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sine-cosine wavelets, the operational matrix of Riemann-Liouville fractional integration is
constructed using the properties of the block-pulse functions. The fractional derivative in
the problem is considered in the Caputo sense. This method reduces the considered problem
to the problem of solving a system of nonlinear algebraic equations. Finally, some examples
are included to demonstrate the applicability of the new approach.

1. Introduction

The notion of the fractional differential equations (FDEs) was first developed as a pure mathematical theory in the middle of the 19th century
[1]. A history of the development of the fractional differential operators can be found in [2, 3]. It has been revealed that many mathematical
modelings contain FDEs. To mention a few, fractional derivatives are used in viscoelastic systems [4], economics [5], continuum and
statistical mechanics [6], solid mechanics [7], electrochemistry [8], biology [9] and acoustics [10]. An important issue to shed light on is the
fact that most of the FDEs do not have exact analytic solutions. Consequently, emphasis of efforts is on the importance of seeking numerical
solutions for these equations. As a result, several numerical methods have been given to solve problems including FDEs, such as Adomian
decomposition method [11], variational iteration method [12], fractional differential transform method [13], operational matrix method
[14], homotopy analysis method [15], power series method [16] and modified homotopy perturbation method [17]. Also, there can be some
classical solution techniques to be fond, e.g. Laplace transform method [18].

One way to solve equations numerically is to use wavelets. The basic idea of wavelets (both: translation and dilation) goes back to the early
1960’s [19]. There are developments concerning the multiresolution analysis (MRA) algorithm based on wavelets [20] and the construction
of compactly supported orthonormal wavelet bases [21]. Wavelets constitute unconditional (Riesz) bases for LZ(R), the space of all square
integrable functions on the real line. In other words, a function in L?(R) can be decomposed and stably reconstructed in terms of wavelets
[22]. To illustrate, some wavelets which have been constructed and used for solving FDEs include B-spline wavelets [23], Haar wavelets
[24], Chebyshev wavelets [25], Legendre wavelets [26] and Bernoulli wavelets [27].

Sine-cosine wavelet (SCW) has been used and showed efficient to solve various problems. To indicate this, we can refer to some works.
Razzaghi and Yousefi in [28] have employed SCW to solve variational problems. Tavassoli Kajani et al. [29] have proposed a method based
on SCW for solving integro-differential equations. They also applied this method to solve Fredholm integral equations in [30]. A numerical
evaluation of Hankel transform for seismology has been given in [31] using SCWs approach. The present work introduces the generalized
sine-cosine wavelets (GSCWs) operational matrix of fractional integration which can be used to solve fractional problems.

The organization of this paper is as follows: Section 2 gives a brief preliminaries of fractional calculus followed by orthonormal basis of
GSCWs and their properties in Section 3. Section 4 is devoted to block-pulse functions and their basic properties. Section 5 introduces the
fractional order of operational matrix of integration for GSCWs. A numerical method based on the GSCWs and block-pulse functions in
order to solve multi-order FDEs is given in Section 6. Some examples are included in Section 7 to show the applicability and efficiency of
this method followed by concluding remarks in Section 8.
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2. Preliminaries of fractional calculus

In this section, we briefly give some preliminaries and notations of fractional calculus. Two most important definitions for fractional integral
and derivative operators are Riemann-Liouville integral and Caputo derivative. The Riemann-Liouville fractional integral operator I% of
order o > 0 is defined as follows [32]:

1t na-l
() = {F(a) Jot—$)* u(s)ds, o> 0,
M(Z), a=0,

where I'( ) is the gamma function defined by
Ia)= / e ldr.
0

Also, the Caputo fractional derivative operator D% of order ¢ is defined as follows [32]:

