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Abstract

Formulas and identities involving many well known special functions (such as the Gamma and Beta

functions, Gauss hypergeometric function, and so on) play important roles in themselves and their diverse

applications. In this paper, we will add 7, 7, 73 parameters to the H 4 Srivastava hypergeometric function
71,72,

and we introduce new H """ Srivastava’s triple 7-hypergeometric function. Then, we present some
properties of the H,"" ™™ Srivastava’s triple 7-hypergeometric function.
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1. Introduction

In this paper, N, Z~, and C denote the sets of positive integers, negative integers, complex numbers, re-
spectively. Also, Ny and Z; represent the sets of positive integers and complex numbers by excluding origin,
respectively.(No := NU {0} and Z; :=Z~ U {0}.)

The classical Gamma function I'(z) is defined by [13, 16, 17, 19, 20],

I(z) = / #=le~tdt  (Re(z) > 0).
0

The familar Beta function B (z,y) is a function of two complex variables = and y, is defined by the first kind of
Eulerian integral [13, 16, 17, 19, 20],
1
By = [t -0 an (L1)
0
Srivastava [18] noticed the existence of three additional complete triple hypergeometric functions of the second
order; of which H 4 is defined as [6, 7, 9, 19-23]

e o 5 5 m ,n ..P

Ha [, 1, Bas 1,72 ¥1, T2, T3] = Z (@np (B1)mn 2)”+px—1'£2'£?

m,n,p=0 (71)m (72)n+p m: n: p:
(‘xl‘<r7|w2|<S,|x3|<t,7'+8+t:1+st)' (12)

There, C and Z; denote the set of complex numbers and the set of nonpositive integers, respectively. Here, ()),,
denotes the Pochhammer symbol which is defined by (A € C) [1, 8, 10, 16, 17],

T(A+n) 1 (n=0)
()‘)n_l"(/\)_{()\)(/\+1)...()\+n—1) (neN) ’
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where, I is being the well-known Gamma function.
Virchenko et al. [24, 25]studied and investigated the following generalized T-hypergeometric function:

I'(c)=(a), ' (b+7n) 2"
T Coe s — e ) — § n 4
2R1 (a7b7 G Z) 2Rl(a7b7 G T Z) F(b) o F(C+TTL) n (1 )
(t>0, |2/ <1, Re(c) >0, Re(b) >0)
They gave the Euler type integral representation as follows [24, 25]:
. 1
b—1 c—b—1 \N—a
ce ) — _ 1— .
aRy(a,b;¢;7; 2) Blhc—b) /t (1-1) (1—2t")""dt (1.5)

0
(1> 0; Jarg(l — 2)| <@, Re(c) > Re(b) > 0).
The special case when 7 = 1in (1.4) and (1.5) give the familiar representations of Gauss’s hypergeometric functions
[1,3,5,8, 14, 15].
Furthermore , Al-Shammery and Kalla [3] introduced and studied various properties of second 7-Appell’s
hypergeometric functions as follows :

1,72 I I
F3U™ (a, B, B2s 71, 723 71, T2) = IM (1.6)
= (@) my+moT (B1 + 11ima) T (B2 + Toma) o't 5™
x )
I (y1+71m1) T (2 + 7omg) my! ma!

mi,m2 =0

(11,72 >0, [21] + [z2] <1).
The interested reader may be referred to several recent papers on the subject [5, 14, 15].The special case when
71,72 = 1in (1.6) gives the familiar representations of second Appell hypergeometric function F».[2, 4, 11, 12, 19, 20].
The main aim of this paper is to introduce H'"">'™ Srivastava’s triple 7-hypergeometric function. After, we

will present some properties of this function such as integral representations, derivative formula and recurrence
relations.

2. H'™™ Srivastava’s triple 7-Hypergeometric Function

By adding parameters 7, 7o, 73 to a known Hy («, 81, B2; 71, V2; €1, T2, 3) Srivastava hypergeometric function,

new H "™ (a, 1, B2; 71,725 ©1, T2, x3) Srivastava’s triple T-hypergeometric function defined as:
S I'(y1) T (12)
H 1,72,73 . . — — -7 21
A (@, Br, B2; 71,725 T1, T2, T3) T (51)T (52) (2.1)
y i (@) p U (B +mim +n) U (B2 + 7on + 73p) 2 a3 o
L' (v +mm) I (v2 + 72 + 73p) m! nl p!

m,n,p=0
(11,72,73 > 0; |z1| <7, |xa| <s,|as| <t, r+s+t=1+st).

The special case when 71,72,73 = 11in (2.1) gives the familiar representations of Srivastava’s H 4 triple hypergeometric
function (1.2) [6,7, 9, 18-23]

2.1 Integral Representations of H,'"">'™ Srivastava’s 7-Hypergeometric Function
In this section we give some integral representations of H """ Srivastava’s triple T-hypergeometric function.
Let us start following theorem.

