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Convergence and data dependence results for

quasi-contractive type operators in hyperbolic
spaces
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Abstract

In this paper, we simplify the iterative scheme introduced by Fukhar-
ud-din and Berinde [Iterative Methods for the Class of Quasi-
Contractive Type Operators and Comparison of their Rate of Con-
vergence in Convex Metric Spaces, Filomat 30 (1), 223-230, 2016] and
study convergence and data dependency of the new proposed scheme
of a quasi-contractive operator on a hyperbolic space. It is shown that
our results provide better convergence rate.
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1. Introduction and preliminaries

Takahashi [25] defined the concept of convexity in a metric space (M, d) as under:
A map W : M? x [0,1] — M is a convex structure in M if

(1.1) d(u, W (u1,u2,m)) < nd(u,u1) + (1 — n)d(u, uz)

holds for all u, ui, u2 € M and n € [0,1]. A nonempty subset C of a convex metric space
is convex if W(ui,u2,n) € C for all u1, us € C and n € [0, 1].
From the definition of convex structure W on M, it is obvious that

(1.2) d(u, W (u1,u2,m)) > (1 — n)d(u,u2) — nd(u, u1)
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for all u, u1, u2 € M and n € [0, 1].
Kohlenbach [20] enriched the concept of convex metric space as “hyperbolic metric
space” by adding the following conditions.

(13) d(W(UhU%nl)»W(ul’U%W)) = |771 - 772|d(u15u2)7

(14) W(Ul,u2777) = W(’U;Q,Ul, 1- n))

(L.5)  d(W (u1,us,n), W(uz,us,n)) < nd(ur,uz) + (1 — n)d(us, ua),
for all w1, uz, us, ua € M and n, m, n2 € [0,1].

Normed spaces and their subsets are hyperbolic spaces as well as convex metric spaces.
The class of hyperbolic spaces is properly contained in the class of convex metric spaces
(see [18], [20]). It is worth to mention that an important and interesting example of
convex metric spaces is a CAT(0) space (see [4], [6], [13], [16]).

Search for new iterative scheme to solve nonlinear problems is one of the main themes
of fixed point theory. For various iterative schemes, convergency, stability and data
dependency have been investigated in ([1], [2], [5], [7], [9], [11], [12], [14], [15], [17], [23],
[24]).

Let C be a nonempty convex subset of a convex metric space M and T : C — C be
an operator. Let {ozg)}, {asf)}, {aﬁf’)}, {agf)} and {aS{r’)} be sequences in [0, 1] satisfying
certain control condition (s).

Recently, Fukhar-ud-din and Berinde [8] have proposed the following scheme for a

given wgl) eC:

(2)
x'(n.lJ)ﬁl =W (T;Z'»(,f), w (ng?)wrgbl)’ 1?2(1)) 7a$11)> 3

(5)"

(1.6) o =W (Tm5l3), w (Txg),x%l), %) ,agf)) ;

xﬁf’) =W (Txgll), xg), oz%s)) ,n > 1.

It has been proved by Fukhar-ud-din and Berinde that the sequence {x;”} in (1.6)
converges to a unique fixed point s, of a quasi-contractive operator 1" which satisfies the
following condition:

(1.7)  d(Tui,Tuz) < dd(ui,uz) + ed(Tur, u1)

for any w1, us € M, 6 € (0,1) and € > 0. They have also shown that iterative scheme
(1.6) converges faster to the mentioned fixed point s, than Ishikawa [10], Mann [21] and
Xu and Noor [28] iterative schemes.

Since lightest workload and quick achievement are always desired, therefore a faster
and simpler iterative scheme is still in demand.

For this we would like to construct an iterative scheme with a better convergence rate
than that of (1.6). In this context, we consider a simplified form of (1.6): Using (1.4)
and “W (u1, u2,0) = ug for any ui, uz in M ([26], Proposition 1.2 (a))” in (1.6), we get
for a given s(ll) € C that

5511_,)_1 = TS'E?), .
(1.8) s = w (TP, w (TsD, s, 20 ) all)

5%3) =W (ngll), s%l),asf)) n > 1.
In this paper, we first show that iterative scheme (1.8) converges to a unique fixed
point s, of a quasi-contractive type operator (1.7) under different control conditions on
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parametric sequences. Next, we show that iterative schemes (1.6) and (1.8) are equivalent
when converging to the same unique fixed point of the afore mentioned operator. We also
show that iterative scheme (1.8) converges faster than the scheme (1.6) as well as some
classical iterative schemes. Finally, we prove a data dependence result for the iterative
scheme (1.8).