1 1
D%u(t) = fi—a) /0 (t—5)"* " (s5)ds, n—1<a<n, neN,
where n = [o/] is the smallest integer greater than or equal to o.
The following properties are satisfied for the Riemann-Liouville integral operator and Caputo derivative:

letv _ F(V + 1) tv+(x

= —1
Frv+1+a) ' (et

0)-, 2.1

[a]—1 i—
1% B(D%u(t)) = DPu(r) — Y ut)(0) r( i 0<B<a. (2.2)

i-B+1)’
3. Generalized sine-cosine wavelets

3.1. Definition and function approximation

Wavelets constitute a family of functions constructed from dilation and translation of a single function ¢(¢) which is called the mother
wavelet. When the dilation parameter and the translation parameter vary continuously, we have the following family of continuous wavelets
as [19, 33, 34]

t—b
Vap(t) = a7 (7) , a,beR, a#0,

where a and b are the dilation and translation parameters, respectively. If the parameters a and b are restricted to take values a = ap "~ and

b = nbgag—*, where ag > 1, by > 0 and n, and k are positive integers, a family of discrete wavelets which forms a wavelet basis for LZ(R) is
obtained as

Vien(r) = laol* @ (at —nbo ).

Especially, if ag = 2 and by = 1, then the set {yj ,(¢)} forms an orthonormal basis.
SCWs are usually defined on the interval [0, 1). Here, we replace the interval [0, 1) by [0,7) where T > 0 and define GSCWs as

1
2

k
2 k +1
Wim () { ﬁfm(ztinT)’ §‘T§t<n2k T,

0, otherwise,
with
%7 m = 07
fm() = cos(%)7 m=1,2,...,L,
sin(2UET) L4 1,L42,..,2L,
where L is any positive integer, n = 0,1,2,... 2% —1and k=0,1,2,---. The set of GSCWs forms an orthonormal basis for the space

L?[0,T). Therefore, a function () in this space may be expanded in a series of GSCWs as

0o 2k_1

u(t) = Z Z CrnWnm(t), 3.1

m=0 n=0
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where

T

un = ((0) V() = [ () ¥ (1),

0

in which (.,.) denotes the inner product. If the infinite series in (3.1) is truncated, then an approximation of the function u(t) is obtained as

2L 2k—1
ut) = Y Y comWam(t) = CT W0 (1), (3.2)
m=0 n=0
where @ = 2X(2L+ 1), and C and ¥(r) are 2¥(2L + 1) x 1 matrices given by

C =1c0,0,€0,1--+>C02L,C1,05C1,15---+C1 2L, - 1ok 1,012k _1 15+ 7C2k71’2L]T,
Yo(t)=[W0@), ¥0.11),- - Wo2r(t),wiot), wi1(t),...,wi20(t),
ces W o(8) Waky 1 (1), -, ‘Vzk—l,zL(t)]T-
3.2. Convergence analysis
In this section, we get the convergence of the GSCW approximation of a function for all level of resolution k.
Theorem 3.1. Ler L — oo, then the series solution (3.2) converges to u(t).

Proof. Let Sy 3(t) be a sequence of partial sums of ¢y, Wy () as

M 2k—1

Sk,M(t) = Z Z Cnm‘l’n.,m(’)v

m=0 n=0

where M = 2L. We prove that Sy j is a Cauchy sequence in Hilbert space L? [0,T) and then we show that Sy »; converges to u(t), when
M —s oo, In order to reach the first aim, let M = 2L with L > [, then

5 M 251 5
ISk =Seal> =11 Y, Y, comWum(@)ll
m=M+1 n=0
M 2F-1 M 2¢-1
= Z Z Cn.mllln,m(t)7 Z Z Cn,ml//n,m(t)
m=M+1 n=0 m=M+1 n=0
M 21 M 21
= Z Z Z CnmCr,l <Wn,m(l)7 Wr,l(t)>
m=M+1n=0 [=p1+1 r=0
2k—1
= L L lewnl
m=M+1 n=0
0o 2k
From Bessel’s inequality, we have Y, Y. |cnm|? is convergent. So
m=0 n=0
1Sk pr — Sk iz 2 50asL— oo,

This suggests that Sy  is a Cauchy sequence and hence it converges to a function in L*[0,T), say, f(¢). We need to show that f() = u(t),

() = u(0); Yum(1)) = (f(E), Y (8)) = (1), Y (1))

= LIEBO <Sk,M([)7 Wn,m(t)> —Cnm

=Cnym — Cnym

=0.
2L 261
Therefore Y, Y. cpmWnm(t) converges to u(t) as L — oo.
m=0 n=0

Remark 3.2. An error bound for the SCWs approximation of a function u(t) € L? [0,1] can be found in [35].
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4. Block-pulse functions

Consider the interval [0,7) and divide it into @ subintervals [(i — 1)k, ik), i =1,2,...,® with . = L. Then the block-pulse functions are

[0]
defined by [36]

[ 1, (i—-1Dh<t<ih,
b'(t)_{ 0, otherwise.

