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1. Introduction

In the literature, the researchers investigated the n™ power of the matrices by different methods. In [1],
Williams studied the n™ power of a 2 x 2 matrix. Laughlin found identities deriving from the n™" power of
some matrices in [2,3]. Belbachir investigated linear recurrent sequences and powers of a square matrix in [4].
There are certainly new developments on special integer and matrix sequences by constructing recurrence
relation. In [5], the authors studied sums and products for recurring sequences. Halici and Akyuz derived
combinatorial identities by using the trace, the determinant and the n™ power of a special matrix whose entries
are Horadam numbers [6,7]. Among these integer sequences, the Jacobsthal and Jacobsthal Lucas numbers
have been studied extensively in the last decade years in [8-12]. The Jacobsthal numbers j,, are terms of the
sequence {0,1,1,3,5,11, --- }, defined by the recurrence relation, j,, = j,_1 + 2jn_2, for n > 2, beginning with
the values j, = 0, j; = 1. The Jacobsthal Lucas numbers c, are the terms of the sequence {2,1,5,7,17,---},
defined by the recurrence relation, ¢,, = c¢,_1 + 2¢c,,_5, for n = 2, beginning with the values ¢, = 2 and ¢; =
1in[13]. (s, t)-Jacobsthal and (s, t)-Jacobsthal Lucas sequences are defined by using the following recurrence
relation,

Jn($,t) = Sjp_q(s,t) + 2t ju_2 (5,8)  (Jo(s,t) =0 and ji(s,t) = 1) 1)
and

cn(s,t) = cpo1(s,t) + 2¢,_5 (5, t)  (co(s,t) =2 and ¢,(s,t) = 1)

where s > 0,t = 0 and s2 + 8t > 0 [8].
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The Binet formula enables us to state (s, t)-Jacobsthal and (s, t)-Jacobsthal Lucas number easily. It can
be clearly obtained from the roots r; and r, of the characteristic equation as the form x? = sx + 2t, where

s+ Vs? + 8t s—Vs?+8t
"= and =

The Binet formula for (s,t)-Jacobsthal numbers and (s,t)-Jacobsthal Lucas numbers are given,
respectively, by

n n

. r ¥
Jn(s,t) = —— and ¢, (s, t) ="+ 1"
n—-r

In [9], for any integer n > 1, (s, t)-Jacobsthal matrix sequence is defined as

]n(sv t) = S]n—l(sv t) + 2t [ (Sr t) (2)
with initial conditions J, = (é (i) and J; = (i %) and (s, t)-Jacobsthal Lucas matrix sequence is
defined as

Cn(s,t) =sCph_q(s5,t) + 2t Cp_y (s, t) 3)

2
with initial conditions C, = (Zst fs) and C; = (5 S+t4t ist) Some important properties for (s, t)-

Jacobsthal and (s, t)-Jacobsthal Lucas matrix sequences are given as in [9]

_ jn+ (S,t) Zjn(S,t)
&) Jn= ( tjnl(s, t)  2tj_1(s, t))

( Cre1(s,t)  2ep(s,t) )

b) Cn = tcy(s,t)  2tcp_1(s,t)

¢) Jmin=Jm/n
d J» =]1n
e) Cn+1 = Cl]n

2. The n'" Power of Generalized (s, t)-Jacobsthal and (s, t)-Jacobsthal Lucas Matrix
Sequences and Some Combinatorial Properties

In [1], Williams gave a well-known formula for any integern > 1, if A = [Ccl Z] then

rln — rzn T.ln—l _ an_l
A - 12, Tl #: 1"2
ATl = Tl - 7"2 Tl - 7"2 (4)
nr" 1A — (n— 1) det(4) r* 21, =T

where ry, 1, being the roots of the associated characteristic equation r? — (a + d)r + det(4) = 0 of the matrix
A and I, is the identity matrix 2 x 2.

