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Abstract

More recently, the notion of a complex valued S,-metric space has been introduced and studied. In this
paper, we investigate some basic properties of this new space. We study some fixed point results on a
complete complex valued S,-metric space. A common fixed point theorem for two self-mappings on a
complete complex valued Sy-metric space is also given.
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1. Introduction

Many authors have introduced some generalizations of metric spaces such as b-metric spaces, G-metric spaces,
S-metric spaces, Sy-metric spaces etc. Bakhtin gave the notion of a b-metric space [4]. Mustafa and Sims introduced
the concept of a G-metric space [12]. Sedghi, Shobe and Aliouche defined the notion of S-metric spaces and proved
some fixed-point theorems on a complete S-metric space [20]. Then Aghajani, Abbas and Roshan studied a new
type of metric which is called G,-metric [1]. The notion of an Sy-metric space, as a generalization of metric and
S-metric spaces, was presented and some properties of this space were investigated in two different studies (see
[23] and [24] for more details).

Also many authors have proved some fixed-point theorems on complex valued metric spaces. Azam, Fisher and
Khan introduced complex valued metric spaces and obtained common fixed-point theorems on a complex valued
metric space [3]. Rao, Swamy and Prasad defined complex valued b-metric spaces [18]. Mlaiki obtained common
fixed-point theorems on a complex S-metric space [8]. Ege studied complex valued G,-metric spaces and proved
the Banach'’s contraction principle on a complete complex valued G-metric space [7]. Also Priyobarta, Rohen and
Mlaiki defined the concept of a complex valued Sy-metric space and proved some fixed point theorems using the
topology of this space [17].

Since then, many authors investigate some fixed-point theorems on the above metric spaces (see [2], [5], [6], [9],
[10], [11], [14], [15], [16], [17], [19], [21] and [22] for more details).

In this paper, we investigate some properties of the concept of a complex valued S,-metric space and give
a common fixed point result. In Section 2 we recall some known definitions. In Section 3 we investigate some
properties of complex valued Sy-metric spaces and prove the Banach’s contraction principle on a complete complex
valued Sp-metric space. Then we give a generalization of this principle. In Section 4 we obtain a common fixed-point
theorem for two self-mappings on a complete complex valued Sy-metric space. We expect that many mathematicians
will study various fixed-point theorems using new expansive mappings (or contractive mappings) on a complex
valued S;-metric space.
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2. Preliminaries

Let C be the set of all complex numbers and z;, z2 € C. The partial order = is defined on C as follows:

21 3z if and only if Re(z1) < Re(z2), Im(z1) < Im(z2)

and
z1 < 2o if and only if Re(z1) < Re(z2), Im(z1) < Im(z2).

Also we can write z1 3 z» if one of the following conditions hold:
1. Re(z1) = Re(z2) and Im(z1) < Im(z2),
2. Re(z1) < Re(z2) and Im(z1) = Im(z2),
3. Re(z1) = Re(z2) and Im(z1) = Im(z2).
Notice that
0321 322 = |21 < |2

and
Z1 jZQ,ZQ < 23 = 21 < 29.

Now we recall the following definitions and lemma.

Definition 2.1. [26] The “maz” function is defined for the partial order relation 3 as follow:
1. max {z1,22} = 22 & 21 3 22.
2. z1 Zmax{za, 23} = 21 S22 0r 21 3 23.
3. max{z1,22} = 22 & 21 3 22 Or |21] < |22].

Lemma 2.1. [26] Let 21, 22, 23, . .. € C and the partial order relation 3 be defined on C. Then the following statements are
satisfied:

1. If 21 S max {za, 23} then z1 3 20 if 23 3 22,
2. If 21 3 max {22, 23,24} then 21 3 zo if max {23, 24} 3 2o,
3. If z1 2 max {22, 23, 24, 25} then z1 X 2o if max {z3, 24, 25} 3 22, and so on.

Definition 2.2. [18] Let X be a nonempty set and b > 1 be a given real number. A complex valued b-metric on X is
a function d¢ : X x X — C which satisfies the following conditions for all z,y,z € X.

(Cb1) 0 2 de(z,y) and de(z,y) =0if and only if x = y,

(Cbz) de (.’1?7 y) =dc (y’ LL’),

(Cb3) dc(l‘, Z) :5 b[dc(l‘, y) + dc(y, Z)]

Then the pair (X, d) is called a complex valued b-metric space.

