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A Note On The Series Space ห𝑵ഥ 𝒑
𝜽ห(𝝁) 

Fadime GÖKÇE*1 

Abstract 

The series space ห𝑁ഥ௣
ఏห(𝜇) has recently been introduced and studied by Gökçe and Sarıgöl [1]. The main purpose of this 

paper is to determine the 𝛼 −, 𝛽 − and 𝛾 −duals of the space ห𝑁ഥ௣
ఏห(𝜇)  and to show that it is linearly isomorphic to 

the Maddox’s space 𝑙(𝜇).  
 
Keywords: Absolute summability, Sequence spaces, Weighted mean, Duals, Isomorphism 
 

 

1. INTRODUCTION 

Let 𝜔 denote the set of all (real or) complex valued 
sequences. Any vector subspace of 𝜔 is called as a 
sequence space. Let 𝑋, 𝑌 be any sequence spaces and 
𝐴 = (𝑎௡௩) be an infinite matrix of complex numbers. 
By 𝐴(𝑥)  =  ൫𝐴௡(𝑥)൯, we denote the 𝐴-transform of 
the sequence 𝑥 = (𝑥௩) if the series  

𝐴௡ (𝑥) = ෍ 𝑎௡ఔ𝑥ఔ

ஶ

ఔୀ଴

    

is convergent for any integer 𝑛. If 𝐴(𝑥) ∈ 𝑌, whenever 
𝑥 ∈ 𝑋, then it is said that 𝐴 defines a matrix 
transformation from 𝑋 into 𝑌, and the class of all 
infinite matrices 𝐴 such that 𝐴 ∶  𝑋 → 𝑌 is denoted by 
(𝑋, 𝑌). Besides, the matrix domain of an infinite matrix 
𝐴 in a sequence space 𝑋 is defined by 

𝑋஺  =  {𝑥 ∈ 𝜔: 𝐴(𝑥) ∈ 𝑋}.                   (1) 
The set 

𝑆(𝑋, 𝑌)  =  {𝑎 ∈ 𝜔: ∀𝑥 ∈ 𝑋, 𝑎𝑥 = (𝑎௞𝑥௞) ∈ 𝑌  } 
is called the multiplier space of 𝑋 and 𝑌. With this 
notation, the 𝛼 −, 𝛽 − and 𝛾 − duals of the space 𝑋 are 
identified as 

𝑋ఈ = 𝑆(𝑋, 𝑙), 𝑋ఉ = 𝑆(𝑋, 𝑐௦), 𝑋ఊ = 𝑆(𝑋, 𝑏௦). 
                                                           

* Corresponding Author 

1  

For 𝑐, 𝑙ஶ, 𝑐௦, 𝑏௦ and 𝑙௣  (1 ≤ 𝑝 <  ∞), we write the 
space of all convergent, bounded sequences and the 
space of all convergent, bounded, 𝑝 −absolutely 
convergent series, respectively. 
Also, the Maddox’s space defined by 

𝑙(𝜇) =  ൝𝑥 =  (𝑥௡) ∶ ෍|𝑥௡|ఓ೙

ஶ

௡ୀ଴

< ∞ൡ 

has an important role in summability theory. Note that 
𝑙(𝜇) is an 𝐹𝐾 space according to its paranorm given by 

𝑔(𝑥) =  ൭෍|𝑥௞|ఓೖ

ஶ

௞ୀ଴

൱

ଵ\ெ

 

where 𝑀 =  max {1; sup௞ 𝜇௞} ([2], [3], [4]). 
 
