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ON A NEW CLASS OF s-TYPE OPERATORS

EMRAH EVREN KARA AND MERVE ILKHAN

ABSTRACT. In this paper, we introduce a new class of operators by using s-
numbers and the sequence space Z(u,v;£p) for 1 < p < co. We prove that
this class is a quasi-Banach operator ideal. Also, we give some properties of
the quasi-Banach operator ideal. Lastly, we establish some inclusion relations
among the operator ideals formed by different s-number sequences.

1. INTRODUCTION

By w, we denote the space of all real-valued sequences. Any vector subspace of
w is called a sequence space. We write ¢, for the sequence space of p-absolutely
convergent series.

Maddox [6] defined the linear space £(p) as follows:

o0

L(p) = xEoJ:Z\xn|p"<oo )

n=1

where (py,) is a bounded sequence of strictly positive real numbers.
Altay and Baar [1] introduced the sequence space £(u, v; p) which is the set of all
sequences whose generalized weighted mean transforms are in the space ¢(p), that

is,

0o n Pn
L(u,v;p) = :cew:z unkaxk <00y,
n=1 k=1
where u,,, v # 0 for all n, k € N.
If (pn) = (p), ¢(u,v;p) = Z(u,v;£,) which is defined by Malkowsky and Sava [§]

as follows:
p

o0 n
Z(u,v; L) = xew:z unkaxk <00y,
n=1 k=1

where 1 < p < o0.
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Cesaro sequence space was defined by Shiue [13] as

) 1 p
cesp:{xewzz<n2|xk.|> <oo}
n=1 k=1

for 1 < p < o0.
In [7], the weighted Cesaro sequence space ces(p, q) is defined as

o] n p
ces(p,q):{xewzz <$Z|quk|> <oo}7
n=1 " k=1

where ¢ = (gx) is a bounded sequence of positive real numbers, @, = >_;'_; qx and
1 <p<oo.

In the literature, various operator ideals were defined by using sequences of
different s-numbers of bounded linear operators. For example, Pietsch [9] defined
the class of £, type operators for 0 < p < co. A bounded linear operator T is in this
class if 37 (an(T))P < oo. By using the Cesaro sequence space, Constantin (3]
introduced the class of ces — p type operators which satisfy the following condition:

Zl (i kz_lak(T)> < 00

for 1 < p < oo. s-type ces(p,q) operators studied by Maji and Srivastava [7] as a
general case of ces — p type operators. A bounded linear operator T is of s-type

ces(p, q) operator if
5 (1
=\ @n f
for 1 <p < .

The main purpose of this paper is to introduce a more general class of s-type
operators by using the sequence space Z(u,v;¥,). We show that the class of s-type
Z(u,v;£,) operators is an operator ideal and a quasi-norm is defined on this class.
Moreover, we give some properties and inclusion relations related to the operator
ideals formed by different s-number sequences.

n

p
qksk(T)> < 00
1

2. PRELIMINARIES AND BACKGROUND

Firstly, we give basic notations used throughout this paper. By B, we denote
the class of all bounded linear operators between any two Banach spaces. B(X,Y)
is the space of all bounded linear operators from X to Y, where X and Y Banach
spaces. X’ is composed of continuous linear functionals on X, that is, X’ is the
dual of X. The map 2’ ® y : X — Y is defined by (2’ ® y)(z) = a'(z)y, where
' € X" and y € Y. By N and R*, we denote the set of all natural numbers and
all nonnegative real nubers, respectively.

Now, we give some definitions and results about s-number sequences and oper-
ator ideals.

Definition 2.1. [7] A finite rank operator is a bounded linear operator whose
dimension of the range space is finite.

Definition 2.2. [2] A map
s: T — (sp(T)),
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which assigns a non-negative scalar sequence to each operator, is called an s-number
sequence if for all Banach spaces X, Y, Z and W the following conditions are
satisfied:

(i) IT)| = s1(T) > s2(T) > ... >0 for all T € B(X,Y).

(ii) $Sptm—-1(T+5) < $p(T) + sm(S) for T, S € B(X,Y).

(iii) s, (RST) < || R||sn(S)||T|| for all R € B(Z, W), S € B(Y,Z), T € B(X,Y).

