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On converses of some comparison inequalities for
homogeneous means
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Abstract
In this paper, the necessary and sufficient conditions for the converses
of comparison inequalities for Stolarsky means and for Gini means to
hold are proved, and the necessary and sufficient conditions for some
companion inequalities for bivariate means to hold are given, which
unify, generalize and improve known results.
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1. INTRODUCTION

Let p,q € R and a,b € R := (0,00) with a # b. The Stolarsky means S, q(a,b) were
defined by Stolarsky [30] as

aP — bP 1/(p—q) )
<ﬁ> if p#q,pq # 0,

aP — P 1/p )
(stva—m) Trrha=h

(1) Spalab)={ 0 a1 AV £p=0.q£0

(q(lnaflnb) ifp=0,470,

a’lna—b"Inb 1

- — = if =

eXp( g p) ifp=qg#0,
Vab ifp=qg=0.

Also, Spq(a,a) = a. The Stolarsky means contain many famous means, for example,
Si,0(a,b) = L(a, b) —the logarithmic mean, S1,1(a,b) = I(a,b) —the identric (exponential)
mean, S21(a,b) = A(a,b) —arithmetic mean, Ss/31/2(a,b) = He(a,b) ~Heronian mean,
Spo(a,b) = LY?(a?,bP) = L, ~the p-order logarithmic mean, S, ,(a,b) = I'/P(aP,b?) =
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I, —the p-order identric (exponential) mean, Sa, ,(a,b) = AYP(a? bP) = A, —the p-order
power mean, etc.

Another well-known two-parameter family of bivariate means was introduced by C.
Gini in [8]. That is defined as

(ap +P 1/(p—a) )
if p#q,
_ ) \Gatw
(12) GP7Q(a/7 b) - a’lna+b°1nb .
exp W 1Ip=gq.

The Gini means also contain many famous means, for example, G1,(a,b) = A(a,b) —
arithmetic mean, G1,1(a,b) = Z(a, b) —the power-exponential mean, G o(a,b) = AYP(aP bP) =
A, —the p-order power mean, Gy, (a,b) = Z'/?(aP,b?) = Z, —the p-order power-exponential
mean, etc.

The comparison problem for Stolarsky means S, q(a,b) < Srs(a,b) (a,b € Ry) was
first solved by Leach and Sholander [12]. Péales presented a new proof for this result in
[21] and dealt with the same comparison problem for Gini means Gj 4(a,b) in [20]. For
later use, we record the two comparison theorems as follows.

1.1. Theorem([12], [21]). The comparison inequality
(1.3)  Spq(a,b) < S s(a,b)

holds for all a,b € Ry if and only if

(14) p+qg<r+s

and

(1 5) (Z) l(p7 q) S l(']’, ’S) lf min(p, q,7, S) 2 0 or ma’X(pa q,7, S) S 07
' (ii) pu(p,q) < p(rys) if min(p,q,7,s) < 0 < max(p,q,7,s),

where
u—v —
R IR jul = ol
(16)  lwv)={ W) 77 gy ={ w—y TUFY
0 if wv = 0; sgn(u) ifu=w.
1.2. Theorem([20]). The comparison inequality
(1.7)  Gpqela,b) < Grs(a,b)
holds for all a,b € Ry if and only if (1.4) holds and
(i) min(p,q) < min(r,s)  if min(p,q,7,5) >0,
(18)  { (il) max(p,q) < max(r,s) if max(p,g,s) <0,
(#id) p(p, q) < p(r, s) if min(p,q,r,s) <0 <max(p,q,rs),

where p(u,v) is defined by (1.6).

Other references involving these comparison problems can be found in [6], [4], [2], [3],
[22], [14], [17], [3], [33].

There are many inequalities for bivariate means (see [13], [26], [31], [24], [29] [16],
[10], [18], [36], [37], [38], [39], [41], [42]). However, most of comparison inequalities for
bivariate means are derived from Theorem 1.1 and 1.2.

On the other hand, the converses of certain inequalities for bivariate means have also
attracted the attention of scholars.

Let M;(a,b) and Maz(a,b) be two means of positive numbers a and b and inequality

(1.9)  Mi(a,b) < Ma(a,b)



holds for all a,b € Ry. If there exits a constant k > 1 such that inequality
(1.10) kM (a,b) > Ms(a,b) or M(a,b) > k™" Ms(a,b)

holds for all a,b € Ry, then (1.10) is called a converse of (1.9). And inequalities (1.10)
and (1.9) are called a pair of companion inequalities for means M;(a,b) and M2(a,b) by
Neuman and Sandor [19].

