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Abstract
This article is devoted to the study of a N -space dimensional linear high-order para-
bolic equation, subject to Cauchy-Dirichlet boundary conditions. The problem is set in a
non-symmetric conical domain. The analysis is performed in the framework of weighted
anisotropic Sobolev spaces by using the domain decomposition method.
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1. Introduction
This work is devoted to the study of the following high-order parabolic problem{

∂tu + Au = f ∈ L2
ω (Q) ,

∂k
ν u

∣∣∣
∂QrΓT

= 0, k = 0, ..., m − 1,
(1.1)

where A = (−1)m(∂2m
x1 + ∂2m

x2 + ... + ∂2m
xN

), m belongs to the set of all nonzero natural
numbers N∗, ∂Q is the boundary of Q, ΓT is the part of the boundary of Q where t = T,
and ∂ν stands for the normal derivative. L2

ω (Q) is the space of square-integrable functions
on Q with the measure ωdtdx1dx2...dxN , where the weight ω is a real-valued function
defined on [0, T ] , differentiable on ]0, T ] . Here Q is the non-symmetric conical domain

Q =

(t, x1, x2, ..., xN ) ∈ RN+1 :
0 ≤ x2

1
h2(t)φ2(t) + x2

2
φ2(t) + ... + x2

N
φ2(t) < 1,

0 < t < T

 ,

where T > 0, φ and h are two Lipschitz continuous real-valued functions on [0, T ] satisfying
φ (0) = 0, and φ (t) > 0, ∀t ∈ ]0, T ] , (1.2)
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0 < δ ≤ h (t) ≤ β, ∀t ∈ [0, T ] , (1.3)
where δ and β are positive constants.

The difficulty related to this kind of problems comes from the fact that the domain
Q considered here is nonstandard since it shrinks at t = 0 (φ (0) = 0), which prevents
the domain Q to be transformed into a regular domain without the appearance of some
degenerate terms in the parabolic equation, see for example Sadallah [24]. On the other
hand, we cannot recast such problems in semi groups setting. Indeed, since the initial
condition is defined on a set measure zero, then the semi group generating the solution
cannot be defined.

It is well known that there are two main approaches for the study of boundary value
problems in such non-smooth domains. We can work directly in the non-regular domains
and we obtain singular solutions (see, for example [13,16,17,25]), or we impose conditions
on the non-regular domains to obtain regular solutions (see, for example [10, 11, 21, 24]).
It is the second approach that we follow in this work. So, let us consider the anisotropic
weighted Sobolev space

H1,2m
0,ω (Q) :=

{
u ∈ H1,2m

ω (Q) : ∂k
ν u

∣∣∣
∂QrΓT

= 0, k = 0, ..., m − 1
}

,

with
H1,2m

ω (Q) = {u : ∂tu, ∂αu ∈ L2
ω (Q) , |α| ≤ 2m}

where
α = (i1, i2, ..., iN ) ∈ N2, |α| = i1 + i2 + ... + iN , ∂αu = ∂i1

x1∂i2
x2 ...∂iN

xN
u.

The space H1,2m
ω (Q) is equipped with the natural norm, that is

‖u‖
H1,2m

ω (Q) =

‖∂tu‖2
L2

ω(Q) +
∑

|α|≤2m

‖∂αu‖2
L2

ω(Q)

1/2

.

In this paper we prove that Problem (1.1) admits a unique solution u in H1,2m
ω (Q) , under

the following additional conditions on the functions φ and ω

φ′ (t) φm (t) → 0 as t → 0, m ∈ N∗, (1.4)
∀t ∈ [0, T ] : ω (t) > 0, (1.5)

ω is a decreasing function on ]0, T ] . (1.6)
Our main result is the following.

Theorem 1.1. Let us assume that the functions ω, φ and h verify assumptions (1.5),
(1.6), (1.2) and (1.3). Then, Problem (1.1) admits a unique solution u ∈ H1,2m

ω (Q) in
one of these two cases:

(1) the functions (hφ) and φ are increasing in a neighborhood of 0,
(2) the function φ verifies condition (1.4).

The case m = 1 corresponding to a second-order parabolic equation is studied in [9] and
[12] both in bi-dimensional and multidimensional cases. In Sadallah [26] and Kheloufi et
al. [14], the second-order parabolic problem has been studied in the case of a symmetric
conical domain; i.e., in the case where h = 1, both in bi-dimensional and multidimensional
cases.

Whereas second-order parabolic equations in non-smooth domains are well studied, the
literature concerning higher-order parabolic problems in non-cylindrical domains does not
seem to be very rich. The solvability of the first boundary-value problem for higher-
order parabolic equations in non-cylindrical domains in Sobolev spaces was considered in
Mikhailov [22] for the one-dimensional case, and in [23] for the multidimensional case. The
author considered a class of “backward” paraboloid for which the parabolic boundary lies
below the characteristic plane t = 0. In the case of Hölder spaces functional framework, in
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Baderko [1] and [2], we can find solvability results of boundary value problems for a 2m-th
order parabolic equation for non-cylindrical domains (of the same kind but which can not
include our domain) with a non-smooth (in t) lateral boundary. In [7] the authors obtained
well posedness results for the solution of a boundary value-problem for the parabolic
equation

Lu = ∂tu + (−1)m(
N∑

j=1
∂2m

xj
+ ∂2m

xN+1)u = f

in a noncylindrical domain with respect to one spatial variable. More precisely, the spatial
domain considered is

D =
{

(x, xN+1) : x ∈ RN , α1(x) < xN+1 < α2(x)
}

with αk ∈ C1(RN ), k ∈ {1, 2}. Further references on the analysis of higher-order para-
bolic problems in non-cylindrical domains are: Cherepova [4], Labbas and Sadallah [18],
Galaktionov [6] and Cherfaoui et al. [5].