Corollary 1. For any integer n > 1, the n' power of J; (s, t) and C; (s, t) are

-1 n-1
n"-n" s 2 nt o
A t) = —=(§ “)-F—T—1, )
=T t O T
S+Vs2+8t s—Vs?+8t
wherer; = andr, =

2
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-1 -1
n 51" =" 244t 25\ _Sit — 8"
C,"(s,t) =——— - I, (6)
S1— Sy st 4t 51— 5,
s2+8t+sVs2+8t s2+8t—sVs2+8t
where s; = — and s, = —

If we choose s =t = 1 in (5) and (6), we get the n™ power of classic Jacobsthal and Jacobsthal Lucas
matrix sequences:

1 2\"_2"-(D"1 2y 2" (D"
(1 0) = (1 %)

1 0 3 10 3 2
and
5 2\"_2"-(D"5 2y 2" - (D"
( 1 4) B 3 ( 1 4) 3 &
Proor. The proof is obtained by using the eigenvalues of J; (s, t) and C; (s, t) and (2), (3), (4). O

Corollary 2. For any integer n > 1, the determinants of ;" (s, t) and C;" (s, t) are
det(/;"(s,t)) = (—2t)" and det(C,"(s,t)) = (20)"(s? + 8t)"

Proor. By using the property of the determinant of a matrix is the product of eigenvalues of this matrix, we get
the determinant of J,(s,t) and C;(s,t) is —2t and (2t)( s? + 8t), respectively. The determinant of the n®"
power of a matrix is the n'™ power of the product of the eigenvalues. So, the results are easily seen.

m|

If we choose s =t =1, we get classic Jacobsthal and Jacobsthal Lucas matrix sequences, and the
determinant of them are obtained as

det(J;") = (=2)", det(C,") = (18)"

a b

Laughlin, in[2,3] gave if Aisa 2 x 2 matrixas A = ( e d ) then the nth power of A is given by

Al = (xn —dxp_4 bxy—1 ) (7)
CXn—1 Xn — AXp—1

n .
where x,, = leilo (n l_ l) T™=2(=D)}, T is the trace of A, and D is the determinant of A.

Corollary 3. The n" power of J, (s, t) and C,(s, t) are

2x
n ,t) = ( Xn n-1 ) 8
J1" (s, 1) tXp_q Xp — SXp_1 )
where x,, = ZEIO (n l_ l) s™2L(2¢6)E, and
Yn _4tyn—1 2s Yn-1
C."(s,t) = ( ) 9
! ( ) st Yn-1 Yn — (52 + 4t) Yn-1 ( )

such that y,, = ZEIO (n l_ i) (s? + 40" (2t)".

If we choose s =t = 1 in (8) and (9), we get the n™ power of classic Jacobsthal and Jacobsthal Lucas
matrix sequences,
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(1 2)"_( Xn 2Xpn_1 )
1 0 a Xn-1 Xn — Xp-1
where x,, = ZEJO (n l_ i) (2)! and

(5 Z)n:(}’n_4yn—1 2Ynq )
1 4 Vn-1 Yn — 5 Yn-1

such that y, = ZEJO (n A l) g" 2",

Proor. The proof is obtained by (2), (3), and (7). O
Corollary 4. The n™ element of (s, t)-Jacobsthal Lucas matrix sequence is given as

_ [P+ 4AD)x_ 1+ 25t Xy 2(S Xpoq + 4t Xp_p)
Cn(s' t) - Cl(S, t)]n—l(S; t) - < t(S Xp_1 + 4t xn—Z) Zt(xn_1 —3 xn—Z)

or

_ _ SXp +4t x4 2(8 xp_q + 4t x,_5) )
Cn(s,t) = sJn(s,6) + 4t Jn-a(s,8) = ( t(SxXp_1 4t Xp_3) Xp—SXp_q+4t(Xp_1 — S Xp_3)

where x,, = ZEJO (n l_ l) s™2L2¢)¢, for any integer n > 1.

