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ABSTRACT

First we present a unified theory of connections on bundles necessary for the next studies. For a
smooth manifold M, modeled on the Banach space B, we define the bundle of linear frames LM
and we endow it with a differentiable structure. Bundle of sprays F'M, the pullback of L)M via
the tangent bundle = : TM — M, is a natural bundle which provides us a rich environment to
study the geometry of M. Afterward, despite of natural difficulties with Fréchet manifolds and
even spaces, we generalize these results to a wide class of Fréchet manifolds, those which can be
considered as projective limits of Banach manifolds. As an alternative approach we use pre-Finsler
connections on FA/ and we show that our technique successfully solves ordinary differential
equations on these manifolds. As some applications of our results we apply our method to enrich
the geometry of two known Fréchet manifolds, i.e. jet of infinite sections and manifold of smooth
maps, and we provide a suitable framework for further studies in these areas.
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1. Introduction

The study of infinite dimensional Fréchet manifolds was the subject of interest for many authors due to its
interaction with mathematical physics and modern differential geometry [12, 17, 18, 19, 21]. The projective
families of manifolds arise naturally in loop quantization, Gauge theories quantum gravity and 2D Yang-Mills
theory where a compact space A/G extends the space of connections modulo gauge transformations [4].

Another area is String theory where Nag and Sullivan [17, 18] used the projective family of all finite sheeted
compact unbranched coverings of a given closed Riemann surface of genus g > 2 which leads them to the
concept of universal hyperbolic solenoid corresponds to the universal Teichmtiller space 7-.. Also the space of
connections via graphs in which one has a projective family of compact Hausdorff spaces labelled by an special
partially ordered set called graphs [5].

To have an appropriate background in the study of infinite dimensional manifolds and bundles, we devote
the first section give a unified framework for the study of connections on bundles, which plays an essential role
in the next sections. ( most of the results of this section are known but we could not find any comprehensive
reference including different concepts of the connections altogether.

For a manifold M modeled on the Banach space E the bundle of linear frames introduced as

LM = | J Lis(E, T, M).
zeM

Due to the fact that there is a one-to-one correspondence between connections on = : M — M and principal
connections on p : LM — M [25], the principal bundle LM, associated to the vector bundle T'M, provides a
rich environment for the study of geometric objects on M. Another interesting natural bundle is the bundle
of sprays F'M := 7*LM i.e. the pullback of frame bundle along tangent bundle. This bundle provides us the
opportunity to study the geometric objects on tangent and frame bundles simultaneously. More precisely we
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will prove that F'M is a principal bundle on M with the structure group GL(E) associated to 7*7'M. Introducing
the concept of Pre-Finsler connections provides an alternative approach for the study of ordinary differential
equations on Banach manifolds which is a susceptible to be extended for projective limit Fréchet manifolds.

Taking one step further, we will study a wide class of Fréchet (non-Banach) manifolds. Various questions
remains open in this area due to the natural difficulties in the study of these manifolds which is a reflection of
intrinsic problems of their model spaces. The pathological structure of the general linear group and the lack of
a general solvability theory of differential equations in non-Banach topological vector spaces are two problems
of fundamental importance (cf. [12]).

We will prove that these problems will overcome if we restrict ourselves to those Fréchet manifolds which
can be considered as projective limits of Banach manifolds. For example in this case for a projective limit
manifolds M = lim M* , LM =lim LM ‘ and FM = lim FM * exists and they are generalized Fréchet principal
bundles on M = lim M* and TM = l'ng]V[z (see also [10, 11]).

Theorem 4.1 shows that projective limits technique successfully proposes an existence and uniqueness theorem
for the solution of ordinary differential equations on this category of Fréchet manifolds. Our approach is
supported with two application-examples i.e. manifolds of infinite jets and manifold of maps.

Through this paper all the maps and manifolds, for the sake of simplicity, are assumed to be smooth but
(except for section 4) less degrees of differentiability may be assumed.

2. Connections

2.1. Connections on fibre bundles

Letn : F — M be a fibre bundle with fibres N where M and N are Banach manifolds modeled on the Banach
spaces B and FF respectively. At every point p € F let Vi, C T, F be the vertical subspace, i.e. Vr, = kerT,n, and
Vr =,cp Vp be the vertical subbundle. A connection on (F, m, M), for abbreviation on 7, is a smooth choice

of Hr, C T, F for every p € E, complementary to Vr, with TF = Hr & V. If 7" and =¥ are the horizontal
and vertical projections, then by a smooth choice of Hr we mean that 7" (X) is smooth for every vector field
X € X(F). Let (U, ¢) be a chart for M such that (7=!(U), ®) is a local trivialization for 7. In fact we consider a
family of these trivializations for 7 which the domains cover M. Then

O 7 (U) — ¢(U) x N

and T : 7p~ (71 (U)) — ¢(U) x N x B x F is the induced local trivialization for 7p|,-1(y) : TF|y — Flu.
Let (V, ) be another trivialization chart with U NV # &, then

TV o T‘I)_l(mvgay)n) = (O'wd;(x),qug(l',f),TO'wd,(l‘)y, (21)
T1Gyg(x,8)y + ToGye(x, &)n)

where ¥ o ®71(z,£) := (0ye(x), Gye(x,§)) and for i = 1,2, T; is the partial derivative with respect to the i-th
variable. Then, there are smooth functions I'y : ¢(U) x N — L(B, F) such that

7z, &y,m) = (2,&0,n + Ty, 8)y).

In fact the differentiability of I'y, yields from the differentiability of the connection I'. (Note that elements of V7
locally have the form (z,&,0,7) and 7" at every point is a linear projection.) Moreover we have

™(@,&y,n) = (2, &y.n) — 7, &y,m) = (2,8 y, —Ty(z, &)y).

