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The existence of extremal solutions to nonlinear
fractional integro-differential equations with

advanced arguments
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Abstract

This paper deals with the existence of extremal solutions for nonlinear
fractional integro-differential equations with advanced arguments. Our
analysis rely on monotone iterative method based on upper and lower
solutions. Also, we give an illustrative example in order to indicate the
validity of our assumptions.
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1. Introduction

Fractional calculus is a branch of mathematical analysis, that provides integrals and
derivatives of any arbitrary order and due to their multiple applications in many areas
of science and engineering has grown extensively. [1, 3, 4, 7, 8, 9, 10, 11, 14, 15, 16, 17].
The monotone iterative method based on upper and lower solutions is a fruitful tools that
provides an efficient mechanism to prove the existence results for nonlinear differential
problems. We refer the reader to the book [5] and recent papers [2, 6, 12, 13, 18, 19, 20,
21, 22].

As far as we know, few authors consider the existence of extremal solutions for nonlinear
Riemann-Liouville fractional integro-differential equations with advanced arguments. So
this paper is devoted to study of the following nonlinear boundary value problem:

(1) (D*x(t)) = f(t,z(t), D*x(t), DPx(t), Tx(t), Sz(t)), te J:=[0,T],
' Dz(0) = 2%, t' ™ “2(t)=0 =0, 0< < a <1,
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where f € C(J x R, R),

/kts s)ds, /hts s)ds,

k(t,s) € C[D,R*], h(t,s) € C[[0,T]*,RT], D = {(t,s) € R*|0 < s <t < T} and D%, D
are the Riemann-Liouville fractional derivatives.

The innovation of this study is that the nonlinear term f involve unknown function
z(t) and it’s Riemann-Liouville fractional derivatives with different orders and integral
operators T'x, Sx. Therefore, from this point of view, we generalize some recent works.
Moreover, with a suitable choice of upper and lower solutions and condition on function
f, we obtain the existence of extremal solutions and also present iterative sequences
which are convergent to them.

This paper is organized as follows: in section 2, some facts and results about fractional
calculus are given, also we consider the existence of the extremal solutions for first order
nonlinear differential equation, while in spire of [20] we prove the main result in section
3 and we conclude this paper by considering an example in section 4.

2. Preliminaries and some lemmas
In this section, we present some definitions and results which will be needed later.

2.1. Definition. ([4]) The Riemann-Liouville fractional integral of order a > 0 of a
function f : (0,00) — R is defined by

1o f(t) = 1)/0t(t—s)°‘*1f(s)ds, t>0,

I«
provided that the right-hand side is pointwise defined.
2.2. Definition. ([4]) The Riemann-Liouville fractional derivative of order o > 0 of a
continuous function f : (0,00) — R is defined by

D0 = oy ()" [ = s 0

T T(n—a)dt’ J, ’

where n = [a] 4+ 1, provided that the right-hand side is pointwise defined. In particular,
for o = n, D" f(t) = f™(t).

1. Remark. The following properties are well known:

DI“f(t) = f(t), a >0, f(t) € L*(0,0),
DPIf(t) = I*7Pf(t), a> B >0, f(t) € L*(0,00).

©,
2.1. Lemma. (|4]) Let Re(a) > 0, n = [Re(a)] + 1 and let fr—o(t) = I"7 f(t) be the
fractional integral of order n —a. If f(t) € L*(0,T) and fn—o € AC™[0,T], then we have
the following equality

I°Df(t) =
;F (a—i+1

2.2. Lemma. The nonlinear fractional differential equation (1.1) is equivalent to the
following IVP:

2.1) ' (t) = ft, I%u(t), u(t), I Pu(t), Tiu(t), Siu(t)), t € J,
’ uw0) =2, 0<B<a<l,

afi
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where

Tiu(t / k1(t, s)u(s)ds, Siu(t / hi(t, s)u(s)ds,

_ t (T*S)a_lk(t,T) - ) — T (T*S)a_lh(t,’r) -
k1(t,s)—/s e tan me. )*/S e

Proof. Take D*x(t) = u(t) in (1.1), taking into account that t'~“x(t)|+=0 = 0, we get