For a,b € Ry with a # b, it is known that

(1.11)  I(a,b) < A(a,b).
In 1988, Alzer [1] gave a converse of inequality (1.11), that is,
(1.12)  I(a,b) > 2e " A(a,b)

(also see [27]). In 2002, Hiasto derived two pairs of companion inequalities involving
Stolarsky means and Gini means from the strong inequalities. For convenience, we read
them as follows.

1.3. Theorem([9, Corollary 1.2]). Let p,q,r,s E Ry, r>sand p>gq. If p+q>r+s
and s > q (note: there is a misprinted and it should be "q > s" instead of "s > q") then

(1.13)  Srs(a,b) < Spqla,b) < (a/p) =P (r/s)V 7S, (a,b).
Both inequalities are sharp.

1.4. Theorem([9, Corollary 1.2]). Let p,q,r,s € Ry, r > s and r + s < 3(p + q).
Assume also that 1/3 <p/q<3 or s <p+gq. Then

(1.14)  Sro(a,b) < Gpgla,b) < (r/s) 7798, (a,b).

Both inequalities are sharp.

Using different methods and ideals, Neuman and Sandor [15, 19], Yang [35, 36, 40],
Du [7] also obtained some companion inequalities for bivariate means, which are all
special cases of Héstd'’s results above. For example, for a,b € Ry with a # b, putting
(p,q) = (1,1), (r,s) = (1,1/2) in Theorem 1.3 yields

(1.15)  Ayja(a,b) < I(a,b) < 4e” " Ay /2(a,b),

where the second inequality of (1.15) was rediscovered by Neuman and Sandor [15];
putting (p,q) = (1,1), (r,s) = (3/4,2/3), (3/2,1/2) in Theorem 1.3 lead to

(1.16) 1< I(a,b)/He(a,b) <3¢~ " and 1< I(a,b)/Az/3(a,b) < 2V2e"
reobtained by Yang [36]; putting (p,q) = (1,1), (r,s) = (2,2) in Theorem 1.4 leads to
(1.17)  As(a,b) < Z(a,b) < V2A5(a,b)

given in [19]. It is clear that, however, the following companion inequalities

(1.18)  /T,(a,b)Iy(a,b) < Spq(a,b) < e/A-1 D=V LPD /T (4 BYT, (a,b)

for p,q > 0 with p # g proved by Yang [36] do not follow from the results of Hasto.

It should be noted that Theorem 1.3 only gives a sufficient condition for the converse
of comparison inequalities for Stolarsky means (1.3) to hold. From the published relative
literatures, however, it is the best result. For this reason, in this paper we devote to
further investigate the necessary and sufficient condition such that the converse of (1.3)
is true. One of our main results is the following statement.
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1.5. Theorem. Let p,q,r,s € Ry. Then the converse of comparison inequality for
Stolarsky means

(1.19) /E@Dg  (a,b) < /F9S, (a,b)
holds for all a,b € Ry with a # b if and only if
(1.20) L(p,q) > L(r,s) and min(p,q) > min(r, s).
We also look for the condition so that the converse of comparison inequalities for Gini

means (1.7) holds, and obtain the other one of our main results as follows.

1.6. Theorem. Let p,q,r,s € Ry. Then the converse of comparison inequality for Gini
means

(1.21) YE®DG, (a,b) < G, ((a,b)

holds for all a,b € Ry with a # b if

(1.22) p+q>r+sand min(p,q) > min(r,s).

Based on our main results, in section 4 we shall give a necessary and sufficient condition
for (1.13) to hold, and prove this result is also true for Gini means. Additionally, we also
derive a necessary and sufficient condition for the companion inequalities for Gini mean
and power mean. Lastly, a simple proof of a part of Theorem 1.4 is presented.

2. PRELIMINARY

In 1992 Pales [23] offered a unified treatment for comparison problems on bounded
intervals of the positive real. For convenience, we recall it as follows.

2.1. Theorem([23, Theorem 2]). Let ¢ : R — R be a four times differentiable even
function such that ¢"(0) > 0 and

¢"(z) > 0,¢"(z) <0 and (z¢"(x)/¢"(x)) <0
holds for all x > 0. Define @, 4(t) by
PR e = e

t¢' (pt) if p=gq.

Let p,q,r,s and c > 0 be fired real values. Then the inequality

Pp,q(t) < Prys(t)
holds for all t € [—c, c] if and only if

p+qg<r+s and D,4(c) <P, ;(c).

