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ABSTRACT. In this paper, we consider third-order boundary value problem
with, Dirichlet, Neumann and integral conditions at resonance case, where the
kernel’s dimension of the ordinary differential operator is equal to one and the
ordinary differential equation which can be written as the abstract equation
Lu = Nu, called semilinear form, where L is a linear Fredholm operator of
index zero, and N is a nonlinear operator. First, we prove a priori estimates,
and then we use Mawhin’s coincidence degree theory to deduce the existence
of solutions. One important ingredient to be able to apply this abstract results
(Mawhin’s coincidence degree theory) is proving the Fredholm property of the
operator L. An example is also presented to illustrate the effectiveness of the
main results.

1. INTRODUCTION

In this paper, we consider the following nonlinear third-order boundary value
problem

u"(t) = ftu(t),u (t),u" (t), t€(0,1), (1.1)
"(0)=0, u(l) = 3 nu
w(0) = (0) =0, u(l) 7730/ (t)dt, n € (0,1), (1.2)

where f:[0,1] x R® — R is a continuous function, and 1 € (0,1). We say that the
boundary value problem — is a resonance problem if the linear equation
Lu = v"" = 0, with the boundary value conditions has non-trivial solution i.e.
dimKerL > 1.

The theory of the boundary value problems with integral boundary conditions
arises in different areas of applied mathematics and physics. For example, heat
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conduction, chemical engineering, underground water flow, thermo-elasticity and
plasma physics can be reduced to the nonlocal problems with integral bound-
ary conditions. Recently, several authors have studied nonlocal boundary value
problems at resonance and non-resonance for second-order, third-order and higher-
order (in particular, third-order) ordinary differential equations, for instance see
[2,3,5,6,8,12,14, 16,18, 19, 21] and the references therein. However, to our knowl-
edge the corresponding results for third-order with integral boundary conditions
are rarely seen [1,7,9,10,11,15,17,20,22] and the references therein. In the most
papers mentioned above, the coincidence degree theory of Mawhin was applied to
establish existence theorem.

Inspired and motivation by works mentioned above, in the present article, we use
the coincidence degree theory of Mawhin [13] to discuss the existence of solution
for third-order nonlocal boundary value problem — at resonance case,
and establish an existence theorem. The paper is organized as follows. In Section 2
we give the background information from coincidence degree theory, we also define
appropriate mappings and projectors that will be used in the sequel. We state and
prove our main result in Section 3, and we give an example to illustrate Theorem

B.1

2. PRELIMINARIES

We first recall some notations and an abstract existence result (Mawhin 1979).
Let Y, Z be two real Banach spaces and let L : domL C Y — Z be a lin-
ear operator which is Fredholm map of index zero (that is, ImL, the image of
L, KerL, the kernel of L is finite dimensional with the same dimension as the
Z/ImL), and P : Y —- Y, Q : Z — Z be continuous projections such that
ImP = KerL, KerQ =ImLand Y = KerL® KerP, Z = ImL ® ImQ. It follows
that L |gominierp— ImL is invertible, we denote the inverse of that map by Kp.
Let Q be an open bounded subset of Y such that domLNQ # ¢, themap N : Y — Z
is said to be L — compact on Q if the map QN : Q — Z is bounded and
Kp(I-Q)N : Q—Y is compact.

We will formulate the boundary value problem (1.1)) — (1.2) as Lu = Nu where
L and N are appropriate operators. To obtain our existence results we use the
following fixed point theorem of Mawhin.

Theorem 2.1. (See [13]) Let L be a Fredholm operator of index zero and N be
L — compact on Q. Assume that the following conditions are satisfied:

(1) Lu # ANu for every (u,A) € [(domL\ KerL) N o] x (0,1).

(#3) Nu ¢ ImL for every u € KerL N 0N.

(71) deg (N |kerr, 2N KerL,0) # 0,

where Q : Z — Z is a projection as above with ImL = Ker@.

Then the abstract equation Lu = Nu has at least one solution in domL N Q.