1.1. Definition. (see [3]) Let T, T : M — M be two operators. We say that the operator
T is an approximate operator of T if for all v € M and for some fixed € > 0, we have

d(Tv, Tv) < e.

1.2. Definition. (Rate of convergence; cf. [19]) Let {aﬁf)}ffzo, i =1, 2 be sequences of

real numbers with lim,, o aﬁ}) =a™® and limy— oo agf) = a(2), where agf) #* a(2), for all

n € N.
We say that:
o [ (1)yoo (2)yo00 g1 d(all a™)
(1) {an’}2Zo converges faster than {as’ }ar if lim, oo m =0,
d(agln,a(l))

7d(a£?),a(2)) = +00,

(i) {a'V}52, converges slower than {a'?}52 if limy, e

(iii) {agll)}ffzo converges at the same rate as {ag)}ffzo if

d (aszl),a(l)) d (aS),a(l))
0<lim, ,  ————" — 7
- d (ag), a(2)) d (ag), a(2))

(iv) {aﬁll)}ffzo and {aﬁf)};’;o converge completely at an incomparable rate if

d (a%l), a(l)) L d (a%l), a(l))
hfmn—on =0 and lim, oo ———% = 400.
d (an ,a(g))

d (af)7 a(2))

1.3. Definition. (A modified definition of rate of convergence; see [22]) Let {aﬁf)}ffzo,
i = 1, 2 be iterative sequences converging to the same fixed point s.. The sequence
{ag)}ffzo converges faster than {a?}fﬁzo to s, if

d (ag),s*)
lim ———~ =0
nTeed (af),s*)

< limn o0

1.4. Lemma. (see [24]) Let {07(11)}3":0 be a non-negative sequence of real numbers. If
there exists no € N, such that for all n > no one has the inequality

oD, < (1 - 0P)oD 1 @6,

where o2 € (0,1), foralln e N, > o = 00, and o > 0, Vn € N, then the following
n=0

inequality holds:

0 < lim sup O'T(Ll) < lim sup O'S)).

n— oo n— oo

1.5. Lemma. (see [27]) Let {Jfll)}ff’zo and {07(12)}7?;0 be non-negative real sequences
satisfying the following inequality:

USL <(1- US’))US) + U,@,
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(3) X (3) (2)
where oy € (0,1), for all n > no, > on = oo, and ¥y — 0 as n — oo. Then
n=0 On

limyp o0 o) = 0.

2. Main Results

In the rest of the paper, we assume that C' is a nonempty, closed and convex subset of
a hyperbolic metric space M, T : C — C is a quasi-contractive operator satisfying (1.7),

{ai’}, {al?}, {ai) + o'}, {al?}, {af”), {ai?’} and {af! + af?’} are appropriately
chosen sequences in [0, 1] and F' (T) denotes the set of fixed points of T'.

2.1. Theorem. Let {sﬁ})};’:’:l be the iterative scheme (1.8) with sgl) eC, > agfl) = o0

n=1
o=}
(or > o = o00). If T is a quasi-contractive operator and F(T) # 0, then {5511)}?:1
n=1
converges strongly to a unique fized point s. of T.

Proof. An application of inequalities (1.1) and (1.8) to the sequences {551:”} and {57(12)}
in (1.8) yield

d (8513), s*) = d(W(ngll)7 sO af)), Sx)
< aﬁf)d (TSS), S*) + (1 — aﬁf)) d (5511), s*)
(2.1) - [1 —a®(1 75)] d(sﬁf),s*),

and

(5)
d (8512)78*) = d <W <T5513>,W (Ts;1)7353), an(4)> ,a,(f)) 7s*>
1—an

(5)
< ozsl)d (TS(T?),S*) + (1 — aﬁf)) d (W (Ts(nl),ss), an@) ,s*>
1—ap
<

aif)d (TSS’), s*)

