Hacettepe Journal of Mathematics and Statistics
Volume 44 (1) (2015), 129152

Simple modules for some Cartan-type Lie
superalgebras
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Abstract

The modules are induced from the finite-dimensional Cartan-type mod-
ular Lie superalgebras W, S, H and K over a field of prime characteris-
tic, respectively. We give the Cartan subalgebras of these modular Lie
superalgebras. Using certain properties of the positive root vectors, we
discuss the simplicity of these modules.
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1. Introduction

The development of representation theories of Lie algebras and Lie superalgebras over
a field of characteristic 0 has shown a remarkable evolution. We know that the repre-
sentation theory of Lie algebras plays a central role in the classification of simple Lie
algebras of characteristic 0. Kac (see [5]) classified finite-dimensional simple Lie super-
algebras over the field C, proposing three Cartan series the Witt type, special type and
Hamiltonian type, with an additional series of the classical type. Until now, the classifi-
cation of finite-dimensional simple Lie superalgebras over a field of prime characteristic
has not been completed. Zhang (see [11]) studied finite-dimensional Lie superalgebras of
Cartan type over fields of prime characteristic.

Motivated by the connection between the representation theory of Lie algebras and
modular Lie algebras, many researchers have investigated the representation theory of
modular Lie algebras (see [1]-[4], [6]-[11]). Many results have also been obtained for the
representative theory of modular Lie algebras, i.e., Lie algebras over a field of charac-
teristic p > 0 (see [1]-[4], [7]-[9]). The modular Lie superalgebra has experienced rather
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vigorous development and further Cartan-type Lie superalgebras in prime characteristic
are constructed. For a restricted Cartan-type Lie algebra, the restricted simple modules
have been determined in the sense that their isomorphism classes have been parameter-
ized and their dimensions have been computed. Concrete constructions and dimensions
of these modules were obtained by Shen and Holmes (see [1]-[4], [7]-[9]). Shen (see [7]-
[9]) constructed the graded modules for the Witt, special and Hamiltonian Lie algebras.
Shen determined the simple modules having fundamental dominant weights, except the
contact algebra. Holmes (see [1]) solved the remaining problem regarding the contact
algebra. With a few exceptional weights, he showed that the simple restricted mod-
ules were induced from the restricted universal enveloping algebra for the homogeneous
component of degree zero extended trivially to positive components.

However, there are few results for the representation theory of Lie superalgebras over
a field of characteristic p > 0, i.e., modular Lie superalgebras. Liu (see [6]) solved the
dimension formula of induced modules and obtained the properties of induced modules.
The structure of Cartan-type Lie superalgebras is not as symmetric as that of classi-
cal type Lie superalgebras. The representation theory of Cartan-type Lie superalgebras
seems to be more difficult than that of classical type Lie superalgebras. Motivated by the
ideas of Holmes (see [1]-[4], [7]-[9]), in this paper we construct modules of Lie superalge-
bras W(m,n,1), S(m,n,1), H(m,n,1) and K(m,n,1), induced from the homogeneous
components of their restricted universal enveloping superalgebras. We show that the gen-
erator 1 ® m of these constructed modules belongs to their nonzero submodules, before
showing that the sufficient conditions of these modules are simple modules.

2. Preliminaries

In this paper, let F always denote an algebraically closed field of characteristic p > 0.

First, we recall the definitions of W (m,n,t), S(m,n,t), H(m,n,t) and K(m,n,t).

Let N, and Ny be the set of positive integers, and the set of nonnegative integers,
respectively. Let m,n € N and o = (a1, -+ ,am) € Ng*, 8= (b1, -+, Bm) € Ni*. Then
we define

(1) a+f:= (CM1 + B1,a2 + Ba, -+ ,Oém+ﬂm). 0:(0, ,0). 1:(1,-“ ,1).

(2 ( )= ﬁ (g’), where (a’f) denotes the binomial coefficient.
1 k2

)

() /B<:>a1\/37.71*1 ce, M.
)€
) F

(4) s :=(0,---,1,--+,0), where 1 occurs at the ith place.
(5) For every element (z1,--- ,2m), we put z'® := [] 2%, noting that (5) implies
i=1
that 2° = 1.
Let U(m) denote the F-algebra of divided power series in the variables z1,. .., zm» and
define the multiplication by z(®z(® = (O‘ZB):E(O‘+B)7 where «a, 8 € Ng*.
Let A(n) be an exterior algebra over F, generated by @41, -+ ,Zs, where s = m+n.

Put A(m,n) := U(m) ® A(n). We write fg for f ® g in the following, where f € U(m),
g € A(n). The following identities hold in A(m,n):

(1) 2(@) 2 (B) — (a+6)w(a+5)
o .

(2) wiz; = —zmi, 6, =m+1,--- 5.

(3) Wy _$j$(a),VO¢EN6n,j:m+17...78

Forkfl -, n, define By := {(41, - ,ix) | m+ 1< i1 <iz < - <ip < s} Let

B(n) = U By, where By = 0. If uw = (41,42, -+ ,ir) € By, where m+1 <41 <2 < -+ <

ir < 8, then we set &V 1= Ty, Tiy -~ Ty, |u| := r. Put 2° = 1. Note that A(m,n) is Zo-
graded by A(m, n)g = U(m) @ A(n)g, A(m,n)r = U(m) @ A(n)7. Note that A(m,n) is Z-



m
graded by A(m,n); =spang{z¥z* | a € NJ',u € B(n), |a|+|u| = i}, where |a| = > ;.
i=1

Obviously, A(m,n) is a Z-graded associative superalgebra.

Put Yo :={1,2,--- ,m}, Yi:={m+1,--- s}, Y =Y, UYi.

Let 0; be the special derivation of A(n) defined by 9;(z;) = d;;, where i,j € Y3
and §;; is the Kronecker delta. For ¢ € Y, we consider D; € Derp(A(m,n)) given by

(=eig™ Vie Yy . .
D;(z\ ¥z = I(O‘)Bi(xu),, Viey, Dy, -+, Ds are called the special derivations of
A(m,n).
We put t := (t1,-++ ,tm) € N, m; := p'i — 1, Vi € Yy. Denote

A(m,t) :={a= (a1, ,am) ENg' |0 < a; < m,1 € Yo}

A(m,n, t) := spang{z'“z" | @ € A(m,t),u € B(n)}.
Al(m,n,t); := A(m,n); N A(m,n,t).

Then A(m,n,t) = @ A(m,n,t); is a Z-graded superalgebra, where & := Z ™ + n.

Remark: In thls paper hg(L) denotes the set of homogeneous elements of Lie super-
algebra L, i.e., hg(L) = Ly @ Ly. If f € hg(L), then d(f) always denotes the Zs-graded
6, Vi € Yo
1, VieYy; ~

In the following, we illustrate the definitions of the graded Cartan-type Lie superal-
gebras W(m,n,t), S(m,n,t), H(m,n,t) and K(m,n,t) (see [1]).

degree of the element f. Write 7(i) :=

W(m,n,t) = {>_ fiDi | fi € A(m,n,1t), Vi € Y}.
S(m,n,t) := spang{Di;(f) | i,j € Y, f € hg(A(m,n, 1))},
where Dij(f) = (=1)7O7DDy(f)D; — (=1)* D TO+ @) Dy () Dy
Let m =2r or m = 2r + 1. Put

i+r, 1<i<r
7= t1—r, r<i<2r .
i, 2r<i1<s

1, 1<i<r
o(t):=< —1, r<i<2r .
1, 2r<i<s

Write D (f) = Z: o(i") (=)D D, (£)Di, Vi € Y, f € hg(A(m,n,t)). Then

H(m,n,t) := spang{Du(f) | f € hg(A(m,n,1))},

where m = 2r is even.
Let L = A(m,n,t) and m = 2r 4+ 1 be odd. Define a multiplication on L by means of

(f,9] = @f— > @:Di(f)Dm(g)

ieY\{m}
_(_1)d(f)d(g)(29_ Z z:Di(g))Dm (f)
i€y \{m}
n Z 7'(l)d(f)D (£)Da (9).