(iv) If rank(T) < n, then s,(T) =0 for all T € B(X,Y).

(v) sn(In) = 1, where I,, is the identity map of n-dimensional Hilbert space (%
to itself.

$n(T) is called the nth s-number of T

Let T € B(X,Y) and n € N. (a,(T)), (cn(T)), (dn(T)), (xn(T)), (yn(T)) and
(hn(T)) are the sequences of nth approximation number, nth Gel’fand number,
nth Kolmogorov number, Weyl number, Chang number and Hilbert number, re-
spectively. These sequences are some examples of s-number sequences of a bounded
linear operator. For the definition of these sequences, see [7, 2].

Definition 2.3. [4, p. 440] A subcollection M of B is said to be an operator ideal
if the following conditions are satisfied:

OF) 2@y X Y e M(X,Y) forz’ e X' andy €Y.

(OI-2) T+ S e M(X,Y) for T, S € M(X,Y).

(OI-3) RST € M(Xo,Yy) for S € M(X,Y), T € M(Xo,X) and R € M(Y,Y)).

Definition 2.4. [10] A function « : M — R* is said to be a quasi-norm on the
operator ideal M if the following conditions hold:

(QN-1) If 2’ € X’ and y € Y, then a(z’' @ y) = ||2'||||y]|-

(QN-2) If S, T € M(X,Y), then there exists a constant C' > 1 such that a(S+7T) <
Cla(S) + o(T)].

(QN-3) If S € M(X,Y), T € M(Xo,X) and R € M(Y,Yp), then a(RST) <
[1R]la(S)T]-

In particular if C' = 1 then a becomes a norm on the operator ideal M.

Let M be an ideal and a be a quasi-norm on the ideal M. [M,a] is said to be
a quasi-Banach operator ideal if each M(X,Y) is complete under the quasi-norm
a.

Lemma 2.1. [5] If Y is a Banach space, then B(X,Y') is a Banach space.
Lemma 2.2. [11] Let T,S € B(X,Y). Then |s,(T) — s,(S)| < ||T = S| for
n=12...

Definition 2.5. [12, p. 90] An s-number sequence s = (s,) is called injective if,
given any metric injection I € B(Y,Yy), s,(T) = s,(IT) for all T € B(X,Y).

A quasi-normed operator ideal [M, ] is called injective if T € M(X,Y) and
a(IT) =a(T) as IT € M(X,Yy), where T € B(X,Y) and I € B(Y,Yp) is a metric
injection.

Definition 2.6. [12, p. 95] An s-number sequence s = (s,,) is called surjective if,
given any metric surjection S € B(Xg, X), $,(T) = s,(TS) for all T € B(X,Y).

A quasi-normed operator ideal [M, a] is called surjective if T € M(X,Y) and
a(TS) = a(T) as TS € M(Xy,Y), where T € B(X,Y) and S € B(Xy,X) is a
metric surjection.
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Definition 2.7. [10, p. 152] Let T’ be the dual of T. An s-number sequence is
called symmetric if $(T') > s, (T") for all T € B. If s(T') = s, (T") then the s-number
sequence is said to be completely symmetric.

Definition 2.8. [10] For every operator ideal M, the dual operator ideal denoted
by M’ is defined as

M(X,Y)=TeBX,)Y): T e MY, X'),
where T” is the dual of T, X’ and Y’ are duals of X and Y, respectively.

Definition 2.9. [10, p. 68] An operator ideal M is called symmetric if M C M’.
If M = M’, the operator ideal M is called completely symmetric.

3. s-TYPE Z(u,v;{,) OPERATORS

Let w = (uy,) and v = (v,) be sequences of positive real numbers. An operator
T € B(X,Y) is in the class of s-type Z(u,v;£,) if

p
Z(unkask > <oo, 1<p<oo.

n=1

The class of all s-type Z(u, v;¢,) operators is denoted by g,f").
If u, = & and v, = g are taken for all n,k € N, then the class of s-type
Z(u,v;£,) operators reduces to the class of s-type ces(p, q) operators.

Theorem 3.1. Let v = (vg) be a sequence of positive numbers such that
(31) Vop_1 + vop < Muy forallk=1,2,...,

where M > 0. If Y77 (u,)P < oo, then the class gz(;") is an operator ideal for
1 <p<oo.

