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ABSTRACT 
 

A numerical study of  𝐹𝑒3𝑂4 − TiO2 − 𝑁𝑖/C2H6O2  modified nanofluid's flow through a stretched surface is presented in 

the current work with an applied angled magnetic field. In the subsequent form of hybrid nanofluid, known as modified 

nanofluid, three distinct suspended nanoparticles in a base fluid are taken into consideration. Iron Oxide, Nical, and Titanium 

Dioxide nanoparticles are suspended in ethanol glycol, which is used as a base liquid. One way to improve heat transfer rates 

in MHD flow over a stretched surface with variable viscosity is to utilize modified nanofluids. This is useful in a number of 

sectors, including energy systems, thermal management in aircraft, and cooling electronic systems.  By applying the proper 

similarity transformations, the Runga-Kutta fourth order technique encounters the mathematical framework of the flow. One 

important finding is that, in contrast to nanofluids and hybrid nanofluids, the modified nanofluid has a larger capacity for heat 

transmission. The modified nanofluid's heat transfer capabilities exhibit intriguing behavior that calls for more research on it. 

There are numerical solutions that are displayed graphically. Increases in the volume fraction parameter and the inclination angle 

parameter of the magnetic field have been found to cause a drop in the velocity field of the modified nanofluid. 
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1. Introduction 

Non-Newtonian fluids have been applied in several industrial pro-

cesses in recent years. Numerous sectors, including the pharmaceu-

tical, chemical, biological, and petroleum industries, are benefiting 

from the unique qualities of non-Newtonian fluids. Non-Newtonian 

fluids have a wide range of uses, which has led to a fast growth in 

their study. In many industrial applications, regular fluids like water, 

ethylene-glycol, propylene-glycol, and engine-oil are used for heat 

transmission. Enhancing these liquids' ability to transport heat can 

lower the cost of goods, power, processing time, and size, and in-

crease device operating time. The fact that traditional heat exchang-

ers require low temperatures to operate is one issue with heat ex-

change systems. The thermal conductivity of this liquid may be op-

timized with the distribution of solid particles. Thermal conductivity 

of heterogeneous two-components system was investigated by R. 

Hamilton [1]. The thermal conductivities of a variety of heterogene-

ous two-component systems were studied by researchers in 

1962.The empirical shape factor, which is dependent on the thermal 

conductivities of the phases and the included particle's shape, can be 

determined with accuracy using an equation. A review on nanofluid 

was written by W. Yu and H. Xie [2]. Preparations and stability fac-

tors were discussed by the authors in their review. They also discuss 

the opportunity for future of nanofluid. Nanofluids square measure 

dispersion of nano-materials (such as nano-fibers, nano-tubes, nano-

particles nano-rods, nano-wires, nano-sheets, or droplets) in funda-

mental fluids. Due in large part to the early observations of aberrant 

thermal physical phenomena (k) advancement of nanofluids with 

any low fraction of nanoparticles, nanofluids have garnered consid-

erable interest over the past ten years. With numerous reports of un-

usual improvements in thermal physical phenomena and numerous 
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other reports of increases in thermal physical phenomena at intervals 

with the traditional Maxwell intermixture model, this field has gen-

erated a lot of debate. Both experimentally and theoretically, the ef-

fects of mobility, surface resistance, shape of suspended nanoparti-

cles, and aggregating behavior are examined. Many researchers are 

also looking into the heat energy capabilities of nanofluids since this 

may be necessary to understand in order for them to be used effec-

tively in heat transfer applications. The focus has now changed from 

the original study of the thermophysical characteristics of nanofluids 

to the commercialization of new nanofluids with extremely high 

thermal conductivities [3,4].   

Afterwards, the researchers created hybrid nanofluids through the 

mixing of two different nanoparticles with a basic liquid. Better 

heat/mass transfer outcomes can be achieved by carefully blending 

or combining nanoparticle-sized particles suspended in the basic 

fluid. This is because hybrid nanofluids allow for the management 

of the benefits and drawbacks of nanoparticles. The radiative MHD 

transfer of heat of hybrid nanofluids along Joule heating impact was 

investigated by Chamkha et al. [5]. The impacts of angled MHD of 

hybrid nanofluid's flowing across a slippery surface were examined 

by Acharya et al. [6]. Heat transmission for hybrid nanofluids across 

a permeable shrinking/stretching surface was demonstrated by 

Waini et al. [7]. A comparison of heat transfer analyses between 

MoS2/C2H6O2  nanofluid and MoS2 − SiO2/C2H6O2  hybrid 

nanofluid with natural convection and an angled MHD was given by 

Dadheech et al. [8]. The researchers come to the conclusion that, in 

contrast to nanofluids, hybrid nanofluids are more efficient in trans-

ferring heat because they can harness the unique features of nano-

particles to improve thermal conductivity.  

