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On universal central extensions of Hom-Lie
algebras
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Abstract
We develop a theory of universal central extensions of Hom-Lie alge-
bras. Classical results of universal central extensions of Lie algebras
cannot be completely extended to Hom-Lie algebras setting, because
of the composition of two central extensions is not central. This fact
leads to introduce the notion of universal α-central extension. Classi-
cal results as the existence of a universal central extension of a perfect
Hom-Lie algebra remains true, but others as the central extensions of
the middle term of a universal central extension is split only holds for
α-central extensions. A homological characterization of universal (α)-
central extensions is given.
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1. Introduction
The Hom-Lie algebra structure was initially introduced in [4] motivated by examples

of deformed Lie algebras coming from twisted discretizations of vector fields. Hom-Lie
algebras are K-vector spaces endowed with a bilinear skew-symmetric bracket satisfying a
Jacobi identity twisted by a map. When this map is the identity map, then the definition
of Lie algebra is recovered.

The study of this algebraic structure was the subject of several papers [4, 7, 8, 9, 11]. In
particular, a (co)homology theory for Hom-Lie algebras, which generalizes the Chevalley-
Eilenberg (co)homology for a Lie algebra, was the subject of [1, 2, 3, 10, 12].
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In the classical setting, homology theory is closely related with universal central ex-
tensions. Namely, the second homology with trivial coefficients group is the kernel of the
universal central extension and universal central extensions are characterized by means
of the first and second homologies with trivial coefficients.

Our goal in the present paper is to investigate if the homology for Hom-Lie algebras
introduced in [10, 12] allows the characterization of universal central extensions of Hom-
Lie algebras in terms of Hom-Lie homologies. A similar study for Hom-Leibniz algebras
homology can be seen in [3]. But when we try to generalize the classical results of
universal central extensions theory of Lie algebras to Hom-Lie algebras an important
problem occurs, namely the composition of central extensions is not central in general,
as Example 4.9 shows. This fact doesn’t allow a complete generalization of classical
results, however requires the introduction of a new concept of centrality for Hom-Lie
algebra extensions.

To show our results, we organize the paper as follows: in Section 2 we recall some
basic needed material on Hom-Lie algebras, the notions of center, commutator and mod-
ule. In order to have examples, we include the classification of two-dimensional complex
Hom-Lie algebras. In section 3 we recall the chain complex given in [12] and we prove
its well-definition by means of the Generalized Cartan’s formulas; the interpretation of
low-dimensional homologies is given. In section 4 we present our main results on univer-
sal central extensions, namely we extend classical results and present a counter-example
showing that the composition of two central extension is not a central extension (see
Example 4.9). This fact lead us to define α-central extensions as extensions for which
the image by the twisting endomorphism α of the kernel is included in the center of the
middle Hom-Lie algebra. We can extend classical results as: a Hom-Lie algebra is perfect
if and only if admits a universal central extension and the kernel of the universal central
extension is the second homology with trivial coefficients of the Hom-Lie algebra. Nev-
ertheless, other result as: if a central extension 0→ (M,αM )

i→ (K,αK)
π→ (L,αL)→ 0

is universal, then (K,αK) is perfect and every central extension of (K,αK) is split only
holds for universal α-central extensions, which means that only lifts on α-central ex-
tensions. Other relevant result, which cannot be extended in the usual way, is: if
0 → (M,αM )

i→ (K,αK)
π→ (L,αL) → 0 is a universal α-central extension, then

Hα
1 (K) = Hα

2 (K) = 0. Of course, when the twisting endomorphism is the identity
morphism, then all the new notions and all the new results coincide with the classical
ones.

2. Hom-Lie algebras
2.1. Definition. [4] A Hom-Lie algebra is a triple (L, [−,−], αL) consisting of a K-vector
space L, a bilinear map [−,−] : L× L→ L and a K-linear map αL : L→ L satisfying:

a) [x, y] = −[y, x] (skew-symmetry)
b) [αL(x), [y, z]] + [αL(z), [x, y]] + [αL(y), [z, x]] = 0 (Hom-Jacobi identity)

for all x, y, z ∈ L.

In terms of the adjoint representation adx : L → L, adx(y) = [x, y], the Hom-Jacobi
identity can be written as follows [7]:

adαL(z) ◦ ady = adαL(y) ◦ adz + ad[z,y] ◦ αL

2.2. Definition. [10] A Hom-Lie algebra (L, [−,−], αL) is said to be multiplicative if
the linear map αL preserves the bracket.

