Hacettepe Journal of Mathematics and Statistics
Volume 46 (4) (2017), 567577

A generalization of amenability for topological
semigroups and semigroup algebras

M. Lashkarezadeh Bami* and H. Sadeghif

Abstract

In this paper for two topological semigroups S and 7', and a continuous
homomorphism ¢ from S into 7', we introduce and study the concept
of (p, T)-derivations on S and gp-amenability of 7" and investigate the
relations between these two concepts. For two Banach algebras A and B
and a continuous homomorphism ¢ from A into B we also introduce the
notion of (¢, B)-amenability of A and show that a foundation semigroup
T with identity is ¢-amenable whenever the Banach algebra M, (S) is
(¢, M4 (T))-amenable, where ¢ : M(S) — M(T) denotes the unique
extension of ¢. An example is given to show that the converse is not
true.
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1. Introduction

The concept of amenability for Banach algebras was initiated by Johnson in [9]. He
showed that a locally compact Hausdorff group G is amenable if and only if the Banach
algebra L'(G) is amenable. This fails to be true for discrete semigroups. Duncan and
Nomioka [4] proved that if I*(S) is amenable then S is amenable and I*(S) fails to be
amenable if Es is infinite. Johonson proved that H'(L'(G), X*) = {0} if and only if
every G-derivation into X* is inner, where X is a neo-unital Banach L'(G)-bimodule
(see [2] and [9]).

Recently, Kaniuth, Lau and Pym introduced ¢-amenability of a Banach algebra A
where ¢ is a homomorphism from A to C [10]. Here for two Banach algebras A and
B we study the concept of (¢, B)-amenability of A where ¢ : A — B is a continuous
homomorphism. In the case where A = B, A is called p-amenable. Several authors have
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studied -derivations, and ¢-amenability of a Banach algebra A (see [7], [8], [15] and
[16]).

Authors in [7], introduced the notion of p-amenability for a locally compact group G,
where ¢ is a continuous homomorphism on G. They proved that if the group algebra
L'(G) is p-amenable, then G is p-amenable and when ¢ is an isomorphism on G, the
converse is valid. Here ¢ is the unique extension of ¢ to M(G).

In this paper for two Banach algebras A and B and a continuous homomorphism ¢ :
A — B, we first introduce the notion of (¢, B)-amenability of A. This concept reduces
to that of ¢-amenability introduced by Kaniuth, Lau, and Pym, when B = C. Also for
two topological semigroups S and T, and a continuous homomorphism ¢ from S into T,
we introduce and study the concept of (p, T')-derivations on S and p-amenability of 7" and
investigate the relation between these two concepts. Then we apply our results to the case
where S and T are foundation semigroups and prove that M, (S) is (¢, M, (T'))-amenable
if and only if every (¢, T)-derivation on S is ¢-inner, where ¢ : My(S) — M. (T)
denotes the extension of ¢. This extends a known result due to Johonson for groups to
foundation semigroups. Finally, we show that (@, M,(T))-amenability of M,(S) implies
p-amenability of T, and present an example to show that the converse is not true.

2. Preliminaries

Let A be a Banach algebra, and let X be an A-bimodule. Then X is a Banach
A-bimodule if X is a Banach space and there is a constant k > 0 such that

lla.zll < Kllall[l<]l, [lz.all < Kllallllz] (e € A,z € X).

By renorming, we can suppose that £ = 1. For example, A itself is a Banach A-bimodule,
and X, the dual space of a Banach A-bimodule X, is a Banach A-bimodule if for every
a € Aand f € X* we define

(z,a.f) = (z.a, f), (x,f.a)=(az,f) (z € X).
We say that X™ is the dual module of X.
Suppose that A is a Banach algebra and X is a Banach A-bimodule. A derivation
from A into X is a linear operator D : A — X satisfying

D(ab) = D(a)b+ aD(b) (a,b € A).

A derivation D is inner if there is o € X such that D(a) = a.xz9 — x0.a for a € A
and a Banach algebra A is amenable if for any Banach A-bimodule X, every continuous
derivation D : A — X" is inner.

