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1. Introduction

B-spline curves were described by Schoenberg who was worked on B-spline curves for statistical data collection in [1]. The B-spline
curves was constructed for computing a convolution of some probability distributions. Moreover, de Boor and Hollig considered a different
approach to B-spline curves in [2]. Recently, in Computer Aided Geometric Design (CAGD), B-spline curves have been commonly used for
designing an automobile, a boat, an aircraft, [3] and [4]. There are many studies on the B-spline curves, see some of them in [2], [5], [6].
Although degree d of a Bezier curve has d + 1 control points, degree d of a B-spline curves can have any number of control points supplied a
sufficient number of knots are defined in [7] and [8]. In addition, the control points of the Bezier curves provide a global change on the curve,
while the control points of the B-spline curves provide a local change on the curve. For this reason, B-spline curves can be given additional
freedom by increasing the number of control points in order to define complex curve shapes without increasing the degree of the curve, [9].
Minkowski space was introduced by H. Minkowski. In our paper, we try to investigate some geometric properties of the B-spline curves in
Minkowski 3-space. We present the curvature and torsion of the B-spline curves in Minkowski 3-space.

2. Preliminaries

In this section the B-spline curves are defined and some preliminaries are given. Then some basics of Minkowski space is given.

Definition 2.1. Let tg,t1,...,tm be knot vectors of the B-spline basis function of degree d. The B-spline basis function denoted N; 4(t) is
defined by

17 ifle[li7ti+1)

Nio(t) = 0,  otherwise .1
1=t livd+1—1
Nia(t) = ———Njg-1(t) + =N 1 a1 (1) 22)
litd —1i livd+1 —lit1

fori=0,...,nandd > 1.
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Definition 2.2. [f the B-spline curve of degree d with control points by, ..., b, and knots to, 11, ..., is defined on the interval [a,b] = [ty,t,—_a),
then the curve can be written in the form

B() = ¥ biNia ).
i=0

When the B-spline curves are in the rational form, they are often called integral B-spline curves. Moreover, if the knots are equally spaced,
then a B-spline curve is called uniform.

On the other hand, Minkowski 3-space R% is a vector space R3 provide with the Lorentzian inner product g given by

g(V,A) = viAi +vodr — V343,

where v = (Vi,v2,v3) and A = (41,22, 3) € R}. A vector in Minkowski 3-space A = (41,42, 43) € R is called spacelike if g (1,4) > 0 or
A = 0; timelike if g(A,A) < 0; lightlike if g(A,A) =0 and A # 0. The vectors v and A are ortogonal if and only if g(v,A) = 0. The norm
of a vector v on Minkowski space R is defined by |||, = \/]g (v, v)|. If the vector is timelike, then the form will be ||v||, = /=g (v, V).
Let (c) be curve in R%. We say that (c) is timelike curve (resp. spacelike, lightlike) at 7 if the tangent vector (c)’ () is a timelike (resp.
spacelike, lightlike) vector. The vector fields of the moving Serret-Frenet from along the curve (c) are denoted by {T,N,B} where T, N
and B are called with the tangent, the principal normal and the binormal vector of the curve (c), respectively. If the curve (c) is time-like
curve, then T is timelike vector, N and B are spacelike vectors which satisfy TAp N = —B, NAL.B = T, BAL, T = —N. The derivative of
Serret-Frenet frame equations for a timelike curve is

T = kN
N =«xT+B
B’ = —1N.

3. Main result

Definition 3.1. Let X = {bg,by,...,by} be a timelike points set in R?. The

TCH{X}= {Aﬂb0+...+xnbn| Y ai=122> o}
i=0

set formed by these X points are called timelike convex hull of a timelike uniform B-spline curve.

Definition 3.2. If the control points by, ...,b, € TCH{X} are timelike and the knots ty,11,...,tm on the interval [a,b] = [ty,t,,_q4] are equally
spaced, then the timelike uniform B-spline curve of degree d in Minkowski 3-space is defined by

n
B(t) = ZbiNi,d(t)7
i=0
where N; 4(t) are the basis functions.