In the following, we shall use the classical spaces C'[0,1], C1[0,1], C?[0,1] and

LY[0,1]. For u € C?[0,1], we use the norm ||ul| = max {||ull_ ., [Jv . [v"l.}
where ||ul|, = m[ax] |u (t)| and denote the norm in L' [0,1] by [|-||;.
te[0,1

We will use the Sobolev space W31 (0,1) which is defined by
W3 (0,1) = {u : [0,1] - R: u,u/,u"are absolutely continuous on [0,1] withu” € L'[0,1]}.
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Let Y = C?[0,1], Z = L' 0, 1], define the linear operator L : domL CY — Z by
Lu=4v", wué€domL,

where
domL = {uec W (0,1): u(0)=u'(0)=0, u(l) =

and define N : Y — Z by
Nu(t) = f(t,u(t),u' (t),u" (1), t €(0,1).
Then the boundary value problem ([1.1)) — (1.2) can be written as Lu = Nu.

3. EXISTENCE RESULTS

We will assume that the following conditions hold and in all this paper let us set
1
Rf (s,u(s),u (s),u" (s)) = /(1 — )2 f(s,u(s),u (s),u" (s))ds
0

1
7

/ (n—s)° f(s,u(s),u (s),u” (s))ds.
0

(H1) There exist functions «, 8,7, € L'[0,1], such that for (u,v,w) € R3 t €
[0,1], it holds

|f (w0, w)| <o (t) [ul + B () [o] + () [w] + 7 (F). (3.1)

(Hs) There exists a constant M > 0 such that for u € domL, if |u" ()| > M for all
t € [0, 1], then

Rf (s,u(s),u (s),u” (s)) #0. (3.2)
(H3) There exists a constant M* > 0 such that for any u(t) = 2¢> € KerL with
|g| > M*, either

g [Rf (s,u(s),u (s),u” (s))] <0, (3.3)
or else
g [Rf (s,u(s),u (s),u” (s))] > 0. (3.4)

Theorem 3.1. Let f : [0,1] x R® — R be a continuous function, assume that
conditions (Hq1) — (Hs) hold and that

1
lledlly + 1811 + [y < 3 (3.5)

Then the boundary value problem (1.1)) — (1.2)) has at least one solution in C*[0,1].
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For the Proof of Theorem [3.I] we shall apply Theorem and the following
Lemmas. Before we state our lemmas, we say that L is a Fredholm operator of
index zero, that is, ImL is closed and dim KerL = codim I'mL. This implies that
there exist a continuous projections P : Y — Y and Q : Z — Z such that
ImP = KerL and Ker@ = ImL. For this purpose, we must define P by (see
later), the linear continuous projector operator @ by

1

U]
1
/1—8 s)ds — E/ —s) y(s)ds| t?,
0

0

where % = 2_773 and the linear operator Kp : ImL — domL N KerP by

Kpy (t

M\»—t

t
/t—s (s)ds, Yy e ImL.
0

Lemma 3.2. (i) The operator L : domL CY — Z is a Fredholm operator of
index zero.
(#) For every y € ImL, we have

I1Kpyll < llyll; -
Proof. First, we prove (7). It is clear that
KerL = {u € domL : Lu =0},
={u € domL : u" =0},
b
= {ue domL : u(t) = Etz, beR} ~ R.

Now, we show that

1 7
ImL=(CyeZ: /(1—3)2y(s)dsf %/(nfs)gy(s)dSZO . (3.6)
0 T
In fact
"=y, (3.7)
has a solution u (t) that satisfies the boundary value conditions (1.2), if and only if
1 n
/1—8 ds—%/(n—s)?’y(s)ds:o. (3.8)
0 0
From , we have
w(t) =u(0)+u (0)t+u" ( %—i—%/t—s ds.

0
Thus from the condition u (0) = u’ (0) = 0, we have

t

u(t):u"(0)5+%/(t—5)2y(s)ds.

