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Abstract

In this paper, we establish the weighted sharp maximal function inequalities for the
Toeplitz type operator associated to the singular integral operator with variable Calderén-
Zygmund kernel. As an application, we obtain the boundedness of the operator on
weighted Lebesgue and Morrey spaces.
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1. Introduction and preliminaries

As the development of singular integral operators(see [9,30]), their commutators have
been well studied. In [5,28,29], the authors prove that the commutators generated by the
singular integral operators and BMO functions are bounded on LP(R"™) for 1 < p < oc.
Chanillo (see [3]) proves a similar result when singular integral operators are replaced by
the fractional integral operators. In [12,25], the boundedness for the commutators gen-
erated by the singular integral operators and Lipschitz functions on Triebel-Lizorkin and
LP(R™)(1 < p < o0) spaces are obtained. In [1,11], the boundedness for the commuta-
tors generated by the singular integral operators and the weighted BMO and Lipschitz
functions on LP(R™)(1 < p < o0) spaces are obtained (also see [10]). In [2], Calderén and
Zygmund introduce some singular integral operators with variable kernel and discuss their
boundedness. In [17-19,31], the authors obtain the boundedness for the commutators
generated by the singular integral operators with variable kernel and BM O functions. In
[21], the authors prove the boundedness for the multilinear oscillatory singular integral
operators generated by the operators and BMO functions. In [14,15,20], some Toeplitz
type operators associated to the singular integral operators and strongly singular integral
operators are introduced, and the boundedness for the operators generated by BMO and
Lipschitz functions are obtained.

On the other hand, the classical Morrey space was introduced by Morrey in [23] to inves-
tigate the local behavior of solutions to second order elliptic partial differential equations
(also see [24]). As the Morrey space may be considered as an extension of the Lebesgue
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space, it is natural and important to study the boundedness of operator on the Morrey
spaces. The boundedness of the maximal operator, the singular integral operator, the
fractional integral operator and their commutators on Morrey spaces have been studied
by many authors (see [6,7,13,16,22]). In [16], Komori and Shirai studied the boundedness
of these operators on weighted Morrey spaces.

Motivated by these, in this paper, we will study the Toeplitz type operator generated by
the singular integral operator with variable Calderén-Zygmund kernel and the weighted
Lipschitz and BM O functions.

First, let us introduce some notations. Throughout this paper, (Q will denote a cube
of R™ with sides parallel to the axes. For any locally integrable function f, the sharp
maximal function of f is defined by

M*(f)(z) = Sup|Q/|f — foldy.

where, and in what follows, fo = |Q|™! Jo f(z)dz. 1t is well-known that (see [9,30])

M#(f)(z) ~ Z‘;ﬁé@é ‘@/ |f(y) — c|dy.

Let
M) = s oo [ 17wl

For n > 0, let M#(f)(x) = (Ifl”)l/"( ) and My (f)(x) = M(|f|")/"(z).
For0<17<nand1§p 0, set

1 1/p
Myo(1)(@) = s (s |, )Py

For 0 <n <n, 1< p< oo and the non-negative weight function w, set

1 1/p
My @) =50 (i [ 15GPw ()

We write My p o (f) = Mpw(f) if n=0.
The A, weight is defined by (see [9])

Ap = {0 <wée L}, (R"): sup (]Q| / (w)dm) (@/@w(m)l/(pl)daz>p_l < oo} , 1 <p<oo,

and

={0<welLll (R"):Mw)()<Cw(z),a.e.}.
Given a non—negatlve Welght function w. For 1 < p < oo, the weighted Lebesgue space
LP(R™, w) is the space of functions f such that

‘mmM=<AJWW%@mym<m

For 0 < 8 < 1 and the non-negative weight function w, the weighted Lipschitz space
Lipg(w) is the space of functions b such that

Wmmw=%>(@m< /w %mmym@w<m,
and the weighted BM O space BMO(w) is the space of functions b such that
1 1/p
Ibllpas0 = sup (o7 [ 1) — bapu(e)' 7dy) < oo

We write BMO(w) = BMO(R") if w = 0.

loc
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Remark.(1) It has been known that (see [8]), for b € Lipg(w), w € A; and z € Q,
b — bargl < CK|[b]| Lip, (w)yw(a)w(25Q)"/™.
(2) It has been known that(see [9]), for b € BMO(w), w € A; and z € @,
1bg — bargl < CK|b]| Barow)w(z).