(5) (5)
+ (1 - a;‘*)) {1iéna5;‘>d (Tsif),s*) + (1?%) d (s;”,s*)}

= asl‘l)d (ngf’), s*) + aﬁ{r’)d (Tssln, s*) + (1 — aﬁf) — a%‘s)) d (sg), s*)
(2.2) < aléd (SS’), s*) +al®éd (8511)7 s*) + (1 —a® - af)) d (553), 5*) .
Combining (2.1) and (2.2), we obtain
(2.3) d(sf)7 $x) < {0451“5 [1 - 04513) (1- 6)} + Ozf’)é +1- o¢£14) - 04515>} d (8511)7 5*) .
Since 6 € (0,1) and ¥ € [0,1] for all n > 1,
(24) 1-aP(1-6)<1.
Using (2.4) in (2.3), we get

(2.5) d (sf)7 s*) < [1 - (aﬁl‘l) + af’)) (1- 6)] d (sfll), s*) .
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Again applymg 1nequa11t1es (1.1) and (1.7) to the sequence {s; )} in (1.8) (or putting
ol =1 and o/? = 0 in inequality (2.4) in the proof of ([8], Theorem 3)), we obtain

(26)  d(sHys.) <od(s2,5.).
Now inserting (2.5) into (2.6), we get that
@7 dss) <61 (o o) 1= 9)]a(sP,s).

Repeating the above process, we obtain
(2.8) d( $11+1,s*) <" klj [1 — (a,(f) + oz;:’)) 1- 5)] d (sgl), s*) .

In view of the fact 1+« < e” for = > 0, the inequality (2.8) becomes

—(1=8) 3° (a® 4al®
(2.9) d(SiLl_‘)_l,S*) < e k:l(ak af )d(sgl),s*).

Since o', ol € [0,1] for all n > 1, therefore we get

o <0 +a® (or o < ol +al?)

which leads to

(2.10) Za < ((4> ) or Za < (a,(f)—&—a;f))).

k= k=1

Now taking limit on both sides of (2.10) and then using the assumption Y, ot = 0o (or

n=1
Z o) = 00), we get that > ( Wy a(s)) = oo. It thus follows from the inequality
n=1
(2.9) that s5 — s. € F(T) as n — oo.

Next we prove that F (T) = {s«}. Assume that there exists another fixed point s of
T. Now

d(s«,5%) <d(Tss,Ts.) < 6d (s, %),

implies s. = s, as § € (0, 1). O

2.2. Theorem. Let {z\V}:2, be defined by (1.6) for 2\ € C with Z ol = oo

n=1
(or > o = o00) and let {s(l)}n:(J be defined by (1.8) for sgl) € C. If for a quasi-
n=1

contractive operator T', there exists a unique fized s« of T, then the following statements
are equivalent:

(i) {at(l)}nzo strongly converges to s.;

(i) {sn DYoo strongly converges to s..

Proof. (i)=-(ii): It is established in the proof of Theorem 2.1.



(ii)=-(i): Assume that limy,_ s = s.. Using (1.1), (1.5), (1.6), (1.7), and (1.8), we

have the estimates:
2 2 1 04(2) 1
d ngl)7W Tac,(l),W Tmf’),x;), % ,aﬁl)
1—ap

1 1
a (501,22

< aSB)d (Tsﬁf), T:rf))
(2)
+(1-al)a(Ts? W (12,2, 2
1-— aﬁf)
< agbl)d (Tsf), Tzf))
NE)
+ (1 - a£}>) _an g (Tsf),TxSf))
1-— asll)
1 06(2) 2 1
+ (17(15)) 1- 9 d(TS;),T;c;))
1-— a,g)
< a%l)(Sd (s?,ng)) + (aill) + a(f)) ed (Ts(,?), sf))
(2) (2) .(3) _ 1) (2 (2) ,.(1)
(2'11) +a7b 6d STL 7x7L + 1 a’IL aTL d TS'IL ) :Z:’VL b)

(5)
d (553),5653)) = d (W (TSS”,W <T8$L1),85Ll)7 o (4>> 7a$b4)> ;
1— oy

(5)
w nglg), w Txill), xg), _Gn ,aﬁf)
1-— a;‘l)

an) d (ngf’), T:E,E?))