0
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According to u (1) = 35 2 [y u(t) dt, we have
1] 3| f t2 1/
+§/1—s $ /u dt+2//t—s s)dsdt| ,
0 0 00
ie.
1 1 n
Ja=sPuds— = [ -9 uds =0
0 0
Hence
1 L
ImL=<qyeZ: /(1 — )2y (s)ds — —3/(n—s)3y(s)ds=o
0 T3
On the other hand, if (3.8)) holds, setting
t
b 1
u(t) = 5t2—|— 5/(t—s)2y(s)ds,
0

where b is an arbitrary constant, then u (t) is a solution of (3.7). Hence (3.6]) holds.
For simplicity of notation in the definition of the projector operator @, we set
1

n
1 ,
m=/a—#y®w—$/m—WM@w
0
Let C = fo (1—t)*2dt — % fo Y3 12dt £ 0, t € (0,1]. By simple calculation,

we get C' = Wd

Now, we need to show that the operator @ is projector. From Qy (t) = % (Ry)-t?

we have
(Q%) (1) = (Q(Qy)) (1),

1 ) n
= ( ) / t2ds —3/ 3 2ds t2,
0 K 0

= 5 (Ry) t*
= (Qy) (1),

which implies that the operator @ is a projector. Furthermore, ImL = Ker(@.
In order, to show Z = ImL & Im(@Q), it remains to shows two following steps.

Step 1. For y € Z, let y = (y — Qy) + Qy, since Q (y — Qy) = Qy — Q%*y = 0, we
know (y — Qy) € KerQ = ImL and Qy € Im@. Thus
Z =ImL+ ImQ.

Step 2. Let y € ImL N Im@. Since y € Im@, then there exists p € R such that
y(t) = pt?, t € [0,1]. Since y € ImL = KerQ, then

=p(Ry)(t)=p /( )2 t2ds — —/ )2 t2ds | = pC.
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Since C # 0, then p = 0, so we have y (t) = 0, t € [0, 1], which implies

ImLNIm@ = {0}.
As consequence of Step 1 and Step 2, we deduce that

Z =ImL® ImQ,
and so
dim KerL = codim ImL = dim ImQ@ = 1.

Thus L is Fredholm operator of index zero.
We are now ready to give the other projector employed in the proof of (iz). Define
P:Y—>Yhby
t2
5.
Note that KerP = {u eY: v (0) % = 0} ={ueY : v (0)=0} and ImP =
KerlL.
Similarly, we shall prove that the operator P is projector and Y = KerP & KerL.
Fistly, since (Pu)” () = u” (0), then (P?u) (t) = Pu(t), t € [0,1].
Secondly, for all uw € Y and ¢ € [0, 1], we have

u(t) = (u(t) — Pu(t)) + Pu(t)

_ (u () — " (0) t;) " (0) g

that is Y = KerP + KerL. By simple calculation we can get KerL N KerP = {0}.
Then Y = KerP & KerL.

Before, to estimate the supremum norm of the generalized inverse operator Kp. It
remains to prove that the operator Kp is the generalized inverse of L. In fact, if
y € ImL, then

(Pu) (t) = u" (0) (3.9)

(LKp)y (1) = [(Kpy) ()] =y (t).
And for u € domL N KerP, we know
! 2
(KpL)u(t) = (Kp)u" (t) = %/(t — 5)2 u" (s)ds = u (t)—u (0)—u’ (0) t—u" (0) %,
0

in view of u € domL N KerP, v (0) = v/ (0) = 0 and Pu = 0, it follows that
(KpL)u(t) =u(t).

This shows that Kp = (L |doer‘|Ke'r‘P)71~
Lastly, we estimate the supremum norm of the generalized inverse operator Kp.
From the definition of Kp, it follows that

1 1

1
1Keyl < 5 Q=9 lwGlds < [lylds =yl
0
(s) ds, we obtain

Yy
HWMWWS/OfWMMwé/W®MwﬂMM
0 0
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and from (Kpy)” (t) = fot y (s) ds, we obtain
1
o)l < [ lus)lds = ol
0
then
I1KPyll <yl - (3.10)
U

Lemma 3.3. LetQy = {u € domL\ KerL : Lu = ANu, for some A € [0,1]}. Then
Q1 s bounded.