The plan of this paper is as follows. First, we prove a uniqueness result for Problem
(1.1). Then, to prove the existence of the solution of Problem (1.1), we divide the study
into two steps:

a) We prove a uniqueness and existence result with estimates, for a Problem (3.1)
similar to (1.1) where Q is replaced by the truncated domain

Qn =
{

(t, x1, x2, ..., xN ) ∈ Q : 1
n

< t < T

}
, n ∈ N∗,

(Theorem 3.1 and Proposition 3.10).
b) We build a solution u of Problem (1.1) when T is small enough, by considering ũn

the 0-extension to Q of the solution of (3.1) (un exists by Theorem 3.1), and showing
(in virtue of Proposition 3.10) that ũnk

⇀ u, weakly in L2
ω (Q), for a suitable increasing

sequence of integers (nk)k≥1. The obtained existence local result can be extended to a
global in time one by considering

D1 = {(t, x1, x2, ..., xN ) ∈ Q : 0 < t < T1}
and

D2 = {(t, x1, x2, ..., xN ) ∈ Q : T1 < t < T}
with T1 small enough and applying the previous case.

2. Uniqueness of solutions and technical lemmas
Proposition 2.1. Under the assumptions (1.5) and (1.6) on the weight function ω, Prob-
lem (1.1) admits at most one solution.

Proof. Let us consider u ∈ H1,2m
0,ω (Q) a solution of Problem (1.1) with a null right-hand

side term. So, the calculations show that the inner product 〈∂tu + Au, u〉 in L2
ω(Q) gives

0 =
∫

ΓT
|u|2 ω (T ) dx1dx2...dxN −

∫
Q

1
2 |u|2 ω′ (t) dt dx1dx2...dxN

+
∫

Q

(∣∣∂m
x1u

∣∣2 +
∣∣∂m

x2u
∣∣2 + ... +

∣∣∣∂m
xN

u
∣∣∣2)

ω(t)dt dx1dx2...dxN .

Thanks to the conditions (1.5) and (1.6), this implies that
∣∣∂m

x1u
∣∣2+

∣∣∂m
x2u

∣∣2+...+
∣∣∣∂m

xN
u

∣∣∣2 =
0 and consequently ∂2m

x1 u = ∂2m
x2 u = ... = ∂2m

xN
u = 0. Then, the equation of Problem (1.1)

gives ∂tu = 0. Thus, u =
∑m−1

k=0 akxk, ak ∈ R, k = 0, 1, ..., m−1. The boundary conditions
imply that u = 0 in Q. This proves the uniqueness of the solution of Problem (1.1). �
Remark 2.2. In the sequel, we will be interested only in the question of the existence of
the solution of Problem (1.1).
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The following result is well known (see, for example, [20]).

Lemma 2.3. Let B (0, 1) be the unit ball of RN . Then, the operator

A : H2m (B (0, 1)) ∩ Hm
0 (B (0, 1)) −→ L2 (B (0, 1)) , v 7→ Av = (−1)m

N∑
j=1

∂2m
xj

v

is an isomorphism. Moreover, there exists a constant C > 0 such that

‖v‖H2m(B(0,1)) ≤ C ‖Av‖L2(B(0,1)) , ∀v ∈ H2m (B (0, 1)) ∩ Hm
0 (B (0, 1)) .

In the above lemma, H2m and Hm
0 are the usual Sobolev spaces defined, for instance,

in Lions-Magenes [20]. In Section 3, we will need the following result.

Lemma 2.4. For a fixed t ∈ ]0, T [ , there exists a constant C > 0 such that for each
u ∈ H2m (Ωt) , we have∥∥∥∂l

xj
u

∥∥∥2

L2(Ωt)
≤ Cφ2(2m−l) (t) ‖Au‖2

L2(Ωt) , l = 0, 1, ..., 2m − 1, j = 1, 2, ..., N.

Here, Ωt is the section of Q defined (for a fixed t ∈]0, T [) by

Ωt =
{

(x1, x2, ..., xN ) ∈ RN : 0 ≤ x2
1

h2 (t) φ2 (t)
+ x2

2
φ2 (t)

+ ... + x2
N

φ2 (t)
< 1

}
.

Proof. It is a direct consequence of Lemma 2.3. Indeed, let t ∈ ]0, T [ and define the
following change of variables

B (0, 1) −→ Ωt,
(x1, x2, ..., xN ) 7−→ (h (t) φ (t) x1, φ (t) x2, ..., φ (t) xN ) = (x′

1, x′
2, ..., x′

N ) .

Set v (x1, x2, ..., xN ) = u (x′
1, x′

2, ..., x′
N ), then if v ∈ H2m (B (0, 1)), u belongs to H2m (Ωt).

(a) We have∥∥∥∂l
x1v

∥∥∥2

L2(B(0,1))
=

∫
B(0,1)

(
∂l

x1v
)2

(x1, x2, ..., xN ) dx1dx2...dxN

=
∫

Ωt
(h (t) φ (t))2l

(
∂l

x′
1
u

)2
(x′

1, x′
2, ..., x′

N ) 1
h(t)φN (t)dx′

1dx′
2...dx′

N

= h2l−1 (t) φ2l−N (t)
∫

Ωt

(
∂l

x′
1
u

)2
(x′

1, x′
2, ..., x′

N ) dx′
1dx′

2...dx′
N

= h2l−1 (t) φ2l−N (t)
∥∥∥∂l

x′
1
u

∥∥∥2

L2(Ωt)

where l ∈ {0, 1, ..., 2m − 1}. On the other hand, we have

‖Av‖2
L2(B(0,1))

=
∫

B(0,1)

[
(−1)m

(
∂2m

x1 v + ∂2m
x2 v + ... + ∂2m

xN
v

)
(x1, x2, ..., xN )

]2
dx1dx2...dxN

=
∫

Ωt

[
(h (t) φ (t))2m ∂2m

x′
1

u +
∑N

k=2 φ2m (t) ∂2m
x′

k
u

]2
(x′

1, x′
2, ..., x′

N )