2(t) = I*u(t) — %a) /Ot(t — e (r)dr,
also
Ta(t) = T(I°u(t)) = / et $) (T u(t) osds

= /O k(t / ) %(h) ds

:/O / S (a)k(t :5) ds)u(T)dT

= /O / — "‘a)k(t :7) dT)u(s)ds

= /0 k1(t, s)u(s)ds
The same process can be repeated for S. So the proof is completed. O

Presently, we prove a comparison result for the first order initial value problem (2.1).
2.3. Lemma. Let w € C*(J,R) satisfy the relations
(2.2) w'(t) > —KLow(t) — Lw(t) — M La—pw(t) — NTiw(t) — PS1w(t),

' w(0) >0, 0<B<a<l,

where K, L, M, N, P > 0 are constants and Low(t) = fot (ts)a(i)w(s)d If

T Kt® Mo~ B
2.3 —+ L+ + N/ k1(t,s)
23 /0 [F(a+1) T(a—p+1) i
+P/ hl(t,s)ds]dt <1
0
Then w(t) >0, Vt € J.
Proof. Suppose w(t) > 0 is not true, then there exists a to € (0, 7] such that w(to) < 0.
Let max{w(t) : 0 <t <to} = A, then A > 0.

If A =0, the proof is similar to Lemma (2.1) of [20].
If X > 0, then there exists a t1 € [0,%o] such that w(t1) = A > 0. From (2.2), we have

, Kt~ Mt=F
w'(t) E_A[P(a—&—l) MR Yy,

t T
+N/ ka(t, s)ds+P/ ha(t, s)ds], Vt € [0, o).
0 0
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Thus, we have

w(to) 7w(t1)+/ow'(t)dt

Kt® M8
> + L N
p A/ Tlat1) +(a_5+1+ /klts

+P/ ha(t, s)ds]dt
0

Tr Ko Mt t
_A(1—/0 [F(a+l)+L+F(a*5+1)+N/O ke (t, s)ds

+P /OT halt, s)ds] dt)‘

Then, by w(to) < 0, we get

T @ a—p3
Kt Mt
Ly +N/k (t,
/O[F(a—i—l) T(a—B+1) 1(6:9)

T
+P/ hl(t,s)ds]dt >1,
0

which is contradiction. O

2.4. Lemma. If (2.3) holds. Then the linear problem

(2.4) o' (t) = g(t) — KI%u(t) — Lu(t) — ML Pu(t) — NTyu(t) — PSiu(t),
’ uw(0)=z",gce C(JJR), 0< < a<l,

has a unique solution u* € C*(J,R).

Proof. We know that, u(t) € C'(J,R) is a solution of (2.4) if and only if u(t) € C(J,R)
is a solution of the following integral equation

t
u(t) = are Jo bds +/ e Js LT (g(s) — KI%u(s) — MI* Pu(s)
0

— NThu(s) — PSlu(s))ds
= Auf(t).
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For any u,v € C(J,R), we show that A is a contraction operator.
t
[Au(t) — Av(t)| = / ekt [g(s) — KT%u(s) — MI® Pu(s) — NTiu(s) — PSlu(s)ds]
0

- /Ot el [g(s) — KI®0(s) — MI* Pu(s) — NTyv(s) — PSlv(s)] ds

- / HD K17 (0 = ) (3)) + MU (0 = u)(5)) + N(T1(0 — u)(s))

H&@-m@ﬂw

K(I%(v = u)(s)) + MI* (v = u)(s)) + N(T1 (v — u)(s))

T
S/
0

+ P(S1(v—u)(s))|ds

T «
SA h£1n+ mfﬂ+1+N/k”5

T
+ P/ hi(t, s)ds} ds||u — vl].
0

Therefore, by condition (2.3), it follows
|[Au — Avl| < [[u —v]|.