Example: Lets consider the timelike uniform B-spline curve B(z) of degree d = 2 defined on the knots tg = 0,¢; = 1,10 = 2,3 = 3,14 =
4,t5 = 5,16 = 6,17 = 7 and with control points by(2,3),b1(—1,7),b2(2,5),b3(4,5),b4(1,3). The basis graphic and the curve shape are in
the following figures.

Figure 3.1: a) Basis function graphic b) A timelike uniform B-spline curve

Theorem 3.3. Let B(t) be a timelike uniform B-spline curve of degree d with the knot vector ty, ...,t,, in Minkowski 3-space. If t €
r
[tritrp1) (d <r<m—d—1)then B(t)= Y. b;N;4(t). Therefore to compute B(t) its sufficient to compute Ny_q 4(t),...,N.4(t). This
i=r—d
shows us that the B-spline curve is achieved by the local control. Ift € [tr,t41) (d <r<m—d—1) then B(t) € TCH{b,_g4,...,b,}.
This means that B-spline curve has an convex hull. If p; is the multiplicity of the breakpoint t = u; then B(t) is C=Pi (or greater) at
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t = u; and C* elsewhere. Thus, it is seen that the B-spline curve is satisfied the continuity property. Let T be an affine transformation. If

n n
T(Y biN; 4(t)) = ¥ T(bi)N;4(t), the B-spline curve is invariant under affine transformations.
i=0 ’ i=0 ’

Theorem 3.4. Let B(t) be a timelike uniform B-spline curve of degree d with the knot vector 1y, ..., ty, in Minkowski 3-space. The second and
third derivative of the control points b; are calculated by

where mj,n;, p; are some constants of t;.
Proof. Using the Eq.(2.1) and Eq.(2.2) the control points can be written as
(1) (1)
2) (d _ 1) bt+1 b
Livd+1 —lit2
= (d—1).m.Ab",

(3) (d—2) @ 0
b: = ——2 b —b:
livd+1 —1it3 ( L )

_ (d-2) B @ oy, O
= o (@ e - @m0
_ o d=D@d=2)/ @ W M )

Sl el AU IRACREL D)

w‘ﬂ
Il

= (@ 1)(d—2) i, — mia)

! O

1 1
livd+1—lit3 "

n; =
livd1—1tit2? 0T tivas2—liv3

and p; =

where m; =

Theorem 3.5. Let B(t) be a timelike uniform B-spline curve of degree d with the knot vector 1y, ..., ty, in Minkowski 3-space. The derivatives
of B-spline curve is computed by

n—1
BU@) = Y oING 0
i=0
BY(r) = (d-1) Zm,Ab N,
BO() = (d-1)(d-2) i pi- (n,uAbEBl —m,-Abf‘)) NG
i=0

Proof. Substituting the above results in Eq.(2.2), the proof is obvious. O

Theorem 3.6. Let B(t) be an arbitrary timelike uniform B-spline curve and {T,N,B}|,_ be the Serret-Frenet frame of B(t), where T is
timelike, N and B are spacelike. Then the following conditions are satisfied

g(T,T) = _lvg(NvN) = 17g(BvB) =1
g(T,N)=0,g(T,B)=0,g(N,B) =0.