× 1
(hφN )(t)dx′

1dx′
2...dx′

N

= φ4m(t)
h(t)φN (t)

∫
Ωt

(
h2m (t) ∂2m

x′
1

u +
∑N

k=2 ∂2m
x′

k
u

)2
(x′

1, x′
2, ..., x′

N ) dx′
1dx′

2...dx′
N

≤ φ4m−N (t)
δ

(
max(β2m, 1)

)2 ∫
Ωt

(
∂2m

x′
1

u +
∑N

k=2 ∂2m
x′

k
u

)2
dx′

1dx′
2...dx′

N

≤ φ4m−N (t)
δ K

∫
Ωt

(
∂2m

x′
1

u +
∑N

k=2 ∂2m
x′

k
u

)2
dx′

1dx′
2...dx′

N

≤ φ4m−N (t)
δ K ‖Au‖2

L2(Ωt) .
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where K =
(
max(β2m, 1)

)2 and δ and β are the constants which appear in (1.3). Using
the Lemma 2.3 and the condition (1.3), we obtain the desired inequality.

(b) For j = 2, ..., N, we have∥∥∥∂l
xj

v
∥∥∥2

L2(B(0,1))
=

∫
B(0,1)

(
∂l

xj
v

)2
(x1, x2, ..., xN ) dx1dx2...dxN

=
∫

Ωt
φ2l (t)

(
∂l

x′
j
u

)2
(x′

1, x′
2, ..., x′

N ) 1
h(t)φN (t)dx′

1dx′
2...dx′

N

= φ2l−N (t)
h(t)

∫
Ωt

(
∂l

x′
j
u

)2
(x′

1, x′
2, ..., x′

N ) dx′
1dx′

2...dx′
N

= φ2l−N (t)
h(t)

∥∥∥∥∂l
x′

j
u

∥∥∥∥2

L2(Ωt)

where l ∈ {0, 1, ..., 2m − 1} . On the other hand, we have

‖Av‖2
L2(B(0,1)) ≤ φ4m−N (t)

δ
K ‖Au‖2

L2(Ωt) .

Using the inequality ∥∥∥∂l
xj

v
∥∥∥2

L2(B(0,1))
≤ C ‖Av‖2

L2(B(0,1))

of Lemma 2.3 and condition (1.3), we obtain the desired inequality∥∥∥∥∂l
x′

j
u

∥∥∥∥2

L2(Ωt)
≤ Cφ2(2m−l) (t) ‖Au‖2

L2(Ωt) .

�

Remark 2.5. In Lemma 2.4 we can replace ‖.‖L2 by ‖.‖L2
ω

.

3. Existence result for problem (1.1)
We divide the proof of Theorem 1.1 into two steps.

3.1. Step 1: Existence result in truncated domains Qn

In this subsection, we replace Q by Qn, n ∈ N∗ and 1
n < T :

Qn =
{

(t, x1, x2, ..., xN ) ∈ Q : 1
n

< t < T

}
.

Theorem 3.1. For each n ∈ N∗ such that 1
n < T , the problem

∂tun + Aun = fn ∈ L2
ω (Qn) ,

un|t= 1
n

= 0,

∂k
ν un

∣∣∣
∂Qnr(ΓT ∪{t= 1

n
})

= 0, k = 0, 1, ..., m − 1,

(3.1)

where fn = f |Qn
admits a unique solution un ∈ H1,2m

ω (Qn) .

Proof of Theorem 3.1. The change of variables

(t, x1, x2, ..., xN ) 7→ (t, y1, y2, ..., yN ) =
(
t, x1

h(t)φ(t) , x2
φ(t) , ..., xN

φ(t)

)
transforms Qn into the cylinder Pn =

]
1
n , T

[
×B (0, 1) , where B (0, 1) is the unit ball of RN .

Putting un (t, x1, x2, ..., xN ) = vn (t, y1, y2, ..., yN ) and fn (t, x1, x2, ..., xN ) = gn (t, y1, y2, ..., yN ) ,
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then problem (3.1) is transformed, in Pn into the following variable-coefficient parabolic
problem

∂tvn + (−1)m

φ2m(t) [ 1
h2m(t)∂2m

y1 vn +
∑N

j=2 ∂2m
yj

vn] − (hφ′)(t)y1
(hφ)(t) ∂y1vn − φ′(t)

φ(t)
∑N

j=2 yj∂yj vn = gn,

vn|t= 1
n

= 0,

∂k
ν vn

∣∣∣
∂Pnr(ΣT ∪{t= 1

n
})

= 0, k = 0, 1, ..., m − 1,

where ΣT is the part of the boundary of Pn where t = T. The above change of variables
conserves the spaces L2

ω and H1,2m
ω because (−1)m

h2mφ2m , (−1)m

φ2m , (hφ)′

hφ and φ′

φ are bounded
functions when t ∈] 1

n , T [. In other words

fn ∈ L2
ω (Qn) ⇐⇒ gn ∈ L2

ω (Pn) , un ∈ H1,2m
ω (Qn) ⇐⇒ vn ∈ H1,2m

ω (Pn) .

Proposition 3.2. For each n ∈ N∗ such that 1
n < T, the following operator is compact

−(hφ′) (t) y1
(hφ) (t)

∂y1 − φ′ (t)
φ (t)

N∑
j=2

yj∂yj : H1,2m
0,ω (Pn) −→ L2

ω (Pn) .

Proof. Pn has the "horn property" of Besov (see [3]). So, for j = 1, 2, ..., N

∂yj : H1,2m
0,ω (Pn) −→ H

1− 1
2m

,2m−1
ω (Pn) , v 7−→ ∂yj v,

is continuous. Since Pn is bounded, the canonical injection is compact from H
1− 1

2m
,2m−1

ω (Pn)
into L2

ω (Pn) (see for instance [3]), where

H
1− 1

2m
,2m−1

ω (Pn) = L2
( 1

n
, T ; H2m−1 (B (0, 1))

)
∩ H1− 1

2m

( 1
n

, T ; L2 (B (0, 1))
)

.