(3) Let b € Lipg(w) or b€ BMO(w) and w € Ay. By [8,9], we know that spaces Lipg(w)
or BMO(w) coincide and the norms |[b[ Ly, (w) ot ||bl|Barow) are equivalent with respect
to different values 1 < p < co.

Definition 1.1. Let ¢ be a positive, increasing function on R+ and there exists a constant
D > 0 such that

©(2t) < Dp(t) for t>0.

Let w be a non-negative weight function on R"™ and f be a locally integrable function on
R™. Set, for 1 < p < o0,

1/p
S |
R . — Pu(y)dy |
HfHLin( ) xeRn,pd>0 (gp(d)l_m/” 0(e.d) |f () [Pw(y) y)
where Q(z,d) = {y € R" : |x —y| < d}. The generalized weighted Morrey space is defined
by

LP1(R w) = {f € Lipe(R") : ||l oo (w) < 00}

We write LP"?(R™) = LP¥(R™) if n = 0, which is the generalized Morrey space. If
@(d) = d°, § > 0, then LP¥(R",w) = LP°(R",w), which is the classical Morrey spaces
(see [26,27]). If p(d) =1, then LP¥(R", w) = LP(R™,w), which is the weighted Lebesgue
spaces (see [9]).

In this paper, we will study some singular integral operators as following (see [2]).

Definition 1.2. Let K(x) = Q(z)/|z|" : R™\ {0} - R. K is said to be a Calderén-
Zygmund kernel if

(a) @ € C(R"\ {0});

(b) © is homogeneous of degree zero;

(¢) Js Q(z)z*do(z) = 0 for all multi-indices o € (N U {0})" with |a| = N, where ¥ =
{r € R™ : |z| =1} is the unit sphere of R".

Definition 1.3. Let K(z,y) = Q(x,y)/|y|” : R" x (R"\ {0}) — R. K is said to be a

variable Calderén-Zygmund kernel if
(d) K(z,-) is a Calder6n-Zygmund kernel for a.e. z € R";
el _
(e) max,|<ay, ‘ BWyQ(x’y)HLoo(RnXg) =L < oo.
Moreover, let b be a locally integrable function on R™ and T be the singular integral
operator with variable Calderon-Zygmund kernel as

T(f)@)= [ K(w.o=-y)f)dy.

n

Qlfi;ny) and that Q(z,y)/|y|" is a variable Calder6n-Zygmund kernel.

The Toeplitz type operator associated to T is defined by

where K(z,x—vy) =

m
Tb — Z Tk’leTk’Q,
k=1
where T%! are the singular integral operator with variable Calderén-Zygmund kernel T
or £1(the identity operator), T2 are the linear operators, k = 1,...,m, My(f) = bf.
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Note that the commutator [b, T|(f) = bT(f) — T'(bf) is a particular operator of the
Toeplitz type operator Tj,. The Toeplitz type operator Tj are the non-trivial generalizations
of the commutator. It is well known that commutators are of great interest in harmonic
analysis and have been widely studied by many authors (see [28,29]). The main purpose
of this paper is to prove the sharp maximal inequalities for the Toeplitz type operator
Ty. As the application, we obtain the weighted LP-norm inequality and Morrey space
boundedness for the Toeplitz type operator Tj.