€Y \{m}



Then L is a Lie superalgebra. K(m,n,t) := [L, L]see [1] shows that

L, if n—m—3# 0(mod p)

— £-1
K(m,n,t): @ A(m,n,t);, if n—m—3=0(mod p)
i=0

In the following, we simply write W := W(m,n,1), S := S(m,n,1), H := H(m,n,1)
and K := K(m,n,1), respectively. They inherit Z-gradations from A(m,n,t) by means
of

n—1
W &
i=—1
where W; =spang{z(Vz"D; | |a| + |u| =i+ 1,5 €Y}, n=m(p—1) +n.
n—2

sS=p s,

i=—1

where S; =spang{D;; (¥ z") | |a| + |u| =i +2,i,j € Y}.

n—3
H= P H,

i=—1

where H; =spang{Dg (¥ z") | |o| + |u| =i + 2}.

A
K =P K,

i=—2
where K; =spang{(z‘®z") | || + am + |u| =i + 2}. And

\— n+mm—2, n—m—3% 0(mod p)
T\l n+mm—3, n—m-—3=0(mod p) ’

We first recall the definition of the restricted universal enveloping superalgebra. Let
(L, [p]) be a restricted Lie superalgebra. A pair (u(L),%) consisting of an associative
F-superalgebra with unity and a restricted homomorphism ¢ : L — w(L)™, is called
a restricted universal enveloping superalgebra if given any associative F- superalgebra
A with unity and any restricted homomorphism f : L. — A™, there is a unique ho-
momorphism f : u(L) — A of associative F-superalgebra such that f oi = f. The
category of u(L)-modules and that of restricted L-modules are equivalent. According
to the PBW theorem, the following statements hold: Let (L, [p]) be a restricted Lie su-
peralgebra. If (u(L),?) is a restricted universal enveloping superalgebra and (I;);jecs, U
(fi)jes, is an ordered basis of L over F, where l; € Lg, f; € L7, then the elements
(1) i)™ il )" i fi )il fin) -+ i(fim)s 1 <o <Jn, 0< sk <p—1, 1<k <n,
i1 < -+ < im, consist of a basis of u(L) over F. Sometimes, with no confusion, we will
identify L with its image i(L) in u(L). Note that D? = 0, for i € Yp; D? = 0, for i € Y3.

We know that W, S, H and K are restricted Lie superalgebras. They are also simple
Lie superalgebras.

2.1. Definition. Let L be a Z-graded Lie superalgebra over F. Suppose that A is a
Cartan subalgebra of Lo, where L is the set of the Oth homogenous elements of Z-
graded Lie superalgebra L. For A € A" and a u(Lo)-module V, we set Vy := {v €
V| h-v=XA(h)v, Yh € A}. If V) # 0, then X is called a weight and a nonzero vector v in
Vi is called a weight vector (of weight A). A nonzero vector v € V) is called a maximal
vector (of weight A\) provided z - v = 0, where x is any positive root vector of Lo.



Let L = ¥;ezL; be a Z-graded Lie superalgebra over F. Set Nt .= Zi>0 L;, where
L; denotes the homogeneous component of degree ¢ in the Z-graded Lie superalgebra L.
Then Nt <Nt 4+ Ly := L' and LJ“/NJr 2 L. In particular, any Lo-module becomes a
L*-module by letting N* act trivially. Define My (B) := u(L) ®,1+ B, where u(L) and
w(L™T) denote the restricted universal enveloping superalgebras of L and LY, respectively,
and B is a simple u(Lo)-module. According to the classical theory, for each weight A,
there exists a simple u(Lo)-module B(\) which is generated by a maximal vector of
weight .

In the following, we will discuss the simplicity of Mz (B(A)) = u(L) ®,+) B()),
where L denotes one of four classes of Cartan-type Lie superalgebras W, S, H or K.
Remark:

(1) If C is a subset of some linear space, then (C') denotes the subspace spanned by
the set C' over F.

(2) w always denotes a maximal vector of a Cartan-type Lie superalgebra L.

3) D; means that D; is deleted.

3. The simple module of Lie superalgebra W (m,n,1)

3.1. Lemma. A = Z Fz;D; is a Cartan subalgebra of Wy. The positive root vectors
=1

ofWoare{xlD|1<z<] s}

Proof. Let ow : Wy — gl(A(m,n,1)1) be a homomorphism of Lie superalgebras such
that ow (z;D;) = Ej;j, where gl(A(m,n,1)1) is the general linear Lie superalgebra and
E;; is the s X s-matrix with 1 in the (4, j)-position and zeros elsewhere, Vi, j € Y. Note
that @w is an isomorphism. By a straightforward computation, we obtain that the
Cartan subalgebra of gl(A(m,n,1)1) is ({Fis | ¢ € Y}), and the positive root vectors
of gl(A(m n,1)1) are {E;; | 1 < 4 < j < s}. By the isomorphism ¢w, we find that
A= Z Fz;D; is a Cartan subalgebra of Wy and {z;D; | 1 < i < j < s} are positive root

i=1
vectors of Wy. O

According to the Definition 2.1 and Lemma 3.1, the following statements hold: If
A= Z Fz;D; is a Cartan subalgebra of Wy, V' is a u(Wp)-module and A € A*, then

i\ = {v eV | (x:D;)-v=XxiD;)v,i € Y}. Write A; := A(z;:D;). A nonzero element
v € V) is a maximal vector (of weight \) provided z;D; -v =0,V 1<i<j<s.

3.2. Lemma. Suppose that M =< u(W)DB‘DfH1 -DPl@w >, for i € Yy. If the
following each situation holds, respectively,

(1) Xi#-1,8=p—

(2) \i =0,08; #1.

B)N=-1,8#p—1

(4) There exists j € Yo, 1 <4 < j < m, such that \; # —1, and 8; = p — 1.

(5) There exists j € Yo, 1 < j < i < m, such that \; # 0, and 8; = 0.

Then D 'DP - DE' @w e M.

(6) In addition, if A\; # 0,8; = p — 2, then Dfﬂl - DPElowe M.

Proof. Obviously, M is a W-module. With the equality

/D.gB) = fD(9)E = (1)U gB(f)D + (=1)* 9 fg[D, 1),



where f, g € hg(A(m,n,t)), D, E € hg(Der(A(m,n,t))), we obtain
(:U(2Ei>Di) . DfiDip;ll . Df;;l ®w

= (Di- (YD) —@;D)DF DI DR @ w

= (Di @*Dy) D} = DI (@iD) + (8 =)D THDL  DE @ w

= DI @Dy DI DR @w = DI (@) DI D @w
+1+ 2+ + (B = ))DF DI D @ w.

Since the Z-graded degree of #(**)D; is 1 and w is a maximal vector of weight X, the

first term vanishes and the second term equals fﬁi)\inFlDf;f -+ Db @ w. Then

(z®D;)- DYDY DE T @w = f@(zAi — B+ 1)DFT' DY DR @ w e M.
Satisfying the situation (1), (2) or (3), respectively, we can conclude that Df"’lefjll < DEFL
weM.

4) According to the situation (4), there exists 7 € Yy, such that \; —1 and

( g bl J ) J
B; = p—1. We know that Df"Df_:f e D;.’:llD?QD;’;ll ~-DP' ®w € M. Hence, we
obtain

(z:D;)- DYDY} DYZIDP2DP oL DP T @ uw

j+1
= [Di-(2:Dj) = D;|D} DI - DYZI DD - D @ w
= D/ (z:D;) DY - DYZ DYDYl Dh T @w
(3.1) —B:DY ' Drl . DPIDPTIDP L D 9w e M.