Theorem 2.1. The following integral representation holds true:
1

HV™™ (o, Br, Bai Y1, V25 T1, T, T3) = T3

I'(B1) @2)

o0 00
x/ tetghilemt=s (F (s tsTiay) BT (Ba; ya; 52, trz) dids
0

0
(11, 72,73 > 0, Re(z2) <1, Re(zs) <1, Re(a) >0, Re(81) >0)
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~ (B2) gy (522)" (tas)P (2.3)

DT (Ba;y2; S0, t3) =
! n,pZ:O (V2)rantrsp P!

where

Proof. Using the equation (1.3) in (2.1), we have
1
H7'117-277-3 . . —
A (aaﬂ17ﬂ2a71772a$1az23x3) F(a)F(Bl)
P

D(a+m+p) L (B +7m+n) (B2) 0 irgp 7 28 o5
mlnl pl

X
m,%:O (71)T1m('72)72n+7—3p
If the values of I' (« + m + p) and I' (81 + 71m + n) from equation (1.1) is replaced, then the desired result can
O

be obtained.
Theorem 2.2. The following integral representations hold true
1
(2.4)

HE’TZ’TS (047617/823’717’)’2§33'17$2,$3) = m
b

1
X/ta_l(]- - t)s—a—lehT%TB [8,517ﬂ2;’}/17’}/2;t$1,$27t{£3] dt/
0

1
HV™ (a, Br, By 11,725 1, 02, T3) = 57—~ 2.5
4 ( ) B(ﬁlas_ﬁl) 25)
1
X/tﬁl 1 s B1— 1H7—1’T2’T3 (a s 52’,}/1772775 1x17tx2,x3) dt
0
H}™" (a, Br, Bas 11,723 T1, T, T3) = S — (2.6)
A 9 ) ) ) ) 9 ) B(ﬁQ,S_BQ) .
1
x/tﬁrl(l — 1) RTEH T [, Br, 8591, 23 1, U e, ETR ] dE
0
T1,72,T3 1
H (@, B, B2; 71,725 T1, T2, T3) = m (2.7)
1
X/ts YA =)= H ™ (o, By, B2; 8,72t @1, T2, x3) dt,
0
T1,72,73 1
HY (o, B, B3 71,725 21, T2, T3) = Bo 3 (2.8)
1
X/tsil(]. — t)’yzisilH;;l’Tz’TS (Oé,ﬁl, ﬂg; Y1, S;.’El,tTQQCQ,tTSCL'::,) dt,
0
1
(2.9)

HU™T (o, Br, B2i 1,725 01, To, 3) = B(B2,72 — Ba)

1
x/tﬂz—l(l — )2 B2 (1 — 72 00) (1 — 72 3)
0

1 x
X o F SV dt,
251 <O"51’71’(1—tfza:2)ﬁ(1—tmx3)>
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and,
HPT7 (o, Br, B2y 11, 72 T, T2, T3) = L
B(B2,7v2 — B2)B(B1,71 — b1)
11

x//tﬁrluﬂl—la gyl (1 gyl (]  regy) (1 — )=

00

T1

(1 — 1y )dtdu. (2.10)

(1 — t72$2)71 (1 - tT3£L'3)
Proof. From the equations (1.3) and (2.1), we get

H}{-l’TQ}TS (Oé, 61752;71772; X, l’Q,.’Eg)

i (s)m+p (a)m+p (ﬁl)q—lm—‘rn (ﬂ2)72n+7-3p ﬂﬁﬁ
m,n,p=0 (8)m+p (Vl)Tlm(72)7—2n+7—3p m! nl p!

If we consider following equalitiy and using definition of Beta function [13, 16, 17, 19, 20] in equation (1.1),

()pmip  Bla+m+p,s—a)

(s)mﬂ) B(a,s —a)

the (2.4) is obtained.
The equations (2.5) — (2.9) are obtained in similar ways.
If the following equality [24, 25],

1
o] (i) = s [0 (1= (=) d
0

is substituted into the statement (2.9), then equation (2.10) is derived. O
Theorem 2.3. The following Euler integral representation holds true:

H;17T27T3 (0(751,62;’71,’}/2;331,13271'3) (211)
1

- B (B1,71 — b1) B (B2,72 — B2) B (B2,72 — f2)
111
Xo/o/o/uﬁllvﬁ11w521(l — u)'Yl*ﬁlfl[(l _ ’U)(l _ w)]’Y2*52*1

x(1 —z1u™ — 230™)~%(1 — zow™) A dudvduw,

(71,72,73 >0, Re(y1 — f1) <1, Re(B1) > 1, Re(y1 +72 — p1) > 1, Re(f2) >0).