To maximize the heat transmission capacity, researchers have 

started combining three diverse varieties of nanoparticles to suspend 

them in a base fluid known as "modified nanofluid" in response to 

these theories. When it comes to heat transmission, modified 

nanofluids outperform hybrid and nanofluid scenarios, according to 

research by Nadeem et al.[9] on the phenomena of heat transmission 

on modified nanofluid in porous media with MHD. Additionally, 

Nadeem et al. [10] reported that temperature-dependent viscosity of 

modified nanofluids flows via a stretched Rega plate. 

Nonetheless, unitary nanofluids can be used in a variety of situa-

tions to boost heat transmission capacity or to cool down nano-

materials. To promote heat transfer, a mixer of several nanoparticles 

dissolved in a basic liquid, however, may be more successful. The 

goal of this work is to determine how modified nanofluids, 

 𝐹𝑒3𝑂4 − TiO2 − 𝑁𝑖/C2H6O2 , move across an exponentially 

stretched surface under the influence of an angled MHD. To the best 

of the authors' knowledge, no research has been done using the pa-

rameters reported in this work on the combination of nanoparticles 

with ethanol glycol base fluid. This type of flow is used in the pro-

duction of glass fiber, biomedicine, hot rolling, food processing, sys-

tems, electronics for cooling nuclear reactors, and heat transportation.  

The presenting of trustworthy conclusions results in a superb con-

currence. 

 

2. Mathematical Modeling  

A two-dimensional, viscous, incompressible boundary layer 

of modified nanofluid, 𝐹𝑒3𝑂4 − TiO2 − 𝑁𝑖/C2H6O2 , passes 

across a surface that is exponentially stretching. A homogeneous 

magnetic field is applied with an inclination angle of α. Three na-

noparticles of Iron Oxide, Nical, and Titanium Dioxide are sus-

pended in ethanol glycol, which serves as the base fluid.  

 

Figure 1. Physical representation of, 𝐹𝑒3𝑂4 − TiO2 − 𝑁𝑖/C2H6O2  

nanofluid flow. 

Laminar flow of base fluid and nanoparticles are presumed to 

be thermally stable. The wall and ambient temperatures are 𝑇𝑤 

and 𝑇∞, accordingly. According the physical model Figure 1, the 

horizontal axis is set across the surface and the vertical axis is re-

garded of as normal to it because it is assumed that fluids flow 

with y ≥ 0. Considering the previously described hypotheses and 

case, the convective flow and heat transfer mathematical model 

for nanoliquid may be described as follows: [8]: 

∂𝑢

∂𝑥
+

∂𝑣

∂𝑦
= 0. 

     

(1) 

𝑢
∂𝑢

∂𝑥
+ 𝑣

∂𝑣

∂𝑦
=

𝜇𝑚𝑛𝑓

𝜌𝑚𝑛𝑓

∂2𝑢

∂𝑦2 −
𝜎𝑚𝑛𝑓𝐵0

2𝑢Sin2𝛼

𝜌𝑚𝑛𝑓
−

𝜇𝑛𝑓

𝜌𝑛𝑓𝑘
𝑢.  

      

(2) 

𝑢
∂𝑇

∂𝑥
+ 𝑣

∂𝑇

∂𝑦
=

𝜅𝑚𝑛𝑓

(𝜌𝐶𝑝)
𝑚𝑛𝑓

∂2𝑇

∂𝑦2
. 

(3) 

The boundary conditions for this flow model: 

𝑢 = 𝑢𝑤 𝑣 = 0, 𝑇 = 𝑇𝑤 , at  𝑦 = 0, 

𝑢 → 0, 𝑇 → 𝑇∞ as𝑦 → ∞.    (4) 

 

Where u and v, respectively, are the velocity variables along the 

x and y axes, also 𝐶𝑠is reffered as surface heat capacity. 𝜌𝑚𝑛𝑓  

referred to density of modified nanofluid, 𝜇𝑚𝑛𝑓  reffered to vis-

cosity of modified nanofluid, 𝜅𝑚𝑛𝑓  reffered to thermal conduc-

tivity,𝜎𝑚𝑛𝑓  reffered to electrical conductivity and  (𝜌𝐶𝑝)  re-

ferred to heat capacity of modified nanofluid. Magnetic field is 

𝐵0 and 𝑈𝑤 = 𝑈0𝑒𝑥/𝑙,𝑇𝑤 = 𝑇∞ + 𝑇0𝑒𝑥/2𝑙.   