To prove our main results in this paper, we also need another comparison theorem,
which is similar to Pales comparison theorem above.
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2.2. Theorem. Let ¢ : Ry — R be a three times differentiable function satisfying
(2.2)  ¢"(x) > (<)0 and k(x) = x¢" (x)/¢" () is strictly monotone for all z > 0.
Then for fized real values p,q,r,s € Ry and c2 > c¢1 > 0 the comparison inequality
(23)  Ppg(t) < Prs(t)

holds for all t € [c1, c2] if and only if

(2.4) Dpq(c1) < Prs(cr) and Dpg(c2) < Prs(c2).

The train of thoughts of proving Theorem 2.2 is to decompose one function into the
product of one positive function and another monotone one.
To prove Theorem 2.2, we need some lemmas.

2.3. Lemma. Suppose that the function f : [a,b] — R is continuous and monotone.
Then f(z) > (<)0 for all x € [a,b] if and only if f(a) > (L)0 and f(b) > (<)0.

2.4. Lemma. Let x1,22,23 € [a,b] and ¢ be two times differentiable on [a,b]. Define
that

P(z1) — p(x2)

(2.5) [x1, 22; &) = 71— 29 if T # 22,
@' (z2) if 1 = x2.
[z1, 225 @] — [z2, T3; @] if 21 # 23
(2.6) (1, 22, z3; @] =19 % e ,
[1%12@] if x1 = x3.
r1=x3

Then we have

1) (1,2, z3; @] are symmetric with respect to x1,x2 and x3, that is,

[z1,22,03;0] = [z1,23,T2;¢] = [22, T3, 21; §)]
= [wo, @1, 23;9] = [w3, 71, T2 G] = [w3, T2, 715 9.

2) [x1, 22, x3; 9] > (<)0 if and only if ¢ is convez (concave) on [a,b].

3) (Mean Value Theorem) If ¢ is two times differentiable on [a,b] and x1,z2,23 €
[a,b], then there is a & between the smallest and the largest x; such that
¢" (&)

20 7
The following lemma will play an important role in the proof of Theorem 2.2.

(2.7)  [z1,22,239] =

2.5. Lemma. Let ¢ : Ry — R be a three times differentiable function which satisfies
(2.2). Then for fized p,q,r,s € Ry with p > q, 7 > s and (s—p)(g—r)(s—q)(r —p) # 0,
the function V : Ry — R defined by

Drs(t) = Prp(t) / Ppq(t) = Ppr(t)
2. V(t) = — : : :
(28) V() e
is monotone on Ry, where Oy, 4(t) is defined by (2.1).

Proof. To prove this lemma, it suffice to show that sgn(V’(t)) is a constant. Without
loss of generality, we assume that x(z) = z¢"'(z)/¢" (z) is strictly monotone increasing
on R;. We stepwise prove this lemma.

Step 1. Finding an appreciate expression of V(t).

By (2.6) V(t) can be written as
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which implies that V(¢) is symmetric with respect to p and r, and so we assume that
p > r. This together with assumption p > ¢,r > s implies that p = max(p, q,,s).
On the other hand,

1
V(t) _ [Tt, st, pt; ¢] _ St — 1t ([st, pt; ¢] — [rt, pt; ¢])
, 1
Ipt. gt rt; 9] P (lgt, pt; ¢] — [rt, pt; ¢])
Psp(t) = Prp(t) /Pap(t) = Prp() .
pS_T P / a.p T QNI
V(t) — lim (I)s,:v(t) — (I)T',p(t) /(I)q,p(t) — @,.,p(t) if s =r.
s—T S—7T q—rT
Step 2. Calculating V'(¢) and treating the sgn (V'(¢)).
Denote by
p(xt) — p(pt) .
(2.10) h(z) @ =0,,(t) = { c—p if o #p,
t¢’' (pt) ifz =p.
x¢' (xt) — pg'(pt) .
(2.11) g(z) - _8@3:(15)_{ —p if x # p,
¢’ (pt) +ptd” (pt) if z=p.

Some simple calculations lead to

2 [P (p—w)¢" (ut)du .
(2.12) W(z) = t2 (p—x)? if z #p,
T¢" (pt) if z = p;
JP(p—w) (20" (ut)+ute”’ (ut))du .
(2.13) d@ = 0 fa#o,
5 (26" (pt) + pto™ (pt)) if . =p.