The maximal vector w implies that the first term vanishes. Now (3.1) yields the
desired result, DfrlDﬁ:ll D' ®@we M.

(5) For 1 < j <i < m, we have
(@:D;) - DYDY -+ D' @w
(Di- (z:iDj) = Dy)D} ' DI - D @ w

it1
32) = D} (x:D;) Dt Db ®@w—BiD; DYDY Dh @ w e M.
7 J 41 I~ i+1
With the equality [2**7) D;, z;D;] = —x;2; D; and (3.2) multiplied on the left by (35 D,
we have

(x®)Dy) - (DF - (2:Dy) - DY - D @ w — BD; DYDY DE @ w)
= Dfipﬁ—ll DTV (2% D) - (D) @ w
—Bi(D; - (2*9)D;) — ;D) DY DY DE T @ w
(3.3 BiNDJT'DY DR '@we M.

The assertion follows from (3.3).
(6) In the particular case of A; # 0 and 8; = p — 2, we obtain

@@= Dy) - DI DI - DY @

i+1
= (D;i- (x((P_l)‘fi)Di) _ x((p_Q)Ei)Di)Df_?’Df:ll L. Dfn—l Qw
(3.4) = -\DY - Dh ' owe M.

Along with (3.4), we get the result. O



3.1. Theorem. My (B())) is simple, if one of the following situations holds:

(1) (A1, ,Am) # >, —¢u, (the empty sum being zero) for 0 < k < m.
t=h+1
(2) There exist 4,7 € Y1 and j < i such that A\; # 1, \; #0.

Proof. Let M’ be a nonzero submodule of Mw (B(X\) = w(W) ®,w+) B(A). u(W ).
B(A) = u(Wo) - B(A) implies that u(W) - B(A ): (u(Wo) + w(W-1)) - B(A) € u(W_1) -
B(A). Then, Mw (B(})) = u(W) ®@,w+) BA) = (u(W-1) + u(Wo)) @yw+) B(A )
w(W-1) ®yw+) B(A), namely,
)

(35)  Mw(B(}) = u(W-1) @yaw+) B(A).
Choose v #0 € M. (3.5) implies that v can be written by
v =Sgere(B)i(D1)" -+ i(Ds) @ b,

where 8 = (B1, -+ ,Bs), I == {(B1,"-,Bs) | 0 < Bi < p—1forany i€ Yo;8 =0 or
1,for any ¢ € Y1} C Z°, ¢(B) € F, bg € B(A). In the following, with no confusion, we
usually write D; to instead ¢(D;) in u(L). Then

(3.6) v =Ngerc(B)DM ... D @ bs.

Define an order of I such that 8 = (81, --,8s) < 8 = (81, -, B.) if and only if there
exists k € {1,2,---,s} such that 3, = 3; for all i > k and By < ;. Let € := {B € 1|
c(B) # 0}, where ¢(8) comes from the right side of the equality (3.6). According to the

order of I, we choose the least element n = (n1,--- ,ns) € €. Obviously, c¢(n) # 0. Put
= [[ Dr—t 1‘[ D;™™. Since [D;, D;] = 0, namely, D;D; = (—1)"9"W D, D,
t=1 I=m+1
holds in u(W). Then
yo = [[Dr7™ [ D/ 7" (Sserc(8)DY --- DI @bs)
t=1 l=m+1
m S
= ac() [[ D! ] Diwbse M,
t=1 l=m+1

S
where ao = 1 or —1. Consequently, H D' Tl Di®bse M.

t=1 l=m+1
H prt H D; ® B(A) is a u(Wy)-module. In fact, if k& € Y, a straightforward
l=m+1
computatlon shows that,
(D) - [[ D7~ ] D@ BM)
t=1 l=m+1

k—1 m s

= HDfl_l'(kal)'Di_l H Ditpfz_l H DZ®B()‘)
t1=1 to=k+1 I=m+1
k—1

= [[ oyt — (p—1)DDE?) H Dyt H D; ® B(A
t1=1 to=k+1 I=m+1

m

[y H Dy ® B(\).

t=1 l=m+1

N



Similarly, if £ € Y1, then we have

m

(zxDy) - [ DY H Dy ® B())

t=1 I=m+1
= [[Dpr (@Dy)- H D, ® B(\
t=1 l=m+1
c Hfol' H Dy, - (=) P(Dy - (@e D)) = D) - [[ D ® BOY
= li=m+1 lo=k+1
c HDP ! H D; ® B(A
l=m+1

As B() is a simple u(Wp)-module, we see that H Dyt H D; ® B()) is a simple

l=m+1
u(Wy)-module. It can be regarded as a u(W)-module. By virtue of H Dt I Di®
t=1 l=m+1

bg € M'N (1‘[ Drt 1‘[ D, ®B(,\)), we have [[ DY~ [] Di®B(\) C M’. Thus,

=1 l=m+1 t=1 l=m+1

there exists a maximal vector w of weight \ such that [[ DY™' [ Di®@w € M’
t=1 l=m+1

For the case of the situation (1), without loss of generality, we assume ﬁ Dyt ﬁ Di®
w € M’, for any i € Yy. We proceed according to several different situal_i(l)ns. o
(i) Mi # —1 and \; # 0.
By (1) and (6) in Lemma 3.2, we conclude that ﬁ Dyt li[ Di@we M.
(ii) A = —1. oo
By (A1, ,Am) # i —&¢, there exists j € Yo, j > 4 such that A\; # —1, or j < 4,
t=i

\j #0. By (4) or (5) in Lemma 3.2, we have [[ D' [] Di®we M.

t=it1 l=m+1
(i) A; = 0.
By (M, - ,Am) # Y. —¢¢, there exists j € Yo, such that j >4, A\; # —1, or j < ¢,
t=it1
\j # 0. Also by (4) or (5) in Lemma 3.2, we have [ D' [] Di®@we M.
t=i+1 I=m+1

The assumption of arbitrary i implies that [] D, ®@w e M.
l=m+1

Furthermore, without loss of the generality, we assume [[ D;®w € M’. The situation
l=j

(1) implies that there exists i € Yy such that A; # 0. Then, [[ D; ® w € M’ multiplied
I=j
on the left by z;x;D;, for j € Y1, we obtain

(.IZ].IJIDJ . Dj e DS R w
= (—Dj . (QJJJJZD@) + fiDi)Dj+1 e DS ® w
(37) = )\l‘Dj+1 Ds ®w.



Consequently, Dji1---Ds Qw € M. Along with the choice of j, we obtain 1 @ w €
M’. Since u(Wp)-module My (B())) is generated by 1 ® w, 1 @ w € M’ indicates that
Mw (B()\)) = M’. Tt suffices to demonstrate that Mw (B())) is simple.