The Serret-Frenet frame of the timelike uniform B-spline curve B(t) is obtained by

¥ 5N, (1)
P
bl( )N(l)idfl(t)
i=0
n—1 ) 0) n—=2 (1) (2)
_Ob’ Zvi,d71(l)/\ »g‘omi'Abi 'Nl',d*Z
B = = 1=
n—1 . n_2 | 5
i=0 bl(l)A’:’d) l(l) 4 ,’E‘Om Ab’( : Ni(,d>72
n=1 n—1 B
T
n—2 n—1 N
+g( Oml Abll) Nl(fl)—27 ) bl x(] 1 ) (Z ,(;)1 ))
N i= - r

zd—l(t)
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Proof. Let consider the B-spline curve B(t) is non unit speed curve in Minkowski 3-space. Using the scalar and vector product in Minkowski
3-space, the tangent vector of the timelike uniform B-spline curve B(¢) is calculated as

T = B”()
O]
n—1
.goblU)N(l)zd 1 (1)
= = 7
,ob’( N1 (0)
and the binormal vector of the timelike B-spline curve is
s~ BUOABY0
= HB(I)(”ABQ)U)H
n—1 w2
,EO BN () A(d—1) Eom’ AbM Nfd) i
B nel n—2
l_gobx ING (1) A(d—1) X m N2
n—1
I oON L (00 z mian N
- n—1 ;
Eob,“) i )/\igom, ApY N®

The principal normal can be obtained as

N = fB/\T
Z biIN (0 Z mi.ab. 1(121) 2 ,g'o N, g (2)
- n—1
N<l> NOI Z m;.A b“) I(d) , ,:obl( )N(l)i,d—l(t)
() ( nl
Zb N,dI(MZmlAb AL biIND g1 (1)
xdl()/\ZmZAb )de2 ld l(t)
(1 ) ( )
Zb Id]()zb ldl() ZmlAb d2
n— n l
+g ( Y m;. Ab( ) z(d . Z b N, 1(;)) .gobi(l)]";j,ll(’)
n—1
Z bl ,(, 1( )/\ Z m;. Ab( ) Yy bi<1)N(1)i7d_1(l‘)
=0 i=0

O

Theorem 3.7. If the B-spline curve of degree d with control points by, ..., by and knots to,11 ...t is defined on the interval [a,b] = [ty,t,—_a),
the curvature of timelike uniform B-spline curve B(t) is found as

n—1 n—2 1
¥ b ONY (1) A L m AV N, I(JLZH

i=0 =0
K=|d—1% 3
(1)
Z BN (1)
Proof. From the definition of curvature of the non-unit speed curve, we have
[CRIGH:RIO!
K = —mm—
[LRIOT
n—1 —
() 1 2
Py bON" (1)A(d—1) P mi.Ab) NE) '
- 3
1) A7)
ig() b’< )]\][.t[ |(t)
n—1 n—2
1 2
¥ 5N (A L miab NG
— -1 =0 i=0 '
=l (o ’
T BN (0
i=
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Theorem 3.8. If B(t) is a timelike uniform B-spline curve of degree d with the knot vector ty, ..., t,, in Minkowski 3-space, the torsion of a
timelike uniform B-spline curve B(t) is computed by

n_l ) 1 3
. Z)det(izobi“w.d (1), >: mi. &b NG, z pi- (mAbf) — i) N 3)

2
(1) ()/\thAb() 1(31)2

ldl

Proof. Using the definition of torsion, we have the following equations:

(3(1)(,) B () BB)(;))
1BD (1) AB) (1)

1 n—3
(z bONY (1) (d—1) z mi. &b NE) L (d—1)(d—2) P p,-.(ni.Abl(” — miAb!! )) N )

T =

2
2
INY (D) A (d - >2mzAb VNG,

—1
det(}Z bi<1>1vd (1), z mi. A NG, z pi- (mi-abf = miseV) NS )
—(d-2) — :

2
2
ZE(I)N(I ()/\thﬁb<) t()2

id—1
i=0

4. Conclusion

In this paper, we present a theoretical work about the timelike uniform B-spline curves in Minkowski-3 space. The timelike B-spline curve in
Minkowski 3-space at first time is introduced. The derivatives of control points are calculated. Later Serret-Frenet frame of the timelike
uniform B-spline curve is given. Moreover, the curvature and torsion of the B-spline curve are computed.
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