Since ¢" (z) > (<)0 we see that h'(z) > (<)0, which implies that h(z) is strictly increasing
(decreasing), and so h(x) is reversible.
In the case of s # r. Applying logarithmic derivative yields

8% p(t) 8%, (t) 8%y, p(t) 8, p(t)
V,(t) af — af 395 — af

V() — Pep(t) = Prp(t)  Pgp(t) — Prp(t)
g(s) —g(r)  glg) —g(r)

h(s) = h(r)  h(g) = h(r)

g9(s)=g(r) _ g(a)—g(r)

— h(s)=h(r)  h(g)—h(r)
Using notations given by (2.5) and (2.6) yield
h(s) —h(q) = Psp(t) = Pyyp(t) =t ([st, pt; o] — [at, pt; B])
(215) = (st — g CEPEOL NP _ 2 gyt gt s g,

st —qt
g(s)—g(r) 9(a)—g(r)

(2.16) MO MOZRT) _ (1 (5) n(r), h(g)ig o b7,

h(s) — h(q)
Thus, V'(t)/V (t) can be expressed as

V'(t) 2 -1
(217) V(t) =t (S - q) ' [8t7 qt, pt; ¢] ' [h(8)7 h(T’), h(q)7 go h }

=Vi(t) - Va(t) - Va(t),
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consequently,
(2.18) V(1) = V(t) - Vi(t) - Va(t) - V3 ().
where,
Vi(t) = t'(s—q),
Va(t) = [st,qt,pt; ¢),
Vs(t) = [h(s),h(r),h(g); g0 h™"].

It is easy to verify that (2.18) is also true in the case of s = 7.
From (2.7) and ¢"(z) > (<)0 it follows that

[rt, st, pt; ¢]

(219) VO =t g

> 0 and Va(t) = [st, qt, pt; ¢] > (<)0;

while
(2.20) sgnVi(t) =sgn (t2(s —q)) =sgn(s — q).
Thus, to show that sgn(V’(t)) is a constant, it is enough to show that sgn (V3(¢)) is also
a constant.

Step 3. Treating the sgn (Va(t)).

By 3) of Lemma 2.4, there is a { between the smallest and largest among the h(s), h(r)
and h(q) such that

(2:21)  Va(t) = [h(s), h(r), h(g);g o '] = %(g(h_l(y)))"ly:s-

Let F(y) := g(h™*(y)). Then

F'(y) = ,glllgz;, where 2 = A7 (y),
% _ g () ' 1 _ -1
(2.22) F'(y) = <h’(m)) W@ where x = h™ " (y).

From (2.13) and (2.12) we have

g(@) _1[;(p—w) (26" (ut) + utd" (ut)) du

W(z) t J7 (0 — w)¢" (ut)du

Differentiating and simplifying yield

(2.24) g/,(m) ) A ) . " (p = w)é" (ut) (s(ut) — r(wt) du.
(v) (7 p)o (ut)du) /

From ¢"(z) > (<)0 and assumption that x(z) = z¢"(z)/¢" (x) is strictly monotone
increasing for all z > 0 it follows that

(2.23)

(2.25) (i’/g)))’ <0 for 0<z<p.

This together with A'(x) > (<)0 yields
/ !
’ g'(x) 1 -1
(2.26) F"(y) = <m> o) < (>)0for 0 < z < p, where z = h™ " (y).
Now we can treat the sgn (V3(t)).
That h'(x) > (<)0 implies that h~'(x) is reversible and strictly increasing (decreas-
ing), from

min(h(s), h(r), h(q)) < & < max(h(s), h(r), h(q))
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it follows that
0 < min(s,r,q) <z =h""(£) < max(s,r,q) < p.
(2.25) together with h'(x) >

(227) Va(t) = 5(o(h™ ()))"

> (<)0,0 < z < p yields

_ (g’(w))'. 1
y=¢ b () b (z)
Step 4. Final conclusion.

(2.19), (2.20) in conjunction with (2.27) yield

sgn(V'(t)) = sgn (V (1)) - sgn (Vi (t)) - sgn (Va(t)) - sgn (Vs(t)) = sgn(s — q).
This shows that, for fixed real values p, q,r,s > 0, V(t) is monotone on R.
This lemma, is proved. [

z=h=1(¢)

Equipped with the above lemmas, we are in a position to prove Theorem 2.2.

Proof of Theorem 2.2. Since p and ¢, r and s both are symmetric, we assume that p > ¢,
r > s. Denote by A(t) := ®p 4(t) — Prs().
(i) In the case of (s — p)(¢ — r)(s — q)(r — p) = 0. For instance, if p =r,q # s then

A(t) = ép,q(t) - ¢T,S(t) = ‘I)pyq(t) - ‘I)p,S(t)
P(pt) — ¢(qt)  ¢(pt) — d(st)
= Plg- o) P P = (g - ot at, st ]

If @, 4(t) < @, 5(¢) for all t € [c1, 2], then Dy g(c1) < Prs(c1) and Py g(c2) < Py s(c2).