(5) (5)
+(1—al)a(w (TsD, s, s ) W (Tl 2D,
n n n 1 _ a(4) ) n 9 n 1 (4)
n

— an

IA

IN

(5)
aﬁf)d (TS;S),nglg)) + (1 — 04514)) _an @ d (Ts,(ll),TxS))
1—ap

(5)

+ (1 - a(4)) 1-—2 4 (5(1) x<1)>
n
agfl)éd (SS’), 1:23)) + 04514>ed (TSS'), 5513)) + ozf)ed (ngll)7 553))

(2.12) + (a,(f)& +1-a® - aif’)) d (s,ﬁllw,ﬁ”) :

IN

d (s(f), xf)) = d (W (Ts(nl)7 5511), ag)) W (TJISLU,JIS), aS?)))
a513>d (ngll), Tx;”) + (1 — aﬁf’)) d (s%l),xgl))
0455’)(561 (sﬁll), x%”) + ozﬁf’)ed (Tssll), sg)) + (1 — aslg)) d (sg),xg))

[1 - a%g) 1- 5)] d (s;l),mgp) + ozi{”ed (ngll), 3%1)) .

IA

IA

(2.13)
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Combining (2.11)-(2.13), we have
d (sfllll,xillll) < {04511)04514)52 [1 — aﬁ? (1- 5)}
+a£11)6 (a515>5 +1- agf) — af))} ( %1), ;r%l))
{ N O N ONNINOF MO } (Tsm <1>)
+ ( W4 a(2)) ed (ng) )) + aPsaMed (TSSLB), Sm )
(2.14) +al?éd (sg>,w§)) + (1 —al) - af)) d (ng),:cgll)) .

Using now (1.1), (1.7), and triangle inequality for metric, we get that

(2.15) ( 75 ! 1)) ( ;U,s*) +d (s*,s;)) <(1+d)d (SS),S*)

(2.16) d (Ts(2) <2)) d ( 5{"),5*) +d (s*, s >) <(1+6)d (s;>,s*)
DE

(2.17) d (Ts;?’), (Tsn3>, s*) +d (s* e >) <(1+4)d (s; ), s) ,

d (ngf), x%l)) < d (Tsf), 3%”) +d (S%D, a:%l))
< d (Tsf), 5*) +d (sn , ) +d (s%l),xgll))
(2.18) < éd (sf), 5*) +d (sn ,s*) +d (SS), JZ;I))

d (s,(f)7 :ES'))

IN

2(s,5) 4+ d (52,2

d(s< )-I—d(sn ,s*>

(2.19) + [1 —a® (1- 6)] d (5511), xg)) +aPed (Ts(nl)7 5511))

IN

(5)
d(Sg),S*) < d( (TS(S) w <Ts§3), , on (4>> ,ozifl)) ,s*>
— Qn
4 4 1 1 0(5)
< ()d(Ts(g) )+(1—Oc( ))d w Ts;),s,(l),ﬁ , S
1—ap
(2.20) < agf)éd (5513), s*> + {a,(f’)& +1-— 0424) - ozﬁ{r’)} d (s%”, s*> ,
d (sf’), 5*) < d (W (Tssll), 353), ozf’)) ,s*)
(2.21) < [1—a,§3) (1—5)} d(s;)7s*).

Inserting (2.15)-(2.21) into (2.14) and simplifying, we get that
a(s00) < [i- (o +a?)a-o)]d(s0,0)
+ { [(aﬁfnaﬁf’)é +a® + Cl,<n4)) M4 aPafl ] de(1+9)
+1—afV) —al? +alPs + (1 — Ozs})) 0

(2.22) + (o +al) e +a)fd (s, ).



Define
o = (o),
o = (el +al?)(1-8 e,
@ = { [ag)a%)af’)é +aPa? +aPalt + ag)a?)] Se(14+8)+1—al?

—a® +a@5+ (1-a) 5+ () +a@) c(1+6) b (5,5,

Hence, (2.22) satisfies all the requirements of Lemma 1.5 and so we get limy,—, oo d (sg), :rg)) =

0. Also, we have

d(x'szl)v S*) S d(s'gzl)a 1"57.1)) + d(S'Ell)a S*)ﬂ

which implies limy o d (2, 5. ) = 0. O

2.3. Theorem. Suppose that we have the following conditions on the sequences {aﬁf)}gio,
{a?}z0, {a?}ozo, {on”}olo, {00 )30 € [0, 1):
(C1): O<a<a<loro<a<al® <1 foralin>1,

(€2): 0 <l +aff < k5 foralln>1, 6 € [0,1) and limnoe (0 +al?) = 0.