Situation (2) implies that ¢ 2 m + 1 € Yi. Obviously, [Tm+12:D;, Di] = Om+1,12:Di —
bitxm41D;, for I € Y. Thus
(3.8)  (Tm+1%iD;) - Dy = =Dy - (Tm41%:D;) + mt1,7:Di — 8uTm+1D;

holds in u(W). By virtue of (3.8), we find

.’Em+1$1 HDp 1 H D ®w

l=m+1

= JIDPr ' = Duii - (@msr2iDi) + 2:D:) Dy - Ds @ w

= ﬁDf’l(—l)i’l’mDmH D1 (Zmy1x:D;) - Di--- Dy Qw
+HDf_1Dm+2"'Di—1 (%:D;) DDy @w

= [PV (-1)"Dmy1- Dy (@mi1ziDi) @ w
+ﬁDf’1(fl)i’mDm+1 coDi Dy (2m1Di) @ w
+ﬁDf‘1Dm+2 Dy - (z:D;) @ w

[P 'Dms2-- Ds®w.

t=1
As B()) is a u(Wp)-module and w is a maximal vector of weight A, the first summation
vanishes and so does the second for m + 1 < i. According to the assertion above, we
obtain

(Tmt12iDi) HDP ! H Di®w=(\—1 HD]”1 H Di®uw.

l=m+1 l=m+2

m

As A; # 1, this entails [[ D?™! H Diowe M If H pr=t H D; ® w multiplied
t=1 l=m+2 t=1 l=m+2

on the left by the elements xp,4+2x:D;i, Tymt3xiDi, -+, xi—12;D;, successively, yielding

I Drt H D; ® w € M'. By the assumption of the theorem, there exists m +1 < j <
t= 1 =

i<s such that A;j # 0. Thus we have

(ziz; D;) - HD?_I HDz Qw

t=1 =i
HDP ! (ziz; D H Dl®w—|—HDp L. (z; D H D ®w.
l=i+1 l=i+1

Using the fact that the Z-graded degree of x;x;D; is 1, we can see that (3.9) coincides

with A\; [[ D’™' [I D: ® w. The assertion that H prt H D, @ w € M’ follows
t=1 1=i+1 t=1 1=i+1



from A; # 0. We multiply H Dyt H D; ® w by the elements x;412;Dj, - ,xsx;Dj,
l=i+1

consecutively. Repeating the process above yields H DP™' @ w e M’. The situation (2)
ensures that there exists j € Y71 such that A\; # 0. Thus for any ¢ € Yo, we have

(ziz; D HDp 'Quw

= (Di-(wix;Dy) —a;D;) [[ DI ' ow
t=it1

= -x [[ pilew
t=i4+1

\j # Oentails [[ DY '®w € M’. In the general case of i, this implies that 1®w € M.
t=it+1
Hence, Mw (B())) is simple. O

4. The simple module of Lie superalgebra S(m,n,1)
4.1. Lemma. Let
= {{—Diir1(ziziy1), Djjr1(x52511), Dmma1(TmTma1) | 4,4+ 1 € Yo35,5 +1 € Yi}).

Then A is a Cartan subalgebra of Sy. The positive root vectors of Sy are {z;D; | 1 <
i<j<sh

Proof. The homomorphism g is the restriction of the isomorphism pw : Wy — gl(A(m,n,t)1).
Note that Sy = g, where ¥ = <{(AO1 8), (8 gl),Em,m + Em+17m+1,Eij ‘ A €

Sl (F), D1 € Sl,,(F);i € Yo,j € Yi;0r i € Y1,j € Yo}).

By a straightforward computation, we get the Cartan subalgebra of .Z is

(41 2), (0 8, )s Emum 4 Emy1my1 | A1 € Sl (F), D1 € Sln(F)}) and the positive root
vectors of £ are {E;; | 1 < i < j < s}. By the isomorphism g, we obtain that the
Cartan subalgebra of Sy is

A= ({-Diiv1(zizit1), Djj+1(2Tjt1), Dmmi1 (@mmir) | 4,0+ 1€ Yo; 5,5 +1 € Ya})

and the positive root vectors of Sy are {z;D; | 1 <17 < j < s}. O

Our preceding results of Lemma 4.1 discuss the weight vectors and a maximal vector.
The following facts hold: If A is a Cartan subalgebra of Sy, V is a u(Sp)-module and
A € A*. Then

= {U S 1% | Di+1,i(ZCiZCi+1)"U = )\z‘”U, 1 S 7 S mfl;Dj7j+1(:rj:rj+1)~v = )\jv,m S ] < 871}

A nonzero element v € V, is a maximal vector (of weight \) provided z;D; - v = 0,
whenever 1 <1 < j <s.

4.2. Lemma. Suppose that M :=< u(S)DB’ Dfﬂl DEl@uw>, forl<i<m—1.If
the following situations hold, respectively,

(1) A # 0,5 =p— 1.

2\ =1,8 #1.

(B)Ai=08#p-—1

(4) There exists j € Yo, 1 <14 < j < m, such that 8; =p—1 and \; # 0.

(5) There exists j € Yo, 2 <j+1<i<m—1,such that 3; =0 and A\; # 0. In
addition, for i =j+4+ 1,8 =p—1and A\j # 1, or 3; ;ﬁp—l and A\; # 0.

Then DB’_lDfH ~DE'@we M.



(6) In addition, if \; # 1,8; = p — 2, then Df;ll - DPl@we M.

Proof. By virtue of [Dy, D (f)] = (—=1)"® 7@ Dy;(Dy(f)), for all i, j, k € Y, we have

Dis1i(e®*ai) - DI'DY - Di @ w
= (Di Dip1i(#%2it1) = Disri(ziwir)) DYDY - DE T @ w
= Di-Ditri(@®Vwip) - DD - Di @w
—DY " Dy i(wiwiv) - DY DRV 4+ (B — )DYTIDY DR @ w
= D;i Dit1,i(z®Vaipa) DYDY DR @ w
+(=Xi+B)D]TIDE D @ w
= (FNH+B)+ (A4 Bi—D)+ -+ (=N+1)DF DI D @w

(4.1)

—%(2)\,- — B =)D D DR @w e M.

The foregoing equality (4.1) implies that (1), (2) or (3) can conclude DfiilDf_:ll - DPl®
w € M, respectively.

(4) Our assumption of the situation (4) entails that DJ* DP ' - - DY_IDP2pPil... Dh'®
w € M. Then,

Dyj(a®*)). DY DPL - DYDY TEDR L DR @ w

it+1 j+1
= (Di-(2:D;) = D;)D 'DI - DEIDY DY L DR @ w
= D (x;D;) DV} - - DV_ i DYDYl DE T @ w
(4.2) —B:DJ DY DY DE T g w.

For i < j, the first term vanishes. Hence (4.2) implies that DfFlDf;ll Db @w e M.
(5) For i > j, we have

D). D% pril .. D @w
= D} (x;D;) DVl DB @w— BiD;DY T DR @w e M.
Multiplying this equation by D; 11, (2% z;11) on the left, we obtain
Dji1,i(2 ) wji0)- (D] -(2:D;)-D - Di ' @w—iD; D) ' DY - D @w) € M.

If i =7+1, then

(4.3)
Diiy (2D 2. NV (DP (2.0 D)-DPTY ... DP low—B,., D, DY " pp=l | pp-l M
j+1,5 (T Tj41)( 1 (zj+1D;) 42 m Qw—LBj11D; 1 2 m ®w) € M,
where,
Dji1(2®a;40) - DY (2541 D;) - DYy -+ D @ w

€5 £ Bit+1—1 — —
= (Djs1- Dy (@ w510) = Dya s (2®0) DI - (2501D;5) - DYy -+ D @ w
= DY Dy (%) (@i Dy) - DY - Dh @w
Birq—1 _ _
B DT (@ Dy) - (w511 D) - Dy - Dt @ w

Bjtr1—1 -1 -1
= Bi+1AiDji3 Df+2"'D£L Q w,



and
. ; —1 — —
Dy, w01) - (—Bi1 D; DI T DR - DR @ w)
v Bivi—1 p _
= —Bjt1(D;j - Djt1;(@®wj00) — Djyr j(wja0)) D5 DYy - Dh @ w
Bit1—1 pe _
= Bi+1Djrrj(zimin) - Dy D, - Dt ©w
B -1 _ _
= Biri(N+ B — DD T DI, - DT @ w.
Hence, (4.3) coincides with
Bis1(2X; + B — DY T IDY - Dh T @w e M.
If¢ > 7541, then
Dji1,(@® i) - (D) - (@:D;) - DIL -+ Di ' @w = BiD; DY ' DI - D @ w)
= —Bi(D; Djs1,;(@®Vwi41) — Dy j(wjmi0))DY T DY DR @ w
= BiNDITIDE DR owe M.
We get the desired results.
(6) In the special case, 3; = p — 2, we obtain that

Di+1,i(l'((p71)si>xi+l) . foQDf_:ll Dl ow

= Dipri(@ " Vi) - DI DI DY, - D 9w

= (Dis1- Dipri(@ PV zi10) = Digri(a V5 DYDY 2D, - D @ w
= (DY Disra(@ PV wi0) — 2l Doy - DED)DY DY - Dh T @ w

= (-\+1)DV D @w.