With a little abuse of notation let {(7=1(U), ®)} be a family of local trivialization for V. The compatibility
condition for the local components yields from the fact that 7V o T7® ! o 7|y = 7|y 0 TV o &~ ! and this holds
if and only if for every (z,&,y,n) € g(UNV) x N x B x F;

TV oT® (2,80, + Ty(z,&)y) = 7°v ((0ye)(2), Gyg(, £),
Toyy(2)y, TiGyg(x, )y + ToGye(z, &)

= (0yg(x), Gyg(,£),0,0 + ToGyg(x, &) [n + Tz, §)y]) = <O’¢¢(w)7

Gy (2,6),0, TiGyg (2, )y + TaGuyg (x, )0 + Ty (0o (2), Gy (2, €)) [Tm/xb(x)y})
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iff the last components of both sides are equal i.e.
TG, )y + Ty (0us(@), Gup(,€)) [Tope(2)y] = TaGug (@, €)[Lp(,€)y] (2.2)

2.2. connections on vector bundles

Let w : E — M be a vector bundle with fibres isomorphic to the Banach space E. Following the formalism of
the previous part, for local trivializations (U, ®) and (V, V) with UNV # &, ¥ o &~ (z,£) = (oyp(2), Gye(x)E)
where Gy : UNV — GL(E) are smooth. (Here GL(E) is the space of linear and continuous isomorphisms
from E to E). Then the equation (2.1) takes the form

T(Wo® ) (z,&y,m) = (04g(x), Gyg(a)E, Toye(x)y (2.3)
s Gy (€)1 + TGy (2)(y,€)).

and consequently the compatibility condition for the connection, say V, is

Gyg(x)(Ty(2)[y,&]) = TGyg(x)(y, &) + Ty (opg () [Toye(x)y, Gye(w)E]. (2.4)

The connection V is linear if the local components are linear with respect to the second variable i.e. for every
chart (U, ¢),
I'y:o(U) — L(E, L(B;E)).

Note that if M is finite dimensional and £ = T'M we have the familiar notation
[D(2)(€m]" =D Tip(@)ey".
We define the connection map V : TE —; E locally given by

Vo(2,&y,m) :=PoVoTd "z,&,y,n) = (x,n+ Ty(z,8)y).

For every section ¢ of m and every vector field X on M, the covariant derivative determined by V is given by
Vx(:=VoT(o X where ¢ € I'(r) and X € I'(rp) [26].

But another familiar concept of connections is defined according to the covariant derivative properties. More
precisely a connection is considered to be a map V : I'(m) x I'(7as) — T'(w) with the following properties;
Vxiv(=Vx(+Vy( Vx((+{)=Vx(+Vx( and V x( = fVx( where (,{' € T(n), X,Y € T'(rar) and
f € C>®(M).Let (U, ®)be alocal trivialization for 7. For ¢ € I'(r) and X € I'(7a) suppose that ¢, := proja o ® o (
and X4 := projz o T'¢ o X be the principal parts of ¢ and X respectively.

Proposition 2.1. Let V be a connection on w. Then a unique covariant derivative can be defined which locally on (U, @)
is given by B B B )

(VxQlu(ep) := (Vo TCo X)|u(dp) = dCs(¢p) Xs(dp) + wo(op)[Xo(¢p), Co(¢P)]-
Proof. See [14] and [22]. O

The converse is also true for the case that the total space of 7 : E — M is finite dimensional. We state the
following theorem form [22].

Theorem 2.1. Let 7 : E — M be a vector bundle with finite dimensional total space. Then for every covariant derivative
on this bundle we can associate a linear connection.

Here we state the definition of a metric from [13] which is also stated in [14]. For a vector bundle = we have
the associated bundle L?(r) : L2(E) — M where L%(E), consists of the continuous symmetric bilinear maps
from E x E to R. Let L2(E) be the model of the fibres. It contains as an open subset Ri(E) the positive definite
forms, i.e. those forms which are > e (Hilbert metric on ), for some ¢ > 0 [13].

Definition 2.1. A Riemannian metric on 7 : E — M is a differentiable section g : M — L%(FE) such that for
every p € M, g(p) is positive definite. If we have a Riemannian metric g on 73y : TM — M then we call M a
Riemannian manifold and we call g a Riemannian metric on M.

Theorem 2.2. Let M be a manifold modeled on a self dual Banach space and NV a covariant derivative on M such that
Xg(Y.Z)=g(VxY,Z)+g(Y,VxZ)

forany XY, Z € I'(1ar). Then a unique torsion free connection can be defined on M which is known as the Levi-Civita
connection.
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Proof. Let (U, ¢) be alocal chart on M. For any (z,&,y,n) € U x B x B x B the relation

gu(Tu (@)[&,yl,n) = 5 (dgu(2)-£(y, n) — dgu(x)n(&, y) + dgu (x).y (&, n))

1
2
defines the continuous and also smooth map T', : ¢(U) — L?(B, B) as the Christoffel symbols (for more details
see [13], [14] or [22]). O
2.3. connections on principal bundles

Let 7w : P — M be a principal G-bundle with G a Banach Lie group modeled on the Banach space G. Suppose
that the right action of G on P is given by 7: P x G — P; (p,g) — p.g. In fact locally on a chart (U, ®),
O(r(®(x,h),g)) = (x,g9h). Forany p € P and any g € G con51der the maps

rp,:G— P and 1r9:P— P

given by g — p.g and p — p.g respectively.

In this case for every p € P, V', is isomorphic to g the Lie algebra of G. A principal connection on = is an
smooth complementary, say Hr, to Vr such that Hr (and consequently V) is G-invariant i.e. Tr9Hn = Hmp,.
In the other words for every g € G,

Trion’ =n"oTr9. (2.5)

Hence, at every point, the vertical projection 7*|, : T,P — Vm, can be considered as a g-valued 1-form
Qp, : T,P — g. Qis called the connection form and

QX,) = (Tory) t7(X,). (2.6)

Clearly Q(X*) = X where X* is the fundamental vector field associated to X € g. In fact for every X € g the
associated fundamental vector filed (with values in V') is

X*:P—TP; pr— TrpX.

Moreover (r?)*Q = Adg~'€) since for every p € P, g € G and X,, € T,,P;

(r)"UXp) = QIroXp) =Te(ry, Orpg)Q(TpTgXp)
= Tpy(rug) ' oT, rqu(T r9X,)
= Tyg(rpg) " 0w (L1 X,)
a Tpy(rpg) 0 Tyrd o ¥ (X,)
= Tpy(rpg)” o Tpr? o Terp o (TeTp)_lﬂ'U(Xp)
w Ty (rpg) ' 0 Tyr¥ o Tur,QU(X,)
Ad(g™h)Q(X,)

In IT we used (2.5) and for I and II1 the equality (2.6) is used.

