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Convergence and data dependence results for
quasi-contractive type operators in hyperbolic

spaces
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Abstract

In this paper, we simplify the iterative scheme introduced by Fukhar-
ud-din and Berinde [Iterative Methods for the Class of Quasi-
Contractive Type Operators and Comparison of their Rate of Con-
vergence in Convex Metric Spaces, Filomat 30 (1), 223�230, 2016] and
study convergence and data dependency of the new proposed scheme
of a quasi-contractive operator on a hyperbolic space. It is shown that
our results provide better convergence rate.
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1. Introduction and preliminaries

Takahashi [25] de�ned the concept of convexity in a metric space (M,d) as under:
A map W :M2 × [0, 1]→M is a convex structure in M if

(1.1) d(u,W (u1, u2, η)) ≤ ηd(u, u1) + (1− η)d(u, u2)

holds for all u, u1, u2 ∈M and η ∈ [0, 1]. A nonempty subset C of a convex metric space
is convex if W (u1, u2, η) ∈ C for all u1, u2 ∈ C and η ∈ [0, 1].

From the de�nition of convex structure W on M , it is obvious that

(1.2) d(u,W (u1, u2, η)) ≥ (1− η)d(u, u2)− ηd(u, u1)
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for all u, u1, u2 ∈M and η ∈ [0, 1].
Kohlenbach [20] enriched the concept of convex metric space as �hyperbolic metric

space� by adding the following conditions.

(1.3) d(W (u1, u2, η1),W (u1, u2, η2)) = |η1 − η2|d(u1, u2),

(1.4) W (u1, u2, η) =W (u2, u1, 1− η),

(1.5) d(W (u1, u3, η),W (u2, u4, η)) ≤ ηd(u1, u2) + (1− η)d(u3, u4),

for all u1, u2, u3, u4 ∈M and η, η1, η2 ∈ [0, 1].
Normed spaces and their subsets are hyperbolic spaces as well as convex metric spaces.

The class of hyperbolic spaces is properly contained in the class of convex metric spaces
(see [18], [20]). It is worth to mention that an important and interesting example of
convex metric spaces is a CAT (0) space (see [4], [6], [13], [16]).

Search for new iterative scheme to solve nonlinear problems is one of the main themes
of �xed point theory. For various iterative schemes, convergency, stability and data
dependency have been investigated in ([1], [2], [5], [7], [9], [11], [12], [14], [15], [17], [23],
[24]).

Let C be a nonempty convex subset of a convex metric space M and T : C → C be

an operator. Let {α(1)
n }, {α(2)

n }, {α(3)
n }, {α(4)

n } and {α(5)
n } be sequences in [0, 1] satisfying

certain control condition (s).
Recently, Fukhar-ud-din and Berinde [8] have proposed the following scheme for a

given x
(1)
1 ∈ C:

(1.6)


x
(1)
n+1 =W

(
Tx

(2)
n ,W

(
Tx

(3)
n , x

(1)
n , α

(2)
n

1−α(1)
n

)
, α

(1)
n

)
,

x
(2)
n =W

(
Tx

(3)
n ,W

(
Tx

(1)
n , x

(1)
n , α

(5)
n

1−α(4)
n

)
, α

(4)
n

)
,

x
(3)
n =W

(
Tx

(1)
n , x

(1)
n , α

(3)
n

)
, n ≥ 1.

It has been proved by Fukhar-ud-din and Berinde that the sequence {x(1)n } in (1.6)
converges to a unique �xed point s∗ of a quasi-contractive operator T which satis�es the
following condition:

(1.7) d(Tu1, Tu2) ≤ δd(u1, u2) + εd(Tu1, u1)

for any u1, u2 ∈ M , δ ∈ (0, 1) and ε ≥ 0. They have also shown that iterative scheme
(1.6) converges faster to the mentioned �xed point s∗ than Ishikawa [10], Mann [21] and
Xu and Noor [28] iterative schemes.

Since lightest workload and quick achievement are always desired, therefore a faster
and simpler iterative scheme is still in demand.

For this we would like to construct an iterative scheme with a better convergence rate
than that of (1.6). In this context, we consider a simpli�ed form of (1.6): Using (1.4)
and �W (u1, u2, 0) = u2 for any u1, u2 in M ([26], Proposition 1.2 (a))� in (1.6), we get

for a given s
(1)
1 ∈ C that

(1.8)


s
(1)
n+1 = Ts

(2)
n ,

s
(2)
n =W

(
Ts

(3)
n ,W

(
Ts

(1)
n , s

(1)
n , α

(5)
n

1−α(4)
n

)
, α

(4)
n

)
,

s
(3)
n =W

(
Ts

(1)
n , s

(1)
n , α

(3)
n

)
, n ≥ 1.

In this paper, we �rst show that iterative scheme (1.8) converges to a unique �xed
point s∗ of a quasi-contractive type operator (1.7) under di�erent control conditions on



375

parametric sequences. Next, we show that iterative schemes (1.6) and (1.8) are equivalent
when converging to the same unique �xed point of the afore mentioned operator. We also
show that iterative scheme (1.8) converges faster than the scheme (1.6) as well as some
classical iterative schemes. Finally, we prove a data dependence result for the iterative
scheme (1.8).

1.1. De�nition. (see [3]) Let T , T̃ :M →M be two operators. We say that the operator

T̃ is an approximate operator of T if for all v ∈M and for some �xed ε > 0, we have

d(Tv, T̃ v) ≤ ε.