Proof. From the definitions of H "™ [«, 81, B2;71,72; ¥1, T2, 23] Srivastava’s triple T-hypergeometric function
(2.1) and the second T-Appell’s hypergeometric functions (1.6), we get

- (ﬂl)n (/32)7'277.

H21)7—27T3 (04561’52;717’72;*%‘1)1‘27563) = Z (212)
= (),
T Y
XFy'"7 (o, By 4+ n, Bo + Taniy1, 72 + Ton; o1, x3) ol
In [2], we have following equation:
T1,,T: 1
F2 ’ 3(@,61,B2;71,72;1’1,x3): B( (213)

Bism — B1) B (B2,72 — B2)

11
><//1551*1552*1 (1= )" Pt (1 =gy P27 (1 gt — 2487 dids.
00
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In (2.12), if we use (2.13) and necessary arrangements are made, we get

1
Bism — B1) B (B2, 72 — B2)

H:lhTZ)TS (aaﬂ17ﬁ2§’71»%§$179€27$3) = B(

11
X//uﬁl*lw'&*l(l _ u)““*ﬂl*l(l — w)wfﬂzfl(l — zuTt — w3v™) "
00

x oRy? (B1, B2 y2; wouw (1 — u)) dudv. (2.14)
Thereafter, from (1.5) the integral representation of 3 R; is written in (2.14), (2.11) can be obtained. O

Theorem 2.4. The following integral representation holds true:

(1—a3) (1 —ay) ™

T1,T2,T3 . . —
Hy [, B1, Y2371, Y25 Ta3, T2, T3] =

I'(@)T (1)
X e—u—vua—lyﬁl_l Ft (_; ; TaTzuv™ - ) dudv. 2.15
/! T i () 219

Proof. If we put B2 = 72, 1 = zox3 and using D1>™ (y2;y2; sw2, tws) = e”251¥3t in (2.2), we have

1
LTS . . — )
A [aa617727’71772;%21’371'2;%3} F(&)F(ﬁl) (2 16)
X//6*5(1*“)*“1*“)#"13&*1 oF [ (=313 tsT waws) dtds.
00
Setting ¢ (1 — z3) = u, s (1 — z3) = vin (2.16),we are led to the desired integral representation of (2.15). O

2.2 Partial Differential Equations

Here, we will give partial differential equations for H """’

™ Srivastava’s triple T-hypergeometric function.

Theorem 2.5. The following system of partial differential equations hold true:

0(r0+y—1),, —21(0+¢+a)(m0+e+B1), | HY ™™ =0

(¢ (Top + T30 + 72 — ), — 22 (110 + ¢ + B1) (T + T3¢ + Ba),,| H}' ™™ =0 2.17)
[¢ (7'2<P + T3¢+72 — 7’3)7_3 — I3 (9 + ¢ + Oz) (7-2%0 + T3(b + 62)] HE,TQ,Ts -0
d d d
where, 6 = xle' p= CEQT@ and ¢ = mgd—xg,

Proof. Using the H "™ [a, 81, B2; 71, 7V2; T1, T2, x3) Srivastava’s triple T-hypergeometric function in equation (2.1)
and multiplying this equation 6 (0 + v, — 1), , we have

O (0 +y — 1), H™7 [a, B1, Ba; 71,725 1, T2, T3] (2.18)
<.m (Tlm +7 - 1)-,—1 (a)m+p (61)71m+n (62)7'2n+73p 7"y .’)Sg

— Z — == (m—-=m+1)

a0 (V1) 7y (72) m! n! pl

Ton+T3p

_ i (im+7 +y — 1)71 (Oé)m+1+p (51)717,L+Tl+n (ﬁ2)72n+73p LET'H ﬁlﬁ
(V) rymgr, (72) m! n! p!

m,n,p=0 Ton+T3P

Taking advantage of the following property of Pochhammer symbol [24, 25] in (2.18)
(a)71m+72n = (a + Tlm)rgn (a)nm
and making some useful arragement in the equation (2.18), we have the desired result (2.17). O

The special case when 71,75,73 = 1 in (2.17) gives the partial differential equations of Srivastava’s H4 triple
hypergeometric function [18, 21]
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2.3 Derivative Formula
In this section, we derive derivative formula for H}'""*™ Srivastava’s triple 7-hypergeometric function.