2. Theorems and lemmas
We shall prove the following theorems.

Theorem 2.1. Let T be the singular integral operator as in Definition 1.3, w € Aj,
0<n<l,1<s<o00,0<B<1andbe Lipg(w). If Ti(g) =0 for any g € L"(R™)(1 <
r < 00), then there exists a constant C > 0 such that, for any f € C§°(R") and & € R",

MI(Ty())(@) < Clbl| gy (Z) D Mp,s0(TH()) ().
k=1

Theorem 2.2. Let T be the singular integral operator as in Definition 1.3, w € Aj,

0<n<l,1<s<ooandbe BMO(w). If Ti(g) =0 for any g € L"(R™)(1 < r < o0),
then there exists a constant C' > 0 such that, for any f € C§°(R"™) and & € R",

M (Ty())(&) < COllbll prow)w(®) D Msw(TH(£))(3).
k=1

Theorem 2.3. Let T be the singular integral operator as in Definition 1.3, w € A,
0<B<1,be Lipg(w), 1 <p <n/B and 1/qg =1/p— B/n. If T1(g) = 0 for any
g € L"(R")(1 < r < o) and T*? are the bounded linear operators on LP(R™, w) for
1<p<ooandw € Ay (1 <k <m), then Ty is bounded from LP(R",w) to LY(R™ w!~9).

Theorem 2.4. Let T be the singular integral operator as in Definition 1.3, w € Ay,
0<n<1,0<p<landbe Lipg(w), 1l <p<n/B,1/q=1/p—pF/n and 0 < D < 2",
If T1(g) = 0 for any g € L"(R™)(1 < r < 00) and T*? are the bounded linear operators on
LPP (R, w) for1 < p < oo andw € Ay (1 <k <m), then Ty, is bounded from LP5%(R" w)
to L9 (R™, w!™9).

Theorem 2.5. Let T be the singular integral operator as in Definition 1.3, 1 < p < o0
and b € BMO(w). If Ti(g) = 0 for any g € L"(R")(1 < r < c0) and T*? are the bounded
operators on LP(R™,w) for 1 <p < oo and w € A;(1 <k < m), then Ty is bounded from
LP(R™ w) to LP(R",w!™P).

Theorem 2.6. Let T be the singular integral operator as in Definition 1.3, 0 < D < 27",
1<p<ooandbe BMO(w). If Ti(g) =0 for any g € L"(R")(1 < r < 00) and T"? are
the bounded operators on LP¥(R", w) for 1 <p < oo and w € A1(1 <k <m), then Tj, is
bounded from LP¥(R", w) to LP¥(R™ w!™P).

To prove the theorems, we need the following lemmas.

Lemma 2.7. (see [9, p.485]) Let 0 < p < q < oo and for any function f > 0. We define
that, for 1/r =1/p—1/q,

fllwee = ili%A'{x € R": f(z) > A}V, Npq(f) = Sup I xallze/lIxellLr

where the sup is taken for all measurable sets Q with 0 < |Q| < oco. Then
1 fllwre < Npo(f) < (a/(a = )| fllwia.
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Lemma 2.8. (see [2]) Let T be the singular integral operator as Definition 1.3. Then
T is bounded on LP(R",w) for w € A, with 1 < p < oo, and weak (L', L) bounded.

Lemma 2.9. (see [8,9]) Let 0 <n<n,1<s<p<n/n, 1/g=1/p—n/n and w € A;.
Then

M50 (Pl Loy < ClFI Le(w)

Lemma 2.10. (see [9]) Let 0 < p,n < 00 and w € Ui<pcoodyr. Then, for any smooth
function f for which the left-hand side is finite,

| Mn@pu@d<c [ MED @)

Lemma 2.11. Let 0 < p < o0, 0 <n<oo, 0 <D <2 and w € Ay. Then, for any
smooth function f for which the left-hand side is finite,
My ()| e () < CHMF ) Lo ()-
Proof. For any cube Q = Q(zo,d) in R", we know M (wxq) € A1 by [4]. By Lemma 2.10,
we have, for f € LP’V’(R",w),
[ @) Pty