To describe a principal connection locally let {(Ua, ®4)}acr be a family of trivializations for 7 : P — M. The
physicist version of principal connection is based on the concept of local forms €, := s3,Q : TU, — g where
D, (sa(x)) = (x,e). Finally if {T', }oer are the local components of the connection (2, as described in section 1.1,
then for every (z,g,&) € Uy x G x B;

T, (17, f)g = Te,qua (l’, 5)
in which 9 : G — G; v +— w.g. For a detailed study and further properties see [16] pp. 375-404.

3. Bundle of sprays for Banach manifolds

Let M be a smooth manifold modeled on the Banach space E and M := {(Ua, ¥a)}
every x € M set

«c1 be an atlas for M. For

Cr,={f:(—€¢e) — Ms.te>0, f(0)=xand f is smooth}.
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For f, g € C, we define the equivalence relation; f ~, ¢ if and only if f'(0) = ¢’(0). T
T,M = C,/ ~,. The canonical vector bundle atlas for 7 : TM — M is T := {(7~*(Ua), ¥a)} ,c; Where

Vo : [fo2] — (0 £)(0), (4 0 £)(0)).

and 7 : [f, z] — z. Remind that the transition functions of TM are U,z(z) := d(¢)4 © 1/;51)(3:)

3.1. Frame bundle

For any z € M define
LM :={h:E — T,Ms.t. his a linear isomorphism}

Definition 3.1. The frame bundle of M is the (disjoint) union LM := J ., L. M.

Dodson and Galanis in [7] proved that for the case of second order tangent bundle the corresponding frame
bundle is a principal bundle associated to the vector bundle 72 M. We follow the techniques of [7] and [25].

Consider the canonical projection p : LM — M given by p(h) = x whenever h € L, M (or his a linear frame
at x).

Proposition 3.1. (LM, p, M) is a principal fibre bundle with the structure group GL(E).

Proof. The natural family of local trivializations for LM is £ := {(p™'(Ua), ¢a)} 4e; S-t-

ba 3p_1(Ua> — ¢a(Ua) X E; h— (%(p(h)% (pr2 oW (x)) o h)-

Clearly {p~!'(Us)}aer covers LM. For any « € I, ¢, is well defined. Moreover ¢, is injective since v,(p(h) =
Ya(p(h')) yields that h and A’ are frames at x. Since ¥, () := W4|,-1(,) is a linear isomorphism we see that
h=1'. For every (z,9) € ¥o(Us) x E we have ¢, (z, ¥, (z) o g) = (z,9) which shows that ¢, is surjective.
Furthermore for any «, 8 € with U, NUs # @, ¢o(Ua NUp) = ¢o(Us N Ug) x GL(E) is open in the Banach space
E x L(E,E) and

@a © qj[;l(q;,g) = (’(/}a o '(/)El(x)7 \I/aﬁ(x) © g)

is a smooth diffeomorphism. As a consequence, LM admits a smooth manifold structure. Moreover
{(Ua;pa)}acr forms a family of trivializations which makes p a GL(E) principal bundle. The right action of
GL(E) on LM is given by ¢ (¢, (x,h).g) := (z,g 0 h) = (z, gh) and the smooth transition functions are given

by
¢a¢ U NUy — GL(E)7 T (ba,ac © ¢/§1@

Define the action Ry, : (LM x E) x GL(E) — LM x E; ((h,v).g) — (ho g,g 'v).
Proposition 3.2. The quotient space (LM x E)/GL(E) is isomorphic with the tangent bundle = : TM — M.

Proof. First we prove that

#: (LM xE)/GL(E) — M
[(h,v)] > p(h)

is a vector bundle and then we conclude that it is isomorphic to =. ([(k,v)] denotes the equivalence class
containing (h, v) with respect to the equivalence relation induced by R 1.

Clearly 7 is well defined. According to the atlas M = {U,, %}, define the

U, : 7 YU, — Ya(Us) xE
[h,’U} — (p(h)vaQOQba(hv))

VU, is well defined since for another representative of the class [h,v], like (h,v).g for some g € GL(E), we see
that

Vo ((hyv).9) = (p(hog).praoda o hoglgtv)) = Ua((h,v))
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Let [h,v], [W,v'] € #~1(U,) such that W, ([h,v]) = W, ([W',v]). Then p(h) = p(h') = z i.e. h and &’ are frames at
x. Moreover prg © ¢ (h(v)) = ¢o,z(h ( ) = d)a (R (V")) = pra o ¢ (R (v")) which implies that h(v) = h/(v"). Then
via the linear isomorphism g :=h~' o h/ the palr [h,v], [, 0] are equivalent i.e. ¥, is injective. ¥,, is also
sur]ectwe since for (x ) € ¢o(Us) X E, Uy ([¢7 L, v] = (2,v). Furthermore for o, § € I with U, N U # 0 we see
that \I/aﬁ = \Ifa o \IIB |z><IE = \I/aﬁ( )

Define the bundle morphism

aa:7

v (LM xEB)/GLE),7#,M) — (TM,n,M)

[h,v] — (p(h), h(v))
It is easily seen that =p ), is well defined. Let =g ([h,v]) = Epm([R,v]) then we conclude that h and A’
are frames at the same point i.e. z := p(h) = p(h’). It is easy to see that [h,v] and [A’,v'] are equal via the

isomorphism g := h~! o b’ which means that Z;,,, is injective.
Erm is surjective. To see that, let ¥, ([f, z]) = (z,v) € TM be arbitrary. Then

[f,2] = ELar (95 (), Wa (@) ([f, 2])).-
In fact for a chart (U,, ) of M if we consider the induced trivializations (7~'(Uy), ¥,) and (7' (U,), ¥,,) for
m and 7 respectively, then =y s maps 7Y Uy) diffeomorphically to 7 Y (Uy). I
3.2. Connections and Parallelism on frame bundle

Let Q2 be a principal connection on (LM, p, M) and c: (¢,e) — M a smooth curve. We say that C : (¢,e) —
LM covers cif po C(t) = c(t) for every ¢ € (e, €).

Definition 3.2. The curve C(¢) is called horizontal with respect to 2 (or horizontal lift of ¢) if C’(¢) lies in the
horizontal subspace Hp C T'LM or equivalently p”(C’(t)) = 0.