From A; # 1, we obtain the desired identity, Df;ll - DPEl®@we M. O
4.3. Lemma. Suppose that M :=< u(S)DE, ' D,,+1 ® w >. If the following situations
hold, respectively,

() A #0,B8m =p—1.

(2) Am =1, B # 1.

3) A

(4)

There exists j € Yo, 2 < j+ 1 < m such that ; =0 and A\; # 1. In addition, for
m:]‘i’l,ﬂm :pila)‘J # 17 or ﬁ’m #p717k] #0
Then D2 ~'D, i1 @w € M.

(5) In addition, if Am, # 1, Bm =p — 2, then D1 Q w € M.
Proof. The proof is completely analogous to the one given in Lemma 4.2. O

4.1. Theorem. Mgs(B()\)) is simple, if one of the following situations holds:

(1) (A1, Am) #e€im1, forall 1 <i<m+ 1, where g; :=(0,---,1,---,0) € Ni*, 1
occurs at the ith place, e := (0,---,0,---,0).

(2) There exist 4,5 € Y1, such that | 5 —¢ |> 1 and A; # 0,\; # 0.

Proof. Let M’ be a nonzero submodule of Mg(B()\)). The similar discussion of the Lie
superalgebra W applies to the Lie superalgebra S. There exists a maximal vector w such

that [[ D' [] DiQwe M.
t=1 I=m+1
For the case of the situation (1), in general case, we assume [[ D'™' [ D/ Qw €
t=1 l=m+1
M’ for1<i<m—1.
(i) i #0 and \; # 1.



By (1) and (6) in Lemma 4.2, we have ﬁ Drt ﬁ Diowe M.
(i) A = 1. o
By (2) in Lemma 4.2, we have D; ﬁ Drt ﬁ Di®w € M'.For (A1, -, Am) # &4,
then there exists j € Yo, j > ¢ such tt:}f;rtl A # (;,zgn;rjl' < 4 such that A\; # 0.
If 5 >4, \j #0, by (4) in Lemma 4.2, we have . fn[+1 foll ﬁ+1 Di®@we M.
If j+1<4, A\j #0, by (5) in Lemma 4.2, we have ﬁ Drt f[ Di@we M.
If j +1=4, \j # 0, we have e e

Dj+17j(l'jm(2€j+l))'Di H fol H D ®w

t=it1 l=m+1
= (D1 Dy y(2a®+)) = Dy j(wsmin)) [[ D' [] Diow
t=it1 I=m+1
m S
= =N [ D' ] Diowe M.
t=i+1 I=m+1
We can conclude that [[ DY™' [[ Di®@we M.
t=it+1 l=m+1
(i) A; = 0.
Since (A1, ,Am) # €i—1, there exists j € Yo, such that j >4, \; #0,0r j +1 <1,
N\j#0,0rj+1=1i, A\j #1. By (4) or (5) in Lemma 4.2, we have [[ D’™' [[ Di®
t=i+1 l=m+1
we M.
The assumption of arbitrary of 4 implies that D, [] D;®w € M’'. By Lemma 4.3,

l=m+1

S
the similar discussion as before, we have [[ D, ®@w € M.
l=m+1

In general, we set [[ D ® w € M, for j € Y1. The situation (1) implies that there
1=

exists ¢ € Yp, 1 < ¢ < m such that A; # 0. Therefore, [[ D; ® w multiplied on the left by
I=j
Dit1,i(zixiq175), we obtain

Di+1,i(mixi+1xj) . Dj e Ds R w
(—=Dj - Diip1(xiwiz1xy) + Dit1i(@iwig1))Djr1 -+ Ds Qw
XiDjy1---Ds@we M.

Then Djy1---Ds @ w € M’ follows from A; # 0. According to the arbitrary j € Y, as
well as 1 ® w € M', we obtain that Ms(B(\)) is simple.



For the case of the situation (2), if i # m + 1 € Y7, we have

m S
Diit1(Tmi1TiTiv1) - H Df_l H D ®w

t=1 l=m+1

- H DfileH - D; z+1($m+1szx1+1 H D ®w

t=1 l=m+2
m
p—1
7HD,5 ° ’L’LJrl mzmz+1 H Dl ® w
l=m+2
m s
-1 i—m—1

H DY (=1)""™ "Dmy1---Di—1 - Diig1(Tme12ZiTig1) - HD; R w
t=1 =i

- H fole+2 cDic1 Dy (@iZiga) - HDz Qw

=1 1=
m S

1 i—
H DY (=1)""Dm41--Di - Dy is1(Tm41Tm+iTit1) - H D ®w
=1 1=it1

m S
+]I D (=) " Digs -+ Dict - Dijir (i) - [ Di@w
I=it1

7HDfile+2 D Dz ,i4-1 xzmH—l H Dl X w

t=1 l=i+1

m
1
*HDf Dpto- - Di—1 - Diip1(Tit1) H D®w
=1 1=it1

H fol(—l)iHimDmH «+Dig1 - Diit1(Tm1ZiTiv1) - H D®w
1=it2

+HD571(_1)1+1imDm+1 D Dz i+1 xm+1xz H Dl X w
l=i+2

m

—i—1_[Df—l(_1)z'+2—mDm+l,..Di_1 - Diiv1(Tma1) H DIQuw
l=i4+2

- HDf‘le+2 ~ o Dig1 - Dy (Ti2ig1) H D ®w

t=1 1=i+2

+ H fol(*l)HkmDmH e /D\iDH—l “Diiv1(Tms1Tit1) - H DRw

l=i4+2
+ﬁDf’1Dm+2 -Di - Dy (zi) H Dl®w—HD” 1 H D ®w.
— 1=i+2 l=i+2

Since the Z-graded degree of D; iyi(Tm+1Z:izi+1) is 1, it implies that the first term
. The definition of a maximal vector w implies that the second and the forth



terms vanish. Finally, we obtain

m s
1
Diiv1(Tmi1TiTiv1) - H D? H D®w
t=1 l=m+1
m S
—1
= - H Dy H Dy Diip1(ziTip1) @ w
t=1 l=m+2
m S
= M][[pF ] Diw.
t=1 l=m-+2

Since \; # 0, we have [[ D'™' [] DiQw e M’
t=1

l=m+42

Multiply H D§771 H D ® w by Di,i+1(1’m+2xz‘$i+1)7 cee 7Di,i+1($i—1xi$i+1)7 in
t=1 I=m+2

turn. The same calculation as above yields [[ D’ ' [] Di®w € M’, where m+1 < i < s.

t=1 =1
Ifm+1<j<i—1<s, then we have

Djji(wiszi) - [[ DY [[Drow

t=1 =i

= J[Dr ' (-1)"""*'DiDiy1-+ Ds - Dy (mimjzsgn) @ w
t=1

I D! ' Disi -+ Dy Dy i (w52501) @ w.
t=1

It also can be found that the first term vanishes. By the assumption of the Theorem 4.1,

we have \; # 0. Hence, from the second term we can conclude that H folDiH e Dg®
t=1

we M. Multiplying H Df_lDH_l -+ Ds®w on the left by Dj7j+1(13i+113jl’j+1), cee ,Dj7j+1(I313jl’j+1),
t=1

m
we obtain that [] D' @ w € M'.
=1



Ifm+1<i4+1<j<s, then we have

m S
-1
Djji(zizszi) - [[ DI [[Prow
t=1 =i

= HDP 1 ] ’LD D i1 - Dj7j+1(xixjxj+1) . HDZ R w

l=j

*HD Pt Djj1(wjzjta) - H Di®w
1=i+1

m

= [Ipr ' (=1""'Di-- D;- Dj i1 (wimjajin) H D @w
t=1 1=j+1

+HDP 1 J ZD D i1 D]]+1 :L'll'J+1 H Dl®w
I=5+1

—HDf_lDiJrl"'DJ 1D; - Dj j41(2;T541) H D ®w
l=75+1

—HD{"ID,L-+1-~~D]-,1 Dy jr1(zj41) H Di®w
l=j5+1

m

= HDfil( ) Z+11_[Dl Djj1(wir;zjt1) - Qw
t=1
m . . —_—
+[ Dy (=12 Dy Djja - Do - Dy (wimy) @ w
+]I Dy (=1 "' Di+-D; - Dy (1:D;) ® w
t=1