1.2. De�nition. (Rate of convergence; cf. [19]) Let {a(i)n }∞n=0, i = 1, 2 be sequences of

real numbers with limn→∞ a
(1)
n = a(1) and limn→∞ a

(2)
n = a(2), where a

(2)
n 6= a(2), for all

n ∈ N.
We say that:

(i) {a(1)n }∞n=0 converges faster than {a(2)n }∞n=0 if limn→∞
d
(
a
(1)
n ,a(1)

)
d
(
a
(2)
n ,a(2)

) = 0,

(ii) {a(1)n }∞n=0 converges slower than {a(2)n }∞n=0 if limn→∞
d
(
a
(1)
n ,a(1)

)
d
(
a
(2)
n ,a(2)

) = +∞,

(iii) {a(1)n }∞n=0 converges at the same rate as {a(2)n }∞n=0 if

0 < limn→∞

d
(
a
(1)
n , a(1)

)
d
(
a
(2)
n , a(2)

) ≤ limn→∞

d
(
a
(1)
n , a(1)

)
d
(
a
(2)
n , a(2)

) < +∞,

(iv) {a(1)n }∞n=0 and {a(2)n }∞n=0 converge completely at an incomparable rate if

limn→∞

d
(
a
(1)
n , a(1)

)
d
(
a
(2)
n , a(2)

) = 0 and limn→∞

d
(
a
(1)
n , a(1)

)
d
(
a
(2)
n , a(2)

) = +∞.

1.3. De�nition. (A modi�ed de�nition of rate of convergence; see [22]) Let {a(i)n }∞n=0,
i = 1, 2 be iterative sequences converging to the same �xed point s∗. The sequence

{a(1)n }∞n=0 converges faster than {a(2)n }∞n=0 to s∗ if

lim
n→∞

d
(
a
(1)
n , s∗

)
d
(
a
(2)
n , s∗

) = 0.

1.4. Lemma. (see [24]) Let {σ(1)
n }∞n=0 be a non-negative sequence of real numbers. If

there exists n0 ∈ N, such that for all n ≥ n0 one has the inequality

σ
(1)
n+1 ≤ (1− σ(2)

n )σ(1)
n + σ(2)

n σ(3)
n ,

where σ
(2)
n ∈ (0, 1), for all n ∈ N,

∞∑
n=0

σ
(2)
n =∞, and σ

(3)
n ≥ 0, ∀n ∈ N, then the following

inequality holds:

0 ≤ lim sup
n→∞

σ(1)
n ≤ lim sup

n→∞
σ(3)
n .

1.5. Lemma. (see [27]) Let {σ(1)
n }∞n=0 and {σ(2)

n }∞n=0 be non-negative real sequences
satisfying the following inequality:

σ
(1)
n+1 ≤ (1− σ(3)

n )σ(1)
n + σ(2)

n ,
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where σ
(3)
n ∈ (0, 1), for all n ≥ n0,

∞∑
n=0

σ
(3)
n = ∞, and σ

(2)
n

σ
(3)
n

→ 0 as n → ∞. Then

limn→∞ σ
(1)
n = 0.

2. Main Results

In the rest of the paper, we assume that C is a nonempty, closed and convex subset of
a hyperbolic metric space M , T : C → C is a quasi-contractive operator satisfying (1.7),

{α(1)
n }, {α(2)

n }, {α(1)
n + α

(2)
n }, {α(3)

n }, {α(4)
n }, {α(5)

n } and {α(4)
n + α

(5)
n } are appropriately

chosen sequences in [0, 1] and F (T ) denotes the set of �xed points of T .

2.1. Theorem. Let {s(1)n }∞n=1 be the iterative scheme (1.8) with s
(1)
1 ∈ C,

∞∑
n=1

α
(4)
n =∞

(or
∞∑
n=1

α
(5)
n = ∞). If T is a quasi-contractive operator and F (T ) 6= ∅, then {s(1)n }∞n=1

converges strongly to a unique �xed point s∗ of T .

Proof. An application of inequalities (1.1) and (1.8) to the sequences {s(3)n } and {s(2)n }
in (1.8) yield

d
(
s(3)n , s∗

)
= d(W (Ts(1)n , s(1)n , α(3)

n ), s∗)

≤ α(3)
n d

(
Ts(1)n , s∗

)
+
(
1− α(3)

n

)
d
(
s(1)n , s∗

)
=

[
1− α(3)

n (1− δ)
]
d
(
s(1)n , s∗

)
,(2.1)

and

d
(
s(2)n , s∗

)
= d

(
W

(
Ts(3)n ,W

(
Ts(1)n , s(1)n ,

α
(5)
n

1− α(4)
n

)
, α(4)

n

)
, s∗

)

≤ α(4)
n d

(
Ts(3)n , s∗

)
+
(
1− α(4)

n

)
d

(
W

(
Ts(1)n , s(1)n ,

α
(5)
n

1− α(4)
n

)
, s∗

)
≤ α(4)

n d
(
Ts(3)n , s∗

)
+
(
1− α(4)

n

){ α
(5)
n

1− α(4)
n

d
(
Ts(1)n , s∗

)
+

(
α
(5)
n

1− α(4)
n

)
d
(
s(1)n , s∗

)}
= α(4)

n d
(
Ts(3)n , s∗

)
+ α(5)

n d
(
Ts(1)n , s∗

)
+
(
1− α(4)

n − α(5)
n

)
d
(
s(1)n , s∗

)
≤ α(4)

n δd
(
s(3)n , s∗

)
+ α(5)

n δd
(
s(1)n , s∗

)
+
(
1− α(4)

n − α(5)
n

)
d
(
s(1)n , s∗

)
.(2.2)

Combining (2.1) and (2.2), we obtain

(2.3) d(s(2)n , s∗) ≤
{
α(4)
n δ

[
1− α(3)

n (1− δ)
]
+ α(5)

n δ + 1− α(4)
n − α(5)

n

}
d
(
s(1)n , s∗

)
.