Let A and B be two Banach algebras. The set of continuous homomorphisms from A
into B is denoted by Hom(A, B). We denote the set Hom(A, A) by Hom(A).

Suppose that ¢ : A — B is a continuous homomorphism. A Banach space X over C
is a Banach (¢, B)-bimodule if it is two-sided p(A)-module and there is a positive real
number K such that

le(a).zl| < Klle(a)lsllzl [z.e(a)ll < Klzllllea)ls,
foralla € Aand x € X.
Let X be a Banach (¢, B)-bimodule and ¢ € Hom(A, B), a linear operator D : A —
X is called a (¢, B)-derivation if

D(araz2) = D(a1).p(az) + ¢(a1).D(az2) (a1,a2 € A).

A (p, B)-derivation D is called (¢, B)-inner if there is z € X such that D(a) = p(a).x —
z.¢p(a) (a € A). A Banach algebra A is called (¢, B)-amenable if for any Banach (¢, B)-
bimodule X, every continuous (¢, B)-derivation D : A — X" is (¢, B)-inner. In the
case that A = B, D is called ¢-derivation and A is called p-amenable.
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3. p-derivation and p-amenable semigroups
We commence this section with the following definition:

3.1. Definition. Let S and T be two topological semigroups and ¢ : S — T be a
continuous homomorphism of S into 7. We say that the complex Banach space X is a
left Banach p-module if there exists a mapping

P(S) x X — X, (p(s),z) — p(s).x,
having the following properties:
(D) @(s)-(z1 + x2) = @(s).21 + p(s).22, A(p(s)-x) = ¢(s).(A\z),
p(s182).x = go(sl).(cp(.s:g).w) for all s,s1,82 € S,x1,22 € X and A € C,

(i) if so — sin S and z € X, then ¢(sq).x — ¢(s).z, in the norm topology, and
(iii) there is M > 0 such that for every z € X and s € S, we have

llo(s).zl| < M[x]].

In the same way, one defines a right Banach ¢-module. The (two sided) Banach p-module
X is a left and right Banach p-module such that

(¢(s1).7).0(s2) = @(s1).(7-0(52)) (s1,82 € S,z € X).

Note that if X is a Banach ¢-module, then X™, the dual space of X, is also an
p-module through the following actions:

(p(s).2",z) = (z",2.0(5)), (x".p(s),z) = (z",¢(s).x) (s€S,zeX,z"eX").

A left (resp. right) action of ¢(S) on X is trivial if ¢(s).x = z (s € S,z € X) (resp.
z.po(s) =z (s € S,z € X)).

3.2. Definition. Let S and T be two topological semigroups and ¢ : S — T be
a continuous homomorphism of S into 7. Let X be a Banach p-module. A weak™*-
continuous map D : S — X~ is called a (¢, T')-derivation (¢-derivation in the case that
S=T)if

(i) D(s1s2) = ¢(s1).D(s2) + D(s1).¢(s2) (51,82 € 5);

(i) supses||D(s)]| < oo.
Furthermore, D is called ¢-inner if there existe 2* € X such that

D(s) = ¢(s).2" —x".p(s) (s € 5).

For a topological semigroup S let C,(S) be the set of all bounded continuous complex
valued functions on S and let LUC(S) = {f € Cy(S) | ¢ — [ f is norm continuous } (resp.
RUC(S) = {f € Cu(S) | * = rof is norm continuous }), where I, f(y) = f(zy) (z,y € S)
(resp. T2 f(y) = f(yzx)) (z,y € 9).

Recall that a linear functional m € LUC(S)" is called a mean if |m| = (1,m) = 1;
m is called a left invariant mean, if m(lsf) = m(f) for all s € S and f € LUC(S). A
topological semigroup S is called left amenable if LUC(S) has a left invariant mean (see
[13] and [17]). Right amenability of a topological semigroup may be defined similarly. A
topological semigroup which is both left and right amenable is called amenable.