= [ M @Pw)xow)dy

< [ M) W)PMwxe) vy
< [ IMFO@PM ) )y
- (/ M (F) ()P M (wxq)( dy+Z/kHQ\2kQ\M# )(y)lpM(wXQ)(y)dy>
)P p w(Q)
< ( M@ty dy+z g M) |2k+1Q|dy>
M(w
< (/ M (F) () [Pwo(y dy+z/k+lQ ),pMdy)
< (/ IME () () [Pwy dy+Z/k+lQ ),pﬁi?dy)
<l Ww)zz (2 1)
< ClIMF(f) Ww)z
< ClMF (DN po (D),
thus . 1p # \/p
(Md) /Q M, (f)(x) w(m)dw) <c ( / M7 )d:r)
and
|| My ()] ooy < CHME )| o ()-
This finishes the proof. O

Lemma 2.12. Let 0 < n<n,0< D <2", 1 <s<p<n/n 1/g=1/p—n/n and
w € Ay. Then
[ Moy, s.20 ()| Lae () < ClF Lo w)
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The proof of the Lemma is similar to that of Lemma 2.11 by Lemma 2.9, we omit the
details.

3. Proofs of theorems

Proof of Theorem 2.1. It suffices to prove for f € C§°(R"™) and some constant Cp, the
following inequality holds:

n .
T —Cyl"d < C|1b| Line (w 5 M ,s,w(Tk’Z ().
(151 1100 7 t2) ™ < @) 3= 0. T4

Without loss of generality, we may assume T%! are T'(k = 1,....,m). Fix a cube Q =
Q(zo,d) and T € Q. We write, by T1(g) =0,

To(f)(@) = Tobog (/)(®) = Tip-brg)x00 () (@) + T(o-br0)x (20 () (@) = f1(@) + fo(z).

Then
(IQ!/‘ b(f fz(~70())|77d?6'>1/77

< o(m/Qfl(x)wdx)l/n+c(@/cg|fz(x) —fg(xo)]”dx)l/n — I+ L.

For I, by the weak (L', L') boundedness of T' (see Lemma 2.8) and Kolmogoro’s inequality
(see Lemma 2.7), we obtain

1 k,1 k.2 , 1/n
< / ‘T Mb b2Q)X2QT ' (f)($)| daﬁ)

]
‘Q|1/77 ! |’TkJM(b—sz)mQTk’Z(f)XQ||L"/
N ‘Q’l/ﬂ HXQHLW/(PW)
< ‘Q|||Tk le ng)XgQTk’Q(f)HWLI
< ‘Q| / b2y e TV () (@) do
< ‘Q| 5 . @) = aglu() AT () @) ()
1/s’ 1/s
_ s’ 1-s' k,2 s
< g (@) = bt w@~ar) ([ (@) o))
C /
< g Pl (@) (2Q) My (TR2(1) )
2
< cubuupﬁ(w)WMB,S,MT‘”U»(@)
< O1Ibl iy 0y (E) Mp s, (TH(£)) (@),

thus
-~ (L k1 k.2 )"
ho< O (i [T Mo pgag T2 @) da
o \@l e

ClIbll Lips ()0 (E) D Mo (T () ()
k=1

IN
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For Iy, by [2], we know that

7)) =30 Y awta) [ T )y
u=1v=1

where g, < Cu"2, |auy (z0)| < Cu~?", |y () — ayp(zo)| < Cu_2"+1|x — xol/|zo — ¥,
Yuo(z — y)| < Cu™?~! for z € Q and

Yuu (l' - y) Yuu (5130 - y)

< Cu?|z — x| /|zo — y["
|z —y|" lzo — y|”

for |z — y| > 2|xg — x| > 0. Thus, notice w € A1 C A, we get, for z € Q,

T M sg)xa0ye T2 (@) = T Mt yagye T () (o)

