathematical thinking, and that mathematical
thinking skills can be developed through problem-solving activities (Piggott, 2004; Tall, 2002,
Yildiz, 2016).

An analysis of the number of publications and the average number of citations per publication
in articles on mathematical thinking reveals a notable discrepancy between these two rankings.
While the top three countries in terms of publication frequency are the United States, Australia,
and Turkey, the ranking is based on average citations per publication lists, such as the United
States, Israel, and the United Kingdom. In this latter ranking, Australia ranks sixth and Turkey
tenth. This variation in average citation counts is believed to be influenced by the publication
language. Publications in languages more widely spoken globally, particularly in English -a
language commonly learned and used in academic contexts- tend to receive higher citation
rates.
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The overlay visualization indicates that keywords, such as pedagogical knowledge,
constructivism, proof, university mathematics, preservice teacher education, advanced
mathematical thinking, and discourse were more intensively used around 2005. Between 2010
and 2015, terms including creativity, technology, communication, problem solving, professional
development, early childhood education, video, abstraction, and reasoning were frequently
emphasized. In the period following 2015, keywords, such as computational thinking,
programming, awareness, lesson study, cognitive demand, fractions, and preservice teachers
gained prominence. These findings are consistent with the results of the timeline analysis.

The network visualization map illustrates that the keywords in studies on mathematical thinking
are grouped into four clusters based on the degree of their interrelationships. In forming these
clusters, keywords that are closely related and frequently co-occurring were placed in the same
cluster by the VOSviewer software. The first cluster includes studies related to students’ noticing
and elicitation of mathematical thinking; the second cluster encompasses research focused on
the development of mathematical thinking; the third cluster comprises studies on advanced
mathematical thinking; and the fourth cluster involves research on designing instructional
environments related to mathematical thinking using technological tools. On the other hand, it
should not be overlooked that none of the clusters are entirely independent from one another;
each cluster supports and contributes to others, collectively enriching the concept of
mathematical thinking. It is noteworthy that within the third cluster, views asserting that studies
on advanced mathematical thinking are both dependent on classroom and content level and
can emerge at every stage of mathematics education are represented together.

A key finding of this study is the limited identification of mathematical thinking components
through co-word analysis. Since the co-word analysis was based on keywords, it appears that
researchers rarely include these components explicitly as keyword terms. It is therefore
recommended that future researchers conduct co-word analyses using abstract terms to
explore the nature of emerging clusters. Examining the extent to which components of
mathematical thinking act as clustering determinants could yield fresh perspectives for further
research.

This study is limited to articles published in English between 1990 and 2021 and accessed
through the WoS database. Future research could extend the scope by broadening criteria, such
as publication year, language, database, and publication type, allowing the study to be replicated
with a wider dataset. Additionally, repeating this study in five-year intervals is expected to
contribute to the literature by enabling the monitoring and comparison of changes,
developments, and trends in research on mathematical thinking.

Although Turkey ranks third in the country-based publication ranking in articles on mathematical
thinking, it accounts for only 5.8% of the total publications. In this context, it is important to
contribute to the field with qualified and original studies. Additionally, considering the recent
increase in studies linking mathematical thinking with technology, greater emphasis can be
placed on designing instructional environments that enhance mathematical thinking through
technological support.
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