Proof. Let X and Y be any two Banach spaces and 1 < p < oo. For 2’ € X’ and
y € Y, the rank of the operator 2’ ® y is one which means s, (2’ ® y) = 0 for all
n > 2. We obtain

Z <un2vk5k (z ®y> Z (unvis1(2’ @ y))’
n=1 n=1

k=1
= (s @y)" > (u

n=1

Hence 2’ @ y € st) (X,Y).
Let T,5 € G5 (X,Y). Then

i (unzn:vksk(T)> < 0, i (univksk(5)> < 0.
k=1 n=1 k=1
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By using the inequality (3.1) with monotonicity and additivity of s-number se-
quence,

Z vpsk (T + 5) = Z vop—1526—1(T + S) + Z vorsok (T + S)
k=1 k=1 =1

< Z(U%A + vag)sok—1 (T + .5)
=1

< MZUkSQk—l(T +5)
k=1

<M (zn: vpsk(T) + znjvksk(S)> .
k=1 k=1

From Minkowsky inequality, we have
oo n p\ 1/p foe) n n p\ 1/p
<Z (un Z vesk (T + S)) ) <M <Z (un Z vESkE(T) + up, Z vksk(5)> )
n=1 k=1 =
0o n p\ 1/p fore) n p\ 1/p
<M (Z (unkask(T)> > + (Z (unkask(S)> )
k=1

n=1

Thus T + S € G5V (X, Y).
Let S € g,f)(X, Y), T e g,f)(XO,X) and R € g},S)(Y, Yy). Since s-number
sequence has ideal property, we obtain that

0o n p\ /P 0o n p\ 1/p
(Z (unkask(RST)> ) < [|R].|T]- (Z (unkask(S)> > < oo.
n=1 k=1 n=1 k=1

Hence RST € gps)(XO, Yo).
We have proved that the class gps) satisfied the conditions (OI-1) to (OI-3) and
S0 g,(,s) is an operator ideal. O

Proposition 3.1. The inclusion G C G&*) holds for 1 < p < q < .

Proof. Since £, C ¢, for 1 < p < g < oo, we have gz(f) C Qés). O

Now, let G5 be an operator ideal. Define the maps I'SY : G — R* and
668 5 R for 1 < p < oo by

00 n p\ /P (s)
(T = U, vpsg (T and TG)(T) = Iy (T) .
0 <Z< 2o )> ) P

Theorem 3.2. Let v = (vy) be a sequence of positive numbers satisfying inequality
(3.1). If 307 (un)? < oo, then the function F,(,S) is a quasi-norm on Q,()S).
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Proof. Let X and Y be two Banach spaces. Then 2’ ® y : X — Y is a rank one
operator, that is, s, (2’ ® y) = 0 for all n > 2. Hence, we have

o n p\ 1/p
I @y) = (Z <un kask(as' ®y)> )

n=1 k=1

oo 1/p
(Z(“n"’lsl(x/ ® y))p>
" - 1/p
= [=' @yl <j€:(vlun)p> :

n=1

Since SUP|z||=1 2" ®@yl = SUP|z||=1 =" (@)yll = llyll SUP|z||=1 2" ()| = [[2"[[lyll, we
have

I @) = 2’y
Since the following inequality holds

n=1 k=1 n=1

that is, T\(T + 5) < M [F(S )+ T5(S) } for T, 5 € G5 (X,Y), we have

P14 ) = LT +5)
(252 (orua)?)
(1) +15(9)|
M o0 1/p
(021 (v1ua)?)

:zw[fng)+fgksﬂ.

Let S € st) (X,Y), Te Q;,S)(XO,X) and R € gés)(Y, Yy). Then, we have

oo n p\ 1/p
I'(*)(RST) = (Z <unzvk8k(RST)> )

n=1 k=1

o] n p\ 1/p
< [IRI[IT] (Z ( s ( > )
n=1 k=1

= | RIITT(S).
Hence, we obtain
I (RST)
(S0 (vru)?)t”
IR TS (S)
T ()t

I'()(RST) =

= |RIITITL(S).