It is clear from the block-pulse functions’ definition that the disjointness property for these functions is satisfied as follows:

bi(t), i=}j, ..
b,»(r)b,(r):{of() i# iji=12,... 0.

Furthermore, we have the orthogonality property as
! hyoi=j,
/0 bi(l)bj(l)dl*{ 0 izj b= 1,2,...,0.

The block-pulse functions consist a complete orthogonal basis for the space L?[0, T). Therefore, every real bounded function u(t) which is
square integrable on the interval [0,7’) can be approximated using the block-pulse functions as

u(t) ~ uib,-(l) :UTBw(l‘), 4.1)

e

i=1

where
By(t) = [bl(t),bg(z),...,bw(t)}T,
U= [uhuz,...,uw]T,
and
1/t 1 ih
i — ﬁ./o i = [ uto)ar

For the block-pulse vector By, (¢) and the vector U, we have
Bo(1)BL (1)U ~ diag(U)Bg (1), (4.2)

where diag(U) is the following diagonal matrix

uy 0 0

0 u 0
diag(U) = )

0 0 ... uy

In [36], the authors have introduced the operational matrix of fractional integration of the block-pulse functions. They proved that

1“By () = Fgx oBo(t), 4.3)
where
1 & & & Em
01 & & ... &
o T\* 1 00 1 & ... &uo
FEo=(=) =———
Ox0 " \w) T(a+2) | ¢ 0 o
00 0o 1 &
0 0 0 0 1

with & = k%1 —2(k — 1)+ 4 (k —2)%+],
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5. Operational matrix of fractional integration

In this section, we introduce the fractional order operational matrix of integration for the GSCWs. To this aim, first we look for a matrix
Qwx e such that

Yo(t) ~ QoxoBaol(t), 3.1

where @ = 2X(2L+1). Using (4.1), we have

Yium ([) -

e

;"bi(r),

i=1

with
n,m (O] éT
gr=2 ﬁ;]) Y (1)d1.
= T

Using the definition of the GSCWs, ¢;”" could be nonzero if

Ny ity iy ontl

T.
2k ® o ~ 2k

This implies to have
n(2L+1)+1<i<(n+1)2L+1). 5.2)
Taking (4.1) and (5.2) into consideration, we get
(n+1)(2L+1)
Vum(t) = Y b,
i=n(2L+1)+1

When m = 0, we have

w0 O [aT 2% " 23
c.’ = — JR— = —,
! T /by /T VT
Form=1,2,...,L, we obtain
o (o7 27 2mn
c?"m:—/_ cos (—(Zkt T)> dt
T (’;”T\/T
25 2L+1)

I (20 o 51|

and form=L+1,L+2,...,2L, we get
sl 27 2(m—L
c?’ng/ sin (MﬂktfnT)) dt
T Jing T
272 (2L+1 i —1
:M {cos (Zn(m—L) <2kl P —n))

oo (251

Hence, the matrix Qgx in (5.1) is obtained as

B
|
A}
S
S

Q O 0 .. O
0 0 0 .. o0

Owa=|©C O @ .. 0 |
0 0 0 .. Oy,

where O is the zero matrix of dimension (2L+1) x (2L+1) and Q,, n =0,1,2,...,2K— 1, are (2L + 1) x (2L+ 1) matrices as
Op=ldy;], m=0,1,2,....2L, i=1,23,....2L+1,

: n __ Jm
with Qi =
The matrix Qg x ¢ 1s an invertible matrix, so we have

Bo(t) ~ QpkoPolt). (5.3)
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Applying the Riemann-Liouville integral operator of order « to (5.1) and then utilizing (4.3) and (5.3), yield
1% (1) ~ Qoxol*Bo(t) ~ Qox 0 FSy oBo(t) ~ QoxoFSy Q' Wo (t).
Therefore we have
1y (1) = PS L o Polt), (5.4)
with
ngw = Qa)xa)ngwQ(lew
In particular, for T =1,k =1, L= 1 and o = 0.5, the GSCWs operational matrix of fractional order integration Pg, , is given by