Let ∑ 𝑎ఔ be an infinite series with the sequence of 
partial sum (𝑠௡), 𝜃 = (𝜃௡) be any sequence of positive 
real numbers and 𝜇 = (𝜇௡) be any bounded sequence 
of positive real numbers. The series ∑ 𝑎ఔ is said to be 
summable |𝐴,  𝜃௡|(𝜇)  if 

෍ 𝜃௡
ఓ೙షభ|𝐴௡ (𝑠) − 𝐴௡ିଵ (𝑠)|ఓ೙ <

ஶ

௡ୀଵ

∞             (2) 
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[1]. It should be noted that the concept of the 
summability |𝐴,  𝜃௡|(𝜇)  includes the some well known 
summability methods for special cases of the sequences 
𝜇, 𝜃 and the matrix 𝐴 (see, for example, [5], [6], [7], 
[8], [10], [11]). If we take the weighted mean matrix 
instead of 𝐴, the summability |𝐴,  𝜃௡|(𝜇) is reduced to 
the summability |𝑁ഥ, 𝑝௡, 𝜃௡|(𝜇) and also the space of all 
series summable by this method is defined as follows 
([1]): 

ห 𝑁ഥ௣
ఏห(𝜇) = ൝𝑎 ∶ ෍ 𝜃௡

ఓ೙షభ

ஶ

௡ୀଵ

อ
𝑝௡

𝑃௡𝑃௡ିଵ

෍ 𝑃ఔିଵ𝑎ఔ

௡

ఔୀଵ

อ

ఓ೙

< ∞ൡ. 

 
One can give the weighted mean matrix by 

𝑎௡ఔ = ൜
𝑝௩ 𝑃௡, 0 ≤ 𝜈 ≤ 𝑛⁄

0, 𝜈 > 𝑛.
 

According to the notation of the domain given by (2), 
this space can be redefined by ห 𝑁ഥ௣

ఏห(𝜇) = 
൫𝑙(𝜇)൯

்(ఏ,ఓ,௣)
, where the matrix 𝑇(𝜃, 𝜇, 𝑝) is given by 

 𝑡௡ఔ(𝜃, 𝜇, 𝑝) = ൞  

  1,                      𝑛 = 0, 𝜈 = 0           

𝜃௡
ଵ ఓ೙

∗⁄ ௣೙௉ഌషభ

௉೙௉೙షభ
,   1 ≤ 𝜈 ≤ 𝑛                

  0,                        𝜈 > 𝑛,                  (3)

 

 
whose inverse 𝑆(𝜃, 𝜇, 𝑝) is 
 

𝑠௡ఔ(𝜃, 𝜇, 𝑝) =

⎩
⎪⎪
⎨

⎪⎪
⎧

                 
 1,                          𝑛 = 𝑣 = 0       

−𝜃௡ିଵ
ିଵ ఓ೙షభ

∗⁄ 𝑃௡ିଶ

𝑝௡ିଵ
, 𝜈 = 𝑛 − 1         

    

𝜃௡
ିଵ ఓ೙

∗⁄ 𝑃௡

𝑝௡
,               𝜈 = 𝑛             (4) 

   0,                         𝜈 ≠ 𝑛 − 1, 𝑛    

  

 

 
where 0 <  𝑖𝑛𝑓𝜇௡ ≤  𝐻 < ∞ and 𝜇௡

∗  is the conjugate 
of 𝜇௡, i.e. 1 𝜇௡ +⁄  1 𝜇௡

∗⁄ = 1, 𝜇௡ > 1, and 1 𝜇௡
∗⁄ = 0 

for 𝜇௡ = 1. 
In this paper, we show that the space ห𝑁ഥ௣

ఏห(𝜇) is 
isometrically isomorphic to the space 𝑙(𝜇) and compute 
its 𝛼 −, 𝛽 − and 𝛾 −duals. 
 
Firstly, we consider following conditions:  
(a)  There exists an integer 𝑀 >  1 such that 

sup ቐ෍ อ෍ 𝑎௡ఔ𝑀ିଵ

௡∈ே

อ

ఓഌ
∗

: 𝑁 ⊂ ℕ finite

ஶ

ఔୀ଴

ቑ < ∞. 

(b)  There exists an integer 𝑀 >  1 such that 

sup
ఔ

෍ห𝑎௡ఔ𝑀ିଵ ఓഌ⁄ ห

ஶ

௡ୀ଴

< ∞.          