Consequently, IA}(,S)

. . S
is a quasi-norm on QI(, ). O

(i (univkwﬂ S>>p>l/p <M (Z <unzv,fs,€ )p)l/p N ( 3 <uzkk
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Theorem 3.3. Let 1 < p < 0. [g;) r S)} is a quasi-Banach operator ideal.

Proof. Let X and Y be any two Banach spaces and 1 < p < oo. The following
inequality holds

- (5 (o Sooner) )

n=1

o0 1/p 0
> (Z (unv181(T))p> = I (Z vtn) )

for T € QZ(,S)(X7 Y'). Hence, we have
(3.2) IT)) < TN(T).

1/p

Let (T,,,) be a Cauchy sequence in g;s)(X, Y). Then for every € > 0 there exists
ng € N such that

(3.3) LT, —Ti) < e
for Ym,l > ng. It follows that
| T =Tl < TP (T = Th) <

from the inequality (3.2). Then (7},) is a Cauchy sequence in B(X,Y"). According
to Lemma 2.1, B(X,Y) is a Banach space since Y is a Banach space. Therefore
| To = T ||— 0 as m — oo for T € B(X,Y). Now, we show that T\ (T}, — T) — 0
asm — oo for T € g,(f)(X, Y).

The operators T; — T,,, T — T,, are in the class B(X,Y) for T,,,,T;, T € B(X,Y).
From Lemma 2.2, we have

s (Ti = Tin) = $n(T = Tin)| < |Ti = T = (T' = T) |
=T - TH-
Since T; — T as | — oo, that is | T} — T'|| < e, we obtain
(3.4) sn(T1 — Thn) = s (T — Thyy) as | — o0.
It follows from (3.3) that the statement
L) (T — T1)
(X5 (vrun))) "
(St (o Sy v (T — 1))

= <é

(20 (vru)”)?

LT — 1) =

holds for Vm,l > ng. Then,

p\ 1/p o 1/p
(Z <un kask — Tl)> ) <e (Z (vlun)p>

for Vm, 1 > ng. We obtain from (3.4) that
1/p
(Ulun)p>

(& (- Fmnem ) ) |

L
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as | — oo for Ym > ny. Hence, we have fz(,s)(Tm —T) < e for Vm > ny.

Finally, we show that T € g,‘;") (X,Y). From the inequality (3.4) and conditions
(i), (ii) of Definition 2.2, we obtain

> vsi(T) = Z vak-1526-1(T) + Y varso(T)
k=1 k=1

<> (var—1 + vaw)s2k—1(T)
k=1

<M Z vgSap—1(T)

=M Z ’Uk-Sk_;,_k_l(T — T, + Tm)
k=1

<M [Z Uksk(T — Tm> + kask(T
k=1 k=1

By using Minkowsky inequality, since T}, € gps)(X ,Y') for all m and fés)(Tm -
T) — o0 as m — oo, we have

p\ 1/p 0o n P
(Z (unzvksk > ) <M lz ( nzvksk (T —Tn +unzvksk )
n=1 =1 k=1
[e%s) n 1/17 )
<M (Z (un vEsg(T — T, > ) + (Z <un
n=1 k=1 n=1
< 0
which means 7" € gff)(X, Y). O

Let [gz()a),féa)}7 [gI(JC)I(C} [g(d) 1—\ }7 [ I()r)’fx(f)}’ [ 1()@/)71?;]?4)} and [Q,()h),fz(,h)}
be the quasi-Banach operator ideals corresponding to the approximation numbers
a = (a,), Gel'fand numbers ¢ = (¢, ), Kolmogorov numbers d = (d,,), Weyl numbers
x = (), Chang numbers y = (y,,) and Hilbert numbers h = (h,,), respectively.
Theorem 3.4. If s-number sequence is injective, then the quasi-Banach operator
ideal [ ,()S), fz(f)} is injective for 1 < p < oo.

Proof. Let T € B(X,Y) and I € B(Y,Yp) be any metric injections. If IT €
G$¥ (X, Yy), then

i (un zn:vksk(IT)> < 0.

n=1 k=1
Since s = (s,,) is injective, we have s, (T) = s,(IT) for all T € B(X,Y). Thus, we

obtain
Z (unkask(T)> = Z (unkask(IT)> < 00,

n=1 k=1 n=1 k=1

that is, T' € st) (X,Y). Clearly, we have F( (IT) = F(S (7). d

1/p

>

k=

1

p\ 1/p
Uksk(Tm)> )
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Conclusion 3.1. The gquasi-Banach operator ideals [ }f),fg“)} and [g,(,””),f;‘”)}
are injective since the Gel’fand numbers and the Weyl numbers are injective (See
[12, p. 90-94] ).