Definition 2.3. [8] Let X be a nonempty set. A complex valued S-metric on X is a function S¢ : X x X x X — C
which satisfies the following conditions for all z,y, z,a € X.

(€S1) 03 So(z,y,2),

(CS2) S¢(z,y,2z) =0ifand only if x = y = 2,

(CS3) Sc(z,y,2) 3 Sc(x,z,a) + Sc(y,y,a) + Sc(z, 2, a).

Then the pair (X, S) is called a complex valued S-metric space.

Definition 2.4. [23] Let X be a nonempty set and b > 1 be a given real number. An S;,-metric on X is a function
Sy : X x X x X — [0, 00) which satisfies the following conditions for each z,y, z,a € X.

(Spl) Sp(z,y,2) =0ifand onlyif x =y = 2,

(S12) Sp(z,y,2) < b[Sp(z,z,a) + Sp(y,y,a) + Su(z, z,a)].

Then the pair (X, Sp) is called an S,-metric space.

Notice that every S-metric is an S,-metric with b = 1.
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Definition 2.5. [17] Let X be a nonempty set and b > 1 be a given real number. Suppose that a mapping
She + X x X x X — C satisfies:

(CSp1) 0 < Sy (z,y,2) forall z,y,z € X withx # y # z # z,

(CSp2) S (x,y,2) =0 =y =2

(CSp3) S (x,z,y) = Sp (v, y,x) forall z,y € X,

(CSp4) Spe (Y, 2) 2 b[Soe (@, 2,a) + Soe (Y, y, ) + Spe (2, 2,a)] forall z,y, 2,a € X.

Then Sy, is called a complex valued Sy-metric space and (X, Sy, ) is called a complex valued Sy-metric space.

3. Some Properties of Complex Valued S,-Metric Spaces

In this section we redefine the notion of a complex valued Sj,-metric space without the condition (CS;3) given in
Definition 2.5 and some new fixed-point results on this space are given.

Definition 3.1. Let X be a nonempty set and b > 1 be a given real number. If the function S5, : X x X x X — C
satisfies the following conditions for each z,y, z,a € X

(CSbC 1) 0 j Sbc (.’E, Y, Z)/

(CSpe2) Spy(z,y,2) =0ifand onlyif x =y = 2,

(CSbe3) She (7,Y, 2) Z b[Sbe (2,2, a) + Sbe (Y, Y, a) + Spe (2, 2, a)],

then the function Sy, is called a complex valued S,-metric and the pair (X, Sy ) is called a complex valued
Sp-metric space.

Notice that every complex valued S-metric is a complex valued Sy-metric with b = 1.

Example 3.1. Let X = R and the function S : X x X x X — C be defined as
1
Sc(@,y.2) = 5 (I =yl + 1y — 2| + |z = 2[),

forall z,y, z € X. Then (X, S¢) is a complex valued S-metric space. Let us define the function S, : X x X x X — C
as follows:

Sbc ($7y7 Z) = SC(I, Y, 2)3/

forall ,y, z € X. It can be easily verified that S, is a complex valued S,-metric on X with b = 16, but it is not a
complex valued S-metric.

Lemma 3.1. Let (X, Sy ) be a complex valued Sy-metric space with b > 1. Then we have

Sbc (.’,E, xZ, y) rj bSbC (y’ Y, I)

and
Sbc (yv Y, ‘T) :\</ bSbc (l’, &€, y)

Proof. Using the condition (CSy2) and (CSp3) we find
Sve (T, 2,y) Sb[28p (2,2, %) + Spe. (Y, ¥, )] = bSbe (Y, y, x)

and
Sbc (yayvx) i b [zsbc (y,y; y) + Sbc (xvmay)] = bSbC (xaxa y)

O

By the above lemma, we have seen that a complex valued S-metric function is not symmetric. Then we give the
following definition.

Definition 3.2. Let (X, S ) be a complex valued Sy-metric space with b > 1. Then S, is called symmetric if

Sve (T, 2,Y) = Spe (Y, ¥, 2), (3.1)

for all z,y € X and the pair (X, S, ) is called a symmetric complex valued Sj-metric space.
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The symmetry condition (3.1) coincides with the condition (CS;3) given in Definition 2.5 and hence Definition
3.2 and Definition 2.5 are coincide.
It is known that the symmetry condition (3.1) is satisfied for b = 1 as seen in the following lemma.