Proof. Suppose that u € @y, and Lu = ANu. Thus A # 0 and QNu = 0, so it
yields

Rf (s,u(s),u (s),u” (s)) =0.
Thus, by condition (Hz), there exists ¢; € [0, 1], such that |u” (t1)] < M. In view
of

ty
u’ (0) =u" (t1) — /u”’ (t) dt,
0
then, we have

1
" (0)] < M+/|U’” (s)[ds = M +[[u” ||, = M + |[Lull, < M +||Nul|, . (3.11)
0

Again for u € Qq, then (I — P)u € domLNKerP = ImKp and LPu=0,0< A< 1
and Nu = %Lu € ImL, thus from Lemma we know

(I = P)ull = | KpL (I = P)ul| < [|L(I = P)ull, = [|Lull, < [[Null,.  (3.12)
From (1), @12 and || Pull = [u” (0)], we have

lull < [[Pull + I(I = P)ull = [u” Q)] + (I = P)ul < M +2[[Nu,.  (3.13)
From (3.1) and (3.13)), we obtain

M
Jull < 2l Tl + 180 1T+ Tl O+ |- 339
Thus, from [Ju|| < [Ju|| and (3.14), we have
2 M
< —F ! " —. 3.15
Il < T—ga [ I+ I I+ Il + 5 | 339

From ||u||, < ||ull, (3.14) and (3.15]), we have

4] < ]
2o M
! <914 2111 / " M
e <2 |14 2| 180 0+ Il 1+
= 2 4 " M
= oo [ I+ I 1+ I+

i.e

1= 2flefl, = 2[1All, 2 " M
IIu’Ioo[ =< Il 1o + Ml + <1 -
1=2]el, 1=2[af, [ P2
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Therefore

2 M
d|| < {7 o+ e +}. 3.16
Il < T [Pl e+ |- (30

Again, from |[u”|| < |lull, (3.14), (3.15) and (3.16]), we have

Al1Bll llally ]/ 4lledly " M
vl < [2 1811, + [l + +20 vl e lle + Ml + =
P12l 1 =2l ' P2

411811y 2 ] [ p M
+ Il e Moo M7l + =7
{(1—2lla||1—25||1)(1—2||a||1) 1— 2]l ' P2

_ 2 [Ilvl e + ] +M}
a—2al, —zqan,) [Pl i+ 5

i.e
" 2(||T||1+%)
[u"]l o <
1=2]elly = 2(181l, — 211,
thus, from (3.17)), there exists M7 > 0 such that

] , (3.17)

[l < M, (3.18)
therefore, from and , there exists My > 0, such that

[u/]| oo < Mo, (3.19)
hence, from and , there exists M3 > 0, such that

Jull oo < Ms. (3.20)

Consequently
Jull = max {[Jull . , [|v/ll ., lu"]l o } < max {My, Mz, Ms}.
Again, from , , and , we have
[u™ly = [ILully < [[Nully < lledly Ms + 11811y Mz + [[ylly My + (17l -
So, €21 is bounded. ([

Lemma 3.4. The set Qs = {u € KerL: Nu € ImL} is bounded.
Proof. Let u € Qg, then u € KerL = {u € domlL : u= %t2, beR, te]o, 1]}
Also, since Ker@ = ImL, then QNu = 0, therefore
b
Rf (s, 252,b8,b> =0.
From condition (Hz), ||ull., = |4] < M, so |lu|| < M, thus Q is bounded. O

Before we define the set 23, we must state our isomorphism, J : KerL — ImQ@.
Let
b b o
Jl=t?) ==t VbeR, t€]0,1],
2 2
and define

Qs ={ue KerL: —AJu+ (1 —-X)QNu=0, A€ [0,1]}.



THIRD ORDER BVP WITH INTEGRAL CONDITION 51

Lemma 3.5. If the first part of condition (Hs) holds, then

B T R

for all }%| > M* and Q3 is bounded.

