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1. Introduction

In the past decade, fractional differential equations(FDEs) appeared as rich and beautiful field of research due to their applications to the
physical and life sciences and it is witnessed by blossoming literature, for instance see [1]-[6].
Consider the dynamic equation on time scales with y-Hilfer fractional derivative (HFD) of the form

{TA‘X-B§Wu(t) = g(@u(r)), T= [Ob} =JCT,

1.1
TIrVu(0) =uy, y=a+p—ap, "

where TA%B:V is y-HFD defined on T, & € (0,1), B € [0,1] and 3'~%¥ is y-fractional interal of order 1 — y(y = .+ — o). Let T be a
time scale, that is nonempty subset of Banach space and g : J/ x T — R is a right-dense function.

Time scales calculus allows us to study the dynamic equations, which include both difference and differential equations, both of which are
very important in implementing applications; for further information about the theoretical and potential applications of time scales, refer
[71-19]

The dynamical behaviour of FDEs on time scales is currently undergoing active investigations. Several authors deliberate the existence
and uniqueness solutions for problems involving classical fractional derivative [10, 11]. Motivated by the above works here we discuss the
existence theory and stability criteria of FDEs on times scale. In order to solve the proposed problem y-HFD is utilized. The emergent
and properties of y-HFD and the qualitative analysis is briefly studied in [12]-[14]. Further considerable attention paid to Ulam stability
results for FDEs. For Ulam-Hyers stability theory of FDEs and its recent development, one can refer to [15]-[17]. Further the solution of
generalized Ulam-Hyers-Rassias(UHR) is obtained.

2. Preliminaries

Throughout this study, let C(J) be continuous function with norm
Julle = max {Ju(z) < ¢ € J}.
We denote the space Cy(J) as follows
Cy(J) = {a(7) : J > R|(w(7) — y(0))"g(r) €C(J) } ,0<y <1
the weighted space Cy(J) of the functions g on the interval J.Thus, Cy(J) is the Banach space provided the norm

lgllc, = [[(w(7) = w(0))"g(1)]|--
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Definition 2.1. Let time scale be T. The forward jump operator ¢ : T — T is defined by o(t) :=inf{s € T : s > T}, while the backward
Jjump operator p : T — T is defined by p(t) :=sup{s € T:s < t}.

Proposition 2.2. Suppose T is a time scale and [a,b] C T, g is increasing continuous function on [a,b]. If the extension of g is given in the
following form:

N g(s); seT
7= {g<r>; s€(r,0(1) ¢ T.

Then we have
b b
/g(t)Azg/ G (t)dr.
a a

Definition 2.3. Let T be a time scale, J € T. The left-sided R-L fractional integral of order o € RT of function g(7) is defined by

T, —wls a—1
(Faa) (= [ v I g

Definition 2.4. Suppose T is a time scale, [0,b] is an interval of T. The R-L fractional derivative of order a € [n—1,n), n € Z" of function
9(7) is defined by

n—o—1

("ama) 0= () [T v MO g

Definition 2.5. [2] The w-HFD of order . and type B of function g(7) is defined by

TA®BV (1) = (Tjﬁ“*a)?‘l’ TA(Tj(l*ﬁ)(I*Q)W’g)) (),

where TA := %.
Remark 2.6. 1. Here "TA%P:V is also written as

TA%BY — TyB-ajy TAT5(1-p)(1-a)y — TyB(1-a)y TATY v — o4 B — ap.
TAG . TpGO.

2. Let B =0, it transfers into R-L derivative given by

3. Let B =0, it turns to be Caputo fractional derivative given by TA% := T31=¢ TA,
Next, we review some lemmas which will be used to extabilish our existence results.

Lemma 2.7. If o > 0 and 8 > 0, there exist

2 (o)~ w0 1] () = B i) - i)

Lemma2.8. Leta >0, B >0and g€ L' (J). Then
’]I‘joc Tj'Bg(T) a:e lel#’ﬁg(,r).
Lemma 2.9. If g € Cy(J) and "3'~%g € C)(J), then

("3 %g) (0)

T~o T Ao
J% A
I'(a)

9(t) =9(7) - (w(r) = w(0)* ',

Lemma 2.10. Suppose a > 0, a(7) is a nonnegative function locally integrable on 0 < T < b (some b < o), and let g(7) be a nonnegative,
nondecreasing continuous function defined on 0 < T < b, such that g(t) < K for some constant K. Further let u(T) be a nonnegative locally
integrable on 0 < T < b function with

(E)] < ale)+8(0) [ W) (wle) — yis)™ uls)a,
with some o« > 0. Then

u(ol <ao)+ [ Y 0 w(e) w7 u(oas

Theorem 2.11. (Schauder FPT) Let & be a Banach space and 2 be a nonempty bounded convex and closed subset of & and N : 2 — 2
is compact, and continuous map. Then A has at least one fixed point in 2.
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3. Existence results

Lemma 3.1. Here u is solution of (1.1) if and only if u satisfies the following integral equation

u(t) = == (y(r) — w(0))" ' + ﬁ /(: W (5) (w(7) — w(s))* " gls,uls))As, 1>0. 3.1)

For further investigation, we give the following assumptions:

(H1) The function g : J X R — R is a rd-continuous.
(H2) There exists a positive constants L > 0 such that

la(z,4) — g(%,0)| < Lju—o|.

(H3) There exists an increasing function ¢ € Cy_(J) and there exists Ay > Osuch that for any 7 € J,
T3%9(1) < Ap9(1).

Theorem 3.2. Assume that (H1)-(H2) are fulfilled. Then, equation (1.1) has at least one solution.