Lemma 3.2. [8]If (X, S¢) be a complex valued S-metric space, then we have

Sc(l', Z, y) = SC(ya Y, :C),
forall z,y € X.
Now we give the following definition similar to Definition 2.3 given in [17].

Definition 3.3. Let (X, S, ) be a complex valued S,-metric space. Then

1. A sequence {z,} in X converges to z if and only if for all € such that 0 < ¢ € C there exists a natural number
ng such that for all n > ng, we have Sy (z,,, T, ) < €. It is denoted by

lim z,, = x.
n—oo

2. Asequence {z,} in X is called a Cauchy sequence if for all ¢ such that 0 < ¢ € C there exists a natural number
ng such that for all n,m > ny, we have Sy (X, T, Tm) < €.

3. A complex valued Sy-metric space (X, Sy, ) is called complete if every Cauchy sequence is convergent.

Lemma 3.3. Let (X, Sy ) be a complex valued Sy-metric space with b > 1. If the sequence {z,, } in X converges to x then x
is unique.

Proof. Suppose that the sequence {xz,} converges to both z and y with « # y. Then for each 0 < ¢ there exist
n1,ns € Nsuch that for all n1,ns > ng,

€
Sbc (xna Tn, 1‘) < @
and -

Sbc (-rﬂm Tn, y) < @/
with b > 1. If we put ng = max {ni,ns}, then for every n > ng, using the condition (CSs.3) and Lemma 3.1, we
obtain

Sbc(:v,:v,y) j b[QSbC(CC,(L',ZEn) +Sbc(y,y7xn)]
i 2bQSbC (x’naxnax) +b25bc (xnaxTL?y)
€ €
22— +p>— =
= gt gp T
and so
|Sbc(xvx7y)| < ‘€|/
which implies Sy (z, z,y) = 0, thatis, z = y. O

Lemma 3.4. Let (X, Sy ) be a complex valued Sy-metric space with b > 1 and {x,,} be a sequence in X. Then {x,,} converges
to x if and only if | Sy, (Ty, T, )| — 0.

Proof. The proof is similar to the proof of Proposition 3.1 given in [17]. O

Lemma 3.5. Let (X, Sy, ) be a complex valued Sy,-metric space with b > 1 and {x,,} be a sequence in X. Then {z,} is a
Cauchy sequence if and only if | Sy, (Tn, Tr, T )| — 0 as n, m — co.

Proof. The proof is similar to the proof of Theorem 3.3 given in [17]. O

Lemma 3.6. Let (X, Sy, ) be a complex valued Sy-metric space with b > 1. If the sequence {x,,} in X converges to x then
{zy} is a Cauchy sequence.
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Proof. Since the sequence {z,,} converges to z we have
[Ste (T, Tpy )| — 0, (3.2)
as n — oo. Using the inequality (CSy.3), we get
Sbe (Tns Ty Tm) 3 0[Spe (s Tny @) + Soe (Tns Tny ) + St (Trms Ty )]

and
1Sbe (Tns Ty T )| < (2[Sbe (T, Tny )| + [Sbe (Tms Timsy )])-

If we take limit for n, m — oo then using the condition (3.2), we obtain
|Sbe (Trs Ty )| — 0.
Consequently, the sequence {z,,} is a Cauchy sequence. O

In [17], the Banach'’s contraction principle was given using the condition (C.S;3) (that is, symmetry condition)
with three variables on a complete complex valued Sy-metric space (see Theorem 3.4 on page 16 in [17]). However,
the symmetry condition is not necessary in the proof of the Banach’s fixed point result. Hence, in the following
theorem we prove the Banach’s contraction principle without the symmetry condition using two variables on a
complete complex valued Sj-metric space.

Theorem 3.1. Let (X, Sy, ) be a complete complex valued Sy-metric space withb > 1and T : X — X be a self-mapping
satisfying
Spe (Tx, Tx, Ty) 3 aSp.(x,2,y), (3.3)
forall x,y € X where 0 < o < b% Then T has a unique fixed point x in X.
Proof. Let the self-mapping T satisfies the inequality (3.3) and =y € X. Let us define the sequence {z,} as
T, =T x.
Using the inequality (3.3) and mathematical induction, we get
St (T, Tny Tny1) S " She (zo, 2o, 21). (3.4)
Since the inequalities (CSp 3) and (3.4) are satisfied, using Lemma 3.1 we obtain