Since δ ∈ (0, 1) and α
(3)
n ∈ [0, 1] for all n ≥ 1,

(2.4) 1− α(3)
n (1− δ) ≤ 1.

Using (2.4) in (2.3), we get

(2.5) d
(
s(2)n , s∗

)
≤
[
1−

(
α(4)
n + α(5)

n

)
(1− δ)

]
d
(
s(1)n , s∗

)
.
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Again applying inequalities (1.1) and (1.7) to the sequence {s(1)n } in (1.8) (or putting

α
(1)
n = 1 and α

(2)
n = 0 in inequality (2.4) in the proof of ([8], Theorem 3)), we obtain

(2.6) d
(
s
(1)
n+1, s∗

)
≤ δd

(
s(2)n , s∗

)
.

Now inserting (2.5) into (2.6), we get that

(2.7) d(s
(1)
n+1, s∗) ≤ δ

[
1−

(
α(4)
n + α(5)

n

)
(1− δ)

]
d
(
s(1)n , s∗

)
.

Repeating the above process, we obtain

(2.8) d
(
s
(1)
n+1, s∗

)
≤ δn

n∏
k=1

[
1−

(
α
(4)
k + α

(5)
k

)
(1− δ)

]
d
(
s
(1)
1 , s∗

)
.

In view of the fact 1 + x ≤ ex for x ≥ 0, the inequality (2.8) becomes

(2.9) d
(
s
(1)
n+1, s∗

)
≤ δne

−(1−δ)
n∑

k=1

(
α
(4)
k

+α
(5)
k

)
d
(
s
(1)
1 , s∗

)
.

Since α
(4)
n , α

(5)
n ∈ [0, 1] for all n ≥ 1, therefore we get

α(4)
n ≤ α(4)

n + α(5)
n (or α(5)

n ≤ α(4)
n + α(5)

n )

which leads to

(2.10)
n∑
k=1

α
(4)
k ≤

n∑
k=1

(
α
(4)
k + α

(5)
k

)
(or

n∑
k=1

α
(5)
k ≤

n∑
k=1

(
α
(4)
k + α

(5)
k

)
).

Now taking limit on both sides of (2.10) and then using the assumption
∞∑
n=1

α
(4)
n =∞ (or

∞∑
n=1

α
(5)
n = ∞), we get that

∞∑
n=1

(
α
(4)
n + α

(5)
n

)
= ∞. It thus follows from the inequality

(2.9) that s
(1)
n → s∗ ∈ F (T ) as n→∞.

Next we prove that F (T ) = {s∗}. Assume that there exists another �xed point s′∗ of
T . Now

d
(
s∗, s

′
∗
)
≤ d

(
Ts∗, T s

′
∗
)
≤ δd

(
s∗, s

′
∗
)
,

implies s∗ = s′∗ as δ ∈ (0, 1). �

2.2. Theorem. Let {x(1)n }∞n=0 be de�ned by (1.6) for x
(1)
1 ∈ C with

∞∑
n=1

α
(1)
n = ∞

(or
∞∑
n=1

α
(2)
n = ∞) and let {s(1)n }∞n=0 be de�ned by (1.8) for s

(1)
1 ∈ C. If for a quasi-

contractive operator T , there exists a unique �xed s∗ of T , then the following statements
are equivalent:

(i) {x(1)n }∞n=0 strongly converges to s∗;

(ii) {s(1)n }∞n=0 strongly converges to s∗.

Proof. (i)⇒(ii): It is established in the proof of Theorem 2.1.
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(ii)⇒(i): Assume that limn→∞ s
(1)
n = s∗. Using (1.1), (1.5), (1.6), (1.7), and (1.8), we

have the estimates:

d
(
s
(1)
n+1, x

(1)
n+1

)
= d

(
Ts(2)n ,W

(
Tx(2)n ,W

(
Tx(3)n , x(1)n ,

α
(2)
n

1− α(1)
n

)
, α(1)

n

))
≤ α(1)

n d
(
Ts(2)n , Tx(2)n

)
+
(
1− α(1)

n

)
d

(
Ts(2)n ,W

(
Tx(3)n , x(1)n ,

α
(2)
n

1− α(1)
n

))
≤ α(1)

n d
(
Ts(2)n , Tx(2)n

)
+
(
1− α(1)

n

) α
(2)
n

1− α(1)
n

d
(
Ts(2)n , Tx(3)n

)
+
(
1− α(1)

n

)(
1− α

(2)
n

1− α(1)
n

)
d
(
Ts(2)n , Tx(1)n

)
≤ α(1)

n δd
(
s(2)n , x(2)n

)
+
(
α(1)
n + α(2)

n

)
εd
(
Ts(2)n , s(2)n

)
+α(2)

n δd
(
s(2)n , x(3)n

)
+
(
1− α(1)

n − α(2)
n

)
d
(
Ts(2)n , x(1)n

)
,(2.11)

d
(
s(2)n , x(2)n

)
= d

(
W

(
Ts(3)n ,W

(
Ts(1)n , s(1)n ,

α
(5)
n

1− α(4)
n

)
, α(4)

n

)
,

W

(
Tx(3)n ,W

(
Tx(1)n , x(1)n ,

α
(5)
n

1− α(4)
n

)
, α(4)

n

))
≤ α(4)

n d
(
Ts(3)n , Tx(3)n

)
+
(
1− α(4)

n

)
d

(
W

(
Ts(1)n , s(1)n ,

α
(5)
n

1− α(4)
n

)
,W

(
Tx(1)n , x(1)n ,

α
(5)
n

1− α(4)
n

))

