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1. Preliminaries, background and notation

By w, we shall denote the space of all real or complex valued sequences. Any vector subspace of w is called as a sequence space. We shall
write [, ¢, ¢g and I, for the spaces of all bounded, convergent, null and absolutely p—summable sequences which are given by

loo:{x:(xk)EW: sup |xg| <o<>}7

k—ro0

c=14qx=(xg) €w: limxy exists p,
k—roo

co= {x: (xx) €w: limx, = O}
k—roo

and

lp:{x:(xk)Gw: Z|xk|p<00,1<p<00}.

k=0

Also by bs, cs and /1, we denote the spaces of all bounded, convergent and absolutely convergent series, respectively.

A sequence space A with a linear topology is called an K— space provided of the maps p; : A — C defined by p; (x) = x; is continuous for all
i € N; where C denotes the set of complex number and N = {0,1,2,...}. Let A be an K— space. Then A is called an FK— space provided
A is a complete linear metric space. An FK— space provided whose topology is normable is called a BK— space [1].

Let X, Y be any two sequence spaces and A = (a,) be an infinite matrix of real numbers, where n, k € N. Then, we write Ax = ((Ax),), the
A—transform of x, if A, (x) = ¥ ax; converges for each n € N. If for every sequence x = (x;) € X, A—transform of x sequence AxisinY.
Then we say that A defines a matrix transformation from X into ¥ and denote itby A : X — Y. By (X : Y) we mean the class of all infinite
matrices such that A : X — Y.

Let F' denote the collection of all finite subsets on N and K, N C F. The matrix domain X, of an infinite matrix A in a sequence space X is
defined by

Xy ={x=(x) ew:Axe X} (1.D
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which is a sequence space.

The approach constructing a new sequence space by means of the matrix domain of a particular limitation method has been employed by
many authors recently. They introduced the sequence spaces (co)yr = £ and (¢)p, =t/ in [2], (co)gr = €f and (¢)gr = el in [3], (co)¢ = Co
and cc =cin [3], () g = €}, in [4], (lw) g = ke, cg =1t and (co)ge = 1§ in [5], (1) - = X, in [6] and (I,,)y, in [7] where T", E”, C, R’
and N, denote the Taylor, Euler, Cesaro, Riesz and Norlund means, respectively. In recent years, constructing a new sequence space by
means of the domain of an infinite matrix was used by Candan [8, 9], Altay [10], Altay and Basar [11], Aydin and Bagar [12], Bagar [13, 14],
Basar, Altay and Mursaleen [15], Polat and Basar [16].

Following [2]-[7], [17] by the same way, to introduce the new Cauchy sequence spaces C (s,1), C (s,¢) and Cy (s,7) is the purpose of this
paper.

2. The Cauchy matrix of inverse formula and Cauchy sequence spaces

Given two vectors s and t such that s; # —¢; for all i and j , the n x n matrix C = C(s,t) is a Cauchy (generalized Hilbert) matrix [18] where

C(s,t) =cij = [so7 Jlrt] L "i—o- The inverse of Cauchy’s Matrix [19] is given by
IL (sj+ 1) (s +11)
Cls.)y=c;' = Isksn . @1
(sj+a) | T (sj—si)| | IT (i—t)
1<k<n 1<k<n
J#k i#k

C(s,t) denotes the Cauchy mean defined by the matrix C(s,t) = (c;;), cij = [ﬁ]?Fl for eachn € N.
site; i,
We introduce the Cauchy sequence spaces,
< 00} s

u 1
C(s,t) = {x = (xx) €w: lim Z X exists}

n—roo = S+ I

n

Yy
k
k:15n+tk

Co(s,8) = {x: (xx) € w:sup

n

and

1
Co(s,t)=qx= ew:l =0,.
) {x b € ”gr‘l’zsn+lka }

By means of the notation (1.1), we may redefine the spaces Cy (s,¢) and C (s,f) as follows:
Co (1) = (co)¢(ss) and C(s,1) = (€)¢(sy) - (22)

If A is any arbitrary normed or paranormed sequence space, then we call the matrix domain )Lc(s,z) as the Cauchy sequence space. We define
the sequence y = () which will be frequently used, as the C (s,¢) — transform of a sequence x = (xz) i.e.,

4 1
Yn = L5, T (2.3)
It can be shown easily that Cw (s,¢), C (s,t) and C (s,7) are linear and normed spaces by the following norm:
w 1
ey = 106 e =s0p| 3 Hkxk‘ 2.4

Theorem 2.1. The sequence spaces Co (s,t), C(s,t) and Cy(s,t) are Banach spaces with the norm (2.4).