If T is a quasi-contractive operator and F(T) # 0, then {S%D}ff:o i (1.8) converges
to s. faster than {x$”}5, in (1.6), provided that s = z{" € C.



Proof. Using (1.1), (1.2), (1.6) and (1.7), we have the estimate:

d (:p;ll, 5*)

(2)
= d <W (Tx(z) %% (Tx( ) g _Gn o >> a<1>> s*>
n b n b 1 _ 1 b n b

(2)
> (1 - oe,?) d (W (Txf’), 511), an1> ,s*> — aif)d (Txf), s*)
1- a( )
n
(2) (2)
> (1 — aﬁp) 1-— _Gn d (xﬁbl), s*) — CM¢d (Tmf),s*)
1-— ag) 1-— aSLl)
—alV {5d (mf), 5*) + ed (T'ss, s*)}
o (el ) a(0) (o) o (.
> (1 1 <2)) d (:v , 8 ) a;2>5a%3)d (Tx%l), s*)
—ozn (1 -« 3)) d (m , 8 ) oz%l)éagfl)d (Ta:513>, s*)
(5)
(1)5 — 4)) d Tx(l) SO B IR IS
n 1 - aﬁl‘l) ) Ok
> (1 — 2)) d (w ) af)&lf)éd (a:(nl), S*)
(2)5 ( ) ( ) ozg)(sasl)dd (:rf), s*)
o)
(1)5 (1 — agf)) (Txn ,s*) + 11— % d (ch),s*)
1 — o )
n
> (1 W _ 4@ ( OF ) MOMNOPLP! (x;”, s*)
— (1 — 04513)) foy D54 (a:ij), s*) - a%l)a,(f)égaf’)d (Tac;l), s*)
—a%l)agf)(sz (1 — asf)) d (xill), s*) - ag)a515)52d (:(:511), S*)
(1=l 0 (2.0
> (1 — ol ) ( (. ) NONOPE ( . s)
— (1 — erzS)) a,(f)éd (mS), s*) - ozﬁl )ag)af)ésd (mg), 5*)
—a,(ll)a,(f) (1 — af)) 62d( (1) *) — chll)ag{r’)fd (a:s), s*)
—a%l) (1 — oz(n4) — af)) d (1:511), s*)
= {1 - (ag) + ag)) — ag)d [1 — af) 1- 5)] — a;”aﬁj“f [1 — af) 1- 5)]
faﬁll)(; [af)é +1-— ozs:l) — ozﬁls)] } d (mw, s*)
> {1 — (aﬁf) + af)) —al?s
alls [1 - (a,(f) + a,(f)) (1- 5)] } d (xﬁl ),5*) (as1— al® (1=9¢) in [0,1])
> [1 — (a;” + ag)) 1+ 6)] d (m; ),5*) (as 1— (agf) + af)) (1-46)<1foralln>1)
> =TI (e +al?) 0+ 9)]d (ol s.).

k=1
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That is,

(2.23) d(n+1,s*) ﬁ[ (a,§”+a§f>)(1+6)} (:pg”, )
It follows from (2.8) and ?2.23) that

(n)_#fLI o) 0 ala(i0n)
d(xiflus*) SO [ (e +a) 1+ 9)]d (a,5.) '

k=1

(2.24)

Now using (C;) and assumption s( ) = ( ) in (2.24), we get that

(1)
d(3n+17 ) _ §"[1—a(l—o)"
d (:EELJ)H,S*) I [1 ( 1) +a( )) (1+ 5)]
k=1
Let 6,, = a1 . By the assumption in (Cz ), we obtain

o N NG
I [1= (e +ai?) (1+0)]
57 [1—a(1—5)]"
n+1
11 [1- (ol +aP) 1+6)] 1_ —
lim LHH = lim £=L = lim Jl a(l—9)

n—oo O, n—oo "l—a(1-4)" n—>oo|: ( (1) (2)) :|
A (1~ (of+0) 149 L= (ow” o) (149)

= f[l—a(l-68)]<1

Thus lim,_ 0 6, = 0 which implies in the sense of Definition 1.3 that {s%"’ 12, converges
faster than {x<1)}n=1. O

By ([8], Theorem 7) and Theorem 2.3, we get the following.