3.3. Definition. Let S and T be two topological semigroups, and ¢ : S — T be a
continuous homomorphism. A ¢-left invariant mean ( resp. -right invariant mean) on
LUC(T) (resp. on RUC(T)) is a functional m € LUC(T)" (resp. m € RUC(T)") such that
(1I,m) = [|m|| = 1 and m(ly5)f) = m(f) (f € LUC(T),s € S) (resp. (1,m) = ||m| =1
and m(ry o) f) = m(f) (f € RUC(T),s € 5).
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3.4. Definition. For two topological semigroups S and 7', and continuous homomor-
phism ¢ : S — T, T is called ¢-left amenable ( resp. ¢-right amenable) if there is a
@-left invariant mean ( resp. -right invariant mean) on LUC(T) (resp. on RUC(T)). A
semigroup 7' is called p-amenable if it is both ¢-left and ¢-right amenable.

The proof of the following lemma is straightforward.

3.5. Lemma. Let S and T be two topological semigroups, and ¢ : S — T be a contin-
wous homomorphism. If T is amenable then T is p-amenable. The converse is true if
»(S) is dense in T

3.6. Proposition. Let S and T be two topological semigroups, and ¢ : S — T be
a continuous homomorphism. If for every Banach ¢-module X, any (p,T)-derivation
D:S — X* is p-inner, then T is p-amenable.

Proof. We first note that LUC(T) is a Banach ¢-module through the following actions
given by

o(s)f = F. (Fp&)(t) = F(p(s)t)) (s € S,t €T, f € LUC(T)).
Let n € LUC(T)" such that (1,n)=1. Define d : S — LUC(T)" by d(s) = p(s).n — n.

It is easy to see that Clr ia a closed submodule of LUC(T). Let X = %. Since

for each s € S, (1,d(s)) = 0, there exists a (¢, T)-derivation D : S — X* such that
m* o D(s) = d(s)(s € S), where 7 is the canonical map from LUC(T) onto X. Thus there
exists g € X such that D(s) = ¢(s).g — g (s € S). Hence
7" o D(s) = 7" (p(s).9) — " g = ¢(s).n —n.

So
(3.1) p(s).n — 7 (p(s).9) = — 9.
Let 7 =n — 7*g. Then 7 € LUC(T)”. From (3.1), it follows that

@(s).n = p(s).n — p(s).(m"g) = p(s).n — 7" (p(s).9) =n—7"g =1 (s € 9).

Since LUC(T) is a commutative C*-algebra with identity, there exists a compact Hausdorff
space A such that C'(A) and LUC(T) are isometrically *—isomorphic C*-algebras. Thus we
can consider 7 as a y-left invariant complex Borel regular measure on A. Let m = %,
then ¢(s).m = m. Therefore for every f € LUC(T) and s € S

(o fsm) = (fp(s),m) = (f,p(s)m) = (f,m).

Hence T is ¢-left amenable. Similarly we can show that T is ¢-right amenable. Therefore
T is p-amenable (]

The following proposition provides a converse for Proposition 3.6 in a special case.

3.7. Proposition. Let S be a topological semigroup, and ¢ : S — S be a continuous
homomorphism such that ¢(S) is dense in S. If S is p-left amenable, then for every
Banach p-module X with trivial left action, any @-derivation D : S — X* is p-inner.

Proof. Suppose S is -left amenable and X is a Banach ¢(S)-module with trivial left
action, and D : S — X™ is a ¢-derivation. For every z € X we define f, : S — C by
fa(s) = (z,D(s)) (s € S). Thus

[ fzlloo = sup [ fz(s)| < sup || D(s)||[|lx]| < M|lz],
s€S seS



571

where M > 0 is a uniform bound for D, clearlly, f, is continiuous. We claim that
fz € LUC(S). To see this let so —> s in S, then