*HDP ! H Dy~ Djjs1(zjz41) @ w

1=i+1
= AjﬁDf*1 H D ®w.
t=1 1=it+1
Obviously, we can obtain Hl Dr—t ] H D, ®w € M’, for \; # 0. Similarly, considering
= i1
Djjy1(xiv12;241)" ﬁ pr—t ] H ) D ®uw, for j # i+1, it implies that Hl pr—t ] H 2Dl®
(=1 H— (= it
w € M’'. Continue to multiply H Drt B H . Di®w € M’ on the left by D; ;+1(%it2m:iTit1), -
it

D; iv1(xsxixiv1), consecutively. Finally, we obtain H DM lowe M.
t=1

If i = m+1, we have Dj j11(Tm4125Tj41)- H prt H Di®w = A H Drt H Di®
l=m+1 l=m+2

w € M’, furthermore, H D?_l H D, ® w € M'. Imitating the process of calculation
t=1 l=m-+2

m
above for i # m 4+ 1, we have [[ D*™' @ w € M’.
=1



Using the fact that there exists j € Y1 such that A; # 0, and we see, for i € Y,

m
—1
Djjii(miwzi) - [[ DI @w

t=i

m
(Di - Dy 1 (miwjwn) — Dy (ziai)) DI [ DY ' @w
t=i+1

m
\DEP ] Pt ew.

t=it1
(p—1)-fold multiplication with [] D' ®w implies that [| D’ '®w € M’. In general
=i t=it1
case of i, it entails 1 ® w € M'. Mg(B()\)) is simple as desired. O
5. The simple module of Lie superalgebra H(m,n,1)

In this section, we consider the Lie superalgebra H(m,n,1). First, we suppose that
n = 2q is an even number.

5.1. Lemma. A = ({—Dpu(z;zy),uDu(zjox;) |1 <i<rm+1<j<m+gq})is
<
a Cartan subalgebra of Ho, where pu? = —1, j° { ; N q, Z i ; n i < ;n;nz tog

The positive root vectors of Hy are {DH(—wiﬂcj ),1<i<j<rDu(ziz;),l1<i<j<
r; Dg(x?),1 <1< r DH(—lez] — Sxixje ) 1<i<rm+1<j< m—|—q,DH(—mimj—|—
prizge), 1 <i<rm4+1<j<m+qDu(3ajzi+ bajor + bapr; + sxjoaim), m+1 <
i<j<m+q,DH(x]xz+,uxzvxj+,uxzxj + v xjv ) m+1<z<y<m+q}

Proof. Let ¢ : Hy — £ = {(éi gi) € pl(m,n) | AG + GA, = 0,BiG+ C; =
0,D% + D1 = 0} be a homomorphism of Lie superalgebras such that ¢(Dg(z;D;)) =
a(j)(—l)T(j)(Eij/ + U(i)a(j)(—1)T(")T(J'HT(”JFT(J')Ejz-/)7 where G = (717« I’"), I, is the
7 x r identity matrix, pl(m,n) = plg(m,n) @ ply(m,n), for plg(m,n) = {(4' 191) |
A; is the m X m matrix over F, D; is the n X n matrix over F}, ply(m,n) := {(691 B ) |
B is the m x n matrix over F, C1 is the n X m matrix over F}. It can be checked easily

1
that Hy & % = Z(P) := {P'EP | E € £}, where P := (lp 2 ), P, := (" 2.

—ulqg %Iq
By straightforward computation we find that the Cartan subalgebra of £ is
i—E, . 0 0
(PP 0), (0 By —Byo o) | 1 <i<rym+1<j <m+q}),
and the positive root vectors are
{(E '_OE 1a! 0) for1<i<j< (Ei-f':Eji' 8), forl<i<j<r

(EO’ 0) for1<i<r (7EO

(_EO y Eov) forl <i:<r,m+1<j<mtg; (8 Etj,%‘j,uw yform+1 <i < j < mtg;
(SEU,,E 11,) form+1<i<j<m+q}

By the isomorphism ¢, we can show that the Cartan subalgebra of Hy is
A= {{-Du(zizy),pDu(zjox;) |1 <i<r,m+1<j<m+q}) and the set of positive
root vectors of Ho are {Dy(—xix;),1 <i < j <r;Dy(viz;),1 <i<j<r;Du(zxd), 1<
1 < r;DH(f%xix] — L), 1 <i<r,m+1< j < m+q,DH( Ty + paixie), 1
i<rm+1<j<m+q¢Du(Guz + bajoxs + brway + tajeze),m+1<i<j
m+ q; Du(z;z; + privr; + prizo +:vzvmj v),m—+ 1 i<y < m+q}.

Uil

B)for 1<i<rm+1<j<m+g

O /N IN

From the Definition 2.1 and Lemma 5.1, we can get Vi = {y € V| Du(z;zy) -y
Xy, D (zjz0) -y = Ny, 1 < i <r,m+1<j < m+ q}, where y is a maximal vector



and satisfies the following statements:

Du(xizj) - y=0,for 1 <4, <ror1<i<ri <j<2n
Dy (zizj)-y=0,for 1 <i<r,m+1<j<s;

Dy (zizj + pxjre) -y =0,form+1<i<j<m+g;
Dy (ziz; — pxjzp) -y =0,form+qg+1<i<j<s.

5.2. Lemma. Suppose that M =< u(H)Dfin_fll - DP'@w >, where 1 <i < r. If
the following situations hold, respectively,

()X #0,8=p— 1.

(2) Ai=0,8#p—1.

B) i =-1,8; # 1.

(4) There exists j € Yo, 1 <i < j <7, such that \; #0 and 8; = p — 1.

(5) There exists j € Yo, 1 < j <4 < r, such that \; # —1 and 3; = 0.
Then D} 'DP ! DE7 ' @w e M.

(6) If Xy # —1,8i =p—2, then DV, -+ Db ' @ w € M.

Proof. By virtue of [Dj, Du(f)] = Du(D;(f)), for j € Y, we obtain

Dy(z®V ) - DYiDr) - DY DE T @ w
= (Dv - Du(a®Vwy) = Du(a®)) - DI DI - DI\ DY* DY, - DT ow

_ Df]—l . DH(w(Zei)xi/) . szDﬁjll . .D;:/fl o Dgl—l ® w

+Df/72 . DH(x(2£i)) X D?in-;ll . Dflfl o Dﬁ'}jl ®w

= DY Y(Di-Du(a®zy) — Du(wiy)) - DY DYDY D @ w

+D572 (D - D (%) — Dy (a:)) - DY 'DP DY D @ w

= DFID?Dy(a®ey) D IDPT DR DR g w
—DY'D; - Dy(aizy) - DY2DP) ..55,*\1.--1)5;;1 ® w
—D% ' Dy (wixy) - DY DY E’: Dl gw
+D§72Dfi ,DH(x(25i>) . Df;ll . ..@:._.D%—l ®w
(5.1) —@DI'DPIl.. DRt DR @,

where
Dy (aizy) - DY DY .55*\1...1)5;1 S w
= (Di-Du(zizy) — Du(zy)) - Diﬁi—2Dip;11 ) "557\1~~fo1 -
= D -DH(.rimi/),Dfi—nggll.HBéf\l.“Drpnf1 % w
+DFDEE . DR D g w
= D?i_l'DH(xixi/)-Df;ll...D/ff\l.,,Dgfl Sw
(5:2) +(8i — DI DYDY Dl e,

By (5.2), we find that (5.1) equals

(i +Bi =) =N+ Bi—=2) =N+ Bi—B) = B)D DYDY DE @ w

= —%(2& +Bi+1)D) T D DY DR @ w



With the conditions (1), (2) or (3), respectively, we have DfFlDf;f Db @we M.
(4) In situation (4), we have

DYDY - DPIDPTDR D D DR 9w e M.