Theorem 2.6. The following derivative formula for H,""™™ holds true:
d’r’+s+t —
dafdrydrt A
_ (a)'r+t (Bl)nrJrs (62)r25+73t
(e (2) 4
xH "™ [(a+714+1),(B1+711r +5), (B2 + 728 + T3t) ;

(71 + Tlr) ) (72 + Tos + 7—3t) ;L1,T2, 1’3]

(0,51,52;71772;361%27333) (2.19)

Proof. By utilizing the definition of H}""™'™ [, B1, B2; 71, 72; ©1, T2, 23] Srivastava’s triple 7-hypergeometric function

in equation (2.1) and derivatives this equation r times, we get

d" T1,T2,T:
dx’ FIA17 2 (a761752;71772;z15z2ax3) (220)
1

_ i (a)m+r+p (/81>'rlm+nr+n (52)7-2714»7317 ﬁﬁﬁ

0 (Y1) 7 g (’72)727L+T3p m! n! pl’
Then, taking derivative s times of (2.20), we have
dr+8 T1,72,T:
durdzs VT (a, B, Boi v, 23 T, T2, T3) (2.21)
= i (a)m+r+p (51)T1m+'r1r+n+s (ﬁ2)7'25+7'271+7'3p z7" ﬁﬂg
m,n,p=0 (Pyl>7—1m+7'1r (72)7—2(s+7'2n+7'3p m! nl p!
Finally, we take derivative ¢ times of (2.21), we get
d7’+s+t
e (047/81,62;’}/1,’}/2;1‘1,1‘2,.’173) (222)

T Jps et A
dxidzsdy
(oo}

_ Z (a)m+r+p+t (ﬁl)‘rlm-‘rTlT—i-n—i-s (52)725+72n+73p+73t ﬁﬁﬂﬁ

I n! p’
m,n,p=0 (’yl)rlm+71r (’72)725+7-2n+7'3p+73t m: n. p:

Using the following property of Pochhammer symbol [17? ] in (2.22),

(a)m+n = (a + m)n (a)m

we have the desired result (2.19). O

2.4 Recurrence Relations of H """ Srivastava’s 7-Hypergeometric Function
In this section we give some recurrence relations of H,'"">'™Srivastava’s 7-Hypergeometric Function.

Theorem 2.7. The following recurrence relation for H"™>'™ holds true:

HU™T (o, Br, B2; 71,725 %1, T2, T3) (2.23)
= H "™ (o, B, B2 71 — 1,725 1, T2, T3)
apfrry T1,T2,7T3
t— Y ((a+1),51+1,ﬁ2;’}/1+1,’}/2;$1,1'27.'1}3)-
()@ —m) 4
Proof. Using integral representation of H "' ™'™ («, B1, B2; 71, 72; €1, T2, x3) Srivastava 7-hypergeometric function in

(2.2) and following contiguous relation for the function o F7* [24, 25],
_r
(1 =7)

we obtain the recurrence relation (2.23). O

o (=7 — Lix) — o (=5 v;) — o' (=7 +12) =0, (2.24)
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Theorem 2.8. The following recurrence relation for H """ holds true:

(B2 —v2 + 1) H ™™ (o, Br, P25 71572, V35 T1, T2, T3)
= BoH "™ (e, B, B2 + 1371, 72,733 @1, T2, T3)
—(v2 = 1)H"™" (v, B,y B2y v1sv2 — 1,933 21, @2, 3)

Proof. The series on the right side of (2.25) are:
(B2) T (71) T (72)

I'(81) T (B2)
" Z m+p LB +7mm+n)L (B2 + 1+ man+ 73p) 27 2 2}

BoH " (e, B,y Bo + 1571, 72,73 X1, T2, T3) =

T'(y1+mm+n)T (y2 + m2n + 73p) m! n! p!

m,n,p=0

_ T ()
()(2)

" Z m+p L (B1+7mm+n)L (B2 + mon + 73p) 27 2l 2}

(v +mm+n)T (2 + man + 73p) m! n! p

m,n,p=0

X (B2 + Tan + T3p)
and

(v2 = DT (1) T (72)

1 HT1 ,T2,7T3 . -1 ; =
(v — 1) (o, B, B2 11572 — 1,733 21, @2, @3) L (B1)T (B2)

y Z m+p L (B1+7mim+n)L (B2 + Ton+ 73p) 27 2 2}

m,n,p=0 Fvi+mm+n)T (2 —1+mn+7p) mlnal pl

_T(m)T(92)
(ﬂl) (»32)

y Z m+p L (B1+7mm+n)L (B2 + Tan + 73p) 27 2l 2}

Fi+mm+n)T(y2—1+mn+mp) m!nalp

m,n,p=0

X (v2 = 14 T2n + 13p) .

(2.25)

(2.26)

(2.27)

Substituting (2.26) and (2.27) in the series expressions into the right hand side of (2.25), we get the desired result of

(B2 —v2 + DH™™ [, B, B2; 1,72, V35 X1, T2, T3]

O

The special case when 71,72,75 = 1 in (2.23) and (2.25) give the recurrence relations for Srivastava’s H4 triple

hypergeometric function [23]
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