150 fz — L foll = sup | fz(sas’) — fa(ss)]
s'es

= sup |(z, D(s05) — (2, D(ss)|

s'eS
< sup (. D(s0)p(s") ~ D(5)9())]
+sup [(z, p(sa)-D(s") — p(5).D(s))]
= [(z, D(sa) — D(5))| + sup [{z.¢(sa) — .(s), D(s)).

s'es
Since D is weak*-continuous, we infer that |(x, D(so) — D(s))| — 0. Also

sup [(z.¢(sa) — z.¢(s), D(s"))| < M||z.p(sa) — 2z.0(s)]|,

and by definition 3.1 (ii), ||z.¢(sa) — z.¢(s)|| — 0. Thus ||l fz — lefz]] — 0. So
f= € LUC(S). Let m € LUC(S)" be such that (1,m) =1 and m(l,)f) =m(f) (s€ S, f €
LUC(8)), and define a linear functional f on X by (z, f) = (fz,m) (x € X). For every
z € X and 5,8 € S, we have

Joio5)(8) = (2.0(s), D(s")) = (2, 0(5).D(s"))
= (2, D(ss)) — (z, D(s)-0(s))

= (2, D(ss")) — (@, D(s))
= fx(ss') = (@, D(s))1s(s").

Therefore f, ,(s) = s fo — (x, D(s))1s. Since ¢(S) is dense in S it follows that there exists
a net {so} in S such that hma 0(sa) = s, and limg lg(s,) fo = s fe by the definition of
LUC(S). Thus

(@, f = @(s)-f) = (&, ) = (w0(s), ) = (fa = fr.os),m)
= (fo = lsfo + (x, D(s))1s,m)
(

= f —llénl¢(sa)fz <:I,‘,D(S)>1S7m>
=1im (fo — lp(sy fo + (@, D(s))1s,m)

Hence D(s) = f — ¢(s).f (s € S). Therefore D is ¢-inner. O
By a similar argument one can prove the following proposition:

3.8. Proposition. Let S be topological semigroup, and ¢ : S —> S be a continuous
homomorphism such that ¢(S) is dense in S. If S is p-right amenable, then for every
Banach @-module X with trivial right action, any p-derivation D : S — X™ is p-inner.

4. ¢- amenability of M,(S)

We start this section with the following.

For a topological semigroup S let M (S) denote the space of all bounded, regular,
complex Borel measures on S. This space with the convolution product and norm ||u|| =
|](S) is a Banach algebra. The space of all measures u € M (S) for which the mappings
x — |pu| * 0, and z — 0z * |p| from S into M(S) are weakly continuous is denote by
Ma(S) (L(S), as in [1]). A Hausdorff locally compact topological semigroup S is called a
foundation semigroup if S coincides with the closure of | J{supp(p) : p € Mo(S)}. Note
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that in the case where S is a foundation semigroup with identity, for every u € M, (S)
both mappings © — |p| * dz, and = — 0 * |u| from S into M (S) are norm continuous
and M, (S) has a bounded approximate identity(see [6]).

Finally, for any topological semigroup S, u € M(S) and f € Cy(S), we define the complex
valued funcions po f and fopon S by

(41) po f(z) = / Fwe)du(y),  fou(z / F(ay)dply

Lemma 1.3.4 of [6] , shows that po f and fop are in Cp(S). Also for every u,v € My (S)
and f € Cy(S) (v, f) = (u, fov) = (v,uo f).

4.1. Definition. If a Banach algebra A is contained in a Banach algebra B as a closed
ideal, then the strict topology or strong operator topology (so) on B with respect to A
is defined through the family of seminorms (pq)aeca, where

Pa(b) := [[ball + [lab] (b€ B).

For a topological semigroup S the strict topology on M (S) with respect to M, (S) is
simply called so topology or the strict topology on M (S).

4.2. Lemma. Let S and T be two foundation semigroups with identity, and let p : S —
T be a continuous homomorphism. Define ¢ : M(S) — M(T) by

/f du(z) (f € Co(T)).

Then @ is a continuous homomorphism (with respect to the strict topology on M (S)) that
estends ¢ uniquely and @(Ma(S)) C Ma(T).