0.5319 —-0.0253 —0.2073  0.4407 0.0218 0.0993
—0.0173  0.1651 0.0991 0.0149 0.0061 0.0148

oS _ 0.1418  —0.0991 0.2243 —0.0679 —0.0148 —0.0449
6x6 0. 0. 0. 0.5319 —-0.0253 —0.2073
0. 0. 0. —0.0173  0.1651 0.0991

0. 0. 0. 0.1418  —0.0991 0.2243

6. Numerical method

In this section, we use the properties of the GSCWs together with the block-pulse functions to solve a class of nonlinear multi-order FDEs.
Consider the following FDE

ar (1)DPeu() + ag(t)u(e) +at) [u()]" + £ (1), (6.1)

M\

D%u(t) =

k=1

with initial conditions
u(0)=u), s=0,1,...,[a] -1,

where o > 1 > B, > ... > B, D* denotes the Caputo fractional derivative of order &, a(t), ar(t), k =0,1,2,...,r and f(¢) are given
known functions, [.] is the ceiling function and u(¢) is the unknown function to be determined. In order to obtain a numerical solution for
(6.1), we suppose that

D%u(t) ~UTW4(1), (6.2)
then using (2.1), (5.4) and (6.2), we have

T [a]-1 s
) = UTBE o)+ Y

s=0
(6.3)
~ (U P o +Ug Wol(t)

= Aglpw (t)y
where we have used
[a]-1 5 -
Y uy— = Uy Yolr),
s=0 S
and
Mg = (UTpgxw +U0T)T'

Also, taking into consideration (2.2), (5.4) and (6.2), we have

DPeu(r) ~ (UTPE B L UT YW, (1) = AT Wy (1), (6.4)
where
[a]-1 tsfﬁk
w—  ~UTW, (1),
TG Yl
and

Av=UTPE Pyl

X0
Now, suppose that
ap(t) = AI® (1), k=0,1,2,...,7,
a(t) ~ATW, (1), (6.5)
f(0) = FTWy(0).
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Substituting approximations (6.3)-(6.5) into (6.1) yields
r m
UTWo(r) = Y AL Wol0)¥h(0)Ac+ATWo(r) [ATWo ()] +FTPu(r). 6.6)
k=0
By employing (4.2) and (5.1), we get
A/Zlyw(f)lyg(f)/\k :AZwawa(t)BZ)(’)ngwAk
=~ A/{wawdiag(Qg)wak)Bw(t)

In a similar way, we obtain

(6.7)

m m
AT () [AT %o ()] = AT Qoo [diag(0l uh0)] " Bolt) ©8)
At the end, taking consideration (6.7) and (6.8) into (6.6), we get
L m
U Quxo — ¥ Al Quxodiag(Q o) —AT Qoo [diag(Qhcwo)| " = FT Quxw =0,
k=0

which is a system of nonlinear algebraic equations that can be solved using iterative methods. By solving this system, we obtain the
approximate solution u(z) as

o [a]-1 a
u(t) ~U"PS, o Po(t) + sé) - (6.9)
Remark 6.1. In the linear case of the equation (6.1) with constant coefficients, i.e.
r
Du(r) = Y axDPeu(t) +agu(t) + £(1),
k=1
the following linear system is resulted from employing our method

r
UT =Y axAf —aoAf —FT =0.
k=0

7. Illustrative examples

In this section we present four examples and apply the method presented in the previous section for solving them. The function “FindRoot”
in “Mathematica” software has been employed for solving the final nonlinear systems obtained by the method.

Example 7.1. Consider the Bagley-Torvik equation [37, 38]
aD*u(t) = —bD*?u(t) — cu(t) +c(1+1), 1€0,1], (7.1)
subject to initial conditions u(0) = u'(0) = 1.