For the complete definitions of the Hr,s Hilbertian Sobolev spaces, see for instance [20].
Consider the composition

∂yj : H1,2m
0,ω (Pn) → H

1− 1
2m

,2m−1
ω (Pn) → L2

ω (Pn) , v 7→ ∂yj v 7→ ∂yj v,

then ∂yj is a compact operator from H1,2m
0,ω (Pn) into L2

ω (Pn) . Since − (hφ′)(t)
h(t)φ(t) and −φ′(t)

φ(t) are
a bounded functions for 1

n < t < T , the operators − (hφ′)(t)y1
(hφ)(t) ∂y1 , −φ′(t)yk

φ(t) ∂yk
, k = 2, 3, ..., N

are also compact from H1,2m
0,ω (Pn) into L2

ω (Pn) . Consequently,

−(hφ′) (t) y1
(hφ) (t)

∂y1 − φ′ (t)
φ (t)

N∑
j=2

yj∂yj

is compact from H1,2m
0,ω (Pn) into L2

ω (Pn). �
So, thanks to Proposition 3.2, to complete the proof of Theorem 3.1, it is sufficient to

show that the operator

∂t + (−1)m

h2m (t) φ2m (t)
∂2m

y1 + (−1)m

φ2m (t)

N∑
j=2

∂2m
yj

is an isomorphism from H1,2m
0,ω (Pn) into L2

ω (Pn) .

Lemma 3.3. For each n ∈ N∗ such that 1
n < T , the operator

∂t + (−1)m

h2m (t) φ2m (t)
∂2m

y1 + (−1)m

φ2m (t)

N∑
j=2

∂2m
yj

is an isomorphism from H1,2m
0,ω (Pn) into L2

ω (Pn) .



186 S. Cherfaoui, A. Kessab, A. Kheloufi

Proof. Since the coefficient (−1)m

h2m (t) φ2m (t)
,

(−1)m

φ2m (t)
are bounded in Pn, the optimal reg-

ularity is given by Ladyzhenskaya, Solonnikov and Ural’tseva [19]. �

We shall need the following result in order to justify the calculus of this section.

Lemma 3.4. For each n ∈ N∗ such that 1
n < T , the space{

vn ∈ H2m (Pn) : vn|t= 1
n

= ∂k
ν vn

∣∣∣
∂Pnr(ΣT ∪{t= 1

n
})

= 0, k = 0, 1, ..., m − 1
}

is dense in the space{
vn ∈ H1,2m (Pn) : vn|t= 1

n
= ∂k

ν vn

∣∣∣
∂Pnr(ΣT ∪{t= 1

n
})

= 0, k = 0, 1, ..., m − 1
}

.

Here, H2m stands for the usual Sobolev space defined, for instance, in Lions-Magenes [20].

The proof of the above lemma may be found in [20].

Remark 3.5. In Lemma 3.4, we can replace Pn by Qn with the help of the change of
variables defined above.

3.2. Step 2: Existence result in the conical domain Q

3.2.1. An "energy" type estimate. Now, we return to the conical domain Q and we
suppose that the functions h and φ satisfy conditions (1.2), (1.3) and (1.4).
For each n ∈ N∗ such that 1

n < T , we denote fn = f |Qn
and un ∈ H1,2m

ω (Qn) the solution
of Problem (1.1) in Qn. Such a solution exists by Theorem 3.1. We look for a constant
K1 > 0 independent of n satisfying the estimate

‖un‖
H1,2m

ω (Qn) ≤ K1 ‖fn‖L2
ω(Qn) ≤ K1 ‖f‖L2

ω(Q) . (3.2)

Let us denote the inner product in L2
ω (Qn) by 〈., .〉, then we have

‖fn‖2
L2

ω(Qn) = 〈∂tun + Aun, ∂tun + Aun〉
= ‖∂tun‖2

L2
ω(Qn) + ‖Aun‖2

L2
ω(Qn) + 2〈∂tun, Aun〉.

We need the following result which is a consequence of Lemma 2.4 and Grisvard-Looss
[8, Theorem 2.2].

Lemma 3.6. There exists a constant C > 0 independent of n such that∑
|α|=2m

‖∂αun‖2
L2

ω(Qn) ≤ C ‖Aun‖2
L2

ω(Qn) .

In the sequel, we will estimate the inner product 〈∂tun, Aun〉 making use of the boundary
conditions

un|t= 1
n

= ∂k
ν un

∣∣∣
∂Qnr(ΓT ∪{t= 1

n
})

= 0, k = 0, ..., m − 1,

which are equivalent to

un|t= 1
n

= ∂k
xj

un

∣∣∣
∂Qnr(ΓT ∪{t= 1

n
})

= 0, k = 0, ..., m − 1; j = 1, 2, ..., N

This equivalence can be proved, for instance, by induction.
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Lemma 3.7. One has

2〈∂tun, Aun〉 =
∫ 2π

0

∫ π

0
· · ·

∫ π

0

∫ T

1
n

(
(hφ)′ (t) cos2 θ1 +

(
hφ′) (t) sin2 θ1

)

×

 N∑
j=1

(
∂m

xj
un

)2
 .φ(t)ω (t) dtdθ1 . . . dθN−2dθN−1

+
∫

ΓT

 N∑
j=1

(
∂m

xj
un

)2
 (T, x1, x2, ..., xN ) .ω (T ) dx1dx2...dxN

−
∫

Qn

 N∑
j=1

(
∂m

xj
un

)2
 .ω′ (t) dtdx1dx2...dxN .

Proof. We have

∂tun.Aun =
N∑

j=1

[
m−1∑
k=0

∂xj

(
∂k

xj
∂tun.∂2m−k−1

xj
un

)
(−1)k+m + 1

2
∂t

(
∂m

xj
un

)2
]

.