Proof. 1t is easy to see that ¢ is continuous. By using (4.1), for every f € Co(T) and
u1, p2 € M(S), we have

(1) % B(u2), ) = (B(n), f 0 B(112)
- / £ o @) () daa (x)

/ / £ (9(2)y) dd(i2) (v)dpus (2)
/ / ¥)) dpa (y)dpus (2)
//f y)) dpa (x)dpz(y)

= /Sf(@(x))dul * 2 ()
= (@(p1 * p2), f).

Therefore ¢ is a continuous homomorphism. Let ® be another extension of ¢ and let
€ M(S). By Theorem 3.3 of [14], x is the s-lim (strict-lim) of a net (x;) such that each
Wi is a combination of point masses. So,

P(p) = @(s = limp) = lim G(ps) = lim (i) = (s — lim i) = @(p).

Thus ¢ = .
To complete the prove, let (i1q) be a bounded approximate identity for M, (T), then
as in Lemma 2.1 of [11],

a0 f = fllo — 0 (f € Co(T)).
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Now for every u € My (T), we obtain

lB() * pa — ()| = sup (P(1) * pras ) — (P(1), f)‘

FECH(T), I flleo <1

= s @0 pa e f) — (@), )]
FECOH(T), [0 <1

= sup (D), prov © f — f)‘
FECH(T), [0 <1

< sup @) e o f = flleo — 0.

FEC(T),|I flleo <1

This means that G(u) * o — @(p) in norm. So @(u) € Ma(T). Therefore ¢(Ma(S)) C
My (T). O

4.3. Definition. Let A and B be two Banach algebras and ¢ : A — B be a continuous
homomorphism. A Banach (¢, B)-bimodule X is called ¢-pseudo-unital if

X = {p(ar).x.p(a2) : a1,a2 € A,z € X}.

The proof of the following proposition is omitted, since it can be proved in the same
direction of Proposition 2.1.3 of [18].

4.4. Proposition. Let A and B be two Banach algebras which A has a bounded right
approzimate identity, and ¢ : A — B be a continuous homomorphism. Let X be a
Banach (p, B)-bimodule such that ¢(A).X = {0}. Then every (p, B)-derivation on A is
(¢, B)-inner.

Similarly, we can proof above proposition for a Banach algebra A with a bounded left
approximate identity, where the module action from the right is trivial.

By using above proposition and similar argument as in the proof of the Proposition
2.1.5 of [18], we can proof following proposition.

4.5. Proposition. Let A and B be two Banach algebras with bounded approzimate iden-
tity, and o : A — B be a continuous homomorphism. Then the following two condition
are equivalent:

(i) For each Banach (¢, B)-bimodule X, any continuous (¢, B)-derivation on A is
(¢, B)-inner.

(it) For each p-pseudo-unital Banach (p, B)-bimodule X, any continuous (p, B)-
derivation on A is (v, B)-inner.

The following proposition generalizes Proposition 2.1.6 of [18].

4.6. Proposition. Let Ay and Az be two Banach algebras with bounded approrimate
identity which are closed ideals of Banach algebras Bi and Bz, respectively. Let ¢ :
A1 — Ay be a continuous homomorphism and X be a p-pseudo-unital Banach (¢, A2)-
bimodule, and @ : B1 — Bs be a continuous homomorphism such that ¢ |a,= . Let
D: A — X* be a (p, Az)-derivation, then X is a Banach (¢, B2)-bimodule and there
is a unique (@, Bz) derivation D : By —s X* satisfying the following:

(i) @ |A1 =D;
(i1) D is continuous with respect to the strict topology on B1 and the w*-topology on
X,

Proof. For x € X, let p(a1) € A2 and y € X be such that © = p(a1).y. For b1 € By,
define @(b1).z := @(bra1).y. We claim that @¢(b1).x is well define. Let ¢(a}) € A2 and
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y' € X be such that x = ¢(a}).y’, and let (fs)s be a bounded approximate identity for
As. Then

p(brar).y = lim ¢(br) fop(ar).y = lim @(b1)fap(ar).y’ = ¢(brat).y" (br € Bu).