Hence,
Dy (xjai) - Df"Df;f e D;’:IID;’_QD;’_H e Df,_l e D;?/—l Dl ow
= (Dj - Du(zjiz;) — DH(xi))fosziDi:ll . ~-D§.’j11D§.’*2D§.’;11 ~-Dh . ~D§’71 D gw
- prt Dy (xja;) - DiBiDPfl e D]rqjllD]rqﬂDpfl . ..ijl . D?’_l e DP g w

j i+1 j+1

Jj+1
= ﬁini_l~~-Df71---Df,71~~~D§.’,71--~D£fl®w€M.

= DY NDi- Du(xja:) — Du(xy))DJ™ - DY\ DY 2DY 0. DY DETE L DE T @ w

The assertion follows from the above equation.
(5) By a straightforward calculation, we obtain

D (zj0a;) ‘Dfinﬁl . ‘.D;ﬂ*l DN DR ew
= (D; Du(zy2;) — Du(z;))D%*prPol...p7t...pPt.. . pP-l gy
J J (3 i+1 j I3

= Dfinjll . .D;?/—_ll Dy (xjm;) .D;’/—l ~-DEN DR ew

+ﬂiDiji’1Df;11 ... D;),—l . --Df,_l o DP g w
— DYDY DYN(Dy - Daleyw) — Da(e))DY 2 DY D @ w

J

+,BiDjD?i_1D:iD;11 e D;_’fl e Dipfl D lew
= Dfin;ll . D;’/—l . Df,_l ...DPL. Dy (zjiz:) @ w
(5.3) +B:D; DYDY DY D DR @ w e M.

(5.3) multiplied by Dy (2?9 2;,), then we have —(\;4+1)8; DY " .- Dyt DT DR
w € M. By the situation (5), we have the desired result.
(6) In the particular case, 8; = p — 2, we obtain

Dy (a( @D,y Drprrt.. i D Rw
= —(\+ 1)D§’;11 - DETN DR @ w.

For \; # —1, we obtain the asserted result, i.e., Df_;ll - DPl@we M. ]

5.3. Lemma. Suppose that M :=< u(H)DfJ:l1 . --Df,__llDiﬁi' Qw> forl <i<r. If
the following situations hold, respectively,

(1) A # 1,80 =p— 1.

(2) A = —1,8y #p— 1.

(3) \i = 0,8 # 1.

(4) There exists j' € Yo, 7+ 1 < j' <4 < m such that \; # —1 and 8;; =p— 1.

(5) There exists j' € Y, 7+ 1 < ¢’ < j* < m such that \; # 0 and 85 = 0. Then
Dril DT D T gwe M.

(6) If Ai # 0,8 =p—2, then DX} --- DY @w € M.



Proof. For 1 <i<r,

Dy (zz®)) . DPTL ... DE D @ w

il —1
= (Dy - D(zix®)) — Dy (wswy))DPIL - DEIDI T ow
(5.4) = %(—2)\1- + By — 1)fo;11 o Dflf_lngi/fl 2 w.

From (5.4), with the situations (1), (2) or (3), respectively, we can conclude
pril DT D T @we M.

i/ —1

(4) We see that DP | - - fo_llD;.’fQD;.’,;ll e fo_lngi'_l ® w € M. Hence, we have

p—1 p—1 p—2 yp—1 p—1 By
DH(le'i/) . DT+1 e D]»/_le/ Dj’+1 e Di’—lDi; X w

= DY3(Dy - Du(wjws) = Da(x;)DVyL - DYDY D2, - DR D ™ @ w
= —BuDPI---DETIDN T @we M.

=1

(5) For i < j, we have

Dy (wjayr) - DPTL---DETADY @w

i/ —1

(5.5)= DIl DYDY Dy(zjas) ®@w — By Dy DY DD T 9w e M.

i/ —1 r+1 /=1

(5.5) multiplied by Dy (a;2%")), we have Sy \;D¥71 - DL D' ' @ w e M.
(6) In particular, 8; = p — 2, we see that
DH(m((Pfl)si/)mi) . ij—ll ...pr1 D572 ®w

i/ —1
= —\DP DYl ®@we M.

d

k=1

5.1. Theorem. Mpy(B()\)) is simple, if (A1, , ;) # Y. —&¢, (the empty sum being
t=1

zero) for all 1 < k < r+ 1, where &; := (0,---,1,---,0) € Ng, 1 occurs at the ¢th place.

Proof. Let M’ be a nonzero submodule of My (B(A)). In the analogous proof for W
described above, we can get [] Df;l I[I D' [I Di®we M.

ta
t1=1 to=r+1 I=m+1

T m S
First, without loss of generality, we assume [] Dfl_l II Df;l I[1 Di®we M,

t1=1 to=r+1 l=m+1
for1<e<r.

(i) If Ay #0 and A; # —1. By (1) and (6) in Lemma 5.2, then we conclude that
f[ Dyt ﬁ Dyt 1‘[ Di@we M.
t1Zit1 to=r+1 I=m+1 }
(i) If A; = =1, and (A1, -+, Ar) # ﬁ —¢&k, then there exists j € Yp, such that
1<j<i<rand \j #—-1,ori<j<r, ::éh that A; # 0. By (4) or (5) of Lemma 5.2,
we get f[ Dyt ﬁ prt ﬁ Dowe M.

ta
t1=1+1 to=r+1 l=m+1

i—1

(iif) If Ay = 0, and (A1,--+,Ar) # [[ —ek, then there exists j € Y, such that
k=1

1<j<i—1,A #—-1,orl1<i<j<r, such that \; # 0. By (4) or (5) of Lemma



T S
5.2, weget [] Dyt H D ' Tl Di®w € M. Because i is arbitrary, we know
t1=1+1 to=7r+1 l=m+1
S
H DIt Il Di®ewe M.
to=r+1 l=m+1
i s
Weassume [] DI ' [] Di®w, for 1<i<r,
to=r+1 l=m+1

(1) If A\; # 0and \; # —1, by (1) and (6) of Lemma 5.3, we conclude that H Dy, YT D
to=r+1 I=m+1
weM.

(ii) If As = —1, and (A1, , Ar) # H —&k, then there exists j, 1 < j < ¢ < r such
that )\ 76 —1, or ¢ < j < r such that )\ 75 0. By (4) or (5) of Lemma 5.3, we conclude

that 1‘[ DIt Il Di®ewe M.

to=r+1 l=m+1
(iii) If A; = 0, and X # H —ek, then there exists j, 1 < j < ¢ < r such that

Aj # —1,0ri<j<r,such that Aj # 0. By (4) or (5) of Lemma 5.3, we conclude that
i +1 s El

I[I D" Il Dj®w e M' Because i is arbitrary, we know [] D;®@w € M.

to=r+1 j=m+1 l=m+1

The condition (1) implies that there exists ¢ € Yp, such that A; # 0. Then, for j € Y1,

DH(xixi/xj) . Dj D Quw

(7Dj . DH (ximizmj + DH([Eixi/))D]‘+1 e Ds QR w

)\iDj+1 cee Ds R w.