(c)    lim
௡

𝑎௡ఔ exists for each 𝜈. 

(d)    sup
௡,௩

|𝑎௡ఔ|ఓഌ < ∞. 

(e) There exists an integer 𝑀 >  1 such that 

sup
௡

෍|𝑎௡ఔ𝑀ିଵ|ఓഌ
∗

ஶ

ఔୀ଴

< ∞.          

Now, we express the lemmas which characterize some 
well known classes of infinite matrices. 
 
Lemma 1.1 Let 𝜇 = (𝜇௩) be arbitrary bounded 
sequences of strictly positive numbers. For all 𝑣 ∈ ℕ, 
(i) If 𝜇௩  >  1, then 𝐴 ∈  (𝑙(𝜇), 𝑙) if and only if (a) 
holds. 
(ii) If 𝜇ఔ ≤ 1, then 𝐴 ∈  (𝑙(𝜇), 𝑙) if and only if (b) 
holds. 
(iii) If 𝜇ఔ ≤ 1, then 𝐴 ∈  (𝑙(𝜇), 𝑐) if and only if (c) and 
(d) hold. 
(iv) If 𝜇ఔ ≤ 1, then 𝐴 ∈  (𝑙(𝜇), 𝑙ஶ) iff (d) holds. 
(v) If 𝜇௩  >  1, then 𝐴 ∈  (𝑙(𝜇), 𝑐) if and only if (c) and 
(e) hold. 
(vi) If 𝜇௩  >  1, then 𝐴 ∈  (𝑙(𝜇), 𝑙ஶ) iff (e) holds, 
([12]). 
 
Lemma 1.2 Let 𝐴 = (𝑎௡ఔ) be an infinite matrix with 
complex numbers, (𝜇௩) be a bounded sequence of 
positive numbers. If 𝑈ఓ [𝐴] < ∞  or 𝐿ఓ [𝐴] < ∞, then 
 

(2𝐾)ିଶ𝑈ఓ [𝐴] ≤ 𝐿ఓ [𝐴] ≤ 𝑈ఓ [𝐴], 
 
where 𝐾 = max{1, 2ுିଵ} , 𝐻 = supఔ 𝜇ఔ, 

𝑈ఓ  [𝐴]  = ෍ ൭෍|𝑎௡ఔ|

ஶ

௡ୀ଴

൱

ఓഌஶ

ఔୀ଴

 

and 

𝐿ఓ [𝐴] = sup ൝෍ อ෍ 𝑎௡ఔ

௡∈ே

อ

ఓഌ

: 𝑁 ⊂ ℕ finite

ஶ

ఔୀ଴

ൡ, 

([9]). 
 
Lemma 1.3 Let 𝜃 = (𝜃௡) be a sequence of positive 
numbers and 𝜇 = (𝜇௡) be bounded sequence of 
positive numbers. Then, the set ห 𝑁ഥ௣

ఏห(𝜇) is a linear 
space with the coordinate-wise addition and scalar 
multiplication. Also, the space ห 𝑁ഥ௣

ఏห(𝜇) is an 𝐹𝐾-space 
with 𝐴𝐾 under the paranorm 

‖𝑥‖
หேഥ೛

ഇห(ఓ)  

= ቌ|𝑥଴| +  ෍ 𝜃௡
ఓ೙షభ อ

𝑝௡

𝑃௡𝑃௡ିଵ
෍ 𝑃ఔିଵ𝑥ఔ

௡

௩ୀଵ

อ

ఓ೙ஶ

௡ୀଵ

ቍ

ଵ ெ⁄

 

  
where 𝑀 = max {1, sup௡ 𝜇௡}, ([1]). 
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2. MAIN RESULTS 

Theorem 2.1 Assume that 𝜇 = (𝜇௩)  be a bounded 
sequence of positive numbers and 𝜃 = (𝜃௡) be a 
sequence of positive numbers. Then, the space 
ห 𝑁ഥ௣

ఏห(𝜇) is linear isomorphic to 𝑙(𝜇); that is, 
ห 𝑁ഥ௣

ఏห(𝜇)  ≅ 𝑙(𝜇). 
 