2.4. Corollary. Suppose that (C1) and (Cz) of Theorem 2.3 hold. If T is a quasi-

contractive operator and F(T) # (0, then {s<1)}n=1 in (1.8) converges to s. faster than
all the three classical iterative schemes, namely, Xu-Noor, Ishikawa and Mann iterations
provided that all these schemes have the same initial guess in C.

| be endowed with the usual metric. Define operator
e 1/2 with a fixed point s, = 0.5. Clearly, T satisfies
) C (0,1). For 6 = 2/5, 2" =0, af!) = 2241 angd

3n+2

2.5. Example. Let C = [_%7
T:l-331 = [-3.3 by Tz =
condition (1.7) with § € (2%%,
a;l) _ aﬁf) _ ang) _ ass)

= for all n > 1, the convergence results for different
iterative schemes to s, = 0.5 are shown in Figure 1 and Table 1 below.

[y

= N

3n+2

2.6. Theorem. Let T : C — C be an approzimate operator of T satisfying condition
(1 7). Let {s(l)}n 1 be the itemtive sequence generated by (1.8) with 3 < ol (or 1 <

)) for allmn > 1, limy oo a® =0 and { } 1 be a sequence genemted by:
s, =74
T (5)
(225) { & =w (Ts,w (Ti”,gé}{ <00) 0l

5P = w (T50,50,aY) 0 > 1.
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0.5 4
0.4 4
» 0.3 4
=
<
> 4
8
E‘:’ 0.2 4
0.1 —m— [terative Scheme (1.8)
—@— [terative Scheme (1.6)
—&— Xu-Noor
—w— Ishikawa
0.0 —&— Mann
T T T T T T T T T T T
2 4 6 8 10 12

Number of Iterations

Figure 1. Rate of convergence comparison for various iterative schemes.

Table 1. Comparison (rate of convergence among various iterative
methods for Example 2.5).

No. of Iter. Iteration (1.8) Iteration (1.6) Xu-Noor Ishikawa  Mann

1 0.000000 0.000000 0.000000 0.000000 0.000000
2 0.390957 0.142637 0.073590 0.072757 0.181959
3 0.469010 0.203206 0.112493 0.110996 0.272856
13 0.500000 0.342111 0.226410 0.223637 0.456162
1000 0.472261 0.400160 0.398645 0.499498
5000 0.485258 0.430745 0.429695 0.499898

Assume that {5%1)};’10:1 and {?94711)}20:1 converge strongly to s. and 3., respectively. Then
we have
2(1+9)e
1-6 7
where § € (0,1) and € > 0 is a fized number.

d (8x,84) <
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Proof. By (1.1), (1.5), (1.7), (1.8), (2.25), and Definition 1.1, we have that

(2.26)

a(2,52)

d(35117217§{73+)1) = d(Tsf),'fgf))
< a (TS, 78 +a (150, T52)

IA

od (sg), §£Lz)) + ed (ng), sg)) + ¢,

)
d|w 1@ w1 s _2n ) (@
n b 1 _ a’(n4) b n b
_ No!
1774 T§(3) 157 T"(U ~<(1) _“n a(4)
n b TL b n 71_a£l4) b n

< ala (T, 75
L o[(5) L N 05(5)
+(1—a<4))d W Ts®, 50, ) w70, ED, 9
_ @ (4)
1 (679 1-— QA
< ala (TP, TE) + afda (15, T5)
4 06(5) 1) (1
+ (1 NS )) _on g (Tsy,TS’fz))
[ a®
—al
(5)
BN ) __Gn ( )
+(1-af?) (1 1—a(4)> sO,
< a#)éd( (3) %3)) + a(4)ed (Tssf , ) + « 4)5 + a(“’)d (Ts(l) T%I))
+a7(15>d(T~<1> T%l)) (1 O ) ( %1))
< oWsd (sf%@ff)) +aPed (TSS’ (3>) +aBe 4 oz(5)5d( ,(11),3473))
(2.27) +o¢(5)ed (TS;U, (1)) + a e + ( &4) — a,(f)) d (8511),?”1)) ,
a(s9,50) = a (W (T, 50,00) W (F50,50,0))
< o®q (ngll),ffs{nl)) ( a(S)) (5%1>7:9/£zl))
< a®d (76, T50) + aPd (T30, T50)
1))
< (3>6d ( (1) %1)) + a Ded (Ts<1 1>> + ozgf’)s
(2.28) + (1 - aﬁf’)) d (8511)731”) .
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Combining (2.26)-(2.28), we obtain
d (82111,3&)1) < [1 - (a,&‘” + ai"’)) (1- 5)} d (s;1>,§L1>)

+ [a,(f)a,(ls)& + ozf’)} ded (Ts,(ll)7 SS))
+ed (ng), S(TLQ)) + aﬁf)éed (Ts;:g), 5513))

(2.29) + (a%)aﬁ?)é + agfl) + aﬁf’)) e +e.