Along with the arbitrary j, it yields 1 ® w € M. Then My (B())) is simple. O
1
For the case of n = 2¢q + 1, we substitute P, := ( qu ﬁiq) in Lemma 5.1 with
- q 2*'q
10 0
P, := (0 Iy 31 > The remaining proof is treated similarly as above.
0 —ply %Iq

6. The simple module of Lie superalgebra K(m,n,1)
We first consider the case n = 2gq.

6.1. Lemma. A = ({—zzy,Zm,pzjoz; | 1 < i <rm+1<j< m+gq})isa
Jj+q, m+1<j<m+gq
j—q, m+qg+1<j<m+2q°
The positive root vectors of Ko are {—z;x;/,1 <i<j<r;xixj,1<i<j<r;x?,1<
LTy — 13@95] ”xlxjv,l<z'<rm+1<j<m+q,fxzxj+u:rixjv,1<i<rm+1<
+

Cartan subalgebra of Ko, where p?> = —1, j¥ = {

2 2
7 <m+gq; 21’31’l 4+ £ Sxjox; + £ Sxvxy + xjvazzv m+1<i<j<m+q z;z; + pric;
LT o +xlvx]v,m+ 1< <] < m+q}
Proof. Let ¢ : Ko — £ = {(¢! p') € pl(m — 1,n) | A{G + GAy = 0,B{G + C1
0, DY + D1 = 0} be a mapping of vector spaces, given by
ziw; = o (§)(—1)7 9 (Bijr + 0 (i)o(j)(—1)"OTOTTOTO B (1< < < sidj # m)
Tm +— 1 EF,
where G = (—IT IT), pl(m — 1,n) := plg(m — 1,n) @ ply(m — 1,n), for plg(m — 1,n) :=
{(‘%1 L())l) | Ay is the (m — 1) x (m — 1) matrix over F, D; is the n X n matrix over F},

ple(m — 1,n) == {(J ') | Bi is the (m — 1) x n matrix over F, Cy is the n x (m —



1) matrix over F}. It is obvious that Ko = Z®F =~ Z(P)®F := {P"'EP | E ¢ £} &F,

1
where P := (Ig“' P(')n )7 P, = (_quq é;‘; ) By a straight computation, we get the Cartan

subalgebra of .Z as
(P 0), (0 By —Byo 0 ) | 1<i<rym+1 <5 <m+q}),

and the positive root vectors are

{(E 70E”0) for 1 < i< j < ( /+E“0) for 1 <i<j < (E /0), for
lgiér;( EOU, )forl\zérm+1\j<m+q,(_O,i,El‘Ojv) for 1 <1<
T7m+1<. m+q7(0E 70Evv)7f0rm+1<7'< m+q7 (8E v*E”v)afor

m+1<i<j<m+gq}

By the isomorphism ¢, we can get the Cartan subalgebra of Ko is A = ({—zizy/, Tm, pxjvz; |
j+q¢ m+1<j<m+gq
J—q m+qg+1<j<m+2q°
Also, the positive root vectors of Ko are {—z;z;,1 <4 < j < rjax;,1 <i<j<
r)a?,l <i < Q:EZ:EJ —Sxiwie, 1 <i<r,m+ 1< <m+ g —mixy + prizgy, 1 <
i <rm+1 < j < m—!—q;%xjxi + Sxjvas + Sxiox; + %l’j“l’iv,m—Fl <1< g <
m+ q; ;T + pTiv T + pxiziv + xoxe,m+1<i<j<m+ gl O

1<i<r,m+l <j<mtq}), where p? = —1,5° = {

With respect to the Definition 2.1 and Lemma 6.1, we can get Va = {y € V' | (xszy)-
Y =AY, Tm W = Ay, (Tjz50) Yy = Ny, L <i<rym+ 1< j <m+q), where y is a
maximal vector and satisfies the following conditions,
(xixj) - y=0,for 1 <i,j<rorl1<i<ri <j<2r
(ziz;)  y=0,for 1<i<r,m+1<j<s;
(rizj + prjzw) -y=0,form+1<i<j<m+g;
(zizj — prjzw) -y=0,form+qg+1<i<j<s
6.1. Theorem. Mg (B(\)) is simple, if (A1, , Ar; Am) # G + (£k — 7 — 1)em, for
r—k+1
1<k<r+1,where(x = — > &; (the empty sum being zero), e; = (0,---,1,---,0) €
i=1

Ng“, 1 occurs at the ith place, for 1 <i < r+ 1.

Proof. Let M’ be a nonzero submodule of Mg (B(X)). Take a € M and a # 0. We note
a=Ygeoc(B)i (xl)ﬂ .. z(mm .. 'i(ws)ﬁsxgo ® bs,

where /6 - (/817"' 767)’17"' ,/83760)7 C(ﬂ) € IF7 ’Q{ = {a = Zk/@kek ‘ 0 < Bk g p— 1 for
1<k<m—1;Br=00r1form+1<k<stCZ ™t Write i(z;) = zj,i(1) = xo in
u(K).

Put ap =min{fo | a = Spewc(B)ait - abr - 285280 @bs, ¢(8) # 0}. Since [1,2°%] =
LTI 0% = Tao + 7 °™ holds in u(K). We can get

ah 0 = D ge(B)a i ~1:fsxg_1®b3/ € M', where 8 = (81, - - - By s, ap).
Put o :=min{Bi | a = greze(8)2it xfn PPt @ bgr, ¢(B') # 0}. Multiplying
Spreac(B)ait m/fn’\" cxParP T @ by by m’ffl* , we can obtain

Spncage(B)ah - a?f} e xPeah T @bgn € M, where 87 = (a1, B, - - - By Bs, ).

Eventually, we can conclude that
-1 m ,.Bm s,.p—1
(6.1) Zﬁ(m)edc(ﬁ(m))m’f Y . len x, B baim) € M,

where ﬁ(m> = (Oél,OéQ,"' 7am—17/3m7/8m+17"' 7/637a0)'



. _ ~ Bm . p—
Put am+1 ;:mln{ﬁm+1 | a = E,B(m)edc(ﬂ(m))xf 1...xm 11‘51 :Cm+-§1 If xg 1 ®

bgm), c(ﬁ(’")) # 0}. Multiplying (6.1) by mi,;_alm“ we can obtain

Eﬁ(mﬂkdc(ﬁ(m“))xf*l---;r: -~ 1x§,{”;r PR - ) s0my € M'. Finally, we can
conclude that there exists  such that c(n):cl_1 R llxm Tomt+1 - :Jcsxg_l ®b, € M,
where n = (a1, @2, , @m, Am+1, "+ , s, 0), ¢(n) # 0. Similarly to the discussion for
W, there exists a maximal vector w such that m]:llscf_l f[ 7 @w € M'. By Lemma
t=0 I=m+1

2.12 and Lemma 2.13 of [9], we can get [[ x ®w € M’. By our assumption, we know
l=m+1
that there exists i, for 1 < i < r or ¢ = m, such that \; # 0.

We assume H T ®@w € M, for j €Y.
=

If A #0, forl < 7, we have

(zimyrxy) - Hxl Qw

1=j

S
= (—zj - (mzpzy) — Tiwyr) H T, Qw

I=j+1
s
-\ H T Q@ w.
1=j+1

With the generality of j € Y1, we get 1 @ w € M.
If A # 0, then

(Tm1 -+ TsTm) - H I Quw
l=m+1

= (Tmt1 - (@Tmt1-TsTm) + (Tmt2 - TsTm)) H T Qw

l=m+2
(TsTm) - xs Qw
= —ImQw
—Am Q@ w.
We also can conclude that 1 ® w € M'. In other words, Mk (B())) is simple. O
For the case of n = 2¢ + 1, we substitute P, := (_quq éi‘;) in Lemma 6.1 with

1 0 0

1 o . . . .

P, := (0 1q g’q . The remaining proof is treated similarly as above.
0 —nlg B1,
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