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1. Introduction
In this paper, we consider heat-type equation for physical problems
uxx+£ux+ag(x,t)u+h(x,t):ut, (1.1)
forO0<x<L,0<t<T,r>0,a € Z, subject to the boundary conditions
u(0,1) =v(r), ux(0,7)=0.
where g(x,#)y(u) + h(x,t) is nonlinear heat source, u(x,7) is the temperature, and # is the dimensionless time variable.

Some researchers dealed with this type of models. The analytic solutions to several forms of the above problem were presented by [1],
Wazwaz used the Adomian decomposition method [2]. Chowdhury, He and Noorani solved these problems using homotopy-perturbation and
variational iteration methods, Momani applied the method to the time fractional heat-like equation with variable coefficient, Ucar applied
non-polynomial spline method to this equation [3, 4, 5, 6, 7].

In this study, we construct so-called finite element approximations to solutions to time-dependent heat-like equations. The term “finite
element method” has come to be associated with using piecewise polynomials in one, two, and three dimensions together with so-called
Rayleigh-Ritz method and its more general counter part, the Galerkin method, to approximate solutions to operator equations. In this study,
we concentrate on Galerkin method with splines.

The paper is organized as follows: Galerkin method is described and solution of equation (1.1) is presented in Section 2 briefly. In Section 3

some numerical results that are illustrated using MATLAB programme are given to clarify the method. Concluding remarks are given in
Section 4.

2. Galerkin method

A usual scalar product for two real valued functions u(x) and v(x) is defined by < u,v >= jOT u(x)v(x)dx, u(x) and v(x) are orthogonal if
< u,v >=0. And a norm associated with this scalar product is defined by
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lul = V<> = (g |u(x) |2dx) Let

i T, :0=xp <x; <..<xy<xysi = 1Dbeapartitionof (0,1),h; =x;—x;_;
ii.V, = v : v, continuous and piecewise linear function on 7}, with v(0) = v(1) =0
iii.{@;}, j=1,..M be a basis function for V, where

m7 xjo1 Sx<x;j
. — Xjr1—X
P =93 F x<x<xn
0 R otherwise

Firstly, we should modify the equation (1.1) by applying finite difference to the right-hand side of the equality to solve it by using Galerkin
method:

u;i — f(x;)
k

where f(x;) = u(x;,0). From algebraic manipulations we obtain

.
uj + ;”§+ag(xz'7t)ui+h(xi”) =

k
kul + r;u: + akg(x;,t)u; — u; + kh(x;,t) + f(x;) = 0. 2.1

Now the Galerkin method for the equation (2.1) is formulated as follows:
Find the approximate solution U (x) € V}, such that

1
/0 w (kU” + %kU’ +akg(x,0)U — U + kh(x,1) +f(x)) dx=0, (VW(x)eW,)
SO we get
1 rk 1
/0 (kWU” + ;WU’ + (akg(x,t) — 1 )WU) dx = — /0 (Wkh(x,t) +W f(x))dx
/Wde— UW] /Wde
and since W (0) = W (1) =0 for W( ) €V, we get
1 1
/ (ka’U’ + %WU’ + (akg(x,t) — 1)WU> dx=— / (Wkh(x,1) + W f(x))dx. (2.2)
0 0

We may find the approximate solution U (x) € V}, by using basis functions ¢;(x) as

M M M
(x) = Zlcmj(X), U'(x) = Zlcﬂp}(x), W(x) = lei(X)
J= j= i=

If we use these identities in equation (2.2), then we get

/ |:ZS(P1 ZkC/(Pj +qu)l Z C]¢j +ZS’(PI

Mi

X (akg(x,t) — )Cj(pj(x):| dx

T -

:_/01 |:Zsi¢i(x)(f(x)+kh(x7t)):| dx

i=1

M
;s/ ;LJ (k(Pz )+ (Pl( )‘P}(x)Jr(akg(x,t)*1)(P,'(x)(pj( )dx—f Sz/ @ (x x) + kh(x,t)) dx.

For |i — j| > 1 we have fO of ".@;dx = 0 and fol @;@;dx =0, since if so then we have that ¢; and ¢; have non-overlapping supports.
The method is described in matrix form in the following way:
fori=2, j=1,..M

2h 7
o = [ (k50001 0) + " a4 0)+ k) ~ D) (0))
2h

= [ (k50030 + 005 00)+ k) ~ Do) )

3h rk
= [ (ke 0005 )+ 010500 + akelr) = Da(a)ga(

fori=n, j=1,..M

nh 7
a )= [ (K800 100+ 0000100+ k)~ 1)eu0)0n1 (0 )



260 Universal Journal of Mathematics and Applications

n+1)h 7
G = / Y (ko001 + 01100+ ki) < D)) )
(n 1)h 7
iy = [, (KOO () + 0001 00+ abes) D ()1 1) )
fori=M—-1,j=1,..M

k

= o (ko020 1y 2(0)+ abo) ~ D120 )

= o (i 008100+ o1 g 0+ akgl) ~ D (a1 (0))

h r
= o (01000 (0) a1 (21600 + k)~ D () )

so we get the matrices

1 0 0 0 0 0
o o o3 0 0 0
0 o3 o33 o34 0 0
A= :
0 0 0 ow_nwm-—2 YM-H)M-1) YM-1)M
. . 0 0 I
r M(O,Z‘) smt q
¢2(x) (f(x) +kh(xt))
]2h ¢3(x) (f(x) +kh(x,1))
B= :
St ou () (£(x) + k(1)
i (17[) — plsint ]

C=cr 2, em)'.

AC =B. (2.3)

Finally the approximate solution U is obtained by solving C from equation (2.3) using Matlab programme.

3. Numerical example

In this section, we test our scheme on an example. We consider the numerical results obtained by applying the scheme discussed above to the
following equation

u +%u/ —(6+4x* —costhu=u, 0<x<1, 1>0
with initial condition

u(x,0) = &
and boundary conditions

u(0,1) = ™, 1, (0,1) = 0.

The exact solution of the above problem is u(x,t) = e Tsint The problem is solved by using the scheme above in this paper. The maximum
absolute errors are listed in Table 1. Also, numerical results given by scheme are shown in Figure 1.

Table 1: Maximum absolute errors, k = 0.01

n Spline method[3]  Galerkin method

11 6.8863e-03 2.3842e-03
21 1.9090e-03 6.7890e-04
41 7.8276e-04 1.8533e-04
61 5.9650e-04 7.6553e-05

121 5.2565e-05 3.8863e-05
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4. Conclusion

In this paper, finite element method with Galerkin formula is applied for the numerical solution of the heat-like time-dependent Lane-Emden
equation and the maximum absolute errors have shown in Table 1, which shows that this method approximate the exact solution very well.
The implementation of the present method is more computational than the existing methods.
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