It is obvious that this operation of ¢(Bi) on X turns X into a left @¢(B1)-bimodule.
Similarly, one defines a right Banach ¢(Bi1)-module structure on X, so that X becomes
a Banach (@, B2)-bimodule. Now we define D : By — X* by

(4.2) D(b1) = w* — lim (D(birea) — @(b1).D(ea)),

where (eq) is a bounded approximate identity for A;. By the similar argument as in
the proof of Proposition 3.1 of [7], one can show that D is define a @-derivation on B;
where D |a,= D and D is continuous with respect to the strict topology on B; and the
w*-topology on X*.

d

4.7. Theorem. Let S and T be two foundation semigroups with identity, and ¢ : S — T
be a continuous homomorphism, and ¢ be as in Lemma 4.2. Then My (S) is (@, Mo (T))-
amenable if and only if every (p,T)-derivation on S is p-inner.

Proof. Suppose M,(S) is (¢, Mo (T))-amenable, and D : S — X ™ is a (¢, T')-derivation
on S for some ¢-module X. For every p € M,(S) and z € X we define

4.3 o(p).x = xdd , T.p = x.tdg .
43) @) / REZO0 () / PRXE00
So for some k > 0,

/ [t.zlld[E(p)[ () < Ellz[[|¢(1)]| < oo.
»(S)

Therefore ¢(u).z is well defined with ||@o(w).z|| < k||@(w)||||z||. Similarly one can de-
fine z.¢(u) satisfying ||z.¢(u)|| < k||z||||@(w)||. Thus X defines a Banach (@, M. (T))-
bimodule. Using (4.3) and the definition of ¢ we obtain

(4.4) Gl = [ o(o)adu(s), w.5) = [ zoe)du(s).

for all & € X, u € M,(S). Define D : M,(S) — X* by

{2, D(n)) = / (2, D(s))du(s) (1€ Ma(S),2 € X).
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Clearly, D is continuous. By using (4.4), for every ju1,p2 € Mo (S) and = € X, we have
(z, D(jur # pa)) = / (, D(s))dpr * pia(s)
- / / (2, D(s152))dan (31)dp (5:)
SJS
- / / (2, D(s1)p(52) + p(51). D(s2) g (51)dpiz(2)
= [ [ o). Do) (s1) (s

/ / 52))dpis (1) dpa (52)

- / < / (52).2dpia(52), D(s1))dpar (51)
+ / < / wp(s1)dpin (51), D(s2)) dps (5:)
:/S<¢(M2)-«’B7D(Sl)>dul(51)+ (z.@(p1), D(s2))dp2(s2)

S

= (@(n2)-w, D(u1)) + (@.3(p1), D(p2))
= (&, D(p1)-@(n2) + (1) D(ps2)).

That is D(p1 * p2) = D(p1).@(p2) + @(p1).D(p2). Hence D is a (3, Ma(T)) derivation.
From the (@, M, (T))-amenability of M, (.S) it follows that there exists * € X™ such that
D(p) = o(p).x™ —z*.¢(n) (u € Ma(S)). Moreover, for every z € X and pu € My (S), we
have

— [(nelo)a” — 2" pls)du(o)
s

So (z,D(s)) = (z,p(s).z" — z".¢(s)) (z € X), by Lemma 2.2 of [12]. Hence

D(s) = ¢(s).z" —x".p(s) (s € 9).
Therefore D is -inner.