2.3. Example.



a) Taking αL = Id in Definition 2.1 we obtain the definition of a Lie algebra.
Hence Hom-Lie algebras include Lie algebras as a subcategory, thereby motivat-
ing the name "Hom-Lie algebras" as a deformation of Lie algebras twisted by
an endomorphism. Moreover it is a multiplicative Hom-Lie algebra.

b) Let (A,µA, αA) be a multiplicative Hom-associative algebra [7]. Then HLie(A)
= (A, [−,−], αA) is a multiplicative Hom-Lie algebra in which [x, y] = µA(x, y)−
µA(y, x), for all x, y ∈ A [7, 10].

c) Let (L, [−,−]) be a Lie algebra and α : L → L be a Lie algebra endomor-
phism. Define [−,−]α : L ⊗ L → L by [x, y]α = α[x, y], for all x, y ∈ L. Then
(L, [−,−]α, α) is a multiplicative Hom-Lie algebra [10, Th. 5.3].

d) Abelian or commutative Hom-Lie algebras are K-vector spaces V with trivial
bracket and any linear map α : V → V [4].

e) The Jackson Hom-Lie algebra sl2(K) is a Hom-Lie deformation of the classical
Lie algebra sl2(K) defined by [h, f ] = −2f, [h, e] = 2e, [e, f ] = h. The Jackson
sl2(K) is related to derivations. As a K-vector space is generated by e, f, h with
multiplication given by [h, j]t = −2f − 2tf, [h, e]t = 2e, [e, f ]t = h + t

2
h and

the linear map αt is defined by αt(e) = 2+t
2(1+t)

e = e +

∞∑
k=0

(−1)k

2
tke, αt(h) =

h, αt(f) = f +
t

2
f [8].

f) For examples coming from deformations we refer to [10].

2.4. Definition. A homomorphism of Hom-Lie algebras f : (L, [−,−], αL)→ (L′, [−,−]′, αL′)
is a K-linear map f : L→ L′ such that

a) f([x, y]) = [f(x), f(y)]′

b) f ◦ αL(x) = αL′ ◦ f(x)

for all x, y ∈ L.
The Hom-Lie algebras (L, [−,−], αL) and (L′, [−,−]′, αL′) are isomorphic if there is

a Hom-Lie algebras homomorphism f : (L, [−,−], αL) → (L′, [−,−]′, αL′) such that
f : L→ L′ is bijective.

A homomorphism of multiplicative Hom-Lie algebras is a homomorphism of the un-
derlying Hom-Lie algebras.

So we have defined the category Hom− Lie (respectively, Hom− Liemult) whose objects
are Hom-Lie (respectively, multiplicative Hom-Lie) algebras and whose morphisms are
the homomorphisms of Hom-Lie (respectively, multiplicative Hom-Lie) algebras. There
is an obvious inclusion functor inc : Hom− Liemult → Hom− Lie. This functor has as left
adjoint the multiplicative functor (−)mult : Hom− Lie → Hom− Liemult which assigns
to a Hom-Lie algebra (L, [−,−], αL) the Hom-Lie multiplicative algebra (L/I, [−,−], α),
where I is the ideal of L spanned by the elements αL[x, y]−[αL(x), αL(y)], for all x, y ∈ L
and α is induced by α.

In the sequel we refer Hom-Lie algebra to a multiplicative Hom-Lie algebra and we
will use the short notation (L,αL) when there is not confusion with the bracket.

Let (L, [−,−], αL) be an n-dimensional Hom-Lie algebra with basis {a1, a2, . . . , an}
and endomorphism αL represented by the matrix A = (αij) with respect to the given
basis. To determine its algebraic structure is enough to know its structure constants,

i.e. the scalars ckij such that [ai, aj ] =

n∑
k=1

ckijak, and the entries αij corresponding to the

matrix A. These terms are related according to the following



2.5. Proposition. (see also [7]) Let (L, [−,−], αL) be a Hom-Lie algebra with basis
{a1, a2, . . . , an}. Let ckij , 1 ≤ i, j, k ≤ n be the structure constants relative to this basis
and αij , 1 ≤ i, j ≤ n the entries of the matrix A associated to the endomorphism αL
with respect to the given basis. Then (L, [−,−], αL) is a Hom-Lie algebra if and only if
the structure constants and the entries αij satisfy the following properties:

a) ckij + ckji = 0, 1 ≤ i, j, k ≤ n; ckii = 0, 1 ≤ i, k ≤ n, char(K) 6= 2.

b)
n∑
p=1

αpi

(
n∑
q=1

cqjkc
l
pq

)
+

n∑
p=1

αpk

(
n∑
q=1

cqijc
l
pq

)
+

n∑
p=1

αpj

(
n∑
q=1

cqkic
l
pq

)
= 0,

1 ≤ i, j, k, l,≤ n.