Proof. Let (xP) = (x(()p),x(lp ),xgm ) be a Cauchy sequence in Cw (s,¢) for all p € N. Then, there exists ng = ng(€) for every € > 0 such

that ||x” — x|, < € for all p, r > ny. Hence, |C(s 1) (x7 —x )\ < g forall p, r > ng and for each k € N.
Therefore, (C (s,1)x) = ((C (s,1) O) , (C(s,1)x! Iy (C(s )k ...) is a Cauchy sequence in the set of complex numbers C. Since C

is complete, it is convergent we write 11m (C(s t)x )k = (C (s t)x), and 1iLn (C(s,t)x™), = (C(s,t)x), for each k € N. Hence, we have
=00

lim |C (s, 0)xf — x| = |C (s,1) («F —xk) (x4 —x¢) | < € for all n > ng. This implies that ||x? —x™|| — oo for p, m — eo. Now, we

m—oo

should show that x € Cs (s,¢). We have

n
Lo

%]l = [IC (s,1) XHmfsup (e =+

L 1
p
k; Snt1

<sup|C(s,1) (xf —xz) |+sup}C 5,0)x8 | < [[xP = x[|oy +|C (5,1) x| < o0
n

for p, k € N. This implies that x = (x;) € Cw (s,¢). Thus, Cw (s,¢) the space is a Banach space with the norm (2.4). O
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It can be shown that Cy (s,7) and C (s,#) are closed subspaces of Cw (s,7) which leads us to the consequence that the spaces are also the
Banach spaces with the norm (2.4). Furthermore, since Ce, (s,¢) is a Banach space with continuous coordinates, i.e., ||C (s,t) (xf fx) Hm —0
imples |C (s,t) (xf —x)| — O for all k € N, it is also a BK— space.

Theorem 2.2. The sequence spaces Co (s,1), C(s,t) and Cy(s,t) are linearly isomorphic to the spaces lw, ¢ and cy respectively, i.e.,
Coo (8,1) 2 oo, C(s,1) = c and Cy (s,1) = cp.

Proof. To prove the fact Cy (s,f) = ¢, we should show the existence of a linear bijection between the spaces Cy (s,f) and cy. Consider the
transformation F defined, with the notation (2.3), from Cj (s,7) to ¢o. The linearity of F is clear. Further, it is trivial that x = 0 whenever
Fx =0 and hence F is injective.

Let y € ¢o and define the sequence x = (xy) by x; = Z ck y j for each k € N. Wherein ck is as defined in (2.1). Then

. - IR A .
Jim (€ (s:0)), = fim B, cun = fim ¥ = Yocig i = fimn =0
Thus, we have that x € Cy (s,¢) .In addition, note that

n
Z&l"’t Z kj yj

€l cy 5.0 = = sup = sup ynl = Iyl < oo

Consequently, F is surjective and is norm preserving. Hence, F is a linear bijection therefore we say that the spaces Cy (s,1) to ¢q are linearly
isomorphic. In the same way, it can be shown that C (s,7) and Cw (s,7) are linearly isomorphic to ¢ and /., respectively, and so we omit the
detail. O

Theorem 2.3. The sequence space Co (s,t), C(s,t) and Cy (s,t) includes the sequence spaces ls, ¢ and cq respectively i.e. loo C Cos (5,1), ¢ C
C(s,t) and cy C Cy(s,1).

Proof. We only prove the conclusion /o, C Cw (s,¢) and the rest follows in a similar way. Let x € /. Then, using (2.3) and (2.4), we obtain
that

o1

Y
k=151 + 1

< sup|xy|sup|C (s,2)| = [lxllc_(s.s
n n

[l = [IC (s,1) x| oo = sup
n

it means that x € Cw (s,1).

3. The basis for the spaces C(s,7) and Cy (s,1)

Firstly, let us define the Schauder basis. A sequence (b, ), in a normed sequence space A is called a Schauder basis (or briefly basis) [20],
if for every x € A there is a unique sequence (as,) of scalars such that

nlglgo lx — (ctoxo + oty x1 + ... + Oy ) || = 0
In this section, we shall give the Schauder basis for the spaces C (s,7) and Cy (s,?).

Theorem 3.1. Let k € N be a fixed natural number and b'¥) = {bﬁlk)} N where bg,k) = {c;kl}: v (n € N). Wherein c;kl is as defined in
ne =
(2.1). Then the following assertions are true:

(k)

i. The sequence {bn } is a basis for the space Cy (s,t) and every x € Cy (s,t) has a unique representation of the form x = ¥ Ab®) where
M = (C (s,1)x), for all k € N. For simplicity, here and thereafter an unlimited sum symbol runs from zero to infinity.
ii. The set {e,b<0>,b(1), ...,b(k)7 } is a basis for the space C (s,t) and every x € C(s,t) has a unique representation of the form x =

le+ Yy (A4 —1)b®) where I = limy_o0 (C (s,1)x), and X = (C(s,1)x); for all k € N.