≤ α(4)
n d

(
Ts(3)n , Tx(3)n

)
+
(
1− α(4)

n

) α
(5)
n

1− α(4)
n

d
(
Ts(1)n , Tx(1)n

)
+
(
1− α(4)

n

)(
1− α

(5)
n

1− α(4)
n

)
d
(
s(1)n , x(1)n

)
≤ α(4)

n δd
(
s(3)n , x(3)n

)
+ α(4)

n εd
(
Ts(3)n , s(3)n

)
+ α(5)

n εd
(
Ts(1)n , s(1)n

)
+
(
α(5)
n δ + 1− α(4)

n − α(5)
n

)
d
(
s(1)n , x(1)n

)
,(2.12)

d
(
s(3)n , x(3)n

)
= d

(
W
(
Ts(1)n , s(1)n , α(3)

n

)
,W

(
Tx(1)n , x(1)n , α(3)

n

))
≤ α(3)

n d
(
Ts(1)n , Tx(1)n

)
+
(
1− α(3)

n

)
d
(
s(1)n , x(1)n

)
≤ α(3)

n δd
(
s(1)n , x(1)n

)
+ α(3)

n εd
(
Ts(1)n , s(1)n

)
+
(
1− α(3)

n

)
d
(
s(1)n , x(1)n

)
=

[
1− α(3)

n (1− δ)
]
d
(
s(1)n , x(1)n

)
+ α(3)

n εd
(
Ts(1)n , s(1)n

)
.(2.13)
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Combining (2.11)-(2.13), we have

d
(
s
(1)
n+1, x

(1)
n+1

)
≤

{
α(1)
n α(4)

n δ2
[
1− α(3)

n (1− δ)
]

+α(1)
n δ

(
α(5)
n δ + 1− α(4)

n − α(5)
n

)}
d
(
s(1)n , x(1)n

)
+
{
α(1)
n α(4)

n δ2α(3)
n ε+ α(1)

n δα(5)
n ε
}
d
(
Ts(1)n , s(1)n

)
+
(
α(1)
n + α(2)

n

)
εd
(
Ts(2)n , s(2)n

)
+ α(1)

n δα(4)
n εd

(
Ts(3)n , s(3)n

)
+α(2)

n δd
(
s(2)n , x(3)n

)
+
(
1− α(1)

n − α(2)
n

)
d
(
Ts(2)n , x(1)n

)
.(2.14)

Using now (1.1), (1.7), and triangle inequality for metric, we get that

(2.15) d
(
Ts(1)n , s(1)n

)
≤ d

(
Ts(1)n , s∗

)
+ d

(
s∗, s

(1)
n

)
≤ (1 + δ) d

(
s(1)n , s∗

)
,

(2.16) d
(
Ts(2)n , s(2)n

)
≤ d

(
Ts(2)n , s∗

)
+ d

(
s∗, s

(2)
n

)
≤ (1 + δ) d

(
s(2)n , s∗

)
,

(2.17) d
(
Ts(3)n , s(3)n

)
≤ d

(
Ts(3)n , s∗

)
+ d

(
s∗, s

(3)
n

)
≤ (1 + δ) d

(
s(3)n , s∗

)
,

d
(
Ts(2)n , x(1)n

)
≤ d

(
Ts(2)n , s(1)n

)
+ d

(
s(1)n , x(1)n

)
≤ d

(
Ts(2)n , s∗

)
+ d

(
s(1)n , s∗

)
+ d

(
s(1)n , x(1)n

)
≤ δd

(
s(2)n , s∗

)
+ d

(
s(1)n , s∗

)
+ d

(
s(1)n , x(1)n

)
,(2.18)

d
(
s(2)n , x(3)n

)
≤ d

(
s(2)n , s(3)n

)
+ d

(
s(3)n , x(3)n

)
≤ d

(
s(2)n , s∗

)
+ d

(
s(3)n , s∗

)
+
[
1− α(3)

n (1− δ)
]
d
(
s(1)n , x(1)n

)
+ α(3)

n εd
(
Ts(1)n , s(1)n

)
,(2.19)

d
(
s(2)n , s∗

)
≤ d

(
W

(
Ts(3)n ,W

(
Ts(1)n , s(1)n ,

α
(5)
n

1− α(4)
n

)
, α(4)

n

)
, s∗

)

≤ α(4)
n d

(
Ts(3)n , s∗

)
+
(
1− α(4)

n

)
d

(
W

(
Ts(1)n , s(1)n ,

α
(5)
n

1− α(4)
n

)
, s∗

)
≤ α(4)

n δd
(
s(3)n , s∗

)
+
{
α(5)
n δ + 1− α(4)

n − α(5)
n

}
d
(
s(1)n , s∗

)
,(2.20)

d
(
s(3)n , s∗

)
≤ d

(
W
(
Ts(1)n , s(1)n , α(3)

n

)
, s∗
)

≤
[
1− α(3)

n (1− δ)
]
d
(
s(1)n , s∗

)
.(2.21)

