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Abstract

The aim of this paper is to introduce inclined curves according to parallel transport frame. This paper begins by defined a vector field D
called Darboux vector field of an inclined curve in E4. It will then go on to an alternative characterization for the inclined curves

“or: 1 C R — E* is an inclined curve < k; (s) /lq (8)ds+ka(s) /kz(s)ds +k3(s) /k3 (s)ds =0

where ki (s), k2(s), k3(s) are the principal curvature functions according to parallel transport frame of the curve o and also, similar
characterization for the generalized helices according to Bishop frame in E? is given by

o1 C R —s E? is a generalized helix < k; (s) /Iq (8)ds +ka(s) /kz(s)ds =0
where k| (s), k»(s) are the principal curvature functions according to Bishop frame of the curve c.
These curves have illustrated some examples and draw their figures with use of Mathematica programming language. Also, it is given an

example for the inclined curve in E* and showed that the above condition is satisfied for this curve.
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1. Introduction

The curves are a very important topic in all disciplines. They appear in physical applications as well as medical sciences heart chest film with
X-ray curve, how to act is important to us. Curves give the movements of the particle in Physics.

Helical curves are the very important type of curves. Because, helices are among the simplest objects in the art, molecular structures,
nature, etc. For example, the path, aroused by the climbing of beans and the orbit where the progressing of the screw is a helix curve. Also,
in medicine DNA molecule is formed as two intertwined helices and many proteins have helical structures, known as alpha helices. So,
helices are very important for understanding nature. Also, helices are called as inclined curves in higher dimensional Euclidean space
E™ (n > 4). Therefore, recently researchers have shown an increased interest in the helices in the Euclidean space E 3 (See for details:
[1,3,6,10, 11, 14]).

In 1802, M. A. Lancret first proposed a theorem and in 1845, B. de Saint Venant first proved this theorem: A necessary and sufficient
condition of a curve to be a general helix is that the ratio of curvature to torsion should be a constant.” Another definition of the helix curve

is that the tangent vector field at all points of the curve makes a constant angle with a fixed direction. Recently, many studies have been
reported on generalized helices and inclined curves [1, 4, 9, 12].

The Frenet frame is constructed for the curve of third order continuously differentiable non-degenerate curves. Curvature of the curve may
vanish on some points of the curve, that is, second derivative of the curve may be zero. In this situation, we need an alternative frame in
E3. Therefore in [2], Bishop defined a new frame for a curve and called as Bishop frame which is well defined even when the curve has
vanishing second derivative in 3—dimensional Euclidean space E3.

Similarly, Gokgelik ef al. defined a new frame for a curve and called parallel transport frame in E* [7]. The parallel transport frame is
an alternative frame defined by a moving frame. They consider a regular curve (s) parametrized by s and they defined a normal vector
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field V (s) which is perpendicular to the tangent vector field 7'(s) of the curve a(s) said to be relatively parallel vector field if its derivative
is tangential along the curve o (s). They use the tangent vector T (s) and three relatively parallel vector fields to construct this alternative
frame. They choose any convenient arbitrary basis {M (s),M(s),M3(s)} of the frame, which are perpendicular to T (s) at each point.
The derivatives of {M|(s),M>(s),M3(s)} only depend on T'(s). It is called as parallel transport frame along a curve because the normal
component of the derivatives of the normal vector field is zero. The advantages of the parallel frame and the comparable parallel frame with
the Frenet frame in 3—dimensional Euclidean space E> was given and studied by Bishop [2].

Spherical curves are characterized by the parallel transport frame. *The curve « is spherical curve if and only if ¢1 k| (s) 4 caka (s) + c2k3(s) +
1 =0, where ¢y, ¢2, c3 are constants and kj (s), k2 (s), k3(s) are the principal curvatures according to parallel transport frame of the curve o”
[7].

In this article, the inclined curves are studied according to parallel transport frame in terms of the harmonic curvature functions and are given
characterizations of the inclined curves. Also, it is obtained some characterizations for the generalized helices according to Bishop frame in
E3. Finally, these curves are exemplified and their figures are plotted with the help of the Mathematica program.

2. Preliminaries

Let o : I/ C R — E* be an arbitrary curve in the Euclidean 4—space E*. Recall that the curve o is said to be a unit speed (or parameterized
by arc length function s) if (a/(s),a’(s)) = 1, where (,) is the standard inner product of E* given by (X,Y) = x1y; +x2y2 +x3y3 +
x4y4 for each X = (x1,%2,%3,%4), ¥ = (y1,¥2,3,y4) € E*. In particular, the norm of a vector X € E* is given by HXH2 = (X,X). Let
{T(s),N(s),B1(s),B(s)} be the Frenet frame along the unit speed curve o.. Then T'(s),N(s),B;(s) and B, (s) are the tangent, the principal
normal, first and second binormal vectors of the curve a, respectively. If  is a space curve, then this set of orthogonal unit vectors is known
as the Frenet-Serret frame. Derivatives of the Frenet frame vectors have the following properties

T'(s) = K(sN(s)
N(s) = —K(s)T(s)+(s)Bi(s)
Bi(s) = —t(s)N(s)+0(s)Ba(s)
Bys) = —o(s)Bi(s)

where x(s), T(s) and o (s) denote principal curvature functions according to Frenet frame of the curve o.