4. The a—, B— and y— Duals of the Spaces C (s,7), C(s,t) and C (s,1)

In this section, we state and prove the theorems determining the ot—, 8 — and y— duals of the sequence spaces Co (5,1), C (s,¢) and Cp (s,1).
For the sequence spaces A and p, we define the set S (A, 1) by

SA,u)={z=(zx) ew:xz=(xz,) € uforallx € 1}.

The ot—, B — and y— duals of the sequence spaces A, which are respectively denoted by A%, A8 and A7 are defined by Garling [21], by
A% =8(A,L), AP = S(A,cs) and AY = S(A,bs). We shall begin with the lemmas due to Stieglitz and Tietz [22], which are needed in the
proof of the Theorems 4.4-4.6.
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Lemmad4.1. A< (co:1y) = (c:1y)ifand only if, for (og;) CR

sup Y | Y a| < @.1)
KeF n |kek
Lemma4.2. A € (cq:c) ifand only if
supZ|a,,k| < oo 4.2)
nok

and
nlgl;loank = O, (k S N)
Lemma 4.3. A € (¢cg : l») if and only if (4.2) holds.
In the following theorems, we denote by K and F finite subsets of N.

Theorem 4.4. Let a = (a;) € w and define the matrix B = (c;kl a,,) Sor all k, n € N. The a— dual of the sequence spaces Co (s,1),
< oo}. Wherein c;k] is as defined in (2.1) for each k, n € N.

C (s,t) and Cy (s,t) is the set D = {a = (ag) € w:supger L | Lrek c;k] an

Proof. Let a = (a,) € w and consider the matrix B whose rows are the products of the rows of the matrix C~! (s,¢) and sequence a = (ay,).
Bearing in mind the relation (2.3), we immediately derive that

n
ApXp = Z c;klanyk = (By),, (neN). 4.3)
k=1

We therefore observe by (4.3) that ax = (a,x,) € [} whenever x € Cw (s,1), C(s,t) and Cy (s,¢) if and only if By € I} whenever y € [, ¢, and
co. Then, by means of Lemma 4.1, we get supgcr Y., ‘ZkeK c';,(Ian < oo which yields the consequences that {Cw (s,£)}* = {C(5,1)}* =
{Co (5,0)}* =D. O

Theorem 4.5. Let us consider the sets B, B>, B3 and By defined as follows:
<w}

{ (ag) ew: cha, exlstsforeacthN}

(ag) Ew: supz
nog=1

chk aj

j=k

Jj=k

n n
(ax) ew: lgrgoz jk Z’ Z’

)

an
n n
By=<a=(ay) ew: 11 ZZ ajexzsts

Wherein cjfkl is as defined in (2.1) for each j, k € N. Then {Cy (s7t)}l3 =B NBy, {C (s,t)}ﬁ =B NBy;NBy and {Ce (s,t)}ﬁ =B, NBs3.

Proof. We only give the proof for the space Cy (s,7). Since the proof may give by a similar way for the spaces C (s,#) and Cw (s,#), we omit
others. Consider the equation

Y = f{zck,y,]ak )j:{fck,a,]yk (B)n,

k=1 k=1 j=1 =k

=

where B = (b,) is defined by b, = Z] —kCnj
x = (x; €)Cy (s,t) if and only if By € ¢ whenever y = (yi) € ¢o. Therefore, we observe using relations (4.1) and (4.2), we conclude that
lim;, e c;kl exists for each n, k € N and sup,,c ‘Z,’(':] c;kl ’ < oo, Thus, we obtain {Cy (s,t)}ﬁ =B NBy. O

lg. j» (n, k € N). Thus, we deduce from Lemma 4.2 with (4.2) that ax = (azx;) € cs whenever

Theorem 4.6. The y— dual of the sequence spaces Co (s,t), C(s,t) and Cy (s,t) is the set By.