Here TLM = Vp ® Hp and p¥ and p" are the vertical and the horizontal projections respectively.
Let (Uq, %4 ) be alocal chart around ¢(0) = z and (U,, ¥,) and (U,, ¢.) the corresponding local trivializations
for TM and LM respectively. Then ¢, o C(t) := (c(t),2(t)) and T¢, o C'(t) := (c(t), 2(t), ' (t), 2/ (t)) and
consequently C is horizontal if and only if (locally)

p*(C'(1) = 2'(t) + T ((e(t))2(t) ) (1) = 0
Theorem 3.1. Foe a curve cin M and hg € L., M, there exists a unique (global) horizontal lift C in LM s.t. C(0) = hy.

Proof. The proof is a direct consequence of the existence and uniqueness theorem for ordinary differential
equations on Banach spaces (see e.g. [14]). O

3.3. Bundle of sprays

Let M be a Banach manifold modeled on B with (T'M, w, M) and (LM, p, M) the tangent and frame bundles
of M respectively. Following the definition of spray bundle given by Antonelli etc. ([3]) for finite dimensional
manifolds we state this definition.

Definition 3.3. The pullback of LM via n, FM :=7*LM, is called the spray bundle and is denoted by
(FM, p, TM).

We will see that this natural bundle provides a rich environment to study geometric objects in tangent and
frame bundles simultaneously. In fact F'M is the space of all pairs { = ([f, 2], h) where [f, 2] is a tangent vector
atx = n([f,z]) and h is a frame at 2. M is a Banach manifold modeled on (E x E) x GL(E) with the canonical
atlas F = {(p~" (77" (Ua)),Ya)} . and for any o € I;

Vo : p H(m 7 (Uy)) — ExExGL(E)
(If.2l, ) = (Tallf,2]), ¢a(h)

We can prove the following proposition just like proposition 3.1.

Proposition 3.3. F'M is a principal bundle over T M with the structure group GI(E).
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For every £ € F'M, the vertical subspace is defined to be Vp; := {X € T FM| Tp(X) = 0}. Let I be a principal
connection on p i.e. a smooth complementary Hp to Vps.t. Hp is GL(E)- invariant.

Definition 3.4. A Pre-Finsler connection FI on (FM, p, TM) is a pair (I', D) where I' is a principal connection
on p and D is a connection (possibly nonlinear) on 7 : TM — M.

For every ([f,x],h) =& € FM,Te¢p : Te FM — Ti5 )T M is a surjective linear map with the kernel V¢ p. Hence
Tep: Hep — Ti5 ) TM is a linear isomorphism. The inverse of T¢p is called horizontal lift with respect to
I' and we denote it by L,¢. In a same way one can define horizontal lift w.r.t. 7 by the map L. ;. :
T, M — Hj ;7. As a result at the presence of pre-Finsler connection (I', D), there are two different types
of Horizontal subspaces, the h-horizontal subspace denoted by H{"p := L, ¢(H{s ) and the v-horizontal
subspace H"p := L, ¢ (Vs 2)7).

Let (Uq,%.) be a local chart around = € M. Suppose that ¥, ([f,z]) = (z,v) € ¥o(Us) X E and consider a
vector field X on M which is locally given by ¥,, o X (z) = (z, X,(x)). Then

TWq 0Ly (14)(%, Xa(2) = (2,0, Xa(2), —wa (z)[Xa(z), v])

In fact suppose that T4, o Ly (.4) (2, Xa(2)) = (a,b, ¢,d) then i. (a, b, ¢, d) belongs to Ty ;) TM i.e. (a,b) = (z,v).
ii. Ty (2, v, ¢,d) = X(x) i.e. c = Xq (). iii. (z,v, Xo(2), d) is horizontal which means that d = —w, (7, Xo (z))v.
({wa}aer and {T', } e denote the local components of D and I' respectively.)

The local form of L, ¢ can be described in the same way. Moreover, here we have the natural right action of
GL(E) on FM given by

(([f,2],h); g) — ([f, 2], h o g).
If we define
Rpu : (FM x E) x GL(E) — FM; (([f.2], h),v;9) — (([f,z],h 0 g),97"v).
then we have the following theorem.

Theorem 3.2. The quotient space FM x E/GL(E) is isomorphic to the vector bundle (v*,TM,nm*TM). (
(7*, TM,m*TM) is the pullback of the tangent bundle via itself).

Proof. We just introduce the projection and trivializations and the details can be proved like theorem 3.2. The
projection is
p:(FM xE)/GL(E) — TM
[([f, 2], h), 0] V= [f, 7]

and the corresponding local trivialization (chart) induced from the chart (U,, ) of M is

Jo: 57 (@ (Ua)) — (Ya(Ua) XE) xE
[([f, 2], h), 0] = (allf, 2]), pra © ¢a 0 h(v))

The transition functions of the bundle p are those of = : TM — M. Finally the map

Epy: (FM xE)/GL(E) — 7*TM
[(Lf,z] k), 0] +— ([f,2], h(v))

is the desired vector bundle isomorphism. O

3.4. Pre-Finsler Parallelism

Let (I', D) be a pre-Finsler connection on (FM,p,TM) and C : (—¢,¢) — FM and C : (—¢,e) — TM be
smooth curves with po C = C. Then we say that C covers C. C is called a I'-horizontal lift of C if C’(t) is
I'-horizontal for all ¢. Equivalently the vertical projection w.rt. T, p¥ : TFM —s VFM, vanishes C’(t), i.e.
p?(C'(t)) = 0. Consider a local chart (Ua,1a) of M around mo C(0) = . Suppose that (7~!(U,), ¥,) and
(p~' (771 (Ua)), V) be the corresponding induced trivializations for TM and FM respectively. If 9, o C(t) =
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(x(t),y(t), 2(t)) then ¥, o O(t) = (2(t),y(t)) and ¢ o c(t) := 1, o w0 C(t) = z(t). Then C is I'-horizontal lift of C
if foreverya € I

TY,0p’ o C'(t) =
(2(t), y(t); 2(t),0,0; 2/ (t) + Lo (x(t), y(t); (1) [/ (£), ¥/ (t)]) = 0. (3.1)

HereT, : ¥, (Uy) x GL(E) — L(E x E,GL(E)), a € I, are the local components of the principal connection I’
on p.
The curve C'is called the D-horizontal lift of ¢ := 7 o C'if 7¥(C’(t)) = 0 or locally

T, 0n" (2(t), y();2(t), y(1)') =
(2(0), y(£); 0,9/ () + wala(), 2 (B)y() = 0; a € L. 62

Definition 3.5. Let C': (—¢,e) — FM and ¢ : (—¢,€) — M be smooth curves such that p o w o C' = ¢. Then the
curve C is called (T, D)-horizontal lift of c if there exists a curve C' : (—¢,e) — T'M s.t. C is D-horizontal lift of
c and C is the I'-horizontal lift of C.