Inserting (2.15)-(2.21) into (2.14) and simplifying, we get that

d
(
s
(1)
n+1, x

(1)
n+1

)
≤

[
1−

(
α(1)
n + α(2)

n

)
(1− δ)

]
d
(
s(1)n , x(1)n

)
+
{[(

α(4)
n α(3)

n δ + α(5)
n + α(4)

n

)
α(1)
n + α(2)

n α(3)
n

]
δε (1 + δ)

+1− α(1)
n − α(2)

n + α(2)
n δ +

(
1− α(1)

n

)
δ

+
(
α(1)
n + α(2)

n

)
ε (1 + δ)

}
d
(
s(1)n , s∗

)
.(2.22)
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De�ne

σ(1)
n = d

(
s(1)n , x(1)n

)
,

σ(3)
n =

(
α(1)
n + α(2)

n

)
(1− δ) ∈ (0, 1) ,

σ(2)
n =

{[
α(1)
n α(4)

n α(3)
n δ + α(1)

n α(5)
n + α(1)

n α(4)
n + α(2)

n α(3)
n

]
δε (1 + δ) + 1− α(1)

n

−α(2)
n + α(2)

n δ +
(
1− α(1)

n

)
δ +

(
α(1)
n + α(2)

n

)
ε (1 + δ)

}
d
(
s(1)n , s∗

)
.

Hence, (2.22) satis�es all the requirements of Lemma 1.5 and so we get limn→∞ d
(
s
(1)
n , x

(1)
n

)
=

0. Also, we have

d(x(1)n , s∗) ≤ d(s(1)n , x(1)n ) + d(s(1)n , s∗),

which implies limn→∞ d
(
x
(1)
n , s∗

)
= 0. �

2.3. Theorem. Suppose that we have the following conditions on the sequences {α(1)
n }∞n=0,

{α(2)
n }∞n=0, {α

(3)
n }∞n=0, {α

(4)
n }∞n=0, {α

(5)
n }∞n=0 ⊂ [0, 1]:

(C1): 0 < α < α
(4)
n ≤ 1 or 0 < α < α

(5)
n ≤ 1 for all n ≥ 1,

(C2): 0 ≤ α(1)
n + α

(2)
n < 1

1+δ
for all n ≥ 1, δ ∈ [0, 1) and limn→∞

(
α
(1)
n + α

(2)
n

)
= 0.

If T is a quasi-contractive operator and F (T ) 6= ∅, then {s(1)n }∞n=0 in (1.8) converges

to s∗ faster than {x(1)n }∞n=0 in (1.6), provided that s
(1)
1 = x

(1)
1 ∈ C.
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Proof. Using (1.1), (1.2), (1.6) and (1.7), we have the estimate:

d
(
x
(1)
n+1, s∗

)
= d

(
W

(
Tx(2)n ,W

(
Tx(3)n , x(1)n ,

α
(2)
n

1− α(1)
n

)
, α(1)

n

)
, s∗

)

≥
(
1− α(1)

n

)
d

(
W

(
Tx(3)n , x(1)n ,

α
(2)
n

1− α(1)
n

)
, s∗

)
− α(1)

n d
(
Tx(2)n , s∗

)
≥

(
1− α(1)

n

){(
1− α

(2)
n

1− α(1)
n

)
d
(
x(1)n , s∗

)
− α

(2)
n

1− α(1)
n

d
(
Tx(3)n , s∗

)}
−α(1)

n

{
δd
(
x(2)n , s∗

)
+ εd (Ts∗, s∗)

}
≥

(
1− α(1)

n − α(2)
n

)
d
(
x(1)n , s∗

)
− α(2)

n δd
(
x(3)n , s∗

)
− α(1)

n δd
(
x(2)n , s∗

)
≥

(
1− α(1)

n − α(2)
n

)
d
(
x(1)n , s∗

)
− α(2)

n δα(3)
n d

(
Tx(1)n , s∗

)
−α(2)

n δ
(
1− α(3)

n

)
d
(
x(1)n , s∗

)
− α(1)

n δα(4)
n d

(
Tx(3)n , s∗

)
−α(1)

n δ
(
1− α(4)

n

)
d

(
W

(
Tx(1)n , x(1)n ,

α
(5)
n

1− α(4)
n

)
, s∗

)
≥

(
1− α(1)

n − α(2)
n

)
d
(
x(1)n , s∗

)
− α(2)

n δα(3)
n δd

(
x(1)n , s∗

)
−α(2)

n δ
(
1− α(3)

n

)
d
(
x(1)n , s∗

)
− α(1)

n δα(4)
n δd

(
x(3)n , s∗

)
−α(1)

n δ
(
1− α(4)

n

){ α
(5)
n

1− α(4)
n

d
(
Tx(1)n , s∗

)
+

(
1− α

(5)
n

1− α(4)
n

)
d
(
x(1)n , s∗

)}
≥

(
1− α(1)

n − α(2)
n

)
d
(
x(1)n , s∗

)
− α(2)

n α(3)
n δ2d

(
x(1)n , s∗

)
−
(
1− α(3)

n

)
α(2)
n δd

(
x(1)n , s∗

)
− α(1)

n α(4)
n δ2α(3)

n d
(
Tx(1)n , s∗

)
−α(1)

n α(4)
n δ2

(
1− α(3)

n

)
d
(
x(1)n , s∗

)
− α(1)

n α(5)
n δ2d

(
x(1)n , s∗

)
−α(1)

n

(
1− α(4)

n − α(5)
n

)
δd
(
x(1)n , s∗

)
≥

(
1− α(1)

n − α(2)
n

)
d
(
x(1)n , p

)
− α(2)

n α(3)
n δ2d

(
x(1)n , s∗

)
−
(
1− α(3)

n

)
α(2)
n δd

(
x(1)n , s∗

)
− α(1)

n α(4)
n α(3)

n δ3d
(
x(1)n , s∗

)
−α(1)

n α(4)
n

(
1− α(3)

n

)
δ2d

(
x(1)n , s∗

)
− α(1)

n α(5)
n δ2d

(
x(1)n , s∗

)
−α(1)

n

(
1− α(4)

n − α(5)
n

)
d
(
x(1)n , s∗

)
=

{
1−

(
α(1)
n + α(2)

n

)
− α(2)

n δ
[
1− α(3)

n (1− δ)
]
− α(1)

n α(4)
n δ2

[
1− α(3)

n (1− δ)
]