Proof We should show the existence of a linear 
bijection map preserving the paranorm between the 
spaces ห 𝑁ഥ௣

ఏห(𝜇) and 𝑙(𝜇). Now, consider the map 
𝑇௡(𝜃, 𝜇, 𝑝): ห 𝑁ഥ௣

ఏห(𝜇) → 𝑙(𝜇) given by 
𝑇଴(𝜃, 𝜇, 𝑝)(𝑥) = 𝑥଴, 

𝑇௡(𝜃, 𝜇, 𝑝)(𝑥) = 𝜃௡
ଵ ఓ೙

∗⁄ 𝑝௡

𝑃௡𝑃௡ିଵ
෍ 𝑃ఔିଵ𝑥ఔ

௡

௩ୀଵ

, 𝑛 ≥ 1. 

Since the matrix corresponding to this map given by (3) 
is a triangle, it is clear that 𝑇(𝜃, 𝜇, 𝑝) is a linear 
bijection map. If 𝑥 ∈ ห𝑁ഥ௣

ఏห(𝜇), then 𝑇(𝜃, 𝜇, 𝑝)(𝑥) ∈

𝑙(𝜇) and so we get 

         ‖𝑥‖
ห ேഥ೛

ഇห(ఓ) = ൭ ෍|𝑇௡(𝜃, 𝜇, 𝑝)|ఓ೙

ஶ

௡ୀ଴

൱

ଵ ெ⁄

= ‖𝑇(𝜃, 𝜇, 𝑝)(𝑥)‖௟(ఓ).     

 
So, 𝑇(𝜃, 𝜇, 𝑝)(𝑥) preserves the paranorm which 
completes the proof. 
 
In the following, we express and prove the theorems 
determining 𝛼 −, 𝛽 − and 𝛾 −duals of the space 
ห𝑁ഥ௣

ఏห(𝜇). Note that taking 𝜃଴ = 1 does not disrupt the 
generality. Hence, in the following proofs, we will 
accept 𝜃଴ = 1. 
 
Theorem 2.2 Let  𝜃 = (𝜃௩) be a sequence of positive 
numbers and 𝜇 = (𝜇௩) be a bounded sequence of 
positive numbers. If 𝜇௩ > 1, for all 𝑣, then there exists 
an integer 𝑀 >  1 such that 

൛ห𝑁ഥ௣
ఏห(𝜇)ൟ

ఈ
= ൝𝜀 ∈ 𝜔: ෍

(𝑀𝑝௩)ିଵ ఓೡ
∗⁄

𝜃௩

ஶ

௩ୀଵ

(𝑃௩|𝜀௩|

+ 𝑃௩ିଵ|𝜀௩ାଵ|)ఓೡ
∗

< ∞ൡ, 

and if 𝜇ఔ ≤ 1, for all 𝑣, then there exists an integer 
𝑀 >  1 such that 

൛ห𝑁ഥ௣
ఏห(𝜇)ൟ

ఈ
= ൝𝜀 ∈ 𝜔:  sup

௩

𝜃௩
ିଵ ఓೡ

∗⁄
𝑀ିଵ ఓೡ⁄

𝑝௩

(𝑃௩|𝜀௩|

+ 𝑃௩ିଵ|𝜀௩ାଵ|) < ∞ൡ. 

Proof Let us define the matrix  𝐶 =  (𝑐௡ఔ) as follows: 

𝑐௡ఔ =

⎩
⎪
⎨

⎪
⎧ 𝜃௡

ିଵ ఓ೙
∗⁄ 𝑃௡

𝑝௡
𝜀௡,               𝑣 = 𝑛

−𝜃௡ିଵ
ିଵ ఓ೙షభ

∗⁄ 𝑃௡ିଶ

𝑝௡ିଵ
𝜀௡,   𝑣 = 𝑛 − 1

       0,                                 𝑣 ≠ 𝑛 − 1, 𝑛.