< /(QQ)C b(y) — bag| | K (z,x — y) — K (w0, 20 — )| T**(f)(y)|dy
> o () Yo (T — uw (20) Yoo (20 —
-/ 1 b6y) = g 2Pl =) Lo 0OWS0 =)k
i J2dsly—aol<2it1d |z =y |20 — ¥
<oy b(y) — bagl 3 3" Lo (@) — aunlao) 2= Dk )y
j=1 2‘7'd§|y7m0\<2j+1d u=1v=1 | |
— o Yw(z—y)  Yu(zo—y)
+ C / y)—b Ay (T S TR2(F)(y)|dy
2 fyagty-acarna P8 0l 2 2 el [T R = S T TN W)
< C = u—2n+1un/2—1un—2 = / b . | l’()’ Tk72 d
< uz::l ; 21d§|y—£0|<2j+1d‘ (y) 2Q|7’w ‘n+1! (£ w)ldy
L —on, n/2, n—2 / by — |z — o Th2 d
uzz:lu o jzl 2jd§|y—m0|<21+1d| W)= bl yl"“‘ iy
00 d -
< CY g [ 16(y) = basrag + by — baglw(y) YRTR2(£) (y) lw(y) ' *dy
< (2711d) 2+1Q
]:
<oy d b boivio]* w(y)—d v T2 Sw(y)d v
< O3 gyt (g M) ~boial w0y ) ([ Iy
- d Vi) g \ M k.2
+§ gy Pz ~ bl </Zj+1Qw(y) dy) (/QHIQ T ()] w(y)dy>
— d j s’ n j s—B/n =
< CZWW)HLZPB(W) w(2I Q)Y B Moy (2TFIQY =B/ Mg, (TH2(f))(E)
‘]:
. d ~\ j n j s—fB/n ~
+CZ W||b|’Lipg(w)w(x)]w(2j+lQ)ﬁ/ w(2j+1Q)l/ B/ Mﬂ,s,w(Tk’Q(f))(x)
j=1
|2j+1Q| ( 1 )1/8( 1 C1J(e-1) )(s—l)/s
w@Q \[21Q 2j+1Q"”(y)dy 29Q] by
< CHbHLZpB(w) (‘fi)Mﬁ,SwTkz Z]Q J
< CHb‘|Lip/3(w)w('i')M,3,S,w(Tk2(f))(£)7
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thus

1
I, < — Z T Myt x00e T2 () (@) = T Mp_ ) in00e T (F) (0) | dat
10l Jo Q) 2Q)

< Cllbl] Lipy (wyw ZMﬁsw (T*2())(%)-
k=1
These complete the proof of Theorem 2.1 O

Proof of Theorem 2.2. 1t suffices to prove for f € C§°(R") and some constant Cp, the
following inequality holds:

1/n m
(g1 J, @) = ol ) < Cllblarorayu@ 3 Mo T2

Without loss of generality, we may assume T%! are T'(k = 1,....,m). Fix a cube Q =
Q(zo,d) and Z € Q. Similar to the proof of Theorem 2.1, we have

(IQ!/ Ty (f (102(960)|77dﬂ€)1/77
< c(@| / ﬁ(m)\ndx)l/"w(@ / |f2<x>—f2<xo>r"dx)l/"=13+f4.

By using the same argument as in the proof of Theorem 2.1, we get

Iy < cz(Q| ST Mgy T (f)(w)l’]dm>1m
=1 ||k ,
e
< cz |Q‘HT'“MI, v T2l
< |Q‘ / s T () (@)l de
< 03 / 2) — baglw(@)™*ITH2(f) (@) ()" *da
< CZ |Q‘ o1 () = bagl i)t ) (] TR
< OZ b (wé@ [ @) - wy ) (A [ @)
< Clbllsromu(®) Y- MyulT*2(5)(),