Then
2〈∂tun, Aun〉 = 2

∫
Qn

∂tun.Aun.ω (t) dtdx1dx2...dxN

= 2
∫

Qn

∑N
j=1

∑m−1
k=0 ∂xj

(
∂k

xj
∂tun.∂2m−k−1

xj
un

)
(−1)k+m

×ω (t) dtdx1dx2...dxN

+
∫

Qn
∂t

∑N
j=1

(
∂m

xj
un

)2
.ω (t) dtdx1dx2...dxN

= 2
∫

∂Qn

∑N
j=1

∑m−1
k=0

(
∂k

xj
∂tun.∂2m−k−1

xj
un

)
(−1)k+m νxj .ω (t) dσ

+
∫

∂Qn

∑N
j=1

(
∂m

xj
un

)2
νt.ω (t) dσ

−
∫

Qn

∑N
j=1

(
∂m

xj
un

)2
.ω′ (t) dtdx1dx2...dxN

with νt, νx1 , ..., νxN are the components of the unit outward normal vector at ∂Qn. We
shall rewrite the boundary integral making use of the boundary conditions. On the part
of the boundary of Qn where t = 1

n
, we have un = 0, νt = −1 and νxj = 0, j = 1, 2, ..., N.

Consequently the corresponding boundary integral vanishes. On the part of the boundary
where t = T , we have νxj = 0, j = 1, 2, ..., N and νt = 1. Accordingly, the corresponding
boundary integral∫

ΓT

N∑
j=1

(
∂m

xj
un

)2
(T, x1, x2, ..., xN ) .ω (T ) dx1dx2...dxN

is nonnegative. On the part Γ1 of ∂Qn defined by

Γ1 =
{

(t, x1, x2, ..., xN ) : x2
1

h2 (t) φ2 (t)
+ x2

2
φ2 (t)

+ ... + x2
N

φ2 (t)
= 1

}
,

we have, for k = 1, 2, ..., N − 1,

νxk
= h(t) sin θ1... sin θk−1 cos θk√(

φ′ (t) h(t) sin2 θ1 + (hφ)′ (t) cos2 θ1
)2 + (h(t) sin θ1)2 + cos2 θ1

,

νxN = h(t) sin θ1... sin θN−2 sin θN−1√(
φ′ (t) h(t) sin2 θ1 + (hφ)′ (t) cos2 θ1

)2 + (h(t) sin θ1)2 + cos2 θ1

,
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νt = −
(
φ′ (t) h(t) sin2 θ1 + (hφ)′ (t) cos2 θ1

)√(
φ′ (t) h(t) sin2 θ1 + (hφ)′ (t) cos2 θ1

)2 + (h(t) sin θ1)2 + cos2 θ1

and
∂k

xj
un(t, h (t) φ (t) cos θ1, φ (t) sin θ1 cos θ2, ..., φ (t) sin θ1 sin θ2... sin θN−2 cos θN−1,

φ (t) sin θ1 sin θ2... sin θN−2 sin θN−1) = 0, k = 0, ..., m − 1; j = 1, 2, ..., N.

Let us denote

I = 2
∫

Γ1

N∑
j=1

m−1∑
k=0

(
∂k

xj
∂tun.∂2m−k−1

xj
un

)
(−1)k+m νxj .ω (t) dσ.

We have
I = 2

∫
Γ1

∑N
j=1

(
∂tun.∂2m−1

xj
un

)
(−1)m νxj .ω (t) dσ

+2
∫

Γ1

∑N
j=1

∑m−2
k=1

(
∂k

xj
∂tun.∂2m−k−1

xj
un

)
(−1)k+m νxj .ω (t) dσ

−2
∫

Γ1

∑N
j=1

(
∂m−1

xj
∂tun.∂m

xj
un

)
νxj .ω (t) dσ

= I0 + I1 + Im−1.

a) Estimation of I0 = 2
∫

Γ1

∑N
j=1

(
∂tun.∂2m−1

xj
un

)
(−1)m νxj .ω (t) dσ :

We have
un(t, h (t) φ (t) cos θ1, φ (t) sin θ1 cos θ2, ..., φ (t) sin θ1 sin θ2... sin θN−2 cos θN−1,

φ (t) sin θ1 sin θ2... sin θN−2 sin θN−1) = 0.

Differentiating with respect to t, we obtain

∂tun = −φ′ (t)
[∑N−1

k=2 sin θ1... sin θk−1 cos θk.∂xk
un + sin θ1... sin θN−1.∂xN un

]
− (hφ)′ (t) cos θ1.∂x1un = 0.

So, the boundary integral I0 vanishes.
b) Estimation of I1 = 2

∫
Γ1

∑N
j=1

∑m−2
k=1

(
∂k

xj
∂tun.∂2m−k−1

xj
un

)
(−1)k+m

νxj .ω (t) dσ :
We have

∂k
xj

un(t, h (t) φ (t) cos θ1, φ (t) sin θ1 cos θ2, ..., φ (t) sin θ1 sin θ2... sin θN−2 cos θN−1,

φ (t) sin θ1 sin θ2... sin θN−2 sin θN−1) = 0, k = 1, ..., m − 2; j = 1, 2, ..., N.

Differentiating with respect to t, we obtain

∂t∂
k
xj

un = −φ′ (t)
N−1∑
l=2

sin θ1 . . . sin θl−1 cos θl.∂xl
∂k

xj
un

− φ′ (t) sin θ1 . . . sin θN−1.∂xN ∂k
xj

un

− (hφ)′ (t) cos θ1.∂x1∂k
xj

un, k = 1, ..., m − 2; j = 1, 2, . . . , N.

