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Abstract:

Some common fixed point results involving implicit contractions on soft quasi metric
spaces are presented in this research article. Also, the well posedness property of the
common fixed point problem of mappings is defined and a theorem is given about it.
Finally, some fixed point results on soft G-metric spaces are indicated to be urgent
outcomes of main theorems are given in this article .

Esnek Simetrik Olmayan Metrik Uzaylarda Kapal Biiziilmeler yoluyla Ortak Sabit Nokta

Teoremleri

Anahtar Kelimeler

Ortak sabit nokta,

Kapal1 biiziilmeler,

Iyi belirlenme,

Esnek simetrik olmayan metrik
uzay

Ozet:

Bu aragtirma makalesinde, esnek simetrik olmayan metrik uzaylarda kapali biiziilmeler
iceren bazi ortak sabit nokta sonuclart sunulmusgtur. Ayrica doniistiimlerin ortak sabit nokta
probleminin well-posedness 6zelligi tanimlanmig ve bununla ilgili bir teorem verilmigtir.
Son olarak, esnek G-metrik uzaylardaki bazi sabit nokta sonuglarinin, bu makalede verilen
ana teoremlerin ivedi sonuglar1 oldugu gosterilmistir.

1. Introduction

Throughout this paper, we follow the notations and defini-
tions, used in [2], [3] and [4]. For the sake of completeness,
we recall some basic definitions, notations and results.

Definition 1.1. ([2]) A mapping d : SE(X) x SE(X) —
R(E)* is said to be a soft metric on X if d satisfies the
following conditions:

(M1) d(&,5)>0, for all ,y€X.
(M2) d(x,y) = 0 if and only if X =y,
(M3) d(x,y) = d(y,%), for all x,yEX,

(M4) d(x,ff)gd(x,?) +d(z,y), for all X,y,zEX.
The soft set X with a soft metric d on X is said to be a soft
metric space and is denoted by (X,d).

Definition 1.2. ([2]) Let (x,) be a sequence of soft ele-

ments in (X,d).The sequences () is said to be conver-

gent in (X,d), if there is a soft element X&X such that
d(x,,X) — 0asn— oo,

A sequence (x,) of soft elements in (X d) is said to be

Cauchy sequence in X, if for every £>0, there is a natural

number m such that d(xl,xj)gs, whenever i, j > m.

Definition 1.3. ([2]) A soft metric space (g ,d) is said to
be complete if every Cauchy sequence in X converges to
some soft element of X.
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Definition 1.4. ([3]) Let X be a nonempty set and E be
the nonempty set of parameters. A mapping G:SE (X )
SE(X) x SE(X) — R(E)* is said to be a soft generalized

metric or soft G-metric on X , if G satisfies the following
conditions:

(G1) G(%y,2)=0ifxi=y=2

(G2) G(x,%,5)>0, for all X,y € SE(X) with ¥ # 5

(G3) G(x,%,5)<G(%,5,2), for all X,5,Z € SE(X) with
Y#7,

(G4) G(x,y.2)=G(x2y) =G(y,z,x) = ...

(Gs) G(%5.2)<G(x,a,a) + G(@,y,2), for all x,y,z,a €
SE(X). _

The soft set X with a soft G-metric G on X is said to be a
soft G-metric space and is denoted by (X,G,E).

Proposition 1.5. (/3]) For any soft metric d on X, we can
construct a soft G-metric by the following mappings G;
and Gy,:

(1) Gy(d)(%.5,2) = J(d(%) +d(,2) +d(%,2)),
(2) Gn(d)(%.3,2) = max{d(%,5) +4(5,2) +d(%.2)},
Proposition 1.6. (/3]) For any soft G-metric G onX, we

can construct a soft metric di on X defined by

d5(%.5) = G(%,5,5) + G(X.%,5). (1)
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Definition 1.7. ([3]) (f .G.E ) be a soft G-metric space
and (x,,) be a sequence of soft elements in X. _The sequence
(x,,) is said to be soft G-convergent at X in X, if for every
£>O chosen arbltrarlly, there exists a natural number N =
N (€) such that OSG (X, Xn,X)<E, whenevern > N ie.,n >
N = (x,) € B5(X,¢).

We denote this by (x,;) — X as n — oo or by lim,,—e0(X;) =
X.

Proposition 1.8. (/3]) Let (}?,(N?,E) be a soft G-metric
space, for a sequence (x) in X and soft element X, then
the followings are equivalent:

(1) (x) is soft G-convergent to X,
(2) dé()’c;,,f)—ﬂ_)asn—wo,

(3) G(%,%,%) — 0 as n — oo,
(4) G(%p,%,%) — 0 as n — oo,

(5) G(%,Xm,%) — 0 as n,m — oo,

Definition 1.9. ([3]) A soft G-metric space (X,G,E) is
symmetric if

(Gs) G(X.,3,5) = G(x,%,7) forall x,y € SE(X).