Conversely, if &, 4(c1) < @r s(c1) and @y 4(c2) < Py s(c2), then A(c1) < 0and A(e2) <
0. From A(c1) = ¢i(q — s)[pci, gei, sci; ¢] < 0 and [pt, qt, st; ¢] > (<)0 due to ¢”(z) >
(<)0 it follows that ¢ — s < 0. This yields A(¢) < 0 for all ¢ € [e1, c2].

In the same way, our required result is also true in other cases.

(ii) In the case of (s — p)(q —r)(s — ¢)(r — p) 76 0. Then

At) = Dpq(t) = Prs(t) = (Ppqg(t) — Ppr(t )) P (t) = Prp(t))

( .
" " rs(t) = Prp(t)
_ DPp,q(t) — Pp,r(t (s — s—Pp
B q—T 1 ( ) cbp,q(t) (I)pn" )
(2.28) o =t3pt, qt,rt; $|U (),

where

(229) U@)=(g—7)—(s—p)V(1),
here V (t) is defined by (2.8). From Lemma 2.5, we see that U(t) is also monotone on

(0, 00).
On the other hand, by (2.28) U(t) can be written as
_ AWl Ppe(t) = Prs(t)
(@300 VO = Bt gt,rtig] ~ et gt rtig]

That ¢”(z) > (<)0 implies that [pt,gt,rt;¢] > (<)0. It follows from (2.30) that the
a(t) < @, 4(t) for all ¢ € [c1, c2], namely, A(t) < 0 for all ¢ € [c1, 2] if and

)
inequality ®,,
only if U(t) < (>)0 for all ¢ € [c1,c2]. By Lemma 2.3 this is equivalent to U(c1) < (>)0
and U(cz) < (>)0, which are also equivalent to
Alcr) = ®pq(c1) — Prsler) = cilper, ger,rer; 9)U(er) <0,
Afc2) = Ppq(c2) = Drs(c2) = calpea, gea, rea; U (c2) < 0.
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This shows that ®, 4(¢) < ®, s(¢) holds for all ¢ € [c1, 2] if and only if @, 4(c1) < Dy s(c1)
and ®p 4(c2) < Py s(c2).
This completes the proof. |

2.6. Remark. From the part one of proof above, it is easy to see that @, () defined
by (2.1) is strictly increasing (decreasing) with respect to either p or g if ¢"(x) > (<)0.

3. PROOFs OF MAIN RESULTS

By Theorem 2.2 and the following simple lemma, we can prove Theorem 1.5.

3.1. Lemma([11]). The function (z,y) — L(z,y) (z,y € Ry) is strictly increasing in
either x or y.

Proof of Theorem 1.5. Since /P9 S, (a,b) is symmetric with respect to a and b, we
assume that a > b and denote by ¢ := In\/a/b. Then ¢ > 0. By some simple transfor-
mations and using sinhx = (e” — e~ ") /2 we have

P _ Py q __ 14 ] — 1
(ad(el/L(p,q)Sp’q(m b)) _ In(a? — b*) — In(a? — b7) — nvab+ In sinh(pt) lnsmh(qt).
pP—q pP—q
Let ¢(t) = Insinh ¢ and

In sinh(pt)—In sinh(qt) if

— = ifp#q,
32)  Dpg(t) =14 oo PO .
( ) pa(I( ) { tSinhhpzzt lf p=gq.
Then the comparison inequality (1.19) is equivalent to
(3.3)  Dp4(t) <P s(t) forall 0<t < oo.

Some direct computations yield

ht 1 2cosht
/(t COS 7 ") = -~ < 0, "oy —
() sinh ¢ ¢ sinh? ¢ ¢ 0 sinh? ¢
to" )\’ 2t cosht\’ sinh 2t — 2t
— ) =————_ " < 0forallt>0.
( @ (t) sinh ¢ sinh? ¢ < Dlorallt >

According to Theorem 2.2, for fixed p,q,7,s > 0 and ¢z > ¢1 > 0, the comparison
inequality (1.19) holds for all a,b € R4 with a # b if and only if both the following

(3.4) Dpglcr) < Prsler), a1 =07,
(3.5) Dpqlc2) < Prs(e2), 2 — 0
hold.
Letting c¢; — 07 yields
lim @) = lim In sinh(per) — Insinh(ger) _Inp—Ing 1 .
c1—0+ c1—0+ pP—q pP—q L(p> Q)

Then (3.4) is equivalent to
(3.6)  L(p,q) > L(r,s),

which is the first inequality of (1.20).
Since P, 4(t) is symmetric with respect to p and ¢, we assume that p > ¢; likewise,
we can assume that r > s; that is,

(3.7 ¢=min(p,q), s=min(r,s).