Proof. Suppose that u = %t € Q3. Then we obtain

(5) =000 (25) (o (e )

If A =1, then by = 0, which gives Q3 bounded.
Otherwise, if A # 1, there exist M* > 0 such that %0’ > M*. Then in view of

(3.21)), we have

(5) -0 0 () ((onaen) o

which contradicts the fact that A (%“)2 > 0. Then |u| = |%°t2| < %‘ﬂ < M*, we
obtain [Jul < M*. Hence Q3 C {u € KerL : |lul]| < M*} is bounded.
If A =0, it yields

Rf (s, b2032,b03,b0) =0.
Taking condition (Hs) into account, we obtain ||u|| = %| < M*. O
Now, define Q3 by
Qs ={ue KerL: Mu+(1—X)QNu=0, A e0,1]}
Lemma 3.6. If the second part of (Hs) holds, then

b 60 b,
for all |%| > M* and Q23 is bounded.

Proof. A similar argument as above shows that 3 is bounded. O

The Proof of Theorem is now an easy consequence of the above lemmas and
Theorem 211

Proof. of Theorem [3.1}
Let © to be an open bounded subset of Y such that U Q; C Q. By using

the fact that v is bounded and the Arzela-Ascoli Theorem we can prove that
Kp(I — Q)N : Q—Y is compact, thus N is L — compact on Q. Then by Lemmas
and we have

(1) Lu # ANwu for every (u,A) € [(domL \ KerL) N o9 x (0,1).

(#3) Nu ¢ ImL for every u € KerL N 0f.

(#1) Let H (u,\) = £AJu+ (1 = A) QNu =0, A € [0, 1].

According to Lemmas and we know that H (u, \) # 0 for every u € KerLN
0f). Thus, by the homotopy property of degree, we obtain

deg (QN |kerr, 2N KerL,0) = deg (H (-,0),QN KerL,0),
=deg(H (-,1),QN KerL,0),
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= deg (+J,QN KerL,0) # 0.

Then, by Theorem Lu = Nu has at least one solution in domL N Q, so the
boundary value problem (1.1)) — (1.2)) has at least one solution in C2[0,1]. The
proof is complete. O

We construct an example to illustrate the applicability of the results presented.

Example 3.1. Consider the following boundary value problem

u"(t) = ftu(t),u (t),u" (t), t€(0,1), (3.23)
3 n
w(0) = ' (0) = 0, u(l):ngo/u(t)dt, n € 0.1), (3.24)
where
F (1) o (8) " () = 3" () + (1= £) (1= cos (u/ (1)) sin (ul?)), € (0,1).
Here we have
S () + 5 (1= 1) (1= cos (u/ (1)) sin (u(t))‘ <3+l @l

that is ) )
So, condition (Hy) is satisfied, which gives

oo\»—*
N)M—l

lelly + 1181y + [y =
Set

I'=Rf(s,u(s),u'(s),u" (s))

1

/ " *in *53 S.uls 'LL/S UHS S
O/ls w(s) o (s) ,u” (s)) ds n30/<n Y f (s,u(s) ot (s) " (5)) ds.

Ifu” (t) < —10, then
Fltou(t) o (8),u (1) < %(1_1\4) _ _3<0.

In this case, we have I < 0, because

ftu(t),u (t),d" () > %(1+M) = % > 0.

Hence, I > 0, because
1

/ (1= 8)% f (s,u(s) o (s) ,u” () ds >

0

o\:
7 N
—

\
| »

~~_
w

kﬁ
w

IS
—

»
S~—

:\
O

g\
@
=

S

9
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Therefore, the condition (Hs) is satisfied.
IfY < —M*=-5andu(t) = 5t , then

F (), o (), u” (5) < 5 (1+8) = 3 <0,

In this case, we have I < 0, because

1 n 3
(1—8)%f(s,u(s),u (s),u" (s))ds < 1-2 f(s,u(s),u (s),u” (s))ds.
/ J6-3
Hence
g /(1fs)zf(s,u(s),u'(s),u”(s))dsf%/(nfs)gf(s,u(s),u’(s),u”(s))ds > 0.
0 0

Therefore 31 > 0. So condition (Hj) is satisfied.
Thus, all the conditions of Theorem[3.1] are satisfied, which implies that the bound-
ary value problem (3.23) — (3.24) has at least one solution u € C? [0, 1].

Acknowledgments. The author sincerely thanks the editor and reviewers for their
valuable suggestions and useful comments to improve the manuscript.
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