Proor. By (d, €), (2-3), (7), the proofs are easily obtained. O

Theorem 5. For any integer n > 1, the following property is satisfied,

2] 2]

n—i\"—l ,y i_ 1 Z N\ n-2i,.2 i (10)
Z( ) et = o Y (5) s + 80
i=0 i=0
Proor. The eigenvalues of J, (s, t) are r; = = 522+8t andr, = = 522+8t. The eigenvalues of J,™(s, t) are ;"

n . - . n _( xn 2Xp_1
and r,™. By using (8), it is obtained that J,"(s,t) = (txn—1 Xy, — %1

tr(J;" (s, t)) =2x,- sx,,_,. Because the sum of the eigenvalues is equal to the trace of the matrix, ;™ + r," =

2Xy, — SXp_q

). The trace of J;"*(s,t) is

2] "z
2%, — S Xy_q = 2; (n l— l) Tn-2i (_D)i —s ; (TL — ll - l) Tn-1-2i (_D)L’
oo
= (") et ()
i=0

By binomial expansion
s+VsZ+8t\ [s—VsZ+8t)
= — + —

3
_ 2;2(2) sn-2i(s? 4 ey

=0

The equality of the results completes the proof. O
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If we choose s =t = 1 in (10), we get the same result for classic Jacobsthal and Jacobsthal Lucas matrix
sequences as
n n
2] 2]

Z(ni_i)nii Zizznl—lz(;l") ?

i=0 i=0

By the Binet formula of (s, t)-Jacobsthal Lucas sequence, the following is obtained,

2]
cy(s,t) = 2”1—12 ( ;ll) s™2 (52 + 8t)!

i=0

n
1 IEJ n—i n
- n—2i i
Ca(s,t) = Zn—lz( [ ) n—i s (20
i=0
Corollary 6. The n™ element of Jacobsthal matrix sequence is also demonstrated by using the elements of
(s, t)-Jacobsthal sequences,

and

Jn(s,t) = jn(s,) J1 — ju—1 (8, 0) I (11)

Proor. By (a, d) and Binet formulas, we get

D 2D
0 =( 700 o ey )=

rln _ rzn rln—l
=—Ji(5,t) ——F—1,
rn—n n—n

= jn(S,t)jl(S, t) - jn—l (S,t) 12 O

If we choose s = t = 1 in (11), we get the same result for classic Jacobsthal and Jacobsthal Lucas matrix
sequences as

Jn= jn—l(i %)) = Jn-1 b2

By binomial expansion, the following is derived,

n-—1
TJ
nt-n" 1 s+Vs2¥8t\ (s—s?+8r) 1 Z( n )Sn—zi—1(52+8t)i
-1,  sZ+8t 2 2 _Zn_l.o i+l
i=
and
rln _ rzn rln—l _ rzn—l
st)=—J,(s,t) — I
]n( ) =Ty ]1( ) =Ty 2
n;lj
1 2 n
n—-1-2i (.2 i
—m ) (574 1) s" 72 (s + 8D (s,0)
i=0
n-2
=]

1 n—1 _o_oj ;
_zn_z Z (2i+1) gn—2 21(52+8t)112

i=0
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Lemma 7. In [2], for all g € R or Z, for any integer n > 1, if

1
A= ——(4A I)(gA + DI
g2+Tg+D( + g1)(gA + DI) (12)
then
2n r D i g -
n - J r

4 (g2+Tg+D> Z}Z T—l (gz) (D) A (13)

s L

Corollary 8. For all g € R or Z, for any integern > 1,

D GIES

r=0i=
and

. _ 2t(s2 4+ 8t)g " n (s> +8t))\ .,
G0 = <g2 + (s2 + 8t)g + 2t(s? + 8t) ) Z Z r —i ( g2 )Cl (5. 0)