Proof.
a) There is not difference with Lie-algebras case [6].

b) Applying Hom-Jacobi identity 2.1 b):

[α(ai), [aj , ak]] + [α(ak), [ai, aj ]] + [α(aj), [ak, ai]] = 0

[

n∑
l=1

αlial,

n∑
m=1

cmjkam] + [

n∑
p=1

αpkap,

n∑
q=1

cqijaq] + [

n∑
r=1

αrjar,

n∑
s=1

cskias] = 0

n∑
p=1

αpi

(
n∑
q=1

cqjk[ap, aq]

)
+

n∑
p=1

αpk

(
n∑
q=1

cqij [ap, aq]

)
+

n∑
p=1

αpj

(
n∑
q=1

cqki[ap, aq]

)
= 0

n∑
l=1

{
n∑
p=1

αpi

(
n∑
q=1

cqjkc
l
pq

)
+

n∑
p=1

αpk

(
n∑
q=1

cqijc
l
pq

)
+

n∑
p=1

αpj

(
n∑
q=1

cqkic
l
pq

)}
al = 0

2

2.6. Lemma. The Hom-Lie algebras (L, [−,−], αL) and (L, [−,−]′, αL′) with same un-
derlying K-vector space are isomorphic if and only if there exists a regular matrix P
such that A′ = P−1.A.P and P.[ai, aj ] = [P.ai, P.aj ]

′, where A,A′ and P denote the cor-
responding matrices representing αL, αL′ and f with respect to the basis {a1, . . . , an},
respectively.

Proof. The fact comes directly from Definition 2.4. 2

2.7. Proposition. The 2-dimensional complex multiplicative Hom-Lie algebras with
basis {a1, a2} are isomorphic to one in the following isomorphism classes:

a) Abelian.

b) [a1, a2] = −[a2, a1] = a1 and αl is represented by the matrix
(

0 α12

0 α22

)
.

c) [a1, a2] = −[a2, a1] = a1 and αL is represented by the matrix
(
α11 α12

0 1

)
,

with α11 6= 0.

Proof. From the skew-symmetry condition we have that [a1, a1] = [a2, a2] = 0 and
[a1, a2] = −[a2, a1] = x.a1 + y.a2. The Hom-Jacobi identity 2.1 b) is satisfied indepen-
dently of the homomorphism αL. So we only have restrictions coming from the fact that

the C-linear map αL : L → L represented by the matrix
(
α11 α12

α21 α22

)
must preserve

the bracket.

First at all, we apply the change of basis given by the equations
{
a′1 = x.a1 + y.a2
a′2 = 1

x
.a2

, if

x 6= 0, and
{
a′1 = a2
a′2 = − 1

y
.a1

, if x = 0 and y 6= 0, to normalize the bracket, obtaining the

bracket [a′1, a
′
1] = [a′2, a

′
2] = 0, [a′1, a

′
2] = −[a′2, a

′
1] = p.a′1, for p = 0, 1.



From the fact that αL : L→ L preserves the bracket, we derive the following equations:

(α11α22 − α21α12).p = p.α11

p.α21 = 0

}
which reduces to the following system:

p.α11.(α22 − 1) = 0
p.α21 = 0

}
Hence, for p = 0 the system is trivially satisfied. All the matrices representing αL are
valid and the bracket is trivial, so (L, [−,−], αL) is an abelian Hom-Lie algebra. In case
p = 1, we derive the matrices corresponding to the cases b) and c).

The different classes obtained are not pairwise isomorphic thanks to Lemma 2.6. 2

2.8. Remark.
a) Two algebras of the class b) in Proposition 2.7, with endomorphisms given by the

matrices
(

0 α12

0 α22

)
and

(
0 β12
0 β22

)
, are isomorphic if and only if α22 = β22

and β12 = p.α12 + q.α22, p, q ∈ C, p 6= 0.
b) Two algebras of the class c) in Proposition 2.7, with endomorphisms given by

the matrices
(
α11 α12

0 1

)
and

(
β11 β12
0 1

)
, are isomorphic if and only if

α11 = β11 and β12 = p.α12 − q.α11 + q, p, q ∈ C, p 6= 0.
c) Obviously if Φ : (L, [−,−], αL)→ (L, [−,−]′, αL′) is an isomorphism of Hom-Lie

algebras, then det(αL) = det(α′L). Consequently, if det(αL) 6= det(α′L), then the
Hom-Lie algebras are not isomorphic.

d) The following table shows by means of its algebraic properties that the classes
given in Proposition 2.7 are not pairwise isomorphic.

Abelian det(α)

2.7 a) Yes
2.7 b) Non 0
2.7 c) Non 6= 0

Complex two-dimensional Hom-Lie algebras

2.9. Definition. Let (L, [−,−], αL) be a Hom-Lie algebra. A Hom-Lie subalgebra
(H,αH) of (L, [−,−], αL) is a linear subspace H of L, which is closed for the bracket
and invariant by αL, that is,

a) [x, y] ∈ H, for all x, y ∈ H.
b) αL(x) ∈ H, for all x ∈ H (αH = αL|).

A Hom-Lie subalgebra (H,αH) of (L, [−,−], αL) is said to be a Hom-ideal if [x, y] ∈ H
for all x ∈ H, y ∈ L.

If (H,αH) is a Hom-ideal of (L, [−,−], αL), then (L/H, [−,−], αL) naturally inherits
a structure of Hom-Lie algebra, which is said to be the quotient Hom-Lie algebra.