By the assumption 1 < alh (or 1 < a%‘%)), we have that

(2.30) 1<2 (a;‘*) n ai?) foralln > 1.

Also we have that

2.31) o' <a® +a? (or ol <o +al?), for all n > 1.

Using (2.30) and (2.31) in (2.29), we get that

a(s50) < 1= (0 +al?) a6 a(s0,50)

+ (a;‘*) + 04515)) {[504513) + 1] ded (ngll), 8511)) + 2ed (Tsf), 5512))

(2.32) +ded (Ts(f), 5513)) + (52an + 25 + 2) E} .
Define for all n > 1,

o = a(sVE0) >0,

o2 = (af +al) (-8 € (0,1),

o

[604513) + 1] ded (ngll)7 ss)) + 2ed (ng)7 55?) + ded (nglg), sg)) + (5204513) + 26 + 2) e

1-4

> 5
The assumption 1 < af (or 1 < o) for all n > 1 implies > (a,(f) + a£:>) = 0.
n=1

It is now easy to check that (2.32) fulfills all the requirements of Lemma 1.4 and so by
its conclusion, we get

(520423) + 26 + 2) €

0 < limsupd (5511),3511)) < lim sup

n—oo n—oo 1—-90
By Theorem 2.1, we have that lim, . sﬁp = 4. Using this fact and the assumptions
limy, 0o E{nl) =3, and lim, o0 agf) = 0, we obtain

~ 2(1+6)e

The following example shows validity of Theorem 2.6.

2.7. Example. Let C, T, and § be as in Example 2.5. Now, define operator T:C—C
by

~ z® 2t B5xd 2922 233z
Ter =+ "+ "+ +

240 96 96 192 768 +0-255255.
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The Wolfram Mathematica 9 software package implies that

max ‘T - :F’ — 0.050561.
zeC

Thus, for all x € C and for a fixed € = 0.050561 > 0, we have

Ta — iﬁx‘ < 0.050561,

that is, T is an approximate operator of 7" in the sense of Definition 1.1. On the other

0.4/
% _ﬁ+ﬁ+ﬁ+ﬁ+%+0,253255

40 9% 9% 192

=

S04 -02 02 04 ; exp(x B ;)

-0.2 X

-04

Figure 2. Graphs of T, ’f, and y = x.

hand 5. = 0.404425 € C is a fixed point for the operator T. Indeed, if we put oei{g) =
=~ 5 4 3 2

a) = 1o ol = 2t foralln > 1 and To = 25 + &5 + 2% + 222" 4 2332 4 (.253255

in (2.25), then we have

(2.33)
sV ec,
L@N\E (=(2)\4 L(2)\3 (2)\2
~1) (Sn Sy 5(5y ) 29(sn ) 233§§3)
Sﬂf(rl)i 0.253255 + j‘l? + -5 T 96 + 193 + s>
2) _ 2n+2 1
= (1- ) s
#$)° N 5(ED)® 20(3®)? =3
+§Zié 0.253255 + 8240 + (896) + (396) + (1892) 23?55
5D)° s (D) 2953 (1)
+3n1+2 0.253255 + ( 240) + ( 96) + ( 90) + (192) 23$§§L )
g{f) — (1 _ 3n1+2) g(rll)

1 (s 5 N 5 g 5(1))2 23350
i th th th 5
t3am 0293255+~ + S5t~ t T T Tre |2 L

The sequence {34”1)}20:1 generated by (2.33) converges to the fixed point 5, = 0.404425 €
C as follows:
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No. of Iter. Iterative Scheme (2.33)

1 0.000000
2 0.324903
3 0.384663
11 0.404425

Consequently, |s, — $.| = 0.095575.

Alternatively, we can find by Theorem 2.6, the following estimate:

2% (1+ 2) x 0.050561
1 —

|5 — 5| < =0.235951.

[SIN]
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