Proposition 3.4. Let ¢ : (—e¢,e€) — M be a smooth curve with ¢(0) = x¢ and (T, D) be a pre-Finsler connection on M.
Then for every &y = (w0, Yo, 20) € Ya(Ua) x E x GL(E) locally there exists a unique (I', D)-horizontal lift of c to FM,
say C, s.t. C(0) = &.

Proof. Let C': (—¢,€) — T'M be a curve above ¢ which locally on a chart is given by C(t) = (z(t),y(t)). Then C
is a D-horizontal lift of ¢ if and only if

() + wal@(t), 2 (t))y(t) = 0.

Hence by the existence and uniqueness theorem for ordinary differential equations on Banach spaces, for
(z0,y0) there exists a unique horizontal lift C for ¢ s.t. C(0) = (0, y0)-
C'is I'-horizontal lift of C'if locally the equation

Z(t) + Ta(@(t), y(t); 2(1) [ (1), y' ()] = 0.

Again according to the existence and uniqueness of ordinary differential equations on Banach spaces (see for
example [14]), for C there exists a unique I'-horizontal lift say ¢ s.t. C(0) = &. One can merge the ordinary
differential equations of both steps to get the following system of differential equations which determines the
(T, D)-horizontal lift of a curve ¢

(@ (t), 2 ())y(t) = 0

y(t) + wa(z(t),
"(t) + Talz(t),y(t); 2(t))[2'(t),y' ()] = 0; acl.

Jr
2'(t) +

4. The Fréchet case

In the sequel we introduce our notations about a special class of Fréchet manifolds which are obtained as
projective limits of Banach manifolds. Suppose that {M*, M7%}; ;cy be a projective system of Banach manifolds.
This last means that for any i € N, M" is a Banach manifold modeled on the Banach space E‘ and for j > i,
MIt: MI — M'is a differentiable map with M* = idy;i and M?¢ o M*7 = MP¥ forall k > j > i.Then the limit
M = @MZ is a subset of [[;~, M" consisting all threads (m;);en € [[,-, M* such that M7*(m;) = m; for all
j > i. Moreover we need that the Banach spaces {E?, \/'},cy also forms a projective system of Banach spaces.
For j > i, M : E/ — E' are continuous linear maps and 11&1157 := F (for more details see [24, 23]).

Furthermore let for every = (z),.y € M there exists a projective system of local charts {(U",¢")};en such
that 2’ € U’ and U = lim U" is open in M. In fact M = lim M* C ][,y M" consists of those elements (z');en s.t.
MI(27) = 2 for every j > i.

Let {M%, M7}, jen and {N?, N7}, ;cn be projective families of manifolds. A family of maps {y' : M" —
N'}ien is a projective system of maps if NV o i/ = p? o M? for 4,5 € N with j >4 [10, 24]. We alternatively use
the notations y = lim ', ppand (u'),. when there is no confusion.

i€N

www.iejgeo.com E


http://www.iej.geo.com

A. Suri and M. Moosaei

The vector bundle structure of 7'M for a Fréchet manifold M links to pathological structure of general linear
group GL(IF) and this causes troubles. It is shown [10] that by considering the generalized topological Lie
group

Ho(F) :=lim Hy(E') = {(1);en € [[GL(E) : Uim 1" ewists}
iel
rather than GL(F) this obstacle can be solved. Moreover as we will see in the rest of this paper, the problems
related to the lack of a general solvability for differential equations on Fréchet manifolds will overcome with
our technique.

Galanis in [10] proved that if {M*?, M7}, ;cy is a projective system of manifolds then {TM?, T/}, ;cy also
form a projective system of manifolds. In this case T'M is isomorphic (set-theoretically) to im 7'M “and TM
admits a generalized vector bundle structure with the structure group H,(IF).

Forany i € Nand ' € M’ define

LM = U {(hk)lgkgi € H GL(Ek’TMzk(wz)Mk) s.t.
zteEM? k=1
TR ohd =hF o N* for1 <k <j<i}
and . . i . . .
Hy(E) = {(g"),<pe; € [ [ GLEF) : NFog/ =gForFfor all, 1 <k <j<i}
k=1
with the connecting morphisms H7% : #}(E/) — Hi(E); (91,62, ..., ¢°) — (g%, 9%, ..., g*) for j > i.
Lemma 4.1. For any i € N, LM" is a principal bundle on M* with the structure group H4(E") and its right action is
given by 4 . o .
RY: LM x Ho(E') — LM% ((h*)1<k<i, (9%)1<k<i) — (h* 0 ¢")1<k<i.
Proof. Let ' € M'. Since the projection M® : lim M* — M?; (z%);cy — 2° is surjective, then we can consider
(2%);en 8.t. M¥((2")ien) = 2. For this element there exists a projective family of charts {(U¢, 1%,) }ien s.t. for every
i € N, ' € UL. Consider the induced projective family of trivialization {(r; ' (U%), V! };en for TM = lim TM".
For a € I define the family of trivializations
O py (Ua) — e (Us) x H(E) |
(R, .. B (p'(RY, .. BY), (WL (zh) o Bt .., Wl (2) o hY)

Clearly {p; ' (U.)}acs covers LM®. @i is injective since if ®¢ (h!,...,h') = @i (hl,..., k') then p;(h!, ..., h') =
pi(h', ..., h') := 2" yields that h* and h* are frames at z* := M (2%) for any 1 < k < i. Moreover WF (z*) o h* =
Uk (2%) o bk which shows that (h!, ..., h?) = (hl, ..., h?).
Furthermore @7, is surjective since for every z* € U} and (¢, ..., ¢°) € H)(E"),

i -1 i i i
O (Uo(zh)  ogh . WL(a')  og') =(a%igh . g).