In order to obtain the second one of (1.20) from (3.5), we distinguish four cases.



Case 1: (p—¢)(r — s) # 0. A simple transformation yields

Insinh(pt) — In sinh(qt) In (ept/Q(l - e_pt)/2) —In (eqt/z(l - e_qt)/2)

Bpglt) = -
P P—q pP—q
t  In(l—e?) —In(l —e %)
= — 4+ s
2 P—q
so we have
In(1—e PYH)—In(1—e~ %) In(1—e~"H)—In(1—e~ %)
D, () — Prs(t . - - r—s
lim Lpalt) = Lra(t) — ®) = lim p—d -
00 e—tmin(g,s) 00 e—tmin(g,s)
1 pe—Pt qe—qt 1 ,re—'r‘t Se—st
=" (1_5—pt - 1_677@) I (1—57*’"" - 1—67*“)
= lim - -
t—o0 — min(g, s)e—tmin(a,s)
=L <0 ifg>s
(3.8) = e ifg=s

H>O lfq<8.

By Lemma 3.1, the first inequality of (1.20) or (3.6) leads to p > r if ¢ = s, which yields
1

Lo L rop <. Tt follows from (3.8) that
p—q r—s (p—q)(r—s)

<0, qg>s;

(3.9) lim w <0, q=s;
00 e—tmin(q,s)

>0, ¢<s,

which implies that, in this case, (3.5) is equivalent to
(3.10) min(p,q) > min(r,s).

Case 2: p = q,r > s. We claim that ¢ # s. If not, that is, ¢ = s, then from the first
inequality of (1.20) or (3.6) it follows that

s=L(s,s) = L(p,q) > L(r, s),

which in conjunction with L(r, s) > min(r,s) = s yields s = r. This is a contradiction.
Thus,

ge—at _ In(1—e~ ") —In(1—e~%%)
lim Pg,q(t) — Prs(t) —  lim 1—e—dt r—s
00 eftmin(q,s) 00 e—t min(q,s)
_qze—qt 1 ( re= Tt . se— st )
) (1767qt)2 r—s \(1—e— 7t 1—e—st
= lim -
00 _ min(q, S)e—t min(q,s)
3.11) _ =L <0 ifg>s,
' g>0 ifg<s.

This shows that (3.5) is equivalent to (3.10) in this case.
Case 3: p > q,r =s. If ¢ # s, then

In(1—e P —In(1—e~ %) se” St
: CDP’Q(t) _ @s’s(t) . pP—q T 1_e—st
lim —————~~ = lim T
o T e—tmin(g.s) A o—tmin(a,9)
1 pe Pt ge~at g2t
y p—q \ 1—e—P?t 1—e—at (l,efst)Q
= im - -
00 7Hl11’l(q, S)e—tmm(q,s)

(3.12) _ {—5<0 if ¢ > s,

1 .
H>O lfq<8.
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If ¢ = s, from ¢”(t) < 0 and Remark 2.6 it follows that @, () < ®4,4(t), which yields
By, q(t) — Do s(t) < Bgq(t) — Ds,5(t) =0 for all ¢ > 0.

These also show that (3.5) is equivalent to (3.10) in this case.
Case 4: p =q,r = s. We have

ge— 9t se st —s<0 if q>s,

(3.13)  lim Paa(t) = Pss(t) _ lim 1= 1-emst ) if g = s,
q>0 if ¢ < s.

i e—tmin(a,s) e e—tmin(as)

This shows that (3.5) is similarly equivalent to (3.10) in this case.

Consequently, (3.5) is equivalent to (3.10) in all cases, that is, the second inequality
of (1.20).

In conclusion, then necessary and sufficient condition for (1.19) to hold is: (3.6) and
(3.10), that is, (1.20).

This completes the proof. |

It is regrettable that Theorem 2.2 is also not applicable to prove Theorem 1.6, because
when ¢(x) = In(z coshx) the condition "k(z) = x¢""(x)/¢" (x) is strictly monotone for
all x > 0" is not satisfied. Fortunately, we can use Theorem 1.5 to prove Theorem 1.6.
To this end, we also need other two lemmas.

3.2. Lemma. For fited m > 0 the function x — L(z,m —z) (0 < z < m) is strictly
increasing in x on (0,m/2] and strictly decreasing on [m/2,m).