Thus, by Banach contraction principle A has a unique fixed point u*, which is unique
solution of (2.4). O

2.1. Theorem. Let the following assumptions hold:
o (Hi) There exist uo,vo € C*(J,R) satisfying uo(t) < vo(t), Vt € J,

(2.5) {(”

S f(t IQUQ(t),uO(t),Ia_ﬁ’U,o(t),T1U()(t),S1U()(t)), te J,
(0) <z

,0<p<a<l,

and vo satisfies inverse inequalities of (2.5).
e (H3) There exist constants K, L, M, N, P > 0 which satisfy condition (2.3) and

f,z,y, z,v,w) — f(t,%,9,2,0,w) > —K(x—Z) — Lly—g) — M(z — 2)

where I“up(t) < z < =z
12 P (t), Tauo(t) <o <

Then there exist monotone iterative sequences {un}, {vn} C [uo,vo] which converge
uniformly to the extremal solutions u*,v™ of (2.1), respectively, where {un},{vn} are
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defined by
« —[tLd ¢ — [t Ld -8
un(t) = e Jo s—i—/ e T[f(&Io‘unfl(s),un,l(s)Jo‘ Un—1(8),
0

Tlunfl(s),slunfl(s))
— KT%(tn — tn—1)(8) — L(ttn — wn—1)(s) = MI* P (tp — un_1)(s)
= N(Ti(tn — tn-1)(s)) = P(S1(tn — un-1)(s))] ds,

and
vp(t) = a"e” Jo Lds +/0 e Jo Lar [f(s,Io‘vn,1(s),vnfl(s),fa_ﬂvnq(s),
T1vn_1(5),5’wn_1(8))
— KI%(n — vn_1)(8) — L(vn — vn_1)(s) = MI®* P (v, — vn_1)(s)
= N(Ti(vn = va-1)(s)) = P(S1 (v = vn1)(s)) ] ds.
Also,

w < < ...<u <. . <u<v <. <o, <. < v <.

Proof. For n € [uo,vo], we consider

u'(t) = gn(t) — KI%u(t) — Lu(t) — MT*Pu(t)
(2.6) —N(Thu(t)) — P(Siu(t))
u(0)=z", 0< B <a<l,

where
gn(®) = £ (6100, (), I°~Pn(t), Tin(e), Sin(t) )
+ KI%0(t) + Ly(t) + MI* P n(t)
+ N(Tin(t)) + P(Sin(t)).
By Lemma (2.4), we know (2.6) has a unique solution u € C*(J,R).
Denote an operator A : [ug, vo] = C(J,R) by u = An, then
An =t LD (s 170000, 17 (). Tin(s). Sin(s))
+ KI70(s) + Lu(s) + MI®~Pn(s) + N(Tin(s)) + P(S1(s))
— KI®u(s) — Lu(s) — MI* Pu(s) — N(Tiu(s)) — P(Slu(s))} ds.

Now, we show that up < Aug, Ave < vo and A is nondecreasing.
For the first claim, let u1 = Auo, p(t) = u1(t) — uo(t). we show that p(t) > 0. By (H1),
we get that

p'(t) > —KI°p(t) — Lp(t) — MI* Pp(t)
—N(Tip(t)) — P(S1p(1)),
p(0) = u1(0) — uo(0) = Auo(0) — uo(0) > 0.

Hence, by Lemma (2.3) p(t) > 0. Similarly, we can show Avg < vg.
Now, we show that A is nondecresing. Let ui = Aug, v1 = Avg and p(t) = v1(t) — w1 (t).



1417

By (H2), we have
P'(t) = —KI°p(t) — L(t) — MI°~"p(t)
—N(Tip(t)) — P(Sip(1)),
p(0) = v1(0) — u1(0) > 0.
So A is nondecreasing.

Next, let u, = Aup—1,vn = Avn—1,n = 1,2, ... . By the properties of the operator A, we

obtain that
w <u < ..<u, <. <u<v <. <, <. < v <.

Clearly, u,, v, satisfy

u;(t) = f(t,Iaunfl,unfl,l‘lfﬁunfl,Tlunfl,S1un,1)
—K(I*(tn — tun-1)) = L(ttn — tn—1) — MI* P (tp — tn_1))
=N(T1(un — un-1)) = P(S1(un — un-1)),

un(0) = z~,

on(t) = f(t, I%vn—1,vn—1, 1% P01, Thvn_1, S1vn_1)
—K(I%Wn — n_1)) — L(vn —vn_1) — MI* B (vp — vn_1))
—N(T1(vn — vn-1)) = P(S1(vn — vn-1)),

vp(0) = z*.