Leta,B8 € Iand U,p := U, NUg # 0. Then
B0 @l b (ULy) x HY(E) — Yi(ULs) x Hi(E)
(@, (gh gD (00wl @), (Whaeh), s Wis(a)))

where U : Uk, — GL(E¥) are transition functions on TM* for 1 < k < i. Note that H{(E’) is an open subset

of the Banach space []}_, L(E*, EF). Then according to gluing lemma ([6], 5.2.4), LM is a principal bundle on
M with the structure group H} (E?). It is easily seen that R’ is the natural induces action of H#{(E*) on LM" (see
also [8] and [23]). O

Remarks 1. One can use the proof of the previous lemma to show that, analogously, for every ¢ € N;
FM = | (U525 (0 b)) st [ 2] € Ty MY,

ziteM?
WF e Lis(EF, T,e M*) and T7%* o h? = hF o MF for 1 < k < j < i}

ﬂ www.iejgeo.com


http://www.iej.geo.com

Bundle of Frames and Sprays

is a principal bundle on TM® with the structure group H{(E'). For i€ N let p': FM' — TMY;
([f%, 2% (h', ..., h")) — [f%,2"]" be the natural projection then, the corresponding family of trivializations for
FM' is given by
Oy par 10 (M (UL) — 9 (Us) x BN x Hy(E)
(17T (s ) (W), (W o £)(0)5 (WA(aY) 0 AL, o Wh(a') 1))
and the induced right action is given by
Rirm : FM' x Hy(EY) — FM'
(([J“}ri]i; (A, ... b)), (g", ---7gi)) — (/a5 (B o gl kT ogh)
For j > i, define the connecting morphism
L0 LM — LMY (hY, . b)Y — (RY, .. hY)
and
H'HY(E) — HY(ED); (9 07— (910 9")
Proposition 4.1. The following statements hold true.
1.) {LM*, Hi(EY), M?, p'}ien forms a projective system of principal bundles with the corresponding family of connecting
morphism {L£3}; jen.
2. {FM", Hy(E"), TM", p'}ien is a projective system of principal bundles over {TM"},_ with the connecting morphisms
FI'FM? — FM'
([fjaxj}jﬂ(hlahza"'ahj)) — ([fi71'i]i7(hlahza"'ahi))
where f':= M7 o fI for any pair of integers i, j with j > i.
3. lim LM ¢ is a Fréchet principal bundle, over M = Jim M ¢, with the generalized Lie group Ho(F) as its the structure
group.
4.1im FM" is a Ho(F)-principal bundle over TM = lim TM".

Proof. 1,2. We prove 2. and 1. can be proved analogously. For any = = (2%);eny € M, consider a projective limit
chart {(UZ, )} and the induced trivializations {(®?, .,,:, pi (7] "(UL)))}aerien and {(U, m; "(UL)) aer ien

for FM and TM respectively. It is easy to verify that for k <i < j, F* o Fi = FI* and Hik o HI* = HI*,
Moreover for j >4, (M x M x Hi') o @) =& . o F*since

N x N w0 @) (17,277, (B b))

= (/\ji ol (x7), Mo (12 o f1)(0), Hi'o (\I/})é,xl ohl, ,\I/iy i © hj))

= (0o MY @), (0 0 £ (0): (W 0 LW 0 1))

= CI)ZV,F]\/P o ’Fji([fj7xj]j7 (h17 ceey h]))

(For = we used the linearity of M¢ and the fact that {¢!,} is a projective system of maps.)
3,4. Part 4 is proved and 3 can be proved similarly. The projections {p; };cn also form a projective system since
forj > i, T o p;([f7,27); (h',....,h7)) = [f,2']" and p; o FI*([f7,27)7; (R}, ..., k7)) = [f',z']". Consequently

p=1limp" ([f.a], (h');ey) ¥ [f, 2]

can be defined and for every a € I, &, rym = @©a7FMi is a local trivialization for p: FM = @FMi —
™™ = @TMZ It is easy to check that for o, 8 € I with U, NUg # 0,

o s 0 @;}FM :Upg X Ex Hy(F) — Uap x E x Hy(F)
(Ts(lf,2]), (hi)ien) +—  (Yal([f.2]), (Php(z") 0 h)ien)

ie. for x = (x;)ien € M, Pop rr(x) := Po par o @g},M(x) = yLnCI)g’FMi o @%,FMfl(mi) is a smooth diffeomor-
phism. O
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Definition 4.1. LM := lim LM “and FM := lim FM * are called the generalized frame bundle and spray bundle
of M = lim M ‘ respectlvely

Remarks 2. LM and F M can also be considered as follows
LM = | J {(W)ien € [[ GL(B', TMpgi () M) .t lim h'exists}
rzeM 1€N

and
FM = U {(If, 2], (h')ien) € TM xpr LM}.
[f,x]leTM

For LM and F M consider the following natural actions
R:(LM xF)x Ho(F) — LM xF
((@).00):6)) = (' eg).lo

—1

).

and
RFM : (FMXF) XH()(F) — FM xF
(407, ()}, ()5 (1))

€N

— ([fi,xi]i’(hiOgi),(gi_lvi))ieN

then we can prove this generalized theorem.

Proposition 4.2. 1. LM := LM x F/H(F) is a vector bundle isomorphic to T M.
2. FM := FM x F/Ho(F) is s vector bundle isomorphic to m*TM = @ijMi

Proof. We prove 2. and 1 can be proved analogously. Define the map
p+ (FM xTF)/Ho(F) — TM; [({[f 2], (W)}, (0))sen] — (f' 2] ien

Clearly p is well defined. Now we prove that p is a vector bundle. For an open cover {(U, ¢!,)}ien,aer of M we
construct a family of trivializations (charts) for 5 as follows. For « € I define

b N (U0) — WalUa) xE)xF
({52 (W) )] (Tallf,2]), Wa(ah) o ' (07))

®,, is well defined since for any g = (¢);en € Ho(F), and any class [({[f*, z']", (h¥)}, (v)),cn] € FM,

i—1

Ba ({17521 (0 0 g1 (6" 0w ) = (WA (S 2)), Wh(a') o B (1) o

= & (17T, ()} () e ).
Let éa(({[fi,xi]i, (h%)}, (vi))ieN) - éa<({[fi,zi]f, ()}, (@i))ieN)' then for any i € N, [f',27]’ = [, %] which

means that [f,z] = {[f,2]'}ien = {[f*,2"]*}ien = [f,Z). Hence h and h are generalized linear frames at z.
The generalized toplinear (linear isomorphism) map g := lim hi~' o i exists and ({2 (M)}, (V) en] =