Proof. This theorem can be proved using the same technique as in the proof of Theorem 4.4 with Lemma 4.3 instead of Lemma 4.2. So, we
omit the details. O
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5. Some matrix mappings related to Cauchy sequence spaces

Lemma 5.1. [22, p. 57] The matrix mappings between BK— spaces are continuous.
Lemma 5.2. [22, p. 128] A€ (c:1,) ifand only if

p
<oo, (1< p<eo) (GH))

sup Z

KeF n

Z Ank

kek

Theorem 5.3. A € (C (s,0): lp) if and only if the following conditions are satisfied

n
sup ) lguk| < oo, (5.2)
neNr=0
lgn gk exists for all k € N, (5.3)
n—soo
n
r}ggoégnk converges for alln € N, (5.4)
p
sup YUY guie| <o (1< p<eo) (5.5)
KeF pn keK
and
n
sup Y [gu|” < oo, (p=oo) (5.6)

neN =0

where gy, = 2;5:,( c,:j] ayj and ck_j] is defined by (2.1).

Proof. Let 1 < p < +oco. Assume that conditions (5.2)-(5.6) are satisfied and take any x € C (s,t). Then (a,) € (C (s,t))ﬁ forallk,n eN,
which implies that Ax exists. We define the matrix G = (g, ) for all n, k € N. Then, since condition (5.1) is satisfied for the matrix G, we
have G € (c : lp). Now consider the following equality obtained from the s th partial sum of the series Y ; a;xy:

S S S
—1
Z AniXk = Z Z Cik njYk
k=1 k=1 j=k
(s, n € N). Therefore, we derive from that as s — oo that
Y awxi =Y gy (5.7)
k=1 k=1

(n € N). Whence taking /,— norm we get
Axl;, = 1Gyll;, <ee.

This means that A € (C(s,7):1,). Now let p = co. Assume that conditions (5.2)-(5.6) are satisfied and take any x € C(s,7). Then
(am) € (C (s,t))ﬁ for all k, n € N, which implies that Ax exists. Whence taking l..— norm (5.7)

[[Ax]|;_ = sup
nenN

Zgnk
k

<yl sup Y Igakl < oo
neN

Then, we have A € (C(s,) : o).
Conversely, assume that A € (C (s,1):1 ,,) . Then, since C(s,) and [, are BK— spaces, it follows from Lemma 5.1 that there exists a real
constant K > 0 such that

[Ax;, = K llxll s,
for all x € C (s,1). Since inequality ?? also holds for the sequence x = (x;) = Yyep b € C(s,1) where b = [C;kl}:,l’ (n € N). Wherein

c;kl is as defined in 2.1. We have ||Ax|\lp =L, | Xker gnk\l’]% < K||x[l¢(s,) = K which shows the necessity of 5.5. O



272 Universal Journal of Mathematics and Applications

Theorem 5.4. A € (C(s,t) : ¢) if and only if conditions are satisfied

gnk exists for all n, k € N, (5.8)
sup Y’ |guk| < oo foralln, k €N, (5.9
nok
limg,, = o forallk e N (5.10)
n
and
11,?1);gnk =a (5.11)

where g, = Z’}:k c,:jlanj and c,:jl is defined by (2.1).

Proof. Assume that A satisfies conditions (5.8)-(5.11). Let us take an arbitrary an x = (x;) in C(s,#) such that x; — [ as k — co. Then Ax
exists and it is trivial that the sequence y = (y;) associated with the sequence x = (x;) by relation (2.3) belongs to ¢ and is such that y; — /
as k — oo. At this stage, it follows from (5.4) and (5.6) that

i=0

k
Y lail <sup) |gnil < oo
no
for every k € N. This yield oy, € /1. Considering Y apxXx = Y i 8nkYVr We Write

Y i =Y gk ke — 1) 1Y gnivi (5.12)
k k k

In this situation, letting n — oo in (5.6), we establish that the first term on the right-hand side tends to Y, o (yx — /) by (5.3) and (5.4) and
the second term tends to /o by (5.12). Taking these facts into account, we deduce from (5.12) as n — oo that (Ax), = Y o (v — 1) + 1ot
which shows that A € (C(s,1) : ¢).

Conversely, assume that A € (C (s,t) : ¢) . Then, since the inclusion ¢ C l. holds the necessity of (5.10), (5.12) is immediately obtained from

sup, Y |buk| < oo. To prove the necessity of (5.11) consider the sequence x = b(¥) = {bf,k)} N in C (s,t) which defined above for every
ne

fixed k € N. Since Ax exists and belongs to ¢ for every x € C (s,f), one can easily see that AbF) = {bﬁp} N for each k € N, which yields
ne

the necessity of (5.11). Similarly, by setting x = e in (5.7), we obtain Ax = {Y'4 gux } ,ey» Which belongs to the space c, and this shows the
necessity of (5.12). Where g,x = Z;?:k ck_j1 ay; and ck_j1 is defined by (2.1). This step conludes the proof. O
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