Sbc (-777“ T, xm) j b(2Sbc (xna T, -Tn+1) + Sbc (mma Ty xn—i—l))

2ba™
ST prgSbe (%0, 20, 1),
for all n,m € N with m > n. The above inequality implies

2ba™
|Sbc(xnawﬂ7xm)| S m ‘Sbc (x05m07x1)‘ . (35)

If we take limit for n — oo we have
2ba™
1-a |Sbc(l’07$0>$1)| — 0,

1

since a € {O, 62) with b > 1. Hence using the inequality (3.5) we get
|Sbc (xnv T, xm)| — 0

and so {z,,} is Cauchy. Since (X, S, ) is a complete complex valued S,-metric space there exists z € X such that

lim z,, = x.
n— oo
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Suppose that T'x # x. Using the inequality (3.3), we get
Spe (T, T, Xpni1) 3 aSp (T, 2, 24).
If we take limit for n — oo then we have
Spe (Tx, Tx,x) 3 Sy, (x, 2, )

and
[Ste (T, Tz, z)| < a|Spe (z, 2, 2)] = 0.

Hence we have S (Tx, Tx,z) = 0, thatis, Tz = x.
Finally we show that the fixed point x is unique. Assume that 7'z = z, Ty = y and = # y. Therefore we obtain

Stve (T, Tz, Ty) = Sp. (z,2,y) X aSp. (z,2,y)

and
|Sbc(xaxa y)| hye’ ‘SbC(I,l‘,yH .

1
Since o € [07 bQ> with b > 1, we get © = y. Consequently, 7" has a unique fixed point z in X. O

We can give the following corollary for a complete symmetric complex valued S;-metric space.

Corollary 3.1. Let (X, Sy ) be a complete symmetric complex valued S,-metric space withb > 1and T : X — X bea

self-mapping satisfying the inequality (3.3) for all z,y € X where 0 < o < % Then T has a unique fixed point x in X.

Corollary 3.1 coincides with Theorem 3.4 given in [17] for two variables on X.

Remark 3.1. If we take b = 1 in Theorem 3.1 we obtain the Banach’s contraction principle on a complete complex
valued S-metric space (see [8] for more details).

Example 3.2. Let X = R and the complex valued Sy-metric be defined as

1
Sbe (w,y,2) = z(lx—y|+|y—2\+lx—Z|)2,

forall z,y, z € X with b = 4. Let us define the self-mapping 7" of X as follows:

To=2
T7 5

for all x € X. Therefore the inequality (3.3) is satisfied. Indeed, we obtain

2
Spe (Tx, Tx,Ty) = |Tx — Ty|2 = %

2
o
< aSp. (z,2,y) = | 20y| ,

1
forallz,y € X and o = 20" Consequently, T has a unique fixed point = 0 in X.

Now we give a generalization of the Banach’s contraction principle on a complete complex valued S,-metric
space.

Theorem 3.2. Let (X, Sy ) be a complete complex valued Sy-metric space with b > 1and T : X — X be a self-mapping
satisfying the following condition:
There exist real numbers oy, aa, iz, ouy satisfying o + bag + bag + (26 4 b) aug < 1 with oy, g, g, g > 0 such that
Sve (T, Tz, Ty) =3 15 (@, 2,y)+ a2Sp, (T, Tz, x) (3.6)
+O53‘Sbc (Tya TZ/7 y)
+ouy maX{Sbc (T.T, Tx, y>7 Sbc (Ty7 Ty7 l‘)},

forallz,y € X.
Then T has a unique fixed point = in X.
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Proof. Let zp € X and the sequence {z,,} be defined as follows:
Txg=2z1,Tr1 =22,..., 17T = Tpy1,. ...
Suppose that x,, # 41 for all n. Using the condition (3.6), we obtain

Sbc (xna T, xn—&-l) = Sbc (Txn—lv Trp_1, T-rn)

,j alsbc (xn—la Tn—1, In)

+a25bc (xnaxnvwnfl) + OCBSbC (anrlvanrlal’n) (3 7)
+agmax{Sy, (Tn, Tn, Tn), Soe (Tnt1, Tng1, Tn-1)} '
= 1S (Tn—1,Tn—1,Tn) + ¥2Sb0 (Tn, Tn, Tn_1)