2.10. Definition. Let (H,αH) and (K,αK) be Hom-ideals of a Hom-Lie algebra (L, [−,−], αL).
The commutator Hom-Lie subalgebra of (H,αH) and (K,αK), denoted by ([H,K], α[H,K]),
is the Hom-subalgebra of (L, [−,−], αL) spanned by the brackets [h, k], h ∈ H, k ∈ K.

2.11. Lemma. Let (H,αH) and (K,αK) be Hom-ideals of a Hom-Lie algebra (L, [−,−], αL).
The following statements hold:

a) (H ∩K,αH∩K) and (H +K,αH+K) are Hom-ideals of (L,αL).
b) [H,K] ⊆ H ∩K.
c) ([H,K], α[H,K]) is a Hom-ideal of (L,αL) when αL is surjective.
d) ([H,K], α[H,K]) is a Hom-ideal of (H,αH) and (K,αK), respectively.



f) If H = K = L, then ([L,L], α[L,L]) is a Hom-ideal of (L,αL).

2.12. Lemma. Let (H,αH) and (K,αK) be Hom-ideals of a Hom-Lie algebra (L, [−,−], αL)
such that H,K ⊆ αL(L), then ([H,K], α[H,K]) is a Hom-ideal of (αL(L), [−,−], αL|).

2.13. Definition. The center of a Hom-Lie algebra (L, [−,−], αL) is the K-vector sub-
space

Z(L) = {x ∈ L | [x, y] = 0, for all y ∈ L}
2.14. Remark. When αL : L → L is a surjective endomorphism, then (Z(L), αL|) is a
Hom-ideal of (L, [−,−], αL).

2.15. Definition. Let (L, [−,−], αL) and (M, [−,−], αM ) be Hom-Lie algebras. A Hom-
L-action from (L, [−,−], αL) over (M, [−,−], αM ) consists in a bilinear map ρ : L⊗M →
M, given by ρ(x⊗m) = x �m, satisfying the following properties:

a) [x, y] � αM (m) = αL(x) � (y �m)− αL(y) � (x �m)
b) αL(x) � [m,m′] = [x �m,αM (m′)] + [αM (m), x �m′]
c) αM (x �m) = αL(x) � αM (m)

for all x, y ∈ L and m,m′ ∈M .
Under these circumstances, we say that (L,αL) Hom-acts over (M,αM ).

2.16. Remark. When (M,αM ) is an abelian Hom-Lie algebra, Definition 2.15 goes back
to the definition of Hom-L-module in [10].

2.17. Example.
a) (L, [−,−], αL) acts on itself by the action given by the bracket.
b) Let g and m be Lie algebras with a Lie action from g over m. Then (g, Idg)

Hom-acts over (m, Idm).
c) Let g be a Lie algebra, α : g → g an endomorphism and M a g-module in

the usual sense, such that the action from g over M satisfies the condition
α(x) �m = x �m, for all x ∈ g and m ∈M . Then (M, Id) is a Hom-g-module.

An example of this situation is given by the 2-dimensional Lie algebra L gener-
ated by {e, f} with bracket [e, f ] = −[f, e] = e and endomorphism α represented

by the matrix
(

1 1
0 1

)
, where M is the ideal spanned by {e}.

d) An abelian sequence of Hom-Lie algebras is an exact sequence of Hom-Lie al-
gebras 0 → (M,αM )

i→ (K,αK)
π→ (L,αL) → 0, where (M,αM ) is an abelian

Hom-Lie algebra, αK ◦ i = i ◦ αM and π ◦ αK = αL ◦ π.
The abelian sequence induces a Hom-L-module structure on (M,αM ) by

means of the action given by ρ : L⊗M →M,ρ(l,m) = [k,m], π(k) = l.
e) For other examples we refer to Example 6.2 in [10].

3. Homology
Following [10, 12], for a Hom-Lie algebra (L,αL) and a (left) Hom-L-module (M,αM ),

one denotes by
Cαn (L,M) := M ⊗ ΛnL, n > 0

the n-chain module of (L,αL) with coefficients in (M,αM ).
For n > 1, one defines the K-linear map,

dn : Cαn (L,M) −→ Cαn−1 (L,M)

by

dn (m⊗ x1 ∧ · · · ∧ xn) =

n∑
i=1

(−1)i+1 xi �m⊗ αL(x1) ∧ · · · ∧ α̂L(xi) ∧ · · · ∧ αL(xn)+



∑
16i<j6n

(−1)i+j αM (m)⊗ [xi, xj ] ∧ αL (x1) ∧ · · · ∧ α̂L (xi) ∧ · · · ∧ α̂L (xj) ∧ · · · ∧ αL (xn)

Although in [10, 12] is proved that (CLαn (L,M) , dn) is a well-defined chain complex,
we present an alternative proof by means of a generalization of Cartan’s formulas. Firstly,
we define for all y ∈ L and n ∈ N, two linear maps,

