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Abstract
In this paper we introduce some geometrical and topological properties of weighted
Lebesgue sequence spaces [, ,, as a generalization of the Lebesgue sequences spaces
L, , where w a weighted sequence.
Keywords: Striclty Convexity; Uniformly Convexity ; Weighted Lebesgue Sequence
Spaces.

1. Introduction

If 1<p < oo,thenl, will denote the space of sequences of real numbers x = (x,) such that
Ymeqlxn|? < oo [2,8] . Aweight sequence w = w(n) = w, is a positive decreasing sequence such that
w(l) =1, lim w, =0 and };., w, divergent. The weighted Lebesgue sequence space [, for 0 <

n—-oo

p < oo is defined as follows:

lP,W = {x = (xn): Z Wnlxnlp < 0o, (xn) cR
n=1

and

o Yn
Il = (Z wn|xn|p> )
n=1

wherep > 1.

In other words, the weighted sequence space is defined the weight as a multiplier. That is x €

Lw © xw /v e L, weighted sequence spaces L, ,, which is considered by author in [9],[10] . It is
known that [, ,, a Banach space.

A Banach space X is said to be strictly convex if x,y € Xwith ||x|| = 1,||y|| = 1 and x # y, then
[|(1—A)x+ Ay|l <1 for all 1€ (0,1). A Banach space X is said to be uniformly convex if the

conditions

. x+y
Il < 1,1yl < and 1 =yl > eimply [ <1-5 @
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holds for all x,y € X. The number

5(e) = inf {1 = 22| el = 1yl = 1,1 = 1 2 ] 3)

is called the modulus of convexity. If ¢; < €,,then §(g;) < 6(&,) and 6(0) = 0since x = y ife = 0[1].
Recently there has been a lot of interest in investigating geometric properties of sequence spaces besides
topological. The geometric properties of different sequence spaces are discusssed by some authors.
Agarwal, O'regan&Sahu [1] and Castillo&Rafeiro [2] have studied the strict convexity and uniform
convexity properties of sequence spaces [, where 1 < p < co. Savas, Karakaya and Simsek [11] have
studied some geometric properties of I(p)- type new sequence spaces. Ogur, O [7] has studied some
geometric properties of weighted function spaces L,, (G) where 1 <p <oo.In this paper, we
introduce some geometric properties of topological of weighted sequence spaces [,, ,,, as a generalization
of the 1, .

We will need some auxiliary lemmas to prove that the spaces ,, ,, are uniformly convex whenever
1<p<oo.

Proposition 1. (Holder Inequality) Let x = (x,,) € 1,y = () € [;and 1 < p,q < oo with % +é =
1. Then

[} [e) 1/p ©0 1/q
D bl < <2|xk|r’> ' (Zlyqu> 0
k=1 k=1

k=1

Proposition 2. (Minkowski Inequality) Let x = (x,,), ¥y = () € L, If p € [1,0), then

[ 1/p © 1/p © 1/1)
(Zum ' |yk|)p> < (Zw) ' (Zw) (5)
k=1 k=1 k=1

If p € (0,1), then

o Yo o Yo o Yo
(Z(|xk|+|yk|)p> z(lem) +(Z|yklv> (6)
k=1

k=1 k=1

We need some lemmas dealing with inequalities.

Lemmal. Let0 < p < 1, we have
(a+b)P <aP +b?P (7)
fora=0,b=0]8].

Lemma2.Ifp = 1anda,b > 0, then
(a + b)? < 2P~1(aP + bP) (8)

[6].
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2. Main Results

Proposition 3. Let w = (wy) a weighted sequence and wy > 1 forall k € N. Then [, ,, < [,. Also if
0<p<qg<o,ly, Sl forw,>1.

Proof. It can be easily seen that [,,,, <, and [,,,, <, for 0 <p < gq < oo .To show that [,,, #

-1
lq,w» We take the sequences X =k /2p and wy = %Efor allk e Nwith1 <p < q < . Sincep < q,

we have >1 and + > 1. We write

q —
ZWklxkl Z 1/2 kq/Zp kaq/2p+1/2

The last series is convergent sinceitisa hyper -harmonic series with exponent bigger than 1, therefore

x € lg, . On the other hand
2 Wi | |P 2 P k Z X

and x & 1.
Proposition 4. The space [, is seperable whenever 1 < p < co and w a weighted sequence.

Proof. Let M be the set of all sequences of the form g = (q1,92,***,q,,0,0,---) wheren € Nand g, €
Q. We will show that M is dense in 1, . Since };-|x;|Pwy there existsn, € N such that

o]

P
z |xx [Pwy < 1

k=n+1
forall e > 0. Since Q = R, we have that for each (x;,) there exists a rational g, such that
€
e — gl < Vi

hence

n gp

<_
lek Qi lwi K
k=1

where K = maks{wl Wy, Wn}. We write

Il = il lek axlPwi + Z [Py < &
k=n+1

and so |[x — qll,w < & . This shows that M is dense in [, ,,.