+a3She (Tnt1, Tnt1, Tn) + aSpe (Tnt1, Tnt1s Tn-1)-

By the condition (CS;, 3), we get
Sbc (xn+1a Tn41, x’nfl) j b[QSbC (xn+17 Tn+1, xn) + Sbc (x’nflv Tn—1, xn)] (38)
Using the conditions (3.7), (3.8) and Lemma 3.1, we find

Spo (Tns TnsTpg1) T 1Spe (Tn—1,Tn—1,2n) + b2 Sp (Tn—1, Tn—1,Tn)
+bag S, (T Ty Tpgt)
+2b%4 St (T, Ty Tng1) + baSpe (Tr—1, Tno1, )

and so
(1 — bag — 2b2a4)5bc (xn, Ty, l‘n+1) j (061 + bag + ba4)SbC (In_l, Tpn—1, .Z’n),

which implies

aq + bag + bay

msbc (xn—l,xn—1,$n)- (3~9)

Sbc (l’n, Tn, xn+l) ~

b b
Leta = W. Then o < 1 since a1 +bag +bag + (2b2 + b) ay < 1. Repeating this process in the condition
— 0tz — Qg
(3.9), we have

St (T, Tny Tpy1) S A" She (To, To, 21). (3.10)
So for all n,m € N, n < m, using the conditions (3.10) and (CS; 3) we get

2ba™
Soe (Tn Tns Tm) 3 msbc (20, o, 1)

The above inequality implies
2ba™

T2 Sbo (@0, w0, 21)] (3.11)

|Sbc (mnaxnvxm” <

If we take limit for n — oo we have
2ba™

1-1a |Sbc($07$0,$1)| — 0,

since a < 1. Therefore using the inequality (3.11), we find
|Sbe (Trs Ty T)| — 0
and so {z,} is a Cauchy sequence. By the completeness hypothesis, there exists x € X such that

lim z,, = x.
n—oo

Now we show that z is a fixed point of T'. Assume that Tz # x. Then using the inequality (3.6) we have
Sbc(xnawn7Tx) = Sbc(Tmn71>TxnflaTx)
3 1S (Tn—1,Tn—1,2) + @250 (Tn, Tny Tn—1)
+azSp, (Tx, Tz, x)
+ay max{Sp. (Tn, Tn, ), Spe (T2, T2, 20n_1)}
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and so taking limit for n — oo, using Lemma 3.1 we obtain
Sve (2, Tx) 3 (a3 + a4)Spe (Tz, Tz, x) 3 blas + aq)Sp (x, z,Tx)
and
|Sbe (2, 2, Tx)| < b(as + aq) [Spe (x, 2, Tz)|,

which is a contradiction since 0 < b (a3 + a4) < 1. Sowe get Tz = «.
Finally we show that the fixed point x is unique. Suppose that x # y such that Tx = x and T'y = y. Using the
inequality (3.6) and Lemma 3.1, we have

Sbc(TxaTszy) = Sbc(df,l‘,y) j alec(xvxvy) + Oéngc(l‘,I71‘)
+a3Sbc (¥, Y, y) + s max{ Sy, (v, 2,Y), Spe (v, y, 7) }
= (a1 +bay)Sp. (z,x,y)
and
[Sbe (2, 2, y)| < (a1 + ba) [Sbe (2, 7, y)],

which implies = y since a; + bay < 1. Consequently, T" has a unique fixed point z in X. O
If we take b = 1 in Theorem 3.2 then we get the following corollary.

Corollary 3.2. Let (X, Sc) be a complete complex valued S-metric space and T : X — X be a self-mapping satisfying the
following condition:

There exist real numbers o, ova, a3, g satisfying oy + o +as+ 3 < L with oy, o, s, ag > 0 such that the condition
(3.6) is satisfied forall x,y € X.
Then T has a unique fixed point x in X.

We can give the following corollary for a complete symmetric complex valued S,-metric space.

Corollary 3.3. Let (X, Sy ) be a complete symmetric complex valued Sy-metric space withb > land T : X — X bea
self-mapping satisfying the following condition:

There exist real numbers o, g, a3, o satisfying aq + bag + bas + 3bas < 1 with oy, ag, oz, g > 0 such that the
condition (3.6) is satisfied for all x,y € X.
Then T has a unique fixed point x in X.

Remark 3.2. We note that Theorem 3.2 is a generalization of the Banach’s contraction principle on a complete
complex valued S,-metric space. Indeed if we take cipy = 3 =y = 0 and o1 < % with b > 1 in Theorem 3.2 then
we obtain the Banach’s contraction principle on a complete complex valued S,-metric space.