When ()? , G,E ) is a symmetric , many fixed point theorems
on this space are particular cases of existing fixed point
theorems in soft metric spaces. But for treating the non-
symmetric case, Bilgili Gungor ([1]) introduced soft quasi-
metric space and showed that non-symmetric soft G-metric
space have a soft quasi-metric form and then many results
on non-symmetric soft G-metric spaces can be reproduced
from fixed point on soft quasi-metric spaces.

Definition 1.10. ([1]) Let E be the nonempty set of pa-
rameters, X be a nonempty set. If O : SE(X) x SE(X) —
R(E)* is a mapping which satisfies conditions,

Q1) Q) =0 < =V,
(02)  O®@, %) <0, W)+ O(w,7), for all &, v, € SE(X)
then it is said to be soft quasi-metric on X.

And ()? ,O,E ) is said to be soft quasi metric space.

It is simple to see that any soft metric space is a soft quasi-
metric space, but any soft quasi metric space is not soft
metric space.

Taking to advantages of this definition Bilgili Gungor pre-
sented important results between soft G-metric spaces and
soft quasi-metric spaces ( See [1]).

2. Material and Method

In the following we will define an implicit contraction
mapping via soft real numbers inspired from the article of
Popa and Patriciu ([5]).

Definition 2.1. Let A be the set of all continuous functions
L(51,...,5¢) : RO(E)* — R(E)* such that

(L1) : L is nonincreasing in variable 5,

(L2) : There exists [; € ¥ so that for all
%,5>0,L(,y,5,%,x+y,0)<0 means x < [; (5),

(L3) : There exists I € X so that for all
%,5>0,L(%,%,0,0,%,5)<0 means X</, (),

Y ={o:0:R(E)* - R(E)",o is nondecreasing
functions, lim,,_,. 6" (5)=0 for each 5>0}.

Example2.2. L(sl, 6)~~ — asy — bsy — &5y —dss — ésg,
where @,b,¢,d,e>0, a+b+c+2d+e<1

(L1): Obviously. )
(L2): Let X, y>0 be and L(X,3,y,x+y,0)=% — ay — by —
ox — d(x+y)<0 which implies X< “H’*dy and (L2) is sat-

isfied for [ (5)= “Jr(fij)'s“

(L3): Let %,y>0 be and L(
2y<0 which implies X<
lz(w)_Ter

Example 2.3. L(51,...,5¢)=5]
keld, ).

(L1): Obviously. -
(L2): Let x,y>0 be and L(fif,}cvx—ky’o)lj{ _
kmax{x,y,x+y}<0.Thus, X< y and (L2) is satisfied

for [, (s :Tk]-(s

(L3):  Let X )75(_) be and L(%,%,0,0,%,y)=x —
kmax{x,5}<0. If x>y, then X(I — k)<0 a contra-
diction. Hence X<y which implies X<ky and (L3) is

satisfied for I, (5)=ks.

, 0,%,y)=X — ax — dx —
3) is satisfied for

oy and (1

— kmax{5,...,5¢ }, where

3. Results

In the following, we prove the existence and uniqueness
of a common fixed point of operators that provide specific
inequalities via implicit contractions.

Lemma 3.1. Let ()?, Q,E) be a soft quasi-metric space
and h,p : (X,0,E) — (X,0,E) satisfying

L(Q(hit, h¥), O(pi, pV), (i, hit), Q(pV, h¥), O (i, ),
O(pv, hit))<0,Vir,v € X
2)
and L satisfying property (L3). In this case, h and p have
at most one point of coincidence.

Proof. We assume that i and p have two distinct point of
coincidence X and y. In this case, there exist p,r € X so
that YX=hp=p p and y=hr=p7. Then by using (2) we get

L(Q(hp, h7), Q(pp, pF), Q(pp,hiﬂ Q(pF, i), 3)
Q(pp,h¥),0(p7,pp))<0

SO

L(Q(pp,p7), 0(pp,p7),0,0,0(pp. pF), O(p7, pp)) <0.

“)
By the property (L3) of L, we get
0(pp,pA)<L(Q(PF, pP))- (5)
Similarly, we get
0(p7.pp)<hL(Q(p P, PT))- (6)

With using (5),(6), ! is nondecreasing and /(¢) < ¢ for
t>0,

0<0(pp,pF)<hL(0(p7,pP)) <13 (0(pP. p7) <O (PP, PF).