Example 9. If s = t = 1, we get classic the Jacobsthal and Jacobsthal Lucas matrix sequences. For n = 4, the
following is obtained,

p= (30 -GEass) LY () (2 e (3 2)

r=0i=
and
2n r .
i = (8 %)= Grraem) 200 GOGE)G Y
! ci 2c3 gZ+9g+18 £ £ r—l g2 )\1 4
Theorem 10. For any integer n > 1,
k-1
= J (14)

(S0 = (s 2 - 1 — l) cnk_l_Zi(s,t) (2t)i"

Proor. By using the property j,,1(s, t) + 2t j,_1(s,t) = c,(s,t) and the Binet formula of (s, t)-Jacobsthal
sequence, the following is obtained,

Jnk+1(5, 1) 2jni(s,t) )

Uk = ] = = ( tink (S, ) 2tjni—1(s,t)

nk _ _ Jn+ (s,t) Zjn(s’t) §
(]1 )k B (]n)k B ( tjnl(SJ t) thn—l(sr t))

_ (xk — 2t jpu—1 (S, )xp—1 2jn (S, )X 1 )
tink (S, £)Xp—1 Xk = Jn1(S, ) Xk—q

where

X) = 2 Z l Tk—Zi (_D)i
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2 i
=2y (F7) [ Uns1(s,8) + 2t jn_1(s,))
i=0 L (2t Gn+1(s,t) ju-1(s,t) — jnz(s: t))i
2
=2 Z ) (eals, )2 (=20)'"

By the equality of the matrices, the proof is completed. O
Theorem 11.
ng k—i k —2i(=2t)" j,_1(s,t)
Jrierr(5,8) = ZO( T (enls ) (=20 [Jr(S R = (15)

Proor. By using (), (10) and [9], we get

n — jn+ (S,t) Zjn(S,t)
160 =Ty s

Then,

nk+r _ (jnk+r+1(5' t) 2jnk+r(5,t) )

s, t) = . .
S ( ) t]nk+r(5' t) 2t]nk+r—1(5r t)
and
J 0 = (S0 20 )" (o 20
tjn(s; t) thn—l(s; t) tjr(S, t) thr—l(sr t)
_ (xk — 2t jpu—1 (S, )xp—1 2jn (S, t)Xp—1 ) (jr+1(5, t) 2jr(s, 1) )
tjn (s, t)Xp—1 Xk = Jue1 (S, Oxp—1/\ tf(5,8)  2tjr_41(s,1)

where

2
X = Z (k l— i) Tk=2i (_p)i

i=0
g
=2 > (*77) (als 0 Pi(-20)"

i=0

By the equality of the matrices,
Jrkr(8,8) = (X = 2t 1S, O)xp—1)jr (5, ) + 2t (5, ) Xp—1Jr—1(5, )
= Jr (8, O)x = 2t(Jin-1(5, )jr (s, t) = jn (S, )jr-1(s, ) X1

= jr (S: t)xk - (_Zt)r jn—r—l(S: t) Xk—1

= jr(s,0 Z ) (enls, )< (=D)in 2y

2]
H2 jara 0 ) (FTIT) @l =D 2o
i=0
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k-2i

(ca(s,0))” " (=D 2)™
[ k —2i (=2t)" jn—r-1(s,t) =

—1 cp(s, t)
If we choose s = t = 1 in (15), we get the property of the classic Jacobsthal sequences,
k
EJ k—2i(—=2)"j
; _ k—i k=21 (oying_qyin—i | ; —4ti74) Jn-r-1
fr = - (K7 ) ey H@ynnynt |y + =

i=0

(s, t) +

3. Conclusion

The paper aims to find the nth power of 2 x 2 special matrices whose entries are the elements of (s,t)-
Jacobsthal and (s, t)-Jacobsthal Lucas number sequences. From the results, some properties of the (s, t)-
Jacobsthal and (s, t)-Jacobsthal Lucas sequences are established. We develop new methods for finding the nth
element of (s, t)-Jacobsthal sequences.
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