 

It can be easily seen from the inverse of 𝑇(𝜃, 𝜇, 𝑝) that 

𝜀௡𝑥௡ = 𝜀଴𝑇଴(𝜃, 𝜇, 𝑝) + 𝜀௡ ൬𝜃௡
ିଵ ఓ೙

∗⁄ 𝑃௡

𝑝௡
𝑇௡(𝜃, 𝜇, 𝑝) 

 

−𝜃௡ିଵ
ିଵ ఓ೙షభ

∗⁄ 𝑃௡ିଶ

𝑝௡ିଵ
𝑇௡ିଵ(𝜃, 𝜇, 𝑝)൱       

= ෍ 𝑐௡ఔ𝑇௩(𝜃, 𝜇, 𝑝) 

௡

௩ୀ଴

                         

Therefore, we obtain that since 𝑇(𝜃, 𝜇, 𝑝)(𝑥) ∈ 𝑙(𝜇) 

whenever 𝑥 ∈ ห𝑁ഥ௣
ఏห(𝜇),  𝜀 ∈ ൛ห𝑁ഥ௣

ఏห(𝜇)ൟ
ఈ

 if and only if  
𝐶 ∈  (𝑙(𝜇), 𝑙). With applying the Lemma 1.1 and 
Lemma 1.2 to the matrix 𝐶, we get the desired results. 
 
Theorem 2.3 Suppose that  𝜃 = (𝜃௩) be a sequence of 
positive numbers and 𝜇 = (𝜇௩) be a bounded sequence 
of positive numbers. Define 

𝐷ଵ = ൝𝜀 ∈ 𝜔:  sup
௡

൭෍
𝑀ିଵ ఓೡ

∗⁄

𝜃௩

௡ିଵ

௩ୀ଴

ฬ
𝑃௩

𝑝௩
∆𝜀௩ + 𝜀௩ାଵฬ

ఓೡ
∗

+
𝑀ିଵ ఓ೙

∗⁄

𝜃௡
ฬ
𝑃௡

𝑝௡
𝜀௡ฬ

ఓ೙
∗

൱ < ∞ൡ, 

𝐷ଶ = ቊ𝜀 ∈ 𝜔:  sup
௡

ቆฬ𝜃௡
ିଵ ఓ೙

∗⁄
൬

𝑃௡

𝑝௡
∆𝜀௡ + 𝜀௡ାଵ൰ฬ

ఓ೙

+ ฬ𝜃௡
ିଵ ఓ೙

∗⁄ 𝑃௡

𝑝௡
𝜀௡ฬ

ఓ೙

ቇ < ∞ቋ 

where  ∆𝜀௩ = 𝜀௩ − 𝜀௩ାଵ for all 𝑣 ≥ 0. Then, for all 𝑣, 

(i) if 𝜇௩ > 1, then ൛ห𝑁ഥ௣
ఏห(𝜇)ൟ

ఉ
= 𝐷ଵ, 

(ii) if 𝜇௩ ≤ 1, then ൛ห𝑁ഥ௣
ఏห(𝜇)ൟ

ఉ
= 𝐷ଶ. 

 

Proof Recall that 𝜀 ∈ ൛ห𝑁ഥ௣
ఏห(𝜇)ൟ

ఉ
 if and only if 𝜀𝑥 ∈ 𝑐௦ 

whenever 𝑥 ∈ ห𝑁ഥ௣
ఏห(𝜇). It can be written by (4) that 

෍ 𝜀௞ 𝑥௞ 

௡

௞ୀ଴

= 𝑇଴(𝜃, 𝜇, 𝑝)𝜀଴ + ෍ 𝜀௞ ൭𝜃
௞

ିଵ
ఓೖ

∗ 𝑃௞

𝑝௞

𝑇௞(𝜃, 𝜇, 𝑝)