(N
This is a contradiction and pp=pr. Thus,
NP pFpTIT=Y,

O
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a soft quasi-metric space

Theorem 3.2. Let (X, 0, E)be
(X,Q,E) satisfying

and h,p : (X,0,E) —

L(Q(hit, h¥), O(pi, p¥), _Q(pu hit), Q(pv, hv), @)
O(pit, hv), Q(pv, hit)) <0, Vi, v € X

and

L(Q(hit, h¥), O(pi, pv), Q(pii, pv), Q(hit, pi), ©)
O(hit, pv), Q(pit, hv)) <0, Vi, v € X

for L € A Accept that p(X) is a soft complete quasi metric
subspace of (X,0,E) and h(X) C p(X). So h and p have
a unique point of coincidence. Besides, if h and p are
weakly compatible, in this case h and p have a unique
common fixed point.

Proof. Let uy € SE(X X) be an arbltrary soft element
and because of (X) C p(X), there is i € SE( ~) such
that hiip=pu;. In this way, we get u,+ € SE(X) and
hit,=pu,+1. Thus, by using (8) we obtain

(Q(hun lvhun) Q(pﬁnfl ,Pﬁn), FQv(pﬁnflahianl)a

O(piin, hity), Q(Piiy 1, hily), Q( Py, ity 1)) <0,
(10)
that is,

E(é(pﬁn7pﬁn+llv é(piznfl 7p1'7n)a_Q(SMn 17pun)
Q(pﬁnyhﬁﬂ+1)7Q(pﬁn*hpﬁnJﬁl))O) 0
. (an
From (L1) and (Q7), we obtain

(Q(punvpun+l) Q(pﬁn hPﬁn) Qv(Sﬁn l7p’7n)

Q(punah”nJrl) Q(pun 1, P“n)JFQ(P”mP”nH) )<0

(12)
By (L2), we have

Q(Piin, Plins1) < L (Q(Plin—1,piin)).  (13)

If we continue similar way, we get

Q(piin, pitn1) <1} (Q(piio, i) (14)
So with using (éz), form > n,

Q(pitn, pitm)  <Q(Pitn, Piint1) + Q(Plin1, Plini2)+
+Q(p’/7m 17pﬁm) "

S(l +HH L+ 1 (Q(pio, pun )

< L-(Q(piio, piny)),

_ (15)
which means that Q(pi,, pit,) — 0. So {puy,} is a right-
Cauchy sequence.

Now, by using (9) we get

L(Q(hity, hity—1), Q(Pitn, pFo—1), Q(Plin, Plk—1),

Q(hunvpun) Q(humpﬁn—l), Q(pﬁn; hgnfl ))g(_)y
(16)
that is,

L(O(Pitns1,Pin ), O(Piin; Plin-1), Q(Plin, Piln-—1 ),

Q(pﬁn+lapgn)7Q(piszrl?pﬂnfl)?(_))So
(17)

From (L1) and (Q>), we obtain

L(Q(piln 11, Pitn), Q(Plin, Plin—1), Q(Piin, Pl 1),
Q(pizn-ﬁ-lapizn)aQ(puﬂ-i-hpuﬂ)+Q(pu”7pun 1) )<O
(18)
y (L2), we have
QP 1, Piin) < 11(Q(Plin, Piln—1)).  (19)

If we continue similar way, we get

Q(pitns1,pitn) <1} (O(pih1, pip)). (20)

So with using (Qz), for n > m,

;é(pﬁnkpﬁn—ﬁ+é(pﬁn—1apﬁn—2)+

o+ Q(Pits1,piim)
~(ZZ:1 +H 72+ 1)(Q(pi, pXo))
< (0(pinr, i),

Q(Pﬁmpﬁw

(2D

which means that Q(pii,, piiy,) — 0. So {pii,} is a left-
Cauchy sequence.
Therefore, {pu,} is a Cauchy sequence. Because of p(X)
is completeness, there is a point ¥=pp in p(X) so that
P, — x=pp as n — o. Now, we shall see hp=pp. In-
deed, if we choose &t = 1, and V= p in (8),

(Q(hun lvhﬁ) Q(pun hPﬁ) Q(pun 17hun 1)

O(pp,hp), Q(pitn_1,hp),0(pp, hiiy_1))<0,
(22)
this is

( (punvhﬁ) Q(pun bPﬁ)a (pun lvpun) (23)
(ppahﬁ) Q(pun lahﬁ)v (ppapun))

In case of the limit n — oo, we get

L(Q(pP,hp),0,0,0(pp.hp),0(pp,hp),0)<0.  (24)

From the property (L2) of L, we get O(pp,hp)=0 which
means p p=hp. So %Ehﬁép p is a point of coincidence. If
we use Lemma 3.1, k is the unique point of coincidence.
Furthermore, assume that / anf p are weakly compatible.
From Lemma 3.1, & and p have a unique common fixed
point. O
If p replace with the identity function in Theorem 3.2, the
following corollary is obtained.