Proof. Consider the operator & : Ci_y,y(J) — Ci_y,y(J). The equivalent Volterra integral equation (3.1) which can be written in the
operator form

(P4)(0) = 0(0) + g7 [ ¥/ () w0 glouls)as

with

Define B, = {u e C1_yy () : Jull,_,, <r}.
Set (s) = (s.0).

(w(b) —w(0)* Hg”Cl—y.w

and

To verify Theorem 2.11, we divide the proof into three steps.
Step 1: We check that & (B,) C B,.

S%*W "W ) (W)= W) lalsu(o))] s

< ol WO VONTT I ) tyte) i) ot~ a(5.0)
+(‘I’(T);(VO’C§0))” "y (5) (WD) — w(s)® " |a(s.,0)] As
5%+(W(T lg )~ y/ W () (W(t) — w(s)® " Llu|As

UL RC P 0 )~ o)™ gl
s%fé{&))(w(b)w( D% gl W+Ll;(<ﬁ$) (W)~ wO) lull_,, -

Hence
[(Zul<c+or<r
Which yields that #(B,) C B,.

Next, the completely continuous of operator &2 is proved.
Step 2: The operator & is continuous.
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Let u,, be a sequence such that u, — u in Cl,m,(J).

(w(7) = y(0) "7 ((Pua) (1) — (Pu) (1))

W (s) (w(2) = (s))* " lg(s,un(s)) — gls.u(s))|ds,  (by Proposition 2.2)

1 =Y
WO v ()% lals.1n(s)) — (s,u(s))] s
_ -y '
< ) F(ZSO)) A W) (W) - () *sup|g(5,a(5)) — 8(5,(s))| As
(y(r)— ()" 7,
o

)
B b 0))*
< r(a) (w(®) = w(0)" lla(ua(-)) —aCu()lle,,, -
Since g is continuous, Lebesgue dominated convergence theorem implies
[P = Pullc,_,, =0 as n— o

Step 3: Z(B,) is relatively compact.
Thus &2 (B,) is uniformly bounded. Let 71,7, € J, 7| < Tp, then

|(20)(®) (y(m) = w(O) 7 = (Zu)(=1) (=) — w(0)' |

(y(m) —yO))'" 2

< W (s) (W(2) = y(s)) " gls,uls)As

I'a) 0
W " 5 () = y(5)* (s
< T o VO —wO)' T (w(e2) = w) ! = (wm) = w(0)! T (i) ()" (oo as
. W [ ) (w(m2) = (s () s
1

< T o VO —w0) ' (wle) = w9) " = (w(m) = w0) 7 (wlm) ~ W) o)l s
L

_ -y
% (v(m) — W(Tl))a+y71 B(y,a) ”chl—v.w'

Thus, right-hand part tends to zero. Hence along with the Arzéla-Ascoli theorem and from Step 1-3, it is concluded that &7 is completely
continuous. Thus the proposed problem has at least one solution. O

Lemma 3.3. Assume that (HI) and (H3) are fulfilled. If

(Li((zf‘) (w(b) - w(O))“) < (32)

then there exists unique solution for Eq. (1.1).

Proof. Define the operator & : C1 yy() = Croy ().
(Pu)(e) = wle / e )% a(s.u(s)As

with up(7) = 149 ((z) - w(O))
Let uj,uy € Ci_y,y(J) and T € J, then

(
(y(2) = w(0) 7 ((Pw)(7) - (Pw) (1))

)
—g , Y@ () - w(s)* ™ a(s,u1(s) — g(sua(s))| As
g W (s) (w(z) = w(s)® " gls,wi(s)) — als,ua(s))| ds

Then,

|2 - Pl ,, < “1E 00) - WO) fut —sel

From (3.2), it follows that &2 has a unique fixed point which is solution of problem (1.1). O
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4. Stability analysis

Next, we shall give the definitions and the criteria generalized UHR stability.

Definition 4.1. Equation (1.1) is generalized UHR stable with respect to ¢ € C1_y(J) if there exists a real number cg o > 0 such that for
each solution v € Ci_y(J) of the inequality

Ta%Po(z) —g(z,0(7))| < 0(1), @1
there exists a solution u € CLY(J) of equation (1.1) with

[0() —u(7)] < cq.p0(7).
Theorem 4.2. Assume that (H1), (H3), (H4) and (3.2) are satisfied. Then, the problem (1.1) is generalized UHR stable.

Proof. Let v € Ci_y(J) be solution of the following inequality (4.1) and let u € C_,(J) be the unique solution of the y-Hilfer type dynamics
equation (1.1). By Lemma 3.1,

1

U(T) = U()(T) + W

[V 6 (W)~ W) als.uis))as
By integration of (4.1) we obtain

(1) —vo(7) — ﬁ '/OT v (s) (w(t) — w(s)* " g(s,0(s))As| < Lp@(1).
On the other hand, we have

9(5) =u(5)] < 05) =00(®) ~ g5 | ¥/ () (W(®) = w)* s(o)as

)
e [V 6 (W) = w(s) ™ als,005)) — als,u(s) | As
(@) Jo L4 L4 y gls, als,

<05 =90(®) ~ g [} ¥ 9 (w(®) =y s(o)as
e b6 0= w(s) ™ o) (o s

t !
< Ap0(®) + gy ) W ) (WD)~ W) olo) —u(s)as.
By applying Lemma 2.10, we obtain
[o(7) —u(7)| < [(1+ViLdg)Ae] (1),
where v; = vi(a) is a constant,then for any T € J:

[0(7) —u(7)] < cqe@(7),

Thus, the proof is complete. O
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