The terms modified nanofluids, hybrid nanofluids, nanofluids, 

and base fluids are denoted by the subscripts mnf, hnf, nf, and f, 

accordingly. The thermophysical properties and Thermo-physical 

values of modified nanofluids are shown in Table 1 and Table 2 

respectively and these properties are used in the solution of the 

present mathematical model. 
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Table 1. Thermo-physical characteristics of modified nanofluid: [8,10] 

𝝁𝒎𝒏𝒇 =
𝝁𝒇

(𝟏 − 𝝓𝟏)𝟐.𝟓(𝟏 − 𝝓𝟐)𝟐.𝟓(𝟏 − 𝝓𝟑)𝟐.𝟓
 

Effective 

dynamic 

viscosity 

𝝆𝒎𝒏𝒇 = (𝟏 − 𝝓𝟑)[{[(𝟏 − 𝝓𝟏)𝝆𝒇 + 𝝓𝟏𝝆𝒔𝟏](𝟏

− 𝝓𝟐)} + 𝝓𝟐𝝆𝒔𝟐] + 𝝓𝟑𝝆𝒔𝟑, 

Effective 

density 

𝝈𝒎𝒏𝒇 = {
𝟐𝝈𝒉𝒏𝒇+𝝈𝒔𝟑−𝟐(𝝈𝒉𝒏𝒇−𝝈𝒔𝟑)𝝓𝟑

𝟐𝝈𝒉𝒏𝒇+𝝈𝒔𝟑+(𝝈𝒉𝒏𝒇−𝝈𝒔𝟑)𝝓𝟑
} 𝝈𝒉𝒏𝒇where 

𝝈𝒉𝒏𝒇 = {
𝟐𝝈𝒏𝒇 + 𝝈𝒔𝟐 − 𝟐(𝝈𝒏𝒇 − 𝝈𝒔𝟐)𝝓𝟐

𝟐𝝈𝒏𝒇 + 𝝈𝒔𝟐 + (𝝈𝒏𝒇 − 𝝈𝒔𝟐)𝝓𝟐

} 𝝈𝒏𝒇 

and  𝝈𝒏𝒇 = {
𝝈𝒔𝟏+𝟐𝝈𝒇−𝟐𝝓𝟏(𝝈𝒇−𝝈𝒔𝟏)

𝝈𝒔𝟏+𝟐𝝈𝒇+𝝓𝟏(𝝈𝒇−𝝈𝒔𝟏)
} 𝝈𝒇 

Electrical 

conductivity 

𝜿𝒎𝒏𝒇 =

{
𝜿𝒔𝟑+(𝒏−𝟏)𝜿𝒉𝒏𝒇−(𝒏−𝟏)(𝜿𝒉𝒏𝒇−𝜿𝒔𝟑)𝝓𝟑

𝜿𝒔𝟑+(𝒏−𝟏)𝜿𝒉𝒏𝒇+(𝜿𝒉𝒏𝒇−𝜿𝒔𝟑)𝝓𝟑
} 𝜿𝒉𝒏𝒇  where 

𝜿𝒉𝒏𝒇 = {
𝜿𝒔𝟐+(𝒏−𝟏)𝜿𝒏𝒇−(𝒏−𝟏)(𝜿𝒏𝒇−𝜿𝒔𝟐)𝝓𝟐

𝜿𝒔𝟐+(𝒏−𝟏)𝜿𝒏𝒇+(𝜿𝒏𝒇−𝜿𝒔𝟐)𝝓𝟐
} 𝜿𝒏𝒇, 

𝜿𝒏𝒇

= {
𝜿𝒔𝟏 + (𝒏 − 𝟏)𝜿𝒇 − (𝒏 − 𝟏)(𝜿𝒇 − 𝜿𝒔)𝝓𝟏

𝜿𝒔𝟏 + (𝒏 − 𝟏)𝜿𝒇 + (𝜿𝒇 − 𝜿𝒔𝟏)𝝓𝟏

} 𝜿𝒇

 