Theorem 1. The space L, ,,, is convex, whenever 0 < p < oo,

Proof. This show thattx + (1 —t)y € l,,, for x = (x,),y = () €1, and t € [0,1] . Let us
distinguish two cases:
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First case p = 1 . By Lemma 2 and Minkowski’s inequality , we write

(o]

D 1t + (1= OylPw = i |+ (= 0w o

n=1 n=1

o Yl
= <Z |(txn +(1- t)yn)wnl/”r)

n=1

. 1, Yo
< (Z |(tXn)Wn v ) (Z |((1‘t)yn)wn /p| )

n=

< 2p-1 [2 |(txn)Wn /p i |((1 — t)yn)wnl/p|p]

n=1

= 7p-1 Z|txn|pwn +2r-1 Z (1= DynlP wy
n=1 n=1

(00} (00}
= 277 ) PP + 2P = P D [yl
n=1 n=1

<

which shows that tx + (1 — t)y € L, ,, forp = 1.

Secondcase 0 <p <1.Letx = (x,),y = () Elp,wandt € [0,1] . By Lemma 1, we have

o]

1 14
D1+ (L= OyalPw = ) [ + (1= Oy, 7|
n=1

n=1

2 [CAIUE Z (@ = 0y)w, 2|

I
MS n

|txn|an + Z|((1 - t)yn)| Wn

n:
- |t|vZ|xn|pwn 11— t|v2|yn|pwn <
n=1 n=1
This completes the proof. It is known that the space [, is strictly convex for p > 1 [1].
Theorem 2. The space [, is strictly convex forp = 1.

Proof. Let x=(x,),y=0mn) €l,wwithx #y,|lx|l,w =1 [yllpbw =1and0 <p < 1. Then

= 1. Since L, is strictly convex for p = 1, we have
P

1
=1, Hywp

o
p

1 1
(1 —t)xwp + tywp < 1.

p

= H((l —t)x + ty)wll’
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p)l/v

Hence

((1 —-t)x + ty)w%

1= Ox + eyl = (Z
n=1

1
= ’ (QA-x+ey)wp|| <1
p
We will need the following inequality.
Lemma 3. Letp > 2. We have
(la+ b|? + |a — b|P)/P < (Ja + b|? + |a — b|?)V/? 9
foralla,b € R [2].
Lemma4.Let2 <p <ocandx,y € lp ,we have
llx +yllp + llx =yl < 2P~ (l1xl15 + 1lyll5) (10)
[1].
Proposition 5. If 2 < p < oo, then we have
e+ Y115, + llx = ylIB, < 2P~ 2(llxl1B,, + llylI5,,) (11)
forx =(x,),y=0n) € lp,w .
1
Proof. Letx,y € I, ,, . Then xw?,yw? € L,. By Lemma 4, we write
1 1P 1 1P
lx +yllpw + llx = yllp,, = ||xw? + yw?|| +|[xwP — yw?
p 14
1 p 1 p
< 2p—1< xwp|[ + H ywP )
p 14

= 2P (lIxlI5 + Iy II5.w)

Theorem 3. The space 1, ,, is uniformly convex for 2 < p < .

Proof . Letx = (xp,),y = () € Ly, With
”x”p,w <1 ”yup,w < land ||X - y”p,w =€

By Proposition 5, we have

llxc + yllpw < 2P (lIxl5 + IVII5w) — llx = ¥l5,,

<2P712—¢P

-2 (-
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x+y||p

so it follows that ” -

<1- (g)pand hence we get ”%”pw < 1 — § such that

5(e) =1— (1 - (g)p>1/p

Lemma6. Let1 <p <2 andq:p%,then

la+ b7+ |a—b|? < 2(|al? + |b|P)IT (12)
for all real numbers a and b [3].
Lemma 7. 1<p<2andq— , we have
-1
llx + yIIZ +llx = ylId < 2(lxl5 + lyllp)* (13)

forall x,y €, [5].

Proposition 6. If 1 <p < 2, then
q-1
llx + yllgw + 1 = yll5w < 2(lxl5w + 11yIl5w) (14)

forx = (x,),y = () €1, and q =ﬁ.

Proof . Letx = (x,,),y = (W) € Ly, and by the Minkowski’s inequality for 0 < r < 1, we have

[e'e}) 1/1" [eo) 1/T oo 1/T
(Zmnr) ' (ZIanT> < (Zlan + bn|r> (15)
n=1 n=1 n=1

q
Ifl<p<2,we replacerby in Equation (15), for a, = |((xn + yn)wnl/l’)| b, = |(xn -

J’n)Wn | then by Lemma 6 we get

Q/p
<Z|<xn+yn)wn /ol ) (Z|<xn yn)wnl/p|)

[oe]

2.

n=1

Q/p

Q/p
<

|Gon + ydwn e+ o yn)wnl/v|q)p/"]

) Z (|xnwnl/p " ynwnl/p|q + |onn1/p - ynwnl/p|q)p/q] p
n=1

P/q q/p

(2 el P )|
® U
=[S sl + o)
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[o'e] oo q/p
=2 [mewn * zlynm]
n=1 n=1

whereq=ﬁ:>q—1=%.Thus,weobtain

q-1
lx + yllgw + llx = yllp . < 215 + 1y15w)

Theorem 4. The space 1, ,, is uniformly convex for 1 <p < 2.

Proof. Letx = (x,,),¥ = () € [y , 1 <p < 2 with
Ixllpw < L1Iyllpw < 1and |lx = yllpw = €
Then by the Proposition 6, we have
-1
x4+ Y18, < 2 [llxlB + 115,17 = llx = ylld,
<2.2971 ¢4
PN
=24 — (=
=z (1 (2) )

Hence, we write

1
2 <(-G))"

where §(e) =1 — (1 - (;)q>1/q.
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