θn (y) : Cαn (L,M) −→ Cαn (L,M)

by
θn (y) (m⊗ x1 ∧ · · · ∧ xn) = y �m⊗ αL (x1) ∧ · · · ∧ αL (xn) +

n∑
i=1

(−1)i αM (m)⊗ [xi, y] ∧ αL (x1) ∧ · · · ∧ α̂L (xi) ∧ · · · ∧ αL (xn)

and
in (αL(y)) : Cαn (L,M) −→ Cαn+1 (L,M)

by
in (αL (y)) (m⊗ x1 ∧ · · · ∧ xn) = (−1)nm⊗ x1 ∧ · · · ∧ xn ∧ y

3.1. Proposition. (Generalized Cartan’s formulas)
The following identities hold:

a) dn+1 ◦ in (αL (y)) + in−1

(
α2
L (y)

)
◦ dn = −θn (y), for all n > 1.

b) θn (αL (x))◦ θn (y)− θn (αL (y))◦ θn (x) = θn ([x, y])◦ (αM ⊗ α∧nL ), for all n ≥ 0.
c) θn (x)◦in−1 (αL (y))−in−1

(
α2
L (y)

)
◦θn−1 (x) = in−1(αL [x, y])◦

(
αM ⊗ α∧(n−1)

L

)
,

for all n ≥ 1.
d) θn−1 (αL (y)) ◦ dn = dn ◦ θn (y), for all n ≥ 1.
e) dn ◦ dn+1 = 0, for all n ≥ 1.

Proof. The proof follows with a routine induction, so we omit it. 2

In case αL = IdL, αM = IdM , the above formulas become Cartan’s formulas for the
Chevalley-Eilenberg homology [5].

Thanks to Proposition 3.1, (Cα? (L,M) , d?) is a well-defined chain complex (an alter-
native proof can be seen in [12]). Its homology is said to be the homology of the Hom-Lie
algebra (L,αL) with coefficients in the Hom-L-module (M,αM ) and it is denoted by:

Hα
? (L,M) := H? (Cα? (L,M) , d?)

An easy computation in low-dimensional cycles and boundaries provides the following
results:

Hα
0 (L,M) =

Ker (d0)

Im (d1)
=

M
LM

where LM = {l �m : m ∈M, l ∈ L}.
Now let us consider M as a trivial Hom-L-module, i.e. l �m = 0, then

Hα
1 (L,M) =

Ker (d1)

Im (d2)
=

M ⊗ L
αM (M)⊗ [L,L]

In particular, if M = K, then Hα
1 (L,K) = L

[L,L]
.



4. Universal central extensions
Through this section we will deal with universal central extensions of Hom-Lie al-

gebras. We will generalize classical results of universal central extensions theory of Lie
algebras, but here an important problem appears, namely the composition of central
extensions is not central in general, as Example 4.9 shows. This fact doesn’t allow a
complete generalization of classical results, however requires the introduction of a new
concept of centrality for Hom-Lie algebra extensions.

4.1. Definition. A short exact sequence of Hom-Lie algebras (K) : 0 → (M,αM )
i→

(K,αK)
π→ (L,αL)→ 0 is said to be central if [M,K] = 0. Equivalently, M ⊆ Z(K).

The sequence (K) is said to be α-central if [αM (M),K] = 0. Equivalently, αM (M) ⊆
Z(K).

4.2. Remark. Let us observe that both notions coincide when αM = IdM . Obviously,
every central extension is an α-central extension, but the converse doesn’t hold as the
following counter-example shows:

Consider the two-dimensional Hom-Lie algebra L with basis {a1, a2}, bracket given
by

[a1, a2] = −[a2, a1] = a1,

and endomorphism αL = 0.
Let K be the three-dimensional Hom-Lie algebra with basis {b1, b2, b3}, bracket given

by
[b1, b2] = −[b2, b1] = b1, [b1, b3] = −[b3, b1] = b1, [b2, b3] = −[b3, b2] = b2,

and endomorphism αK = 0.
The surjective homomorphism π : (K, 0)→ (L, 0) given by

π(b1) = 0, π(b2) = a1, π(b3) = a2,

is an α-central extension, since Ker (π) = 〈{b1}〉 and [αK(Ker(π)),K] = 0, but is not a
central extension, since [Ker(π),K] = 〈{b1}〉.

4.3. Definition. A central extension (K) : 0 → (M,αM )
i→ (K,αK)

π→ (L,αL) → 0 is

said to be universal if for every central extension (K′) : 0 → (M ′, αM′)
i′→ (K′, αK′)

π′→
(L,αL) → 0 there exists a unique homomorphism of Hom-Lie algebras h : (K,αK) →
(K′, αK′) such that π′ ◦ h = π.

A central extension (K) : 0 → (M,αM )
i→ (K,αK)

π→ (L,αL) → 0 is said to be

universal α-central if for every α-central extension (K′) : 0→ (M ′, αM′)
i′→ (K′, αK′)

π′→
(L,αL) → 0 there exists a unique homomorphism of Hom-Lie algebras h : (K,αK) →
(K′, αK′) such that π′ ◦ h = π.