k=1
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S 9 k,2
ns ol z . x0|<2ﬁ1d|b(y)—b2QHK($,$—y)—K(xo,ﬁo—y)HT’(f)(y)\dydw
- C/ / o Yo (z — )| k,2
< — —b Ay (T) — Ay ( T dydx
< z:: ] Z i<y xo|<2J+1d eruZMZl| 0)] p— T%=(f)()ldy
m o0 Gu
+ / / bly) —b Ay (T
> @ Z ey carong M0~ 2] 32 3 o)
Yi(z —y Yuu(z
‘x(_yn) - Tl =D k) )y
S |z — 20| k,2
< b(y) — —|T" dyd.
< Yk Z /W'y oo M) = bl R T )y
ke % b o —1/s (k.2 1/s
< Ckzljgl (2J+1d)n+1 /2j+1Q ’b(y) b23+1Q +b2]+1Q bQQ‘w(y) ‘T (f)(y)‘w(y) dy
< 03> et ([ b begFuwa) ([ ey
- k=1j=1 (2+1d)" 1 o zre 21+1Q
303 e bl ([ w e a) ([ e pwreen)
k=1j=1 (2]+1d)n+1 PrQ e 21+1Q Y Y 20+1Q Y e
m oo d ~
< CZZWW)HBMO w2 Q) My (TH2(£))(2)
k:lj:l
o3y @ 1d) et o w(E) e (@)Y My (T (1) @)
k=1j= 1
127+1Q) ( 1 >1/s (1 e >(sl)/s
w(zQ) T \BFTQ] s ") ARG hyrag "
< Clibllsmow) ZMsz“ (@527
k=1 j
< Clbllroyw(®) Y Mew(TH(£))(#).
k=1
This completes the proof of Theorem 2.2 O

Proof of Theorem 2.3. Choose 1 < s < p in Theorem 2.1 and notice w!=? € Ay, then
we have, by Lemmas 2.9 and 2.10,

Ty () Lawi-ay < IMy(To()) | Laqui-a) < CIMT(To(f))l] ot -a)

Cl18l] ip ) D 1M 5,00 (T2 () 0 u1-)
k=1

IN

= ClIbllLipyw) D 1Ma.s.00(T** ()| ()
=1

< ClbllLipgw) 2 IT5 ()l Lo
h=1

< Ol Lips () 1 | 2o ()

This completes the proof of Theorem 2.3 O
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Proof of Theorem 2.4. Choose 1 < s < p in Theorem 2.1 and notice w'~9 € Ay, then
we have, by Lemmas 2.11 and 2.12,

HTb(f)HLq’v(wlfq) < HMn(Tb(f))”ansO(wlfq) < C”M#(Tb(f))HLW(wlff!)

< ClbllLipsw) Y 10Mps.00(TH* () Lave o)
k=1
= ClIblipswy D 1M 5,00 (T2 ()| Lo )
k=1
< CHbHLipa(w) Z HTk’Q(f)HLWw’(w)
< C"b|’Lipﬂ(w)Hf”LPﬁwp(w)-
This completes the proof of Theorem 2.4 O

Proof of Theorem 2.5. Choose 1 < s < p in Theorem 2.2 and notice w'™? € Ay, then
we have, by Lemmas 2.9 and 2.10,

T () Lp (wr-ry < [[My(To(f ))Hm(wl—p) < CIMF(To () Lo (i)

< Clpllprmow Z [ Moo (T*? ()| o (1)
= C|bllBrmow Z | M5 o (T ()| £ ()
< CbllBrow Z IT%2 ()] L ()
< Clpbllprmow ”fHLP
This completes the proof of T heorem 2.5 g

Proof of Theorem 2.6. Choose 1 < s < p in Theorem 2.2 and notice w!™? € A;, then
we have, by Lemmas 2.11 and 2.12,

I\Tb(f)llm(wl—p) < ||y (To(f ))HLP’V’(wl—P) < CIMF(To ()] v (ur-»)

< ClbllBrow Z [ Moo (T2 ()| Lot (w019
= ClbllBmow Z [ M (T ()| 2o ()
< ClbllBmow Z 1752 (F) ]| oo ()
< Clbllsmow HfHLw
This completes the proof of T heorem 2.6. O
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