The exact solution of this problem is u(¢) = 1+ ¢. By considering k = 0 and L = 1, we employ the present method for this problem with
a=1,b=0.5and c =0.5. In this case, the basis functions are given by

o[l 0si<t
Yoolt) = 0, otherwise,

_f V2cos(2mt), 0<r<1,
Wo,1(t) = { 0, otherwise,
[ Vasin2m), 0<i<1,
Voa(t) = { 0, otherwise.
Suppose that
D?u(t) =~ uo 0 Wo.0(1) + o1 Wo.1 () +uo2Wo2(t) = UTW53(r), .

then using the initial conditions of the problem, we get

D3 u(t) ~ UTP3%X3\P3 (1), (7.3)

u(t) = UT P ¥3(1) + 1+1 = (UT P} 5+ U )W(1), (7.4)

where U is obtained by approximating the function 1+1¢ as

3 117

20, ——
2 NGY

’

o-|



222 Universal Journal of Mathematics and Applications

1
and Py 5 and P32X3 are given, respectively, by

i % FWV2+V6—-4)VT  H(-9V2+4V3+V6)VT
P V2464 2(—4V2+V3+5) 2(8v/2-3v/3-5)
3x3 T n3/2 331 9IVT )
9v/2-4/3-6 _ 2(8v2-3V3-5) 2(v/3+4v6-9)
L 3m2 9T 97
Looni 4 (ven)
P2 . = 1 _ 1 0
3x3 6\/1677: 34 s
221 0 54

By substituting (7.2)—(7.4) into (7.1), we obtain

UTw;(r) = 70.5U7P3%X3‘P3 (t) —0.5(UT P 5+ UL)W3(r) +0.5U00 W5 (1),
which leads us to have
Ul = —O.SUTP3%X3 —0.5UT P, 5.
By solving this linear system, the unknown parameters are computed as
up,0 = up,1 = up2 =0.
Thus using (6.9), we get
u(t) =1+t,
which is the exact solution.
Example 7.2. Consider the following multi-order FDE [37, 39]:
Du(t) = =D u(t) — [u(t)]> +1*,
subject to initial conditions u(0) = u'(0) = 0 and u" (0) = 2.

The exact solution of this problem is u(¢) = ¢2. The absolute error of the numerical solutions obtained by the present method in this paper is
given in Table 1 and Figure 7.1. We have displayed the numerical results for 7 = 1 using the GSCWs with L =1 and k =2, 4, 6, 8 in Table
1. In Figure 7.1, plot of the absolute error obtained by L = 1 and different values of k are shown. It is seen from Table 1 and Figure 7.1 that
the absolute error decreases as the level of resolution increases.

Table 1: Absolute error at some selected point with L = 1 and different values of k for Example 7.2.

t k=2 k=4 k=6 k=8
0.0 206x1077 141x10°T 922x10°1® 581 x1072
0.1 371x107% 268x10710 623x10712 452%x10713
0.2 3.83x1077 282x107? 226x10710 131x10°!
03 876x107% 299x10°% 151x107? 9.87x10~° !
04 3.87x107% 9.13x10°% 6.63x1072 3.97x10°10
0.5 221x1075 428x1077  206x10°% 1.21x107°
0.6 9.09x107% 8.18x1077 454x10°% 291x107°
07 3.57x1075 148x10°° 999x10°% 6.12x107°
0.8 398x107° 3.19x10°® 1.85x1077 1.18x1078
09 1.15x107* 505x10°° 338x1077 2.07x10°8
1.0 937x107° 7.72x107° 535x1077 3.44x10°8

Example 7.3. Consider the following multi-order FDE [37, 39]:
D*u(t) = =D u(t) — [u(t)] +1°,
subject to initial conditions u(0) = u'(0) = u”(0) = 0 and u"" (0) = 6.
The exact solution of this problem is u(z) = 13. The absolute error of the numerical solutions obtained by the present method is given in
Table 2 and Figure 7.2. The numerical results for 7 = 1 using the GSCWs with L =1 and k =2, 4, 6, 8 are displayed in Table 2. Plot of the

absolute error obtained by L = 1 and different values of k are shown in Figure 7.2. The results here confirm the convergence of the numerical
solution to the exact solution of this problem.

Example 7.4. As the last example, consider the following linear multi-order FDE [37, 40]:
16
D?u(t) = 2Du(t) — D®u(t) — u(t) + 12 — 66 + 6t + ——1>3,
(1) = 2Du(t) — D°u(e) — ul?) e
subject to initial conditions u(0) = u’(0) = 0.
The exact solution is u(t) = 13. Numerical results for this example are presented in Table 3 and Figure 7.3. The absolute errors at some
selected points on the interval [0, 1] using the GSCWs with L = 1 and k = 2, 4, 6, 8 are given in Table 3. In Figure 7.3, the exact solution

and numerical solution obtained by L = 1 and different values of k are displayed. The absolute error reported in Table 3 and Figure 7.3 show
the convergence of the numerical solution to the exact solution.
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0.00008 [
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t
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15x1078
1.x1078

5.x107°

Figure 7.1: Plot of the absolute error with L =1 and k = 2,4,6, 8 for Example 7.2.