Now we give an example of a self-mapping satisfying the condition (3.6) such that the condition of the Banach’s

contraction principle (3.3) is not satisfied.

Example 3.3. Let X = R and the function S, : X x X x X — C be defined as
1
Spe (.9, 2) = - (Jo =z + |z +2 = 29),

forall z,y,2 € Rand k € Z*. Then (R, S, ) is a complete complex valued S,-metric space with b = 1. Let us define
the self-mapping 7' : R — R as follows:

7

Ty — r+60 ; =xe€{0,4}
a 55 ;  otherwise

1 1
for all z € R. Therefore T satisfies the condition (3.6) for a; =0, g = =, ag = 3 and oy = 0. Hence 7" has a unique

fixed point = 55. But T' does not satisfy the condition of the Banach'’s contraction principle (3.3). Indeed, for
x =0,y = 1 we obtain
Spe (T2, Tx, Ty) < aSp, (z,2,y) = o,

which is a contradiction since o < 1.
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4. A Common Fixed Point Theorem

In this section we give a common fixed point theorem on a complete complex valued Sp-metric space.

Theorem 4.1. Let (X, Sy ) be a complete complex valued Sy-metric space with b > 1 and M,N : X — X be two
self-mappings satisfying
SbC(MJ},MJ},Ny) j amaX{Sbc(xaxay)7Sbc(Mxvan'r)7 (41)
Sbc (Ny7 Ny7 y)7 Sbc (N% Nya .I'),
Spe (Mz, Mz,y)},

forallz,y € X with0 < a < . Then M and N have a unique common fixed point x in X.

b
20% + b
Proof. Let 2y € X and the sequence {z, } be defined as follows:

Mxoy, = Tant1, NTony1 = Tanto. (4.2)

Now we show that the sequence {z,} is a Cauchy sequence. Using the conditions (4.1), (4.2), (CSi.3) and Lemma
3.1, we have
Sve (Tart1, Tarr1; Takt2) = e (Maok, Mok, Nwogy1) 3 amax{Sy. (Tak, Tak, Tar+1),
Soe (T2k+1, Lokt 1, T2k)s Sve (T2k+25 T2k4+2, L2k41),
S (Taky2, Tart2, Tak ), Sve (Tak41, Tart1, Tok1) )
= amax{Sy.(Tor, Tok, Tar+1), Sbe (Tak41, Taky1, Tak),

Sbo (T2k42, Tokt2, T2k41), St (T2k+2, Takt2, Tak) }

< amax{Sy. (Tak, T2k, T2k+1), Sbe (T2k+15 T2kt 1, T2k ),
S (Taky2, Takt2, Toky1), 20Spe (Tar42, Toky2, Tart1)
+bSpc (Tok, Tog, Tokt1)}

< oy

and so
|Sbe (Tok+1, Tok41, Tana2)| < aly]
< 2bo |Spe, (Tak42, Tokt2, Tart1)| + b [Spe (@ak, Tak, Top41)]
< 202 |Spe (Tokt1, Toks1, Tonra)| + b [Spe (Tag, Tok, Tort1)],

which implies
ba
[Sbo (T2k+1, T2p41, Tant2)] < T b (@20, T20, T2041)] -
Hence using the mathematical induction, we get

|Sbc (Z‘n, xn,$n+1)| S ﬁn |Sbc (1‘0, anxl)‘ ’

b
where 8 = ﬁ. Thus for all m > n, m,n € N we obtain
2b8™
|Sbe (Tn, Ty T )| < T8 [Sbe (20, 0, 1) -

Consequently, we obtain | Sy (1, Tn, Tm)| — 0as n,m — co. Thus {x,,} is a Cauchy sequence in X. Since (X, S;.)

is a complete complex valued Sj-metric space then {xz,,} converges to z € X. Now we show that this point z is a

fixed point of the self-mapping M. Assume that Mz # z. Using the inequalities (4.1) and (CS},, 3), we obtain
SbC(MZ‘,MZ‘,J)) /5 b[QSbc(ananxZn-i-Q) +Sbc($,l‘,l'2n+2)}

2bSpe (Mxz, Mz, Nxopt1) + bSp. (@, x, Tont2)

2bamax{Sp. (¢, T, Tant1), o (Mz, Mz, ),

Sbc (I2n+2, Ton+2, $2n+1), Sbc (I2n+2, Ton+2, 17)7

She (Mx, M2, 2on4+1)} + bSp. (2, T, Topy2).