Proof. A direct derivation yields

dL(z,m — x) _ 2(Inz —In(m — z)) — % _ g(z)
dx (Inz — In(m — z))? (Inz —In(m — z))*’
dg(z) _  m(2x - m)?
de z2(m — x)? <0

It follows that g(z) > g(m/2) = 0if z € (0,m/2) and g(z) < g(m/2) =0ifz € (m/2,m),
which completes the proof. [l

3.3. Lemma. Denote by

(3.14) Q= {(pgrs):ptg>r+spgrseRy},
(3.15) Q2 = {(p,qg;r,s): min(p,q) > min(r,s),p,q,7,s € Ry},
(3.16) Qs = {(pgmns): Lp,q) > L(r,s),p,q,7,5 € Ry}

Then Ql N QQ g Qg.

Proof. Without loss of generality, we assume that p > ¢,r > s, that is, min(p,q) = ¢,
min(r, s) = s. We now prove that (p, ¢;r, s) € Qs for every (p,¢;7,s) € Q1 N Qa.
Indeed, (p, g;r,s) € Q1 implies that r < p+ g — s, and from Lemma 3.1 it follows that

L(rv 3) S L(p+q - S,S).

While (p, ¢;7, s) € Q2 together with assumption p > ¢ implies that 0 < s < ¢ < (p+4q)/2,
and from Lemma 3.2 it follows that

L(r,s) < L(p+q—s,s) < Llp+q—q,q9) = L(p,q),

which shows that (p, q;r,s) € Q3.
This completes the proof. |
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Proof of Theorem 1.6. First of all, we show that (1.21) holds if (p,g; 7, s) € 21N Q2N Q3.
Indeed, (p, q;r,s) € Q2 N Q3 implies that
L(p,q) > L(r,s) and min(p,q) > min(r,s),
which is equivalent to
L(2p,2q) > L(2r,2s) and min(2p,2q) > min(2r,2s).
Thus, by Theorem 1.5 the comparison inequality
(3.17) VP2 G, o (a,b) < e Gy, 5 (a,b)

holds for all a,b € R4 with a # b if and only if (p,g; 7, s) € Q2 N Q.
Note Sap,2¢(a,b) = /Sp,q(a,b)Gp,q(a,b), by a simple equivalent transformation in-
equality (3.17) can be written as

e PG, (a,b)Gpq(a,b) < /S, (a,0)Gr s (a,b),

which is equivalent to

Sr.s(a,b)
3.18 1/L(P7‘1)G b) < 1/L(T73)GT . ) Pl St Aty
( ) e P«(I(aﬂ ) S e 5 (CL, )Sp,q(CL b)
Meanwhile, by Theorem 1.1 the comparison inequality Sy s(a,b) < Sp.q(a,b) or
Sr.s(a,b)
319) ———= <1
( ) Sp.ala,b) ~

holds for all a,b € R4 with a # b if and only if (p,g;7,s) € Q1 N Qa.
It follows from (3.18) and (3.19) that

Sr.s(a,b)
Sp.a(a,b)
hold if and only if (p,¢;7,s) € Q1 N Q2 N Q3. This shows that (1.21) holds if (p,q;r,s) €

Q1 N Q2 N Q3.
By Lemma 3.3, the proof is completed. |

(3.20) EPDG, (a,b) < FTYG, ((a,b) < eFr G (a,b)

4. COMPANION INEQUALITIES FOR BIVARIATE MEANS

In this section, we will give the companion inequalities for Stolarsky means and Gini
means.

Using Theorem 1.1 and 1.5, we first give the improvement of Theorem 1.3 as a corollary
of our main results.

4.1. Corollary. Let p,q,7,s € Ry. Then the following companion inequalities
(41)  Sr(a,b) < Spala,b) < exp (5 = zikyy ) Srslasb)
hold for all a,b € Ry with a # b if and only if (1.22) holds.

Proof. By Theorem 1.1 the first inequality of (4.1) holds if and only if (p, ¢; 7, s) € Q1NN3.
The second one of (4.1) is equivalent to (1.19), which holds, by Theorem 1.5, if and only
if (p,q;r,s) € Q2N Q3. Hence (4.1) hold if and only if (p,g;7,s) € 21 N Q2 N Q3.