Conversely, suppose every (¢, T')-derivation on S is ¢-inner. Let D : M,(S) — X~ be
a (¢, Mo(T))-derivation for some Banach (¢, M, (T))-bimodule X. By Proposition 4.5,
there is no loss of generality if we suppose that X is ¢-pseudo-unital. So by Proposition
4.6, X is a Banach (¢, M (T"))-bimodule and there is a unique (¢, M (T"))-derivation D :
M(S) — X* that extends D and is continuous with respect to the strict topology on
M (S) and the w*-topology on X*. We consider the following module actions ¢(.S) on X
by
o(8).x =0y, Z.0(s) =x0p) (s€8,z€X),

and define Dg : S — X* by Ds(s ) D(8.) (s € S). Tt is easy to see that Ds defines a
(¢, T)-derivation. So there exists z* € X such that

Ds(s) = p(s).2™ —z".p(s) (s € S).
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Consequently, for every s € S
D(6s) = Ds(s) = p(s).z™ — 2" .p(s) = @(6s).2" — z*.5(85).
Since every measure p in M (.S) is the s-lim of a net (y;) such that each p; is a combination
of point masses (see Theorem 3.3 of [14]), from the definition of the strict topology it
follows that v % pu; — v p (v € Ma(S)) and p; x v — p*v (v € Mq(S)) in the norm
topology. Let z € X, and ¢(v) € Mq(T) and y € X be such that z = y.¢(v). Hence
(@, @(pa)-2™) = (2, @()-x")| = [(y- (), B(pa)-x7) — (y-B(v), B(n).x7)]
= [y @ i) — y.g(v ), 27)|
< kllylHIgilly * i — v il || — 0.

*

This means that w*-lim; ¢(u:).z* = @(u).x*.
Now for every p € M(S), we obtain

D(p) = D(s = lim puz) = w” — lim D(yu:)

Similarly, w*-lim; 2*.¢(u:) = z*.@(w).

= w" —lim (§()-” — 2" P(us)
G(p).x" — ™. ().

Thus D is a (@, M(T))-inner derivation and so D is (3, M, (T'))-inner derivation. There-
fore M,(S) is (¢, Mo(T'))-amenable. O

A combination of Proposition 3.6 and Theorem 4.7, gives the following result.

4.8. Theorem. Let S and T be two foundation semigroups with identity, and let ¢ :
S — T be a continuous homomorphism, and @ be as in Lemma 4.2. If My(S) is
(@, Mo (T))-amenable, then T is p-amenable.

Before turning the next result, we first need to prove the following proposition.

4.9. Proposition. Let A and B be two Banach algebras and let ¢ : A — B be a
continuous homomorphism. If (A) is dense in B and A is (¢, B)-amenable, then B is
amenable.

Proof. Let D : B — X™ be a continuous derivation for a Banach B-bimodule X, and
D = D o¢. Obviously D define a continuous (p, B)-derivation from A into X*. By
(¢, B)-amenability of A there exists f € X* such that
D(a) = p(a).f = fp(a) (a € A).
Let b € B, since ¢(A) is dense in B, there exists a net {a } C A such that lims p(aa) = b.
Hence
D(b) = liorénD(gp(aa)) = lignﬁ(aa) = ligl (p(aa).f = fplaa)) =b.f — f.b.

Thus D is an inner derivation. This completes the proof. O

Note that if S is a discrete semigroup then S is a foundation semigroup with LUC(S) =
1°°(8), and M(S) = M.(S) = 1*(S).

The next example shown that the converses of the Theorem 4.8 and Proposition 3.6
are not true.
4.10. Example. Let S be the set Z={---,-2,—-1,0,1,2,---}, with the product

(m,n) — mVn=max{m,n}, ZXxZ—Z.

Define ¢ : S — S by p(s) = s+ 1 (s € S). Then it is easy to check that ¢ is a
homomorphism on S. Since S is an abelian semigroup it follows S is amenable (see [3])
and so by Lemma 3.5, S is p-amenable. Since E(S) = S, from Corollary 1 of [5], the
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convolution semigroup algebra I*(S) is not amenable. Also since ¢ is an epimorphism on
S it follows that ¢ is an epimorphism on I*(S). Therefore by Proposition 4.9, I'(S) is
not @-amenable. So the converse of the Theorem 4.8 is not valid. Also by Theorem 4.7,
we conclude that the converse of the Proposition 3.6 is not true.
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their support.
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