The sequences un,v, are uniformly bounded and equicontinuous, so by Arzela-Ascoli
Theorem, we find that limy,— e un(t) = u*(¢) and lim,— e vn(t) = v™(¢) uniformly on J,
and u*(¢t),v*(t) are solutions of (2.1).

Finally, we prove that u*, v™ are the extremal solutions of (2.1) in [ug, vo]. Let w € [uo, vo]
be any solution of (2.1), then Aw = w. By uo < w < vg and the properties of A, we have

Un KW < vy, n=12,...

Thus, taking limit as n — oo, we have uv* < w < v*. That is, u*,v* are the extremal
solutions of (2.1) in [uo, vo].
This completes the proof. O

3. Main result

In this section we prove the existence of extremal solutions of (1.1).
Let C1—o(J,R) = {u € C(0,T); t'"~*u € C(J,R)} and
DCi_a(J,R) = {u € Ci1_a(J,R); D*u € C*(J,R)}.
3.1. Theorem. Assume that:
(H1 ) There exist yo, 20 € DCi—o(J,R) such that yo(t) < 20(t) and D%yo(t) < D%z (%),
are lower and upper solution of (1.1),

(3 1) (Dayo(t)), < f(tv yO(t)v DayO(t)v DByO(t)v Tyo, SyO(t))
' Dyo(0) < &, '~ yo(t)|e—0 = 0.

and zo satisfies inverse inequalities of (3.1).
(H3 ) There exist constants K, L, M, N, P > 0 which satisfy condition (2.3) such that

— N(u—1) — P(w—w),

where yo(t) < Z < =z
DP2(t), Tyo(t) <u <
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Then there exist iterative sequences {yn }, {zn} which converge uniformly to the extremal
solutions y*, z* of (1.1), respectively.

Proof. Let D%x(t) = wu(t) in (1.1), then Equation (1.1) is transformed into first order
integro-differential equation (2.1). Now, we prove that all the conditions of Theorem
(2.1) hold. Let uo(t) = D%o(t),vo(t) = D%z0(t), we have uo(t) < vo(t). Also yo(t) =
T%uo(t), 20(t) = I®vo(t), so by (Hi) wo,vo satisfy (Hi). By (Hj), it is easy to see that
the condition (H2) holds. Therefore, by Theorem (2.1), we obtain that (2.1) has extremal
solutions u*,v* € C*(J,R) in [uo,vo]. Let y* = I*u*, 2* = I*v* so it follows that

(3.2 {Da v (1) = (1)

tl @ *()|t 0:0

Since u* satisfies (2.1) and y* satisfies (3.2), then y* is a solution of (1.1). Similarly,
we can show that z* is a solution of (1.1). It is easy to show that y*,z" are extremal
solutions of (1.1). This completes the proof. O

4. Example

Consider the following problem:
(DEa(t)) = alt) - L DB a(t) — I“ZD%m( t)
(4.1) 1 1?531 o tsx(s)ds — 11’3 o 'sz(s)ds, tel0,1],
D2z(0) =0, t2x(t)|t=0 =0,

where o = 1,8 = 1, k(t,s) =ts, h(t,s) = s. Here,

Ll lvd L+ 14t 14t
10 15 20 30 40
By easy computation, we have

K= L= M=% N=4%, P=4.

Also,

f(t7$7y’z7u7w) =

107 15’

T Kta Ma B
A N | m,
/o et et / 1)
+ P/ hat, s)ds] dt = 0.324 < 1.
0

Now, take uo(t) = 0, vo(t) = t>. It is easy to see that ug, vo are lower and upper solution
of (4.1). So all the conditions of Theorem (3.1) hold.
Thus there exist iterative sequences {uy }, {vn } which converge uniformly to the extremal
solutions u*,v™ of (4.1), respectively.
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