௡

௞ୀଵ

 

 

                      −𝜃௞ିଵ

ିଵ ఓೖషభ
∗⁄ 𝑃௞ିଶ

𝑝௞ିଵ
𝑇௞ିଵ(𝜃, 𝜇, 𝑝)൱                    

= 𝑇଴(𝜃, 𝜇, 𝑝)𝜀଴ + ෍ 𝜃
௞

ିଵ
ఓೖ

∗ 𝑃௞

𝑝௞

௡

௞ୀଵ

𝑇௞(𝜃, 𝜇, 𝑝)𝜀௞       

− ෍ 𝜃௞ିଵ

ିଵ
ఓೖషభ

∗
௡

௞ୀଵ

𝑃௞ିଶ

𝑝௞ିଵ
𝑇௞ିଵ(𝜃, 𝜇, 𝑝)𝜀௞               

= 𝑇଴(𝜃, 𝜇, 𝑝)𝜀଴+𝜃௡
ିଵ ఓ೙

∗⁄ ௉೙

௣೙
𝑇௡(𝜃, 𝜇, 𝑝)𝜀௡ 
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+ ෍
𝜃௞

ିଵ
ఓೖ

∗

𝑝௞

௡ିଵ

௞ୀଵ

(𝜀௞ 𝑃௞ − 𝜀௞ାଵ𝑃௞ିଵ )𝑇௞(𝜃, 𝜇, 𝑝) 

= 𝜃௡
ିଵ ఓ೙

∗⁄ 𝑃௡

𝑝௡
𝑇௡(𝜃, 𝜇, 𝑝)𝜀௡        

                    + ෍
𝜃௞

ିଵ ఓೖ
∗⁄

𝑝௞

௡ିଵ

௞ୀ଴

(𝑃௞∆𝜀௞ + 𝜀௞ାଵ𝑝௞)𝑇௞(𝜃, 𝜇, 𝑝) 

= ෍ 𝑏௡௞𝑇௞(𝜃, 𝜇, 𝑝)  

௡

௞ୀ଴

                  

where 𝐵 = (𝑏௡௞) is given by 

𝑏௡௞ =

⎩
⎪
⎨

⎪
⎧ 𝜃௡

ିଵ ఓ೙
∗⁄ 𝑃௡

𝑝௡
𝜀௡,                    𝑘 = 𝑛           

𝜃௞

ିଵ ఓೖ
∗⁄

𝑝௞

(𝑃௞∆𝜀௞ + 𝜀௞ାଵ𝑝௞), 0 ≤ 𝑘 ≤ 𝑛 − 1

0,                                𝑘 > 𝑛.

 

 
Since 𝑇(𝜃, 𝜇, 𝑝)(𝑥) ∈ 𝑙(𝜇) whenever 𝑥 ∈ ห𝑁ഥ௣

ఏห(𝜇), it is 

clear that 𝜀 ∈ ൛ห𝑁ഥ௣
ఏห(𝜇)ൟ

ఉ
 if and only if 𝐵 ∈  (𝑙(𝜇), 𝑐). 

So, it follows from Lemma 1.1 that if 𝜇௩ >  1 for all 𝑣, 
then 𝜀 ∈ 𝐷ଵ; otherwise 𝜀 ∈ 𝐷ଶ. 
 
Theorem 2.4 Let  𝜃 = (𝜃௩) be a sequence of positive 
numbers and 𝜇 = (𝜇௩) be a bounded sequence of 
positive numbers. Then, for all 𝑣, 

(i) ൛ห𝑁ഥ௣
ఏห(𝜇)ൟ

ఊ
= 𝐷ଵ where 𝜇௩ > 1, 

(ii) ൛ห𝑁ഥ௣
ఏห(𝜇)ൟ

ఊ
= 𝐷ଶ where 𝜇௩ ≤ 1. 

Since the proof is simple and similar, we omitted it. 
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