4.4. Remark. Obviously, every universal α-central extension is a universal central ex-
tension. Let us observe that both notions coincide when αM = IdM .

4.5. Definition. A Hom-Lie algebra (L,αL) is said to be perfect if L = [L,L].

4.6. Lemma. Let π : (K,αK) → (L,αL) be a surjective homomorphism of Hom-Lie
algebras. If (K,αK) is a perfect Hom-Lie algebra, then (L,αL) is a perfect Hom-Lie
algebra as well.

4.7. Lemma. Let 0 → (M,αM )
i→ (K,αK)

π→ (L,αL) → 0 be a central extension and
(K,αK) a perfect Hom-Lie algebra. If there exists a homomorphism of Hom-Lie algebras
f : (K,αK)→ (A,αA) such that τ ◦f = π, where 0→ (N,αN )

j→ (A,αA)
τ→ (L,αL)→ 0

is a central extension, then f is unique.



The proofs of these two last Lemmas use classical arguments, so we omit them.

4.8. Lemma. If 0 → (M,αM )
i→ (K,αK)

π→ (L,αL) → 0 is a universal central exten-
sion, then (K,αK) and (L,αL) are perfect Hom-Lie algebras.

Proof. Let us assume that (K,αK) is not a perfect Hom-Lie algebra, then [K,K]  
K. Hence (K/[K,K], α̃), where α̃ is the induced homomorphism, is an abelian Hom-
Lie algebra, consequently, it is a trivial Hom-L-module. Let us consider the central
extension 0 → (K/[K,K], α̃) → (K/[K,K] × L, α̃ × αL)

pr→ (L,αL) → 0. Then the
homomorphisms of Hom-Lie algebras ϕ,ψ : (K,αK) → (K/[K,K] × L, α̃ × αL) given
by ϕ(k) = (k, π(k)) and ψ(k) = (0, π(k)), k ∈ K, verify that pr ◦ φ = π = pr ◦ ψ, so
0→ (M,αM )

i→ (K,αK)
π→ (L,αL)→ 0 cannot be a universal central extension.

Lemma 4.6 ends the proof. 2

Classical categories as groups, Lie algebras, Leibniz algebras and other similar ones
share the following property: the composition of two central extensions is a central
extension, which is absolutely necessary in order to obtain characterizations of the uni-
versal central extensions. Unfortunately this property doesn’t remain for the category of
Hom-Lie algebras as the following counter-example 4.9 shows. This problem lead us to
introduce the notion of α-central extensions in Definition 4.1, whose properties relative
to the composition are given in Lemma 4.10.

4.9. Example. Consider the four-dimensional Hom-Lie algebra (L,αL) with basis {a1, a2,
a3, a4}, bracket operation given by{

[a1, a3] = −[a3, a1] = a4, [a1, a4] = −[a4, a1] = a3,
[a2, a3] = −[a3, a2] = a1, [a2, a4] = −[a4, a2] = a2,

(the non-written brackets are equal to zero) and endomorphism αL = 0.
Let (K,αK) be the five-dimensional Hom-Lie algebra with basis {b1, b2, b3, b4, b5},

bracket operation given by
[b2, b3] = −[b3, b2] = b1, [b2, b4] = −[b4, b2] = b5,
[b2, b5] = −[b5, b2] = b4, [b3, b4] = −[b4, b3] = b2,
[b3, b5] = −[b5, b3] = b3,

(the non-written brackets are equal to zero) and endomorphism αK = 0.
Obviously (K,αK) is a perfect Hom-Lie algebra since K = [K,K]. On the other hand,

Z(K,αK) =< {b1} >.
The linear map π : (K,αK)→ (L,αL) given by

π(b1) = 0, π(b2) = a1, π(b3) = a2, π(b4) = a3, π(b5) = a4,

is a central extension since π is a surjective homomorphism of Hom-Lie algebras and
Ker(π) =< {b1} >⊆ Z(K,αK).

Now let us consider the six-dimensional Hom-Lie algebra (F, αF ) with basis {e1, e2, e3,
e4, e5, e6}, bracket operation given by

[e2, e3] = −[e3, e2] = e1, [e2, e4] = −[e4, e2] = e1,
[e2, e5] = −[e5, e2] = e1, [e3, e4] = −[e4, e3] = e2,
[e3, e5] = −[e5, e3] = e6, [e3, e6] = −[e6, e3] = e5,
[e4, e5] = −[e5, e4] = e3, [e4, e6] = −[e6, e4] = e4,
[e5, e6] = −[e6, e5] = e1,

(the non-written brackets are equal to zero) and endomorphism αF = 0.
The linear map ρ : (F, αF )→ (K,αK) given by

ρ(e1) = 0, ρ(e2) = b1, ρ(e3) = b2, ρ(e4) = b3, ρ(e5) = b4, ρ(e6) = b5,



is a central extension since ρ is a surjective homomorphism of Hom-Lie algebras and
Ker(ρ) =< {e1} >= Z(F, αF ).