[({[fl 2t (b}, (77:))Z€N} ie. ®, is injective.
o, is also surjective since for (U, ([f,z]),v) € (¥o(Us) x F) x F,

Leta, B € I s.t. Uyp := U, NU, # 0 then

o 05" : (Yp(Uap) X F) x F —  (Yo(Uap) X F) x F
(Us([f,2]),0) —  (Wallfs2]), Va0 U5 (v))
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Hence ®,5([f, z]) := @, = lim <I>z [t 2')") = ¥up(x) which proves that j is a generalized vector
bundle with fibres of type IF and the structure group 7—[0( ). (see also [2], [11]).
Define

Epy  FM x F/Ho(FY) — 7*TM
[(([fi,.%’i}i, hi)7vi)¢eN] — ([fl,fL‘l]l, [fz,xz]z))leN

where fi(t) := ., " (2 + th(v')). Note that { fi};cn forms a projective system of curves in M. In fact f = lim m fi
represents the tangent vector h(v) at the base point z.
Ernm is well defined since for any g = (g%) € Ho(F),

Zear (£ 2 1 0 g6 10) o

coincides with Zp ((([fi, Tt hY), vi)ieN) = ([f%4, 2, [f1, 2]");en. To see that =) is injective, suppose that

EFM([([fia ']’ hi;vi)ieND = EFM([([Jﬁﬁi}ia h'; ﬁi)ieND-

Since [f,z]=[f,z] we conclude that h and h are generalized frame at z=Zz. Furthermore
((([fi, z')?, hi),vi)ieN) = ((([fi,fci]i, hi),@")ieN) are equivalent, w.rt. the action Rpys, via the generalized
toplinear map g :=h™loh = @hi_l o h'.

Suppose that ([f,z], [f, z]) € 7*T M be arbitrary with z = (2%);en € U, then

Zrar ([T Wh o~ spra 0 WAL ) ien] ) = (£ [P ') e

Since {M"};cn and consequently {T'M'},cy are projective systems of manifolds, then for every z = (x;)en,
{W (") }ien forms a projective system of maps and {7?"T'M"},cy is also a projective system of vector bundles
over {TM},en [2]

Finally we show that Zpj; maps trivializations of p to trivializations of 7* which makes Zp); a vector
bundle isomorphism. For a limit chart (U,,%,) of M consider the corresponding limit charts (7=(U,), ¥,)
and (p~Y(7n~Y(U,)), ®a) for TM = thTMi and FM = I&nFMZ respectively. As a result, we see that for any

((f.2).h), ] € FAL;
W xar W 0 Zpar ([([£. 2], 1) 0] )
= (W ars W0 Zags ([ 2.0 ) e
— (W e Wi (772 [0 Yien
— (&% ([ a1, ] ) bien
= &a ([(1f. 1, ), ])
which completes the proof. 0

4.1. Pre- Finsler Parallelism and ordinary differential equations on Fréchet manifolds

In spite of the lack of a general solvability-uniqueness theorem for ordinary differential equations on non-
Banach manifolds, and even spaces, we state the following existence and uniqueness theorem for ordinary
differential equations on projective limit manifolds. Let {M*};c be a projective system of Banach manifolds
with the limit M = lim M ‘and ¢ = Jim ¢’ : (—e,€) — M be a smooth curve in M obtained as the limit of curves

{Ci}ieN-

Theorem 4.1. If (T', D) is a projective limit pre-Finsler connection on M then, for every & = (xo, Yo, 20) € Va(Ua) X
F x F there exists a unique (T, D)-horizontal lift for ¢ say C with C(0) = &.
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Proof. Suppose that (U, ., ¥,,) is a projective limit chart around z¢ = (2f);en. For any i € N, ¢* is a curve in M,
D' is a connection on M tand (z8, ) € ¥L,(UL) x Ei. Then according to the theorem 3.1 locally there exists a
unique curve C¥(t) = (x'(t),y'(t)) : (—e,e) — M* which is D’-horizontal lift of ¢’ and satisfies the equation;

y"(8) + Wi (@ (8), 5" ()27 () = 0 (4.1)

such that C*(0) = (zf, ;). The idea of the proof is to show that {C"},cn form a projective system of curves
and C = - lim C" is the desired, D-horizontal lift, curve. Note that here the domain of C?* may depends on i i.e.
C': (—€,€e') — M"and lim;_,~€' = 0. In this case the solution is trivial. To avoid this we need some Lipschitz
condltlon on local components as it is stated in appendix of [1].

For j > i, we claim that 77 o C7 = (", or locally M? x Mo (z7(t),y?(t)) = (z*(t),y*(t)), and consequently
C =1im C* exists as a curve in E.

(W0 g?)' (1) +wi (W 0 29)(8), (W 0 27 (8)) (W 0 7)(8)]
= Moy (t) +wi, (Mo ) (1), M 0 27" (1)) (M7 0 y7)(1)]
= X0 (y"(1) + wh (@' (1) 5 (£)a (1)) = 0

Furthermore for j >, M x Mo (7(0),47(0)) = M x N¥(z),y) = (¢}, y}). Using uniqueness theorem for
ordinary differentia equations on Banach manifolds we conclude that A7¢ x M\ o (z7(t),y?(t)) = (2%(t),y'(t)) or
locally near (zf, y3), T o C7 = C*. Hence {C"};en form a projective system of curves and C = lim C* is a curve
inTM = limTM ‘. Moreover

!

y' (1) +wa @(t) y(0)2' (1) = (4" (1) + Wi (@' (1), ()2 (1)) sy = O

and clearly C(0) = (z(0),y(0)) = ((yci(o),yi(())))i.EN = &.

On the other hand po C' = (p’ 0 C*), .y = (¢!),cy = ci.e. C is D-horizontal lift of c.
Let C; be another curve above ¢ with D o C{(t) = 0 i.e. is a D-horizontal lift of ¢. Then for every i € N using
the canonical projection 7% : TM — T M we obtain the family of curves {C{}. However for any i € N, C} is
another solution for 4.1 which satisfy the same boundary conditions. Hence For every integer i, C} = C* and
consequently C1 = lim €] = limC* = C. O

Hence, we proved that for the curve c in M there exists a unique D-horizontal lift C'in TM. In a same way
one can prove that for C there exists a unique lift C' in FM which is I" horizontal. As a result C' is a (', D)
horizontal lift of ¢ with the given boundary conditions.