ITRON
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If we take limit for n — oo we have
She (Mx, Mz, x) 3 2baSy, (Mz, Mz, x)

and so
|Ste Mz, Mz, )| < 2bar |Sp, (Mz, Mz, )|,

1
which is a contradiction since 0 < o < WD Consequently, we have Mx = x.

Assume that there exists y € X such that Nx = y. Now we show that = y. Suppose that z # y. Using the
inequality (4.1) and Lemma 3.1, we get

Sve (T, 2,y) = Spo (Max, Mx, Nx) = amax{Sy. (z,z, ), Sp. (Mz, Mz, x),
Spe (Nzy, Nz, x), Sp. (Nz, N, ), Spo (Mx, Mz, )}
= amax{0,0, Sy (y,¥, ), Sbc (v,y, 7), 0}
= aS.(y,9,7) 3 baSy. (2, 2,y)

and
|Sbe (@, 2, y)| < ba |Spe (2, 2,9)],
which is a contradiction. Hence we have x = y and « is the common fixed point of the self-mappings M and N.

Now we prove that the fixed point x is unique. Suppose that z is another common fixed point of the self-
mappings M and N. Using the inequality (4.1) and Lemma 3.1, we have

Sve (x,2,2) = Spo(Mz, Mz, Nz) 3 amax{Sy.(z,z,2), Sp, (Mz, Mz, ),
Ste (N2, Nz,2),Sp. (N2, Nz,2), Sp,(Mz, Mz, 2)}

amax{Sy,(z,z,2),0,0, S (2, 2, 2), Sps (x,2,2) }

3 baSp,(z,x, 2)
and so
|Sbe (2, 2, 2)| < ba|Spe (2,2, 2)|,
which is a contradiction. Consequently, M and N have a unique common fixed point z in X. O

Corollary 4.1. Let (X, Sy,) be a complete symmetric complex valued Sy-metric space withb > 1 and M,N : X — X be

1
two self-mapping satisfying the condition (4.1) forall z,y € X with 0 < a < 3 Then M and N have a unique common
fixed point x in X.

Example 4.1. Let X = RT U {0} and the function Sy, : X x X x X — C be defined as
Sbc(:C?yaZ) = ’L(liC - Z| + |$ +z— 2y|)’

for all z,y,z € X. Then (X, S,,) is a complete complex valued Sy-metric space with b = 1. Let us define the
self-mappings M, N : X — X as follows:

Mz="2
6
and

Nz =0,

1
for all z € X. It can be easily seen that M and N satisfy the condition (4.1) for a = T So M and N have a unique

common fixed point z = 0in X.



20 N. Tag, N. Y. Ozgiir & N. Mlaiki

References

[1] Aghajani, A., Abbas, M. J. and Roshan, R., Common fixed point of generalized weak contractive mappings in
partially ordered G-metric spaces, Filomat, 28(2014), no.6, 1087-1101.

[2] An, T. V,, Dung, N. V. and Hang, V. T. L., A new approach to fixed point theorems on G-metric spaces, Topology
Appl., 160(2013), no.12, 1486-1493.

[3] Azam, A., Fisher, B. and Khan, M., Common fixed point theorems in complex valued metric spaces, Number.
Funct. Anal. Optim., 32(2011), 243-253.

[4] Bakhtin, . A., The contraction mapping principle in quasimetric spaces, Funct. Anal. Unianowsk Gos. Ped. Inst.,
30(1989), 26-37.

[5]1 Dubey, A. K., Shukla, R. and Dubey, R. P., Some fixed point theorems in complex valued b-metric spaces, Journal
of Complex Systems, (2015), Article ID: 832467, 7 pages.

[6] Dung, N. V., Hieu, N. T. and Radojevic, S., Fixed point theorems for g-monotone maps on partially ordered
S-metric spaces, Filomat, 28(2014), no.9, 1885-1898.

[71 Ege, O., Complex valued G,-metric spaces, |. Computational Analysis and Applications, 21(2016), no.2, 363-368.
[8] Mlaiki, N. M., Common fixed points in complex S-metric space, Adv. Fixed Point Theory, 4(2014), no.4, 509-524.