By Lemma 3.3 the assertion follows. |

For the Gini means, we have the same result.
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4.2. Corollary. Let p,q,r,s € Ry. Then the following companion inequalities
(4.2)  Gra(a,b) < Gpqla,b) < exp (ﬁ - ﬁ) Gr.a(a,b).
hold for all a,b € Ry with a # b if and only if (1.22) holds.
Proof. Necessity. If (4.2) holds, then by comparison theorem for Gini means 1.2 the
first inequality of (4.2) implies that (p,q;r,s) € Q1 N Q2. In the second one of (4.2),
letting b — a yields a < aexp (ﬁ — m), which implies that L(p,q) > L(r,s),
that is, (p,q;7,s) € Q3. Hence (4.2) holds implies that (p,gq;r,s) € Q1 N Q2 N Q3. By
Lemma 3.3 (p,¢;7,s) € Q1 N Qa.
Sufficiency. If (1.22) holds, by Theorem 1.2 and Theorem 1.6 we obtain that
Gpq(a,b) > Grs(a,b) and /P0G, (a,b) < /790G, (a,b),
respectively, which are equivalent to the first and second inequality of (4.2), respectively.
This completes the proof. I

The following is a pair of companion inequalities for Gini means and power mean.

4.3. Corollary. Let t # 0. Then the companion inequalities
(4.3)  Au(a,b) < Gpgla,b) < 27" Ay(a,b)
hold for all a,b € Ry with a # b if and only if p,gq >0 and p+q>1t> 0.

Proof. Necessity. Firstly, we have ¢t > 0. If not, that is, t < 0, then
Ai(a,b) < Gpqla,b) < 2" Ay(a,b) < Ai(a,b),
which yields a contradiction. Therefore ¢ > 0.
Secondly, note A;(a,b) = Gy 0(a,b), by Theorem 1.2 the first inequality of (4.3) holds
if and only if both the inequalities
p+qg=>t+0,
(¢) min(p,q) > min(t,0) if min(p,q,t,0) >0,
(if) max(p,q) < max(t,0) if max(p,q,t,0) <0,
(#7) u(p,q) > p(t,0) if min(p, q,t,0) < 0 < max(p,q,t,0),
hold. Solving the inequalities in conjunction with ¢ > 0 yields
(p.q.t) €{(p.q,t) :p,a>0,p+q>1t>0}:=E.

Sufficiency. If (p,q,t) € E, then the first inequality of (4.3) follows from Theorem
1.2.

To prove the second one of (4.3), we first show that
(4.4)  max(a,b) < 2" A;(a,b) < oo
hold for ¢t > 0.

For t1 > to > 0 we easily check that L(2t1,t1) > L(2t2,t2) and min(2t1,61) >
min(2t2,t2). By Theorem 1.5 we have e/t 6, (g b) < eV/EGt2t2) G, (a,b),
that is, 2V/1 Ay, (a,b) < 21/*2 A, (a,b), which implies that the function t — 2'/*A,(a, b)
strictly decreases on R4. And, simple calculations lead to

lim (ZI/tAt(a, b)) =00, lim (21/tAt(a, b)) = max(a, b).
t—0,t>0 t—o0
Hence (4.4) holds.

On the other hand, since G, 4(a,b) is a mean of positive number a and b for every

(p,q), we have

(4.5)  min(a,b) < Gp,q(a,b) < max(a,bd).
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Inequality (4.4) in conjunction with (4.5) yields the second one of (4.3).
The proof is ended. 1

Lastly, we give a new proof of a part of Theorem 1.4. For clarity, we restate this part
as a corollary of our main results.

4.4. Corollary. Let p,q > 0 and r,s > 0. Then the following companion inequalities
(4.6)  Sro(a,b) < Gpgla,b) < e/F IS, (a,b).
hold for all a,b € Ry with a # b if p+ g > max((r + s)/3, min(r, s)).

Proof. If p 4+ g > max((r + s)/3,min(r, s)), that is, 2(p +¢) + (p +¢q) > r + s and
min(2(p + q), (p + ¢)) > min(r, s), then by Corollary 4.1, we have

(47)  Srs(a;b) < Saptg).(pre)(a;b) < exp (L(rl‘,s) - L(2(p+ql),(p+q))) Sr,s(a,b).
Note Sa(p+q),p+q(a,b) = Apiq(a,b), then (4.7) can be rewritten as
(4.8)  S,s(a,b) < Apygla,b) and  2YPFDA L (a,b) < /E9 S, (a,b).
Putting ¢ = p + ¢ in Corollary 4.3, since p,q > 0 and p+ ¢ >t > 0, we get
Apigla,b) < Gpgla,b) < 2Y/PTDA L (a,b),
which together with (4.8) leads to
Sps(a,b) < Apirgla,b) < Gpgla,b) < 2P0 AL (a,b) < eF98, (a,b).

Our required result follows. [
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