The Dirichlet boundary conditions on Γ1 lead to

∂t∂
k
xj

un = −φ′ (t)
∑N−1

l=2,l 6=j sin θ1 . . . sin θl−1 cos θl.∂xl
∂k

xj
un

−φ′ (t) sin θ1 . . . sin θN−1.∂xN ∂k
xj

un

− (hφ)′ (t) cos θ1.∂x1∂k
xj

un, k = 1, ..., m − 2; j = 2, . . . , N − 1,

∂t∂
k
x1un = −φ′ (t)

∑N−1
l=2 sin θ1 . . . sin θl−1 cos θl.∂xl

∂k
x1un

−φ′ (t) sin θ1 . . . sin θN−1.∂xN ∂k
x1un,

and
∂t∂

k
xN

un = −φ′ (t)
∑N−1

l=2 sin θ1 . . . sin θl−1 cos θl.∂xl
∂k

xN
un

− (hφ)′ (t) cos θ1.∂x1∂k
xN

un, k = 1, ..., m − 2.
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Now, differentiating the formula

∂k
xj

un(t, h (t) φ (t) cos θ1, φ (t) sin θ1 cos θ2, ..., φ (t) sin θ1 sin θ2... sin θN−2 cos θN−1,

φ (t) sin θ1 sin θ2... sin θN−2 sin θN−1) = 0, k = 1, ..., m − 2; j = 1, 2, ..., N,

with respect to θ1, . . . , θN−2 and θN−1, we obtain for p = 2, . . . , N − 2,

sin θp.∂xp∂k
xj

un = cos θp
∑N−1

l=p+1 sin θp+1 . . . sin θl−1 cos θl.∂xl
∂k

xj
un

+ cos θp sin θp+1 . . . sin θN−1.∂xN ∂k
xj

un,

h(t). sin θ1.∂x1∂k
xj

un = cos θ1

N−1∑
l=2

sin θ2 . . . sin θl−1 cos θl.∂xl
∂k

xj
un

+ cos θ1 sin θ2 . . . sin θN−1.∂xN ∂k
xj

un,

and
sin θN−1∂xN−1∂k

xj
un = cos θN−1∂xN ∂k

xj
un

where k = 1, . . . , m − 2; j = 1, . . . , N. The Dirichlet boundary conditions on Γ1 lead to

∂xi∂
k
xj

un = 0, k = 1, ..., m − 2; i = 1, . . . , N , j = 1, . . . , N

and consequently
∂t∂

k
xj

un = 0, k = 1, . . . , m − 2; j = 1, . . . , N.

So, the boundary integral I1 vanishes.
c) Estimation of Im−1 = −2

∫
Γ1

∑N
j=1

(
∂m−1

xj
∂tun.∂m

xj
un

)
νxj .ω (t) dσ :

We have
∂m−1

xj
un(t, h (t) φ (t) cos θ1, φ (t) sin θ1 cos θ2, ..., φ (t) sin θ1 sin θ2... sin θN−2 cos θN−1,

φ (t) sin θ1 sin θ2... sin θN−2 sin θN−1) = 0, j = 1, 2, ..., N.

Differentiating with respect to t, we obtain

∂t∂
m−1
xj

un = − φ′ (t)
N−1∑
l=2

sin θ1 . . . sin θl−1 cos θl.∂xl
∂m−1

xj
un

− φ′ (t) sin θ1 . . . sin θN−1.∂xN ∂m−1
xj

un

− (hφ)′ (t) cos θ1.∂x1∂m−1
xj

un, j = 1, 2, . . . , N.

The Dirichlet boundary conditions on Γ1 lead to

∂t∂
m−1
xj

un = −φ′ (t)
∑N−1

l=2,l 6=j sin θ1 . . . sin θl−1 cos θl.∂xl
∂m−1

xj
un

−φ′ (t) sin θ1 . . . sin θN−1.∂xN ∂m−1
xj

un

− (hφ)′ (t) cos θ1.∂x1∂m−1
xj

un, j = 2, . . . , N − 1,

∂t∂
m−1
x1 un = −φ′ (t)

∑N−1
l=2 sin θ1 . . . sin θl−1 cos θl.∂xl

∂m−1
x1 un

−φ′ (t) sin θ1 . . . sin θN−1.∂xN ∂m−1
x1 un,

and
∂t∂

m−1
xN

un = −φ′ (t)
∑N−1

l=2 sin θ1 . . . sin θl−1 cos θl.∂xl
∂m−1

xN
un

− (hφ)′ (t) cos θ1.∂x1∂m−1
xN

un.

Now, differentiating the formula

∂m−1
xj

un(t, h (t) φ (t) cos θ1, φ (t) sin θ1 cos θ2, ..., φ (t) sin θ1 sin θ2... sin θN−2 cos θN−1,

φ (t) sin θ1 sin θ2... sin θN−2 sin θN−1) = 0, j = 1, 2, ..., N.
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with respect to θ1, . . . , θN−2 and θN−1, we obtain for p = 2, . . . , N − 2,

sin θp.∂xp∂m−1
xj

un = cos θp

 N−1∑
l=p+1

sin θp+1 . . . sin θl−1 cos θl.∂xl
∂m−1

xj
un


+ cos θp

[
sin θp+1 . . . sin θN−1.∂xN ∂m−1

xj
un

]
, j = 1, . . . , N

h(t). sin θ1.∂x1∂m−1
xj

un = cos θ1
[∑N−1

l=2 sin θ2 . . . sin θl−1 cos θl.∂xl
∂m−1

xj
un

]
cos θ1

[
sin θ2 . . . sin θN−1.∂xN ∂m−1

xj
un

]
,

and
sin θN−1∂xN−1∂m−1

xj
un = cos θN−1∂xN ∂m−1

xj
un, j = 1, . . . , N.