Corollary 3.3. Let (X,0,E) be a complete soft quasi-
metric space and h: (X,0,E) — (X, Q,E) satisfying

L(Q(hit, h¥), O, v),

0@ hit), 07, 1)
0(, 1), 0(7, hi)) <0 *)

0,Vi, vGX

and

L(Q(hit, hv), O(i,v), O(& N)
O(hi, ), (i, hv)) <0, Vi,

where L € A. Then h has a unique fixed point.

(h” @), (26)
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We shall give the following corollary related to Ciric con-
traction type in [6] with choosing L as given in Example
2.3 and applying Theorem 3.2.

Corollary 3.4. Let ()? .O.E ) be a soft quasi-metric space
and h,p : (X,0,E) — (X,0,E) satisfying

Q(hii, h)<kmax{Q(pit, p¥), Q(pi, hit), Q(p¥, hv),
Q(pit, hv), Q(pv, hid) }, Vii, v € X
(27)
and

Q(hu, hv)<kmax{Q(pu, pv),Q(pu, pv), Q(hi, pr),
O(hit,pv), Q(pii, )}, ¥ € X

) (28)
Jork €0, %) Accept that p(X) is a soft complete quasi
metric subspace of (X,0,E) and h(X) C p(X). So h and
p have a unique point of coincidence. Furthermore, if h
and p are weakly compatible, in this case h and p have a
unique common fixed point.

Example 3.5. Let R be the soft real set equipped with the
soft quasi metric

—x ifx<y,

0(%.5) = { 1 ifx>y (29)
(]R Q E) is a complete soft qua51 metric space and if
the mapping h : (R,Q,E) — (R,Q,E) is chosen as h :
SE(R) — SE(R), h(X) = &, for any constant ¢ € R. If p re-
place with the identity function in Theorem 3.2 and L € A
is chosen in Example 2.3, then the mapping 4 satisfies the
inequalities 8 and 9. Thus, all conditions of Corollary 3.3
is satisfied and so & has a unique fixed point. Indeed, ¢ is a
soft real number which is unique fixed point of &.

3.1. Well posedness in soft quasi-metric spaces

In the following, the subject of the well-posedness in soft
quasi-metric spaces are presented taking into account other
work done in this area (see [[7]],[[8]] and [[9]]).

Definition 3.6. Let (XV ,O.E ) be a soft quasi-metric space
and h: (X,0,E) — (X,0,E) be a given mapping. When
the following conditions satisfy, we say the fixed point
problem of f is said to be well posed.

(1) g € X is the unique fixed point of &,
@ (i) any.
1imy,—seo Q(Rity, 1y ) =1imy, sco Q (U, hut,)=0,  then  we
get lim, o Q(o, Uy ) =1imy, _sc0 Q (i, 119 ) =0.

C X s any sequence  with

Definition 3.7. Let (X, 0, E) be a soft quasi-metric space
and h,p : (X,0,E) — (X,Q,E) be given mappings. When
the following conditions satisfy, we say the common fixed
point problem of % and p is said to be well posed:

D ug € X is the unique common fixed point of & and p,

(2) (uy) C X is any sequence with
lim,, e é(hﬁn; ﬁn)g lim;, e é(ﬁn s Eun)gﬁ
and (30

1imy o QP ty) =iy O (T, Pit) =0,

then we get limy,_e. Q(if0, i) = limy, 0 O iy, it ) =0.

56) : RO(E)* — R(E)* be
It is said to L has_ property (Lk) if

Definition 3.8. Let L(s1,...,
a mapping.

then there exists k € 0,1) such that xgkmax{y ”}

Theorem 3.9. Let (X,0,E) be a soft quasi-metric space
and h,p : ()?, Q,E) — ()?, Q,E) satisfy hypotheses of The-
orem 3.2 and L has property (Ly.). In this case, the common
fixed point problem h and p is well posed.