Thermal 

conductivity 

(𝝆𝑪𝒑)
𝒎𝒏𝒇

= (𝟏 − 𝝓𝟑) [{(𝟏

− 𝝓𝟐) [(𝟏 − 𝝓𝟏)(𝝆𝑪𝒑)
𝒇

+ (𝝆𝑪𝒑)
𝒔𝟏

𝝓𝟏]}

+ (𝝆𝑪𝒑)
𝒔𝟐

𝝓𝟐] + 𝝓𝟑(𝝆𝑪𝒑)
𝒔𝟑

, 

Heat  
capacitance 

Table 2 Thermo-physical values: [2, 6, 7, 11] 

 𝝆  (𝒌𝒈
/𝒎𝟑) 

𝑪𝒑  (𝑱

/𝒌𝒈  𝑲) 

𝒌  (𝑾
/𝒎  𝑲) 

𝝈(𝑺/𝒎) 

𝑪𝟐𝑯𝟔𝑶𝟐 1116.6 2382 0.249 0.01485 

𝑭𝒆𝟑𝑶𝟒 5200 670 9.8 0.74 × 106 

𝑵𝒊 8900 444 90.7 1.7 × 107 

𝑻𝒊𝑶𝟐 4175 692 8.4 6.27 × 10−5 

 

2.1. Similarity transformation 

To solve our model, we apply the similarity transformation be-

low[11]: 

𝑢 = 𝑈0𝑒
𝑥

𝑙 𝑓′(𝜂),𝑣 = −√
𝜈𝑓𝑈0

2𝑙
𝑒𝑥/2𝑙[𝑓(𝜂) + 𝜂𝑓′(𝜂)] 

and (𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
.                                   (5) 

Where 𝜂 = 𝑦√
𝑈0

2𝑙𝜈𝑓
𝑒𝑥/2𝑙 andusing the aforementioned trans-

formations, the nonlinear equations of the flow have been incor-

porated into the subsequent ordinary differential equations. 

𝐴𝑓‴ + 𝐵(𝑓𝑓″ − 2𝑓′2
) −

𝜎𝑚𝑛𝑓

𝜎𝑓
𝑀Sin2𝛼𝑓′ = 0.            (6) 

1

Pr

𝜅𝑚𝑛𝑓

𝜅𝑓
𝐶𝜃″ + 𝑓𝜃′ − 𝑓′𝜃 = 0..                         (7) 

Here 

A =
1

(1 − ϕ1)2.5(1 − ϕ2)2.5(1 − ϕ3)2.5
, 

𝐵 = (1 − 𝜙3) [{(1 − 𝜙2) [(1 − 𝜙1) + 𝜙1

𝜌𝑠1

𝜌𝑓

]} + 𝜙2

𝜌𝑠2

𝜌𝑓

]

+ 𝜙3  

and  

𝐶 = [(1 − 𝜙3) [{(1 − 𝜙2) [(1 − 𝜙1) + 𝜙1

(𝜌𝐶𝑝)
𝑠1

(𝜌𝐶𝑝)
𝑓

]}

+ 𝜙2

(𝜌𝐶𝑝)
𝑠2

(𝜌𝐶𝑝)
𝑓

] + 𝜙3

(𝜌𝐶𝑝)
𝑠3

(𝜌𝐶𝑝)
𝑓

]

−1

. 

Boundary condition (5) is also modified using the aforemen-

tioned transformations as: 

𝜃(0) = 1, 𝑓(0) = 0, 𝑓′(0) = 1, 𝜃(∞) = 0, 𝑓′(∞) = 0.      (8) 

Where 𝑀 =
2𝑙𝐵0

2𝜎𝑓

𝑈0𝜌𝑓𝑒𝑥/𝑙  is Magnetic parameter, Pr =
(𝜌𝐶𝑝)

𝑓
𝜐𝑓

𝜅𝑓
is 

Prandtl number. An additional physical measure is the local Nus-

sult number, which is provided by 

𝑁𝑢𝑥 = − (
𝜅ℎ𝑛𝑓

𝜅𝑓
+

4𝑅

3
) 𝜓1𝑥𝜃′(0).             (9) 

3. Numerical Solution 

  Moreover, Eq. (6) and Eq. (7) and boundary conditions Eq. (8) 

have been recast as first-order initial value problems, using the fol-

lowing definitions: 

𝑓′ = ℎ2, 𝑓″ = ℎ3, 𝜃 = ℎ4, 𝜃′ = ℎ5, ℎ′3 =
𝐵

𝐴
(2ℎ2

2 − ℎ1ℎ3) +

𝑀

𝐴

𝜎ℎ𝑛𝑓

𝜎𝑓
ℎ2Sin2𝛼 and ℎ′5 =

Pr

𝐶

𝜅𝑓

𝜅𝑚𝑛𝑓
(ℎ2ℎ4 − ℎ1ℎ5). 