[9] Mlaiki, N. and Rohen, Y., Some coupled fixed point theorems in partially ordered A,-metric space, |. Nonlinear
Sci. Appl., 10(2017), 1731-1743.

[10] Mohanta, S. K., Some fixed point theorems in G-metric spaces, An. Stiint. Univ. "Ovidius” Constanta Ser. Mat.,
20(2012), no.1, 285-305.

[11] Muhkeimer, A. A., Some common fixed point theorems in complex valued b-metric spaces, The Scientific Worl
Journal, (2014) Article ID: 587825, 6 pages.

[12] Mustafa, Z. and Sims, B., A new approach to generalized metric spaces, |. Nonlinear Convex Anal., 7(2006), no.2,
289-297.

[13] Nashine, H. K., Imdad, M. and Hasan, M., Common fixed point theorems under rational contractions in
complex valued metric spaces, . Nonlinear Sci. Appl., 7(2014), 42-50.

[14] Ozgiir, N. Y. and Tas, N., Some fixed point theorems on S-metric spaces, Mat. Vesnik, 69(2017), no.1, 39-52.

[15] Ozgiir, N. Y. and Tas, N., Some new contractive mappings on S-metric spaces and their relationships with the
mapping (S25), Math. Sci., 11(2017), no.1, 7-16.

[16] Ozgﬁr, N. Y. and Tas, N., Some generalizations of fixed point theorems on S-metric spaces, Essays in Mathematics
and Its Applications in Honor of Vladimir Arnold, New York, Springer, 2016.

[17] Priyobarta, N., Rohen, Y. and Mlaiki, N., Complex valued S,-metric spaces, |. Math. Anal., 8(2017), no.2, 13-24.

[18] Rao, K. P. R, Swamy, P. R. and Prasad, J. R., A common fixed point theorem in complex valued b-metric spaces,
Bulletin of Mathematics and Statistics Research, 1(2013), no.1.

[19] Rohen, Y., Dosenovi¢, T. and Radenovi¢, S., A note on the paper “a fixed point theorems in S,-metric spaces”,
Filomat, 31(2017), no.11, 3335-3346.

[20] Sedghi, S., Shobe, N. and Aliouche, A., A generalization of fixed point theorems in S-metric spaces, Mat. Vesnik,
64(2012), no.3, 258-266.

[21] Sedghi, S. and Dung, N. V., Fixed point theorems on S-metric spaces, Mat. Vesnik, 66(2014), no.1, 113-124.

[22] Sedghi, S., Shobkolaei, N., Roshan, J. R. and Shatanawi, W., Coupled fixed point theorems in G;,-metric spaces,
Mat. Vesnik, 66(2014), no.2, 190-201.



Complex Valued S,-Metric Spaces 21

[23] Sedghi, S., Gholidahneh, A., Dosenovi¢, T., Esfahani, J. and Radenovi¢, S., Common fixed point of four maps in
Sy-metric spaces, J. Linear Topol. Algebra, 5(2016), no.2, 93-104.

[24] Souayah, N. and Mlaiki, N., A fixed point theorem in S,-metric space, J. Math. Computer Sci., 16(2016), 131-139.

[25] Ughade, M., Turkoglu, D., Singh, S. K. and Daheriya, R. D., Some fixed point theorems in A,-metric space,
British Journal of Mathematics & Computer Science 19(2016), no.6, 1-24.

[26] Verma, R. K. and Pathak, H. K., Common fixed point theorems using property (£.A) in complex-valued metric
spaces, Thai . Math., 11(2013), no.2, 347-355.

Affiliations

NIHAL TAS

ADDRESS: Department of Mathematics, Balikesir University, Balikesir 10145 Turkey.
E-MAIL: nihaltas@balikesir.edu.tr

ORCID ID: orcid.org/0000-0002-4535-4019

NIHAL YILMAZ OZGUR

ADDRESS: Department of Mathematics, Balikesir University, Balikesir 10145 Turkey.
E-MAIL: nihal@balikesir.edu.tr

ORCID ID: orcid.org/0000-0002-8152-1830

NABIL MLAIKI

ADDRESS: Department of Mathematical Sciences, Prince Sultan University, Riyadh, Saudi Arabia.
E-MAIL: nmlaiki@psu.edu.sa

ORCID ID: orcid.org/0000-0002-7986-886X



	Introduction
	Preliminaries
	Some Properties of Complex Valued Sb-Metric Spaces
	A Common Fixed Point Theorem