Table 2: Absolute error at some selected point with L = 1 and different values of k for Example 7.3.

t k=2 k=4 k=6 k=8
0.0 134x10711 222x10°Y 351x10°27 539x 10~
0.1 4.63x10712 1.03x10°10 2.16x 1071 0.00
0.2 231x10°1 825x10716 851x10710 451x10°17
03 1.88x1072 1.68x10712 574x1071% 3.94x10°15
04 626x107° 1.78x10~" 155x10~'2 8.80x 10~
0.5 3.06x1077  639x10710 1.97x107'"  1.07x10712
0.6 430x107% 247x1072 1.14x10710 758x 1012
07 527x1077  9.09x107% 6.67x10710 398x 10!
0.8 4.17x1078  511x107% 2.67x107° 1.73x10710
09 636x107° 142x1077  1.02x107% 6.16x 10710
1.0 566x1075 381x1077 2.88x10°8 1.91x107°
0.00001 F7 5.x107
sargsl L=1 k=2 sl L=1 k=4
6.x1078 |- 3.x107
4.x10°F = 2.x107 | \/\
2.x100 1.x107 F \/'\
0.00000 |- ‘ - \,\‘/'\ ‘ ‘ of- ‘ ‘ ‘ "‘\/‘\ ‘
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t
10l ‘7 2.x109F
) L=1, k=6 r L=1 k=8
25x108 F w 151090
2.x10° F ¢ q
Ej 15x108 [ ‘r" 1.x10°
1.x1078 | !
5.x10710 -
5.x10° F
R S— ‘ ‘ ‘ ‘ oL ‘ ‘ ‘ ‘ ‘
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

t

t

Figure 7.2: Plot of the absolute error with L = 1 and k = 2,4,6, 8 for Example 7.3.
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Table 3: Absolute error at some selected point with L = 1 and different values of k for Example 7.4.

! k=2 k=4 k=6 k=8

0.0 757x103 117x10% 184x10° 287x1078
0.1 214x1073 384x107% 7.92x107° 2.04x107°
02 585x1073 1.08x1073 268x107* 6.68x 107
03 1.08x1072 245x1073 6.01x10% 1.50x10~4
04 249x1072 504x1073 131x1073 3.24x10°*4
05 148x107! 264x102 6.04x103 1.47x1073
0.6 436x1072 120x1072 291x1073 7.33x107*
0.7 555x1072 130x1072 328x1073 8.18x10~*
08 678x1072 1.72x1072 427x1073 1.07x1073
09 1.14x1071 258x1072 6.62x1073 1.64x1073
1.0 288x107! 879%x1072 231x1072 5.83x1073
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r —— Exact solution —— Exact solution
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r = Numerical solution (L=1,k=2) —— Numerical solution (L=1,k=4)
06l ] ]
e
0.4 1 B
02 i ]
0.0: 1 g
] L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t
T T
1.0 1 10f j
r = Exact solution —— Exact solution
0.8 1 0.8 B
r —— Numerical solution (L=1,k=6) —— Numerical solution (L=1,k=8)
El
| | | | | | | | | | | |

Figure 7.3: Plot of the exact solution and numerical solutions with L = 1 and k = 2,4, 6,8 for Example 7.4.

8. Concluding remarks

This work is devoted to the numerical solution of the multi-order fractional differential equations using the generalized sine-cosine wavelets.
The fractional order operational matrix of integration has been introduced using the properties of the block-pulse functions and generalized
sine-cosine wavelets. Using the properties of sine-cosine wavelets and block-pulse functions, the considered problem is reduced to a system
of nonlinear algebraic equations which can be solved using iterative methods. The numerical results of four examples show that the proposed
method gives high accuracy approximations of the solutions. As it is seen from the tables and figures, the absolute error decreases as the
level of resolution, k, increases.
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