−α(1)
n δ

[
α(5)
n δ + 1− α(4)

n − α(5)
n

]}
d
(
x(1)n , s∗

)
≥

{
1−

(
α(1)
n + α(2)

n

)
− α(2)

n δ

−α(1)
n δ

[
1−

(
α(4)
n + α(5)

n

)
(1− δ)

]}
d
(
x(1)n , s∗

)
(as 1− α(3)

n (1− δ) in [0, 1] )

≥
[
1−

(
α(1)
n + α(2)

n

)
(1 + δ)

]
d
(
x(1)n , s∗

)
(as 1−

(
α(4)
n + α(5)

n

)
(1− δ) ≤ 1 for all n ≥ 1)

≥ · · · ≥
n∏
k=1

[
1−

(
α
(1)
k + α

(2)
k

)
(1 + δ)

]
d
(
x
(1)
1 , s∗

)
.
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That is,

(2.23) d
(
x
(1)
n+1, s∗

)
≥

n∏
k=1

[
1−

(
α
(1)
k + α

(2)
k

)
(1 + δ)

]
d
(
x
(1)
1 , s∗

)
.

It follows from (2.8) and (2.23) that

(2.24)
d
(
s
(1)
n+1, s∗

)
d
(
x
(1)
n+1, s∗

) ≤ δn
n∏
k=1

[
1−

(
α
(4)
k + α

(5)
k

)
(1− δ)

]
d
(
s
(1)
1 , s∗

)
n∏
k=1

[
1−

(
α
(1)
k + α

(2)
k

)
(1 + δ)

]
d
(
x
(1)
1 , s∗

) .

Now using (C1) and assumption s
(1)
1 = x

(1)
1 in (2.24), we get that

d
(
s
(1)
n+1, s∗

)
d
(
x
(1)
n+1, s∗

) ≤ δn [1− α (1− δ)]n
n∏
k=1

[
1−

(
α
(1)
k + α

(2)
k

)
(1 + δ)

] .
Let θn = δn[1−α(1−δ)]n

n∏
k=1

[
1−
(
α
(1)
k

+α
(2)
k

)
(1+δ)

] . By the assumption in (C2 ), we obtain

lim
n→∞

θn+1

θn
= lim

n→∞

δn+1[1−α(1−δ)]n+1

n+1∏
k=1

[
1−
(
α
(1)
k

+α
(2)
k

)
(1+δ)

]
δn[1−α(1−δ)]n

n∏
k=1

[
1−
(
α
(1)
k

+α
(2)
k

)
(1+δ)

] = lim
n→∞

δ [1− α (1− δ)][
1−

(
α
(1)
k + α

(2)
k

)
(1 + δ)

]
= δ [1− α (1− δ)] < 1.

Thus limn→∞ θn = 0 which implies in the sense of De�nition 1.3 that {s(1)n }∞n=1 converges

faster than {x(1)n }∞n=1. �

By ([8], Theorem 7) and Theorem 2.3, we get the following.

2.4. Corollary. Suppose that (C1) and (C2) of Theorem 2.3 hold. If T is a quasi-

contractive operator and F (T ) 6= ∅, then {s(1)n }∞n=1 in (1.8) converges to s∗ faster than
all the three classical iterative schemes, namely, Xu-Noor, Ishikawa and Mann iterations
provided that all these schemes have the same initial guess in C.

2.5. Example. Let C = [− 1
2
, 1
2
] be endowed with the usual metric. De�ne operator

T : [− 1
2
, 1
2
] → [− 1

2
, 1
2
] by Tx = 1

2
ex−1/2 with a �xed point s∗ = 0.5. Clearly, T satis�es

condition (1.7) with δ ∈ ( 1
2 4√e ,

1
2
) ⊂ (0, 1). For δ = 2/5, x

(1)
1 = 0, α

(4)
n = 2n+1

3n+2
and

α
(1)
n = α

(2)
n = α

(3)
n = α

(5)
n = 1

3n+2
for all n ≥ 1, the convergence results for di�erent

iterative schemes to s∗ = 0.5 are shown in Figure 1 and Table 1 below.

2.6. Theorem. Let T̃ : C → C be an approximate operator of T satisfying condition

(1.7). Let {s(1)n }∞n=1 be the iterative sequence generated by (1.8) with 1
2
≤ α

(4)
n (or 1

2
≤

α
(5)
n ) for all n ≥ 1, limn→∞ α

(3)
n = 0 and {s̃(1)n }∞n=1 be a sequence generated by:

(2.25)


s̃
(1)
n+1 = T̃ s̃

(2)
n ,

s̃
(2)
n =W

(
T̃ s̃

(3)
n ,W

(
T̃ s̃

(1)
n , s̃

(1)
n , α

(5)
n

1−α(4)
n

)
, α

(4)
n

)
,

s̃
(3)
n =W

(
T̃ s̃

(1)
n , s̃

(1)
n , α

(3)
n

)
, n ≥ 1.
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Figure 1. Rate of convergence comparison for various iterative schemes.