Proof. Using Theorem 3.2, h and p have a unique common
fixed point u. Let {u,} € X be a sequence such that

1Moo Q(hityy, i) = 1imy—yo0 O (i, ity ) =0
and 31)

lim,; e Q(P Uy, ﬁn) =lim, e é(ﬁn , ﬁ”n) =0.
Now, by using (9) we get that

L(Q(hit, hity), Q(pid. pi ), QP pity), Q ki, pid),
Q(hu pln), Q(pu hit,)) <0,
(32)
SO
L(Q(, hity), Q(it, pity), (i, pit),0, Q (i, pity) , Qi hity ) ) <O0.
(33)
And by using (Ly) property of L, we have
O(ithitn) - <kmax{Q(.piin),0} 5
SkQ(uvpun)
From (éz) and (34), we get
(il i) <O, hity) + Q(hiy, i)
<kQ(u piy) + Q(hun,un) B
Sk[Q(uaun) + Q(Mn»pun)} Q(hﬁn; ﬁn)
(35)
Hence,

O 2 1 0l p)| + T OhT ). (30

If we take limit as n — oo, we get limy, .. Q(i1, &, )=0.
Similarly, if we use (9) again, we get that

( (huna 17) Q(Pun,Pm Q(punap;[) Q(humpxn)

(humpN) Q(puth))<O
(37
SO

L(Q(hity, @), Q(piiy, ),
O(hit, ), Q(pity, 1)) <0,

(pumﬁ) Q(hunap”n)

(38)
And by using (L) property of L, we have

(hunvﬁ) <kmaX{Q(puVlaN) Q(huﬂ,pu”)} (39)
<k[Q (Pun7m+Q(hun7P'4n)]

From (éz) and (39), we get
é(ﬁnaﬁ) <Q(“nahun) + Q(hunaﬁ)

(u,,,hu,,) ko (pu,,,N)—i-Q(hu,,,pu,,)]
(u,,,hu,,) [ (p"‘na“n) +Q(“n7m
( )+Q(unapun)]

(40)
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52 [0(pity, ) + Oty ) + Qi Piln)].

@D
If we take limit as n — o0, we get lim, o Q(tty, #)=0.
Thus, proof is completed. O

3.2. Results on soft G-metric spaces

In this section, we obtain some consequences of our main
theorems.

Corollary 3.10. Let (X,G,E) be a soft G-metric space
and h,p : (X,G,E) — (X,G,E) satisfying

L(G G (hit, b, Shv), G(pii, pv, pv), G(pi, hii. hA)
G(pv, hv, hv), G(pii, hv, hv), G(pv, hit, hit) ) <0,
(42)
and

L(G(hit, hv, hv), G (pi, p¥, pv), G (pi, p¥, V),
G(hii, pii, pit), G(hit, pv, pv), G(pii, hv, hv) ) <0,
43)

for all w,v € X where L € A. Accept that p(X ) is a soft G-
complete metric subspace of (X,G,E) and h(X) C p(X).
Thus h and p have a unique point of coincidence. Besides,
if h and p are weakly compatible, then h and p have a
unique common fixed point.

Proof. If we choose é(ﬁ V)= G(&,v,7), Q is a soft quasi-
metric and also (p(X ) Q.E) is a soft complete quasi-
metric subspace of (X,0,E). Then we obtain the hypoth-
esis of Theorem 3.2 and the result gets from Theorem
3.2. O
Now, we define the notion of the well posedness on soft
G-metric spaces.

Definition 3.11. Let (X G.E) be a soft G-metric space

and h,p : (X,G,E) — (X,G, E) be given mappings. When
the following conditions satisfy, we say the common fixed
point problem of / and p is said to be well posed:

(1) iy € X is the unique common fixed point of 4 and p,

(2) (uy) C X is any sequence with

1im G(iiy, fitn, hun)=0 and 1im G (i, i, Pun)=0,
n—roo n—yo0
R (44)
then we get lim,, . G(14y,, U, 19 ) =0.

Corollary 3.12. Let (X,G,E) be a soft G-metric space
and h,p : ()?,é,E) — (X,é,E) satisfy hypotheses of
Corollary 3.3 and L has property (Ly). Then, the com-
mon fixed point problem h and p is well posed.

Proof. If we choose é(ﬁ, V)=
metric.

5(%,17,\7), Q is a soft quasi-

Then we obtain the hypothesis of Theorem 3.9 and the
result gets from Theorem 3.9. Here we should attend to
G(u,v,v)<2G(v,u,u) for all u,v. O

4. Discussion and Conclusion

In this work, firstly the implicit contraction mapping via
soft real numbers is defined. In this way, common fixed
point results via implicit contractions on soft quasi metric
spaces are given. Then, the well posedness property of the
common fixed point problem of mappings are defined and
a theorem is given about it.Finally, some fixed point results
on soft G-metric spaces are indicated to be immediate
consequences of our main theorems on soft quasi metric
spaces .
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