With boundary condition, ℎ1(0) = 0, ℎ2(0) = 1,  ℎ2(0) = 1, 
ℎ4(0) = 1. 

For numerical solutions these ODE's are converted into first or-

dered IVP. In this IVP only three initial conditions are present, but 

five are required for the solution as ℎ3(0) andℎ5(0). Assuming 

the initial guess values for ℎ3(0) andℎ5(0) and suitable finite 

value of 𝜂(→ ∞) , say 𝜂∞ numerical solutions by Runge-Kutta 

method are obtained. Then computations for ( )f  and ( )   

at 𝜂∞(≅ 10)  along with conditions of boundary 𝑓 ′(𝜂∞) = 0 

and 𝜃(𝜂∞) = 0are performed. Approximated (degree of accuracy 

is
610

) solutions have obtained by adjusting the values of 

(0)f   and (0)  by considering step size 0.01  . This 

technique uses an iterated strategy to provide accurate findings up 

to
710

accuracy. 
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4. Result and Discussions 

The flow characterization through an exponentially stretched 

sheet of modified nanofluids is investigated. Various inclination 

angles are used while applying a magnetic field. Further, the var-

iation of several contributing parameters on the fluid velocity and 

temperature profiles are presented via graphs.  

  

 

Figure 2. Velocity profile for the magnetic field parameter M. 

 

The consequence of M on 𝑓′(𝜂) for the modified nanofluid 

𝐹𝑒3𝑂4 − 𝑁𝑖 − TiO2/𝐶2𝐻6𝑂2 is shown in Figure 2. The velocity  

profile decreases as M increases, according to the findings. The 

magnetic field produced by the movement of an electrically con-

ducting fluid creates a Lorentz force, which has the retardation 

feature. This is the reason for the diminishing appearance of the 

velocity profile. As M rises, the retardation strength of all the three 

nanofluids grows. As a result, velocity decreases as well.  

 
Figure 3. Velocity profile for the inclination angle parameter 𝛼. 

 

Figure 4. Velocity profile for the permeability parameter K. 

 Figure 3 shows the impact of the 𝛼 on 𝑓′(𝜂). When the pa-

rameter is increased, the 𝑓′(𝜂) profile falls. This is due to the 

fact that as the angle of inclination increases, the magnetic field 

becomes stronger and the Lorentz force reduces the velocity field. 

The influence of the permeability parameter K on the velocity pro-

file is illustrated in Figure 4. A distinct decline in velocity within 

the flow pattern is noticed. The impact of volume friction 𝜙3 

on 𝑓′(𝜂)is shown in Figure 5.  

 

Figure 5. Velocity profile for the parameter   𝜙3. 

 

Figure 6. Temperature profile for the parameter 𝜙3. 
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Figure 7. Temperature profile for the parameter 𝜙3. 

It is seen that a drop in the velocity profile occurs with an in-

crease in  𝜙3 . Additionally, it is noted for  𝜙3that the fluid's 

speed increases with increasing   𝜙3 away from the sheet and 

decreases in its immediate vicinity. Figure 6 illustrates how 𝜙3af-

fects 𝜃(𝜂)). 

 It has been shown that for changed naofluids, an enhanced tem-

perature profile results from increased 𝜙3. A higher temperature 

field may arise from the extraction of more energy from a greater 

number of nanoparticles. The influence of Pr on 𝜃(𝜂) is shown 

in Figure 7. The figures indicate that a reduction in the tempera-

ture profile 𝜃(𝜂). is noticed with an increase in Pr.  

5. Conclusions 

The impact of heat transfer of modified nanofluids flowing 

past an exponentially extending surface under the influence of an 

applied angled magnetic field has been studied. A modified 

nanofluid composed of ethylene glycol that contains a suspension 

of 𝐹𝑒3𝑂4 − TiO2 − 𝑁𝑖  nanoparticles have been visually dis-

played. By applying the proper similarity transformations, the 

Runga-Kutta fourth order technique solves the flow's governing 

models.  

The key results that follow are achieved. 

 A decrease in the velocity field has been observed for the 

modified nanofluid with an increase in the inclination an-

gle and magnetic field parameter. 

 The velocity curve for 𝜙3 shows that the fluid velocity 

increases away from the sheet and reduces toward the 

wall. 

 A decrease is observed with an increase in the velocity 

field's  𝜙3, but a reversal of this impact is shown in the 

temperature profile. 
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