5. Applications and examples

In this section we state two examples to support our theory.

5.1. Infinite jets

Let (F, 7, M) be a finite dimensional fibre bundle with dimM = m and dimF = m + n. Consider an atlas of
adopted coordinates for F i.e. if (U, ®) is a local chart around a € F' then pri o ® = z o m where z is a chart
coordinate around 7(a) € M and pry : R™*" — R™ is projection to the first m factors.. We denote the space of
the local sections of = with I',(7) for p € M.

For two local sections ¢ and 7 in T',(7) we say that they are 1-equivalent if £(p) = 7(p) and for some (and
consequently all) adopted coordinate ® = (z¢, ¢*) around £(p)

o8 on”
ozt Ozt
fori=1,..,mand o =1,...,n. (Here £* = ¢* o and (z") is a local chart for M around p). The equivalence

class contammg &is called the first order jet £ at p and is denoted by ]pf The first order jet manifold of the
fibre bundle = 1s Jim={j}& pe M and £ € Tp(n)} is an m + n + mn dimensional manifold. The canonical
local chart for j'm with respect to the adopted coordinate (U,®) is (U',®') where U' = {j}¢; &(p) € U} and
ol = (2%, 2, ) with

(o3

2'(j,€) = 2'(p), #°(j,€) = ¢“(£(p)), 95 (4,€) = 3
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In the same way we can define J?7 := {j2&; p € M and § € T'y(w)} using the following equivalence relation on
the local sections

aga 7 ana a2£a 7 a2na

Ozt Ozt Oxi0xd  Ox'dxi’

g€ = jin < £(p) = n(p),

In this way .J°m becomes a smooth manifold with canonical atlas of charts (U2, ®?) where U? = {;2¢; £(p) € U},
* = (2', 9%, 0%, ¢;) and

32604
OxiozI’

. a2
b7 Jp§ >

Using multi index notation ([21] chapter 8) for any natural number k£ > 2 we define the k-th order jet
manifold, J*r with the equivalence relation

oMlga a\l\na

j;; = j,’.f?? > &(p) = n(p), 02T = ol

for every multi-index with 1 <|I| < k. J*r is also a smooth finite dimensional manifold with local charts
Uk = {jr¢; £(p) e U}, ®F = (at, 9, ¢(7)- (For a detailed study about the jet bundles see [21].)

For any k € N, the map w1k : JA i — Jhr; ji16 — jF¢ is surjective submersion. For any k € N let
dimJ*m = N(k) and Mgy : RVE+D 5 RV(K) be the natural projection to the first N (k)-components. With
these notations the family {J*7, w114 }ren forms a projective system (inverse system) of finite dimensional
manifolds modeled on {]RN(k), Ak+1,k ken. Define J*°m := lim Jk7. Then J*°r is a Fréchet manifold modeled
on the Fréchet space R™ = @Rk. More precisely J>7 is a subset of Il enJ*m consisting strings of the
form (jF¢)ren for p € M and ¢ € T'y(7) and (U*, %),y is a projective system of charts with the limit (U™ =
lim U, > = lim ®*) as a projective limit chart for J°°x. Clearly the collection of these charts forms an atlas
modelling J>7 on R*>.

According to our approach, the following statements hold true for the infinite jet manifold J>r.

1. Lemma 4.1 states that for any k € N;

k
LJkﬂ' = U {(hi)lgigk S HL’LS(RN(Z),TJIL)gJZ?T) s.t.

jheeTrn i=1

Tiioh) =hioNifor1 <i<j<k}
is a principal fibre bundle on J*r with the structure group

k
HERYE) = {(g'),<;cp, € [JGLRND) : Mo gl = g' o N for all, 1 <i < j <k}

i=1

2.Forany k € N;

FIbm= | (555805 (0 b)) st [f5,55608 € Thed P,
jngJkﬂ

h' € Lis(RYW Ty Jir) and T7 o/ = h' o M for 1 <i < j <k}

is a principal fibre bundle on 7'J*7 with the structure group H§ (RN *)).
3. {LJFm, HE(RNF)) Jhr, pFpen and {FJ5m, HE (RN TJ% 7, p*}1.cn are projective system of principal fibre
bundles and
LJ®r =lim LJ*7 and FJ%r = lim FJ*r

are generalized principal bundles on J>*7 and T'J>°r respectively.

4. Suppose that we have a projective system of Riemannian metrics {g"}ren on {J*7}ren then one can
construct a projective system of connections {V*};cy with the limit V°° = lim V* as a generalized connection
on j>°7. The existence and uniqueness of V*>°-horizontal lift is a direct consequence of theorem 4.1. Moreover
one can directly consider a family of (possibly nonlinear) connection which are not necessarily Levi-Civita
connections and deduce the same results. (For an example of such a connection on J>°r see [15])
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5.2. Manifold of mappings

Let N be a compact finite dimensional smooth manifold and M a Banach manifold without boundary
admitting a connection V. Suppose that C*(N, M), k > 1, denote the space of C* functions between manifolds
N and M. For a C* map h: N — M we use the exponential map of V to model C*(N, M) on the Banach (or
Sobolev) space of C* sections C*(h*T M) (Here h*TM is the pullback bundle of TM via h).

More precisely if exp : O — M, O C T'M, is the exponential map corresponding to V on M and D C O an open
neighborhood of the set of zero vectors in T'M such that (s, exp)|p is a diffeomorphism then

C*(exp) : CH(h*D) — CH(N,M); € — expo &

is a chart for C*(IV, M) called the natural chart centered at h [9]. A collection of these charts form an atlas for
CH(N, M) say C* := {(UF. 6f)}.

The family {C*(N, M)} ,en forms a projective system of manifolds with the connecting morphisms, for k > j,
Kk . C*(N, M) — C7(N, M) inclusions as well as the connecting morphism for the model spaces.

Eliasson in [9] theorem 5.4 proved that every connection V on M induces a natural connection C* (V) on
Ck(N, M).

By these means on the projective system of Banach manifolds {C*(N, M)} ey we have a projective system of
connections {C*(V)}ren with the limit C>°(V) = lim C*(V) which is a limit connection on the Fréchet manifold
C>°(N,M).

Note that one can use the benefits of our method in the Eliasson’s framework to study partial differential
equations. Moreover one can apply our technique to study ordinary differential equations the group of
diffeomorphisms [20].
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