The composition π ◦ ρ : (F, αF )→ (L,αL) is given by

π ◦ ρ(e1) = π(0) = 0, π ◦ ρ(e2) = π(b1) = 0, π ◦ ρ(e3) = π(b2) = a1,
π ◦ ρ(e4) = π(b3) = a2, π ◦ ρ(e5) = π(b4) = a3, π ◦ ρ(e6) = π(b5) = a4,

Consequently, π ◦ ρ : (F, αF ) → (L,αL) is a surjective homomorphism, but is not a
central extension, since Z(F, αF ) =< {e1} > and Ker(π ◦ ρ) = < {e1, e2} >, i. e.
Ker(π ◦ ρ) * Z(F, αF ).

4.10. Lemma. Let 0 → (M,αM )
i→ (K,αK)

π→ (L,αL) → 0 and 0 → (N,αN )
j→

(F, αF )
ρ→ (K,αK) → 0 be central extensions with (K,αK) a perfect Hom-Lie algebra.

Then the composition extension 0→ (P, αP ) = Ker (π ◦ ρ)→ (F, αF )
π◦ρ→ (L,αL)→ 0 is

an α-central extension.
Moreover, if 0 → (M,αM )

i→ (K,αK)
π→ (L,αL) → 0 is a universal α-central ex-

tension, then 0 → (N,αN )
j→ (F, αF )

ρ→ (K,αK) → 0 is split, that is, there exists a
Hom-Lie algebra homomorphism σ : (K,αK)→ (F, αF ) such that ρ ◦ σ = IdK .

Proof. We must prove that [αP (P ), F ] = 0.
Since (K,αK) is a perfect Hom-Lie algebra, then every element f ∈ F can be written

as f =
∑
i

λi[fi1 , fi2 ] + n, n ∈ N,λi ∈ K, fij ∈ F, j = 1, 2 since ρ(f) ∈ K, then ρ(f) =

∑
i

λi[ki1 , ki2 ] =
∑
i

λi[ρ(fi1), ρ(fi2)] = ρ

(∑
i

λi[fi1 , fi2 ]

)
, hence f −

∑
i

λi[fi1 , fi2 ] ∈

Ker (ρ).
So, for all p ∈ P, f ∈ F we have that

[αP (p), f ] =
∑
i

λi ([[p, fi1 ], αF (fi2)] + [[fi2 , p], αF (fi1)]) + [αP (p), n] = 0

since [p, fij ] ∈ Ker (ρ) ⊆ Z(F ).

For the second statement, if 0 → (M,αM )
i→ (K,αK)

π→ (L,αL) → 0 is a universal
α-central extension, then by the first statement, 0→ (P, αP ) = Ker (π◦ρ)→ (F, αF )

π◦ρ→
(L,αL) → 0 is an α-central extension, then there exists a unique homomorphism of
Hom-Lie algebras σ : (K,αK) → (F, αF ) such that π ◦ ρ ◦ σ = π. On the other hand,
π ◦ ρ ◦ σ = π = π ◦ Id and (K,αK) is perfect, then Lemma 4.7 implies that ρ ◦ σ = Id. 2

4.11. Theorem.
a) If a central extension 0 → (M,αM )

i→ (K,αK)
π→ (L,αL) → 0 is a universal

α-central extension, then (K,αK) is a perfect Hom-Lie algebra and every central
extension of (K,αK) is split.

b) Let 0→ (M,αM )
i→ (K,αK)

π→ (L,αL)→ 0 be a central extension.
If (K,αK) is a perfect Hom-Lie algebra and every central extension of (K,αK)

is split, then 0 → (M,αM )
i→ (K,αK)

π→ (L,αL) → 0 is a universal central
extension.

c) A Hom-Lie algebra (L,αL) admits a universal central extension if and only if
(L,αL) is perfect.

d) The kernel of the universal central extension is canonically isomorphic to Hα
2 (L).

Proof.
a) If 0→ (M,αM )

i→ (K,αK)
π→ (L,αL)→ 0 is a universal α-central extension, then it

is a universal central extension by Remark 4.4, so (K,αK) is a perfect Hom-Lie algebra
by Lemma 4.8 and every central extension of (K,αK) is split by Lemma 4.10.



b) Consider a central extension 0 → (N,αN )
j→ (A,αA)

τ→ (L,αL) → 0. Construct
the pull-back extension 0 → (N,αN )

χ→ (P, αP )
τ→ (K,αK) → 0, where P = {(a, k) ∈

A ×K | τ(a) = π(k)} and αP (a, k) = (αA(a), αK(k)), which is central, consequently is
split, i.e. there exists a homomorphism σ : (K,αK)→ (P, αP ) such that τ ◦ σ = Id.