Theorem 3.5. If s-number sequence is surjective, then the quasi-Banach operator

ideal [ 1(,5), f;s)] is surjective for 1 < p < oco.

Proof. Let T € B(X,Y) and S € B(Xy,X) be any metric surjections. If T'S €
G5 (Xo,Y), then

i (un ivksk(TS)> < 0.

k=1
Since s = (s,,) is surjective, we have s,(T) = s,(T'S) for all T € B(X,Y). Thus,
we obtain

k=1

Z <un vksk(T)> = Z (unkask(TS)> < 00,
n=1 k=1 n=1

that is, T € G}”(X,Y). Clearly, we have T (T'S) = T\ (T). O

Conclusion 3.2. The quasi-Banach operator ideals [g},d),f}f‘)} and [g,(,y)f,(}’)}

are surjective since the Kolmogorov numbers and the Chang numbers are surjective
(See [12, p. 95]).

Now, we give some inclusion relations among the operator ideals nga), gl(,“), g}fl),
(@) W)  nq g
» ., Gy and Gp .

Theorem 3.6. The following inclusion relations

i) 6" cg” cg” cgi,
(i) 6 c gy c gy c gl
hold for 1 < p < co.

Proof. Let T € g,ﬁ‘”. Then
%) n p
Z (un kaak(T)> < 0,
n=1 k=1

where 1 < p < oo. It follows from [12, p. 115] that b, (T) < 2,(T) < ¢ (T) < an(T)

12
and h,(T) < y,(T) < dp(T) < a,(T). Hence, we have

i (univkhk(T)> < i (univk;pk(T)>
n=1 k e

=1 nO:ol nl .
<> (unzkak(T)>
n=1 k=1
o] n p
< Z (unkaak(T)> < 00
n=1 k=1
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and
(e’ n p [e'e) n p
3 ( vkhkm) 25 ( zvkymw)
n=1 k=1 n=1 k=1
[e%s} n P
<3 (13w
n=1 k=1
o] n p
< Z <un kaak(T)> < 0.
n=1 k=1
Thus, the inclusions are clear. ([

Theorem 3.7. Let 1 < p < oo. The operator ideal Q,(,a) is symmetric and the
operator ideal g,ﬁh) 18 completely symmetric.

Proof. Let 1 < p < o0.
Firstly, we prove that the inclusion Q ( éa)) holds. Let T' € Q](,a) Then

3 (Z )

n=1

It follows from [10, p. 152] that a,(T") < a,(T) for T € B. Hence, we have

Z (un kaak(T’)> < Z (un Z vkak(T)> < 00,
n=1 k k=1

=1

!
that is, T € ( (a)) . Thus, G\ is symmetric.

!/
Now, we prove that the equation G, (h) — ( IE’”) holds. It follows from [12, p. 97]
that h,(T') = h,(T) for T € B. Hence, we have

Z (unZUkhk ) = i (unihkak(T)> .
n=1 n=1 k=1

Thus, g§h> is completely symmetric. O

/
Theorem 3.8. Let 1 < p < oo. The equation Q;(;C) = ( ,()d)) and the inclusion

!/ !/
g,(,d) - (gff)) hold. Also, the equation g,(,d) = (g;c)) holds for any compact
operators.
Proof. Let 1 < p < co. We have from [12, p. 95] that ¢,,(T) = d,,(T") and ¢, (T") <

dn(T) for T € B. Also, the equality ¢, (T") = d,(T) holds, where T is a compact
operator. Thus the proof is clear. ([

! i
Theorem 3.9. Let 1 < p < oco. The equations g},’”) = (g}f’)) and Ql(yy) = (g,(,“’))
hold.

Proof. Let 1 < p < co. We have from [12, p. 96] that x,,(T) = y,(T") and y,(T) =
2, (T") for T € B. Thus the proof is clear. O
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