Taking into account these relationships we deduce

Im−1 = 2
∫ 2π

0
∫ π

0 · · ·
∫ π

0
∫ T

1
n

(
(hφ)′ (t) cos2 θ1 + (hφ′) (t) sin2 θ1

)
×

(∑N
j=1

(
∂m

xj
un

)2
)

.φ(t)ω (t) dtdθ1 . . . dθN−2dθN−1

Finally

2〈∂tun, Aun〉 =
∫ 2π

0
∫ π

0 · · ·
∫ π

0
∫ T

1
n

(
(hφ)′ (t) cos2 θ1 + (hφ′) (t) sin2 θ1

)
×

(∑N
j=1

(
∂m

xj
un

)2
)

.φ(t)ω (t) dtdθ1 . . . dθN−2dθN−1

+
∫

ΓT

(∑N
j=1

(
∂m

xj
un

)2
)

(T, x1, x2, ..., xN ) .ω (T ) dx1dx2...dxN

−
∫

Qn

(∑N
j=1

(
∂m

xj
un

)2
)

.ω′ (t) dtdx1dx2...dxN .

(3.3)

�

Remark 3.8. Observe that the integrals∫
ΓT

 N∑
j=1

(
∂m

xj
un

)2
 (T, x1, x2) .ω (T ) dx1dx2...dxN

and

−
∫

Qn

 N∑
j=1

(
∂m

xj
un

)2
 .ω′ (t) dtdx1dx2...dxN ,

which appear in the last formula are nonnegative thanks to the assumptions (1.5) and (1.6)
on the weight function ω. This is a good sign for our estimate because we can deduce
immediately

‖fn‖2
L2

ω(Qn) ≥ ‖∂tun‖2
L2

ω(Qn) + ‖Aun‖2
L2

ω(Qn)

+
∫ 2π

0
∫ π

0 · · ·
∫ π

0
∫ T

1
n

(
(hφ)′ (t) cos2 θ1 + (hφ′) (t) sin2 θ1

)
×

(∑N
j=1

(
∂m

xj
un

)2
)

.φ(t)ω (t) dtdθ1 . . . dθN−2dθN−1.

So, if φ and hφ are increasing functions in the interval ( 1
n , T ), then∫ 2π

0
∫ π

0 · · ·
∫ π

0
∫ T

1
n

(
(hφ)′ (t) cos2 θ1 + (hφ′) (t) sin2 θ1

)
×

(∑N
j=1

(
∂m

xj
un

)2
)

.φ(t)ω (t) dtdθ1 . . . dθN−2dθN−1 ≥ 0.

Consequently,
‖fn‖2

L2
ω(Qn) ≥ ‖∂tun‖2

L2
ω(Qn) + ‖Aun‖2

L2
ω(Qn) . (3.4)
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But, thanks to Lemma 2.4 and since φ is bounded in (0, T ), there exists a constant C ′ > 0
such that ∥∥∥∂l

xj
un

∥∥∥2

L2
ω(Qn)

≤ C ′ ‖Aun‖2
L2

ω(Qn) , l = 0, 1, ..., 2m − 1; j = 1, 2, ..., N.

Taking into account Lemma 3.6 and estimate (3.4), this proves the desired estimate (3.2).
So, it remains to establish the estimate (3.2) under the hypothesis (1.4). For this

purpose, we need the following lemma.

Lemma 3.9. One has

2〈∂tun, Aun〉 = 2
∫

Qn

(
(hφ)′

hφ x1∂m
x1un + φ′

φ

∑N
j=2 xj∂m

xj
un

)
Aun

×ω (t) dtdx1dx2...dxN

− (N − 2)
∫

Qn

(
(hφ)′

hφ

(
∂m

x1un
)2 + φ′

φ

∑N
j=2

(
∂m

xj
un

)2
)

×ω (t) dtdx1dx2 . . . dxN

+
∫

ΓT

∑N
j=1

(
∂m

xj
un

)2
(T, x1, x2) .ω (T ) dx1dx2 . . . dxN .

Proof. This result can be obtained by following step by step the proof of [9, Lemma
3.8]. �

Proposition 3.10. Let us assume that the functions ω, φ and h verify assumptions (1.5),
(1.6), (1.2) and (1.3). Then for T small enough, there exists a constant K1 independent
of n such that

‖un‖
H1,2m

ω (Qn) ≤ K1 ‖fn‖L2
ω(Qn) ≤ K1 ‖f‖L2

ω(Q)

if one of the following conditions is satisfied
(1) the functions hφ and φ are increasing in a neighborhood of 0,
(2) the function φ verifies condition (1.4).

Proof. The case when hφ and φ are increasing functions in a neighborhood of 0 has been
treated in Remark 3.8. Then assume that φ verifies the condition (1.4).

Remark 3.11. Let ϵ > 0 be a real which we will choose small enough. The hypothesis
(1.4) implies the existence of a real number T > 0 small enough such that

∀t ∈ (0, T ) ,
∣∣φ′ (t) φm(t)

∣∣ ≤ ϵ. (3.5)

Now, we continue the proof of Proposition 3.10. We have∣∣∣∫Qn

(
(hφ)′

hφ x1∂m
x1un + φ′

φ

∑N
j=2 xj∂m

xj
un

)
Aun.ω (t) dtdx1dx2

∣∣∣
≤ ‖Aun‖L2

ω(Qn)

∥∥∥ (hφ)′

hφ x1∂m
x1un

∥∥∥
L2

ω(Qn)
+ ‖Aun‖L2

ω(Qn)

∥∥∥φ′

φ

∑N
j=2 xj∂m

xj
un

∥∥∥
L2

ω(Qn)
,

but Lemma 2.4 yields for j = 2, . . . , N∥∥∥φ′

φ xj∂m
xj

un

∥∥∥2

L2
ω(Qn)

=
∫ T

1
n

φ′2 (t)
∫

Ωt

(
xj

φ(t)

)2 (
∂m

xj
un

)2
.ω (t) dtdx1dx2...dxN

≤
∫ T

1
n

φ′2 (t)
∫

Ωt

(
∂m

xj
un

)2
.ω (t) dtdx1dx2...dxN

≤ C2 ∫ T
1
n

(φm (t) φ′ (t))2 ∫
Ωt

(Aun)2 .ω (t) dtdx1dx2...dxN

≤ C2ϵ2 ‖Aun‖2
L2

ω(Qn) ,

since (φm (t) φ′ (t)) ≤ ϵ thanks to the condition (3.5). Similarly, we have∥∥∥∥∥(hφ)′

hφ
x1∂m

x1un

∥∥∥∥∥
2

L2
ω(Qn)

≤ C2ϵ2 ‖Aun‖2
L2

ω(Qn)
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Then∣∣∣∣∣∣
∫

Qn

(hφ)′

hφ
x1∂m

x1un + φ′

φ

N∑
j=2

xj∂m
xj

un

 Aun.ω (t) dtdx1dx2...dxN

∣∣∣∣∣∣ ≤ NCϵ ‖Aun‖2
L2

ω(Qn) .