Table 1. Comparison (rate of convergence among various iterative
methods for Example 2.5).

No. of Iter. Iteration (1.8) Iteration (1.6) Xu-Noor Ishikawa Mann

1 0.000000 0.000000 0.000000 0.000000 0.000000
2 0.390957 0.142637 0.073590 0.072757 0.181959
3 0.469010 0.203206 0.112493 0.110996 0.272856
...

...
...

...
...

...
13 0.500000 0.342111 0.226410 0.223637 0.456162
...

...
...

...
...

...
1000 0.472261 0.400160 0.398645 0.499498
...

...
...

...
...

5000 0.485258 0.430745 0.429695 0.499898
...

...
...

...
...

Assume that {s(1)n }∞n=1 and {s̃(1)n }∞n=1 converge strongly to s∗ and s̃∗, respectively. Then
we have

d (s∗, s̃∗) ≤
2 (1 + δ) ε

1− δ ,

where δ ∈ (0, 1) and ε > 0 is a �xed number.
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Proof. By (1.1), (1.5), (1.7), (1.8), (2.25), and De�nition 1.1, we have that

d
(
s
(1)
n+1, s̃

(1)
n+1

)
= d

(
Ts(2)n , T̃ s̃(2)n

)
≤ d

(
Ts(2)n , T s̃(2)n

)
+ d

(
T s̃(2)n , T̃ s̃(2)n

)
≤ δd

(
s(2)n , s̃(2)n

)
+ εd

(
Ts(2)n , s(2)n

)
+ ε,(2.26)

d
(
s(2)n , s̃(2)n

)
= d

(
W

(
Ts(3)n ,W

(
Ts(1)n , s(1)n ,

α
(5)
n

1− α(4)
n

)
, α(4)

n

)
,

W

(
T̃ s̃(3)n ,W

(
T̃ s̃(1)n , s̃(1)n ,

α
(5)
n

1− α(4)
n

)
, α(4)

n

))
≤ α(4)

n d
(
Ts(3)n , T̃ s̃(3)n

)
+
(
1− α(4)

n

)
d

(
W

(
Ts(1)n , s(1)n ,

α
(5)
n

1− α(4)
n

)
,W

(
T̃ s̃(1)n , s̃(1)n ,

α
(5)
n

1− α(4)
n

))
≤ α(4)

n d
(
Ts(3)n , T s̃(3)n

)
+ α(4)

n d
(
T s̃(3)n , T̃ s̃(3)n

)
+
(
1− α(4)

n

) α
(5)
n

1− α(4)
n

d
(
Ts(1)n , T̃ s̃(1)n

)
+
(
1− α(4)

n

)(
1− α

(5)
n

1− α(4)
n

)
d
(
s(1)n , s̃(1)n

)
≤ α(4)

n δd
(
s(3)n , s̃(3)n

)
+ α(4)

n εd
(
Ts(3)n , s(3)n

)
+ α(4)

n ε+ α(5)
n d

(
Ts(1)n , T s̃(1)n

)
+α(5)

n d
(
T s̃(1)n , T̃ s̃(1)n

)
+
(
1− α(4)

n − α(5)
n

)
d
(
s(1)n , s̃(1)n

)
≤ α(4)

n δd
(
s(3)n , s̃(3)n

)
+ α(4)

n εd
(
Ts(3)n , s(3)n

)
+ α(4)

n ε+ α(5)
n δd

(
s(1)n , s̃(1)n

)
+α(5)

n εd
(
Ts(1)n , s(1)n

)
+ α(5)

n ε+
(
1− α(4)

n − α(5)
n

)
d
(
s(1)n , s̃(1)n

)
,(2.27)

d
(
s(3)n , s̃(3)n

)
= d

(
W
(
Ts(1)n , s(1)n , α(3)

n

)
,W

(
T̃ s̃(1)n , s̃(1)n , α(3)

n

))
≤ α(3)

n d
(
Ts(1)n , T̃ s̃(1)n

)
+
(
1− α(3)

n

)
d
(
s(1)n , s̃(1)n

)
≤ α(3)

n d
(
Ts(1)n , T s̃(1)n

)
+ α(3)

n d
(
T s̃(1)n , T̃ s̃(1)n

)
+
(
1− α(3)

n

)
d
(
s(1)n , s̃(1)n

)
≤ α(3)

n δd
(
s(1)n , s̃(1)n

)
+ α(3)

n εd
(
Ts(1)n , s(1)n

)
+ α(3)

n ε

+
(
1− α(3)

n

)
d
(
s(1)n , s̃(1)n

)
.(2.28)
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Combining (2.26)-(2.28), we obtain

d
(
s
(1)
n+1, s̃

(1)
n+1

)
≤

[
1−

(
α(4)
n + α(5)

n

)
(1− δ)

]
d
(
s(1)n , s̃(1)n

)
+
[
α(4)
n α(3)

n δ + α(5)
n

]
δεd
(
Ts(1)n , s(1)n

)
+εd

(
Ts(2)n , s(2)n

)
+ α(4)

n δεd
(
Ts(3)n , s(3)n

)
+
(
α(4)
n α(3)

n δ + α(4)
n + α(5)

n

)
δε+ ε.(2.29)

By the assumption 1
2
≤ α(4)

n (or 1
2
≤ α(5)

n ), we have that

(2.30) 1 ≤ 2
(
α(4)
n + α(5)

n

)
, for all n ≥ 1.