Then π ◦ σ, where π : (P, αP ) → (A,αA) is induced by the pull-back construction,
satisfies τ ◦ π ◦ σ = π. Lemma 4.8 ends the proof.

c) and d) For a Hom-Lie algebra (L,αL) consider the homology chain complex Cα? (L),
which is Cα? (L,K) where K is endowed with the trivial Hom-L-module structure.

As K-vector spaces, let IL be the subspace of L ∧ L spanned by the elements of the
form −[x1, x2] ∧ αL(x3) + [x1, x3] ∧ αL(x2) − [x2, x3] ∧ αL(x1), x1, x2, x3 ∈ L. That is,
IL = Im (d3 : Cα3 (L)→ Cα2 (L)).

Now we denote the quotient K-vector space L∧L
IL

by uce(L). Every class x1 ∧ x2 + IL
is denoted by {x1, x2}, for all x1, x2 ∈ L.

By construction, the following identity holds:

(4.1) {[x1, x2], αL(x3)}+ {[x2, x3], αL(x1)}+ {[x3, x1], αL(x2)} = 0

for all x1, x2, x3 ∈ L.
Now d2(IL) = 0, so it induces aK-linear map uL : uce(L)→ L, given by uL({x1, x2}) =

[x1, x2]. Moreover (uce(L), α̃), where α̃ : uce(L) → uce(L) is defined by α̃({x1, x2}) =
{αL(x1), αL(x2)}, is a Hom-Lie algebra with respect to the bracket [{x1, x2}, {y1, y2}] =
{[x1, x2], [y1, y2]} and uL : (uce(L), α̃)→ (L,αL) is a homomorphism of Hom-Lie algebras.
Actually, Im uL = [L,L], but (L,αL) is a perfect Hom-Lie algebra, so uL is a surjective
homomorphism.

From the construction, it follows that Ker(uL) = Hα
2 (L), so we have the extension

0→ (Hα
2 (L), α̃|)→ (uce(L), α̃)

uL→ (L,αL)→ 0

which is central, since [Ker(uL), uce(L)] = 0, and universal, since for any central extension
0 → (M,αM ) → (K,αK)

π→ (L,αL) → 0 there exists the homomorphism of Hom-Lie
algebras ϕ : (uce(L), α̃) → (K,αK) given by ϕ({x1, x2}) = [k1, k2], π(ki) = xi, i = 1, 2,
such that π ◦ ϕ = uL. Moreover, (uce(L), α̃) is a perfect Hom-Lie algebra, so by Lemma
4.7, ϕ is unique. 2

4.12. Corollary.

a) Let 0→ (M,αM )
i→ (K,αK)

π→ (L,αL)→ 0 be a universal α-central extension,
then Hα

1 (K) = Hα
2 (K) = 0.

b) Let 0 → (M,αM )
i→ (K,αK)

π→ (L,αL) → 0 be a central extension such that
Hα

1 (K) = Hα
2 (K) = 0, then 0 → (M,αM )

i→ (K,αK)
π→ (L,αL) → 0 is a

universal central extension.

Proof.
a) If 0→ (M,αM )

i→ (K,αK)
π→ (L,αL)→ 0 is a universal α-central extension, then

(K,αK) is perfect by Remark 4.4 and Lemma 4.8, so Hα
1 (K) = 0. By Lemma 4.10 and

Theorem 4.11 c) and d) the universal central extension corresponding to (K,αK) is split,
so Hα

2 (K) = 0.
b) Hα

1 (K) = 0 implies that (K,αK) is a perfect Hom-Lie algebra.
Hα

2 (K) = 0 implies that (uce(K), α̃)
∼→ (K,αK). Theorem 4.11 b) ends the proof. 2

4.13. Definition. An α-central extension 0 → (M,αM )
i→ (K,αK)

π→ (L,αL) → 0 is
said to be universal if for every central extension 0→ (R,αR)

j→ (A,αA)
τ→ (L,αL)→ 0

there exists a unique homomorphism ϕ : (K,αK)→ (A,αA) such that τ ◦ ϕ = π.



4.14. Proposition. Let 0 → (M,αM )
i→ (K,αK)

π→ (L,αL) → 0 and 0 → (N,αN )
j→

(F, αF )
ρ→ (K,αK)→ 0 be central extensions. If 0→ (N,αN )

j→ (F, αF )
ρ→ (K,αK)→ 0

is a universal α-central extension, then 0→ (P, αP ) = Ker(π◦ρ)
χ→ (F, αF )

π◦ρ→ (L,αL)→
0 is an α-central extension which is universal in the sense of Definition 4.13.

Proof. 0→ (P, αP ) = Ker(π ◦ ρ)
χ→ (F, αF )

π◦ρ→ (L,αL)→ 0 is an α-central extension
by Lemma 4.10.

In order to obtain the universality, for any central extension 0→ (S, αS)→ (A,αA)
σ→

(L,αL)→ 0 construct the pull-back extension corresponding to σ and π◦ρ, then Theorem
4.11 and Lemma 4.7 end the proof. 2
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