Therefore, Lemma 3.9 shows that

|2〈∂tun, Aun〉| ≥ −2

∣∣∣∣∣∣
∫

Qn

(hφ)′

hφ
x1∂m

x1un + φ′

φ

N∑
j=2

xj∂m
xj

un

 Aun.ω (t) dtdx1dx2...dxN

∣∣∣∣∣∣
−

∣∣∣∣∣∣(N − 2)
∫

Qn

(hφ)′

hφ

(
∂m

x1un
)2 +

N∑
j=1

(
∂m

xj
un

)2 φ′

φ

 .ω (t) dtdx1dx2...dxN

∣∣∣∣∣∣
+

∫
ΓT

N∑
j=1

(
∂m

xj
un

)2
(T, x1, x2, ..., xN ) .ω (T ) dx1dx2...dxN

≥ −N2Cϵ ‖Aun‖2
L2

ω(Qn) .

Hence
‖fn‖2

L2
ω(Qn) = ‖∂tun‖2

L2
ω(Qn) + ‖Aun‖2

L2
ω(Qn) + 2〈∂tun, Aun〉

≥ ‖∂tun‖2
L2

ω(Qn) +
(
1 − N2Cϵ

)
‖Aun‖2

L2
ω(Qn) .

Then, it is sufficient to choose ϵ such that 1 − N2Cϵ > 0 to get a constant K0 > 0
independent of n such that

‖fn‖L2
ω(Qn) ≥ K0 ‖un‖

H1,2m
ω (Qn) ,

and since
‖fn‖L2

ω(Qn) ≤ ‖f‖L2
ω(Q) ,

there exists a constant K1 > 0, independent of n satisfying

‖un‖
H1,2m

ω (Qn) ≤ K1 ‖fn‖L2
ω(Qn) ≤ K1 ‖f‖L2

ω(Q) .

This completes the proof of Proposition 3.10. �

3.2.2. Passage to the limit. Choose a sequence (Qn)n∈N∗ of the domains defined above
(see subsection 3.1), such that Qn ⊆ Q. Then, we have Qn → Q, as n → ∞. Consider the
solution un ∈ H1,2m

ω (Qn) of the Cauchy-Dirichlet problem
∂tun + Aun = fn ∈ L2

ω (Qn) ,

un|t= 1
n

= 0,

∂k
ν un

∣∣∣
∂Qnr(ΓT ∪{t= 1

n
})

= 0, k = 0, 1, ..., m − 1,

where fn = f |Qn
. Such a solution un exists by Theorem 3.1. Let ũn the 0-extension of

un to Q. In virtue of Proposition 3.10 for T small enough, we know that there exists a
constant C such that

‖ũn‖L2
ω(Q) +

∥∥∥∂̃tun

∥∥∥
L2

ω(Q)
+

∑
1≤|α|≤2m

∥∥∥∂̃αun

∥∥∥
L2

ω(Q)
≤ C ‖f‖L2

ω(Q) .

This means that ũn, ∂̃tun, ∂̃αun for 1 ≤ |α| ≤ 2m are bounded functions in L2
ω (Q). So,

for a suitable increasing sequence of integers nk, k = 1, 2, ..., there exist functions

u, v and vα 1 ≤ |α| ≤ 2m

in L2
ω (Q) such that

ũnk
⇀ u, ∂̃tunk

⇀ v, ∂̃αunk
⇀ vα
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weakly in L2
ω (Q) as k → ∞, 1 ≤ |α| ≤ 2m. Clearly,

v = ∂tu, vα = ∂αu, 1 ≤ |α| ≤ 2m

in the sense of distributions in Q and so in L2
ω (Q). So, u ∈ H1,2m

ω (Q) and
∂tu + Au = f in Q.

On the other hand, the solution u satisfies the boundary conditions

∂k
ν u

∣∣∣
∂QrΓT

= 0, k = 0, 1, ..., m − 1,

since
∀n ∈ N∗, u|Qn

= un.

This ends the proof of Theorem 1.1 in the case of T small enough.

Remark 3.12. The obtained local in time result can be extended easily to a global in
time one by considering

D1 = {(t, x1, x2, ..., xN ) ∈ Q : 0 < t < T1}
and

D2 = {(t, x1, x2, ..., xN ) ∈ Q : T1 < t < T}
with T1 small enough and applying the previous case. For more details, see [15].

Remark 3.13. Note that this work may be extended at least in the following directions:
1. The function f on the right-hand side of the equation of Problem (1.1), may be taken

in Lp
ω (Q), p ∈ ]1, ∞[. The domain decomposition method used here does not seem to be

appropriate for the space Lp
ω (Q) when p 6= 2.

2. The conical domain Q may be replaced by a twisted-conical domain, i.e., the function
φ may also depend on an angle θ ∈ (0, 2π)

Q =

(t, x1, x2, ..., xN ) ∈ RN+1 :
0 ≤ x2

1
h2(t)φ2(t,θ) + x2

2
φ2(t,θ) + ... + x2

N
φ2(t,θ) < 1,

0 < t < T

 ,

where φ is a Lipschitz continuous real-valued function on [0, T ] × [0, 2π] satisfying the
conditions φ (0, θ) = 0 for 0 ≤ θ ≤ 2π and φ (t, 0) = φ (t, 2π) .
These questions will be developed in forthcoming works.
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