Also we have that

(2.31) α(4)
n ≤ α(4)

n + α(5)
n (or α(5)

n ≤ α(4)
n + α(5)

n ), for all n ≥ 1.

Using (2.30) and (2.31) in (2.29), we get that

d
(
s
(1)
n+1, s̃

(1)
n+1

)
≤

[
1−

(
α(4)
n + α(5)

n

)
(1− δ)

]
d
(
s(1)n , s̃(1)n

)
+
(
α(4)
n + α(5)

n

){[
δα(3)

n + 1
]
δεd
(
Ts(1)n , s(1)n

)
+ 2εd

(
Ts(2)n , s(2)n

)
+δεd

(
Ts(3)n , s(3)n

)
+
(
δ2an + 2δ + 2

)
ε
}
.(2.32)

De�ne for all n ≥ 1,

σ(1)
n = d

(
s(1)n , s̃(1)n

)
≥ 0,

σ(2)
n =

(
α(4)
n + α(5)

n

)
(1− δ) ∈ (0, 1) ,

σ(3)
n =

[
δα

(3)
n + 1

]
δεd
(
Ts

(1)
n , s

(1)
n

)
+ 2εd

(
Ts

(2)
n , s

(2)
n

)
+ δεd

(
Ts

(3)
n , s

(3)
n

)
+
(
δ2α

(3)
n + 2δ + 2

)
ε

1− δ .

The assumption 1
2
≤ α

(4)
n (or 1

2
≤ α

(5)
n ) for all n ≥ 1 implies

∞∑
n=1

(
α
(4)
n + α

(5)
n

)
= ∞.

It is now easy to check that (2.32) ful�lls all the requirements of Lemma 1.4 and so by
its conclusion, we get

0 ≤ lim sup
n→∞

d
(
s(1)n , s̃(1)n

)
≤ lim sup

n→∞

(
δ2α

(3)
n + 2δ + 2

)
ε

1− δ .

By Theorem 2.1, we have that limn→∞ s
(1)
n = s∗. Using this fact and the assumptions

limn→∞ s̃
(1)
n = s̃∗ and limn→∞ α

(3)
n = 0, we obtain

d (s∗, s̃∗) ≤
2 (1 + δ) ε

1− δ .

�

The following example shows validity of Theorem 2.6.

2.7. Example. Let C, T , and δ be as in Example 2.5. Now, de�ne operator T̃ : C → C
by

T̃ x =
x5

240
+
x4

96
+

5x3

96
+

29x2

192
+

233x

768
+ 0.253255.
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The Wolfram Mathematica 9 software package implies that

max
x∈C

∣∣∣T − T̃ ∣∣∣ = 0.050561.

Thus, for all x ∈ C and for a �xed ε = 0.050561 > 0, we have∣∣∣Tx− T̃ x∣∣∣ ≤ 0.050561,

that is, T̃ is an approximate operator of T in the sense of De�nition 1.1. On the other

Figure 2. Graphs of T , T̃ , and y = x.

hand s̃∗ = 0.404425 ∈ C is a �xed point for the operator T̃ . Indeed, if we put α
(3)
n =

α
(5)
n = 1

3n+2
, α

(4)
n = 2n+1

3n+2
for all n ≥ 1 and T̃ x = x5

240
+ x4

96
+ 5x3

96
+ 29x2

192
+ 233x

768
+0.253255

in (2.25), then we have

(2.33) 

s̃
(1)
1 ∈ C,

s̃
(1)
n+1 = 0.253255 +

(
s̃
(2)
n

)5
240

+

(
s̃
(2)
n

)4
96

+
5
(
s̃
(2)
n

)3
96

+
29
(
s̃
(2)
n

)2
192

+ 233s̃
(2)
n

768
,

s̃
(2)
n =

(
1− 2n+2

3n+2

)
s̃
(1)
n

+ 2n+1
3n+2

(
0.253255 +

(
s̃
(3)
n

)5
240

+

(
s̃
(3)
n

)4
96

+
5
(
s̃
(3)
n

)3
96

+
29
(
s̃
(3)
n

)2
192

+ 233s̃
(3)
n

768

)

+ 1
3n+2

(
0.253255 +

(
s̃
(1)
n

)5
240

+

(
s̃
(1)
n

)4
96

+
5
(
s̃
(1)
n

)3
96

+
29
(
s̃
(1)
n

)2
192

+ 233s̃
(1)
n

768

)
,

s̃
(3)
n =

(
1− 1

3n+2

)
s̃
(1)
n

+ 1
3n+2

(
0.253255 +

(
s̃
(1)
n

)5
240

+

(
s̃
(1)
n

)4
96

+
5
(
s̃
(1)
n

)3
96

+
29
(
s̃
(1)
n

)2
192

+ 233s̃
(1)
n

768

)
, n ≥ 1.

The sequence {s̃(1)n }∞n=1 generated by (2.33) converges to the �xed point s̃∗ = 0.404425 ∈
C as follows:
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No. of Iter. Iterative Scheme (2.33)

1 0.000000
2 0.324903
3 0.384663
...

...
11 0.404425
...

...

Consequently, |s∗ − s̃∗| = 0.095575.
Alternatively, we can �nd by Theorem 2.6, the following estimate:

|s∗ − s̃∗| ≤
2× (1 + 2

5
)× 0.050561

1− 2
5

= 0.235951.
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