The parallel transport frame is an alternative frame defined a moving frame. Curvature of the curve may vanish, that is, the i —zh (1 <i < 4)
derivative of the curve may be zero at some points on the curve. In this case, we can define a parallel transport frame along the curve by
parallel transporting Frenet vectors N, By, By except T. Newly formed frame {7 (s), M (s),M;(s),M3(s)} is called as parallel transport
frame and ky (s) = (T’ (s), M1 (s)), ka(s) = (T'(s),M(s)), k3(s) = (T'(s),M3(s)) called as parallel transport curvatures of the curve ¢. One
of the properties of this frame is that the derivatives of the vectors M| (s),M»(s) and M3(s) only depend on T (s).

Theorem 2.1. Let a: 1 C R — E* be a unit speed curve with arc length parameter s. {T (s),N(s), B1(s),Ba(s)} and {T (s), M (s),Ma(s),M3(s)}
are defined the Frenet frame and the parallel transport frame along the curve a., respectively. Using the Euler angles, the relations between
the parallel transport vectors and the Frenet vectors are expressed as follows:

T(s) = T(s),
N(s) = cos6(s)cosy(s)Mi(s)+ (—cosd(s)siny(s) +sind(s)sin 6 (s) cos y(s))Ma (s)
+(sin@(s) sin y(s) +cos @ (s) sin O(s) cos y(s))Ms(s),

Bi(s) = cosO(s)siny(s)M;(s)+ (cos@(s)cosy(s)+sing(s)sinb(s)siny(s))M,(s)
+(—sin@(s)cos y(s)+cos(s)sinO(s)siny(s))Ms(s),

By(s) = —sinO(s)M;(s)+sin¢(s)cosO(s)Ma(s)+cos(s)cosO(s)Ms(s)

where 0, ¢, y are the angles between the parallel transport vectors and the Frenet vectors which are shown in figure 2.1 [7].

Figure 2.1: The relation between the vectors of the Frenet frame and the parallel transport frame in terms of the Euler angles.
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Theorem 2.2. The alternative parallel transport frame equations in E* are given by

T'(s) 0 ki(s) ka(s) ks(s) T(s)

Mj(s) _ | —kils) 0 0 0 M (s) @
M} (s) —ky(s) O 0 0 M;(s) ’
M, (s) —k3(s) 0 0 0 M;(s)

where ki (s), ka(s) and k3 (s) are the parallel transport curvatures of the curve o, and their expressions are given by the Frenet curvature K(s)
and Euler angles as follows:

ki(s) = «K(s)cosO(s)cosy(s), (2.2)
ka(s) = K(s)(—cos@(s)siny(s)+sing(s)sinO(s)cosy(s)),
ka(s) = x(s)(sing(s)siny(s)+cosd(s)sinO(s)cosy(s))
k(s) = /Ks)+K(s) +R(s). 23)
w(s) = —y(s)+9¢(s)sinO(s),
o()siny(s) = 0'(),

¢’ (s)cos 8(s)siny(s) +6'(s)cos y(s) =0,
where k(s), T(s) and o (s) are the Frenet curvature functions of the curve o [7].

In special case, if 6(s) = 0, then it is obtained the Bishop frame ([2]) in 3—dimensional Euclidean space:

T'(s) 0 ki(s) ka(s) T(s)
Mi(s) | =| ~ki(s) 0 0 M (s)
M} (s) —ky(s) 0 0 M;(s)

3. Characterizations of inclined curves according to parallel transport frame in E4
In this section, it is given some characterizations for inclined curve by using its parallel transport frame and its harmonic curvature functions
in 4—dimensional Euclidean space.
Definition 3.1. Let ot : I C R — E* be a unit speed curve in 4—dimensional Euclidean space with the arc length parameter s and X be a
unit and fixed vector of E*. For all s € 1, if the condition
T

(o (5),X) = cos @ = const. , ¢ # 5
is satisfied for the curve o then the curve o is called as an inclined curve in E*. Here o/ (s) is the unit tangent vector field to the curve « at
its point a/(s) and @ is a constant angle between the vectors o' and X .

Definition 3.2. Let a: 1 C R —s E* be the unit speed curve with the parallel transport curvatures {ki(s),ka(s),k3(s)}. The harmonic
curvature functions of the curve o are defined by

Hi:1—R,(i=1,2,3)

1

Hy(s)=— e )(kz( s)Ha(s) + k3 (s)Hs(s)),
1 K2 (s) + K3 (s) +Kk3(s) ka(s)\’
Hy(s) = <k2<s))/ < : k?(s) 3 ) <k1(s)) H;(s),
ki (s)
iy (s) = (OR) ~ K (Dka(s)) (R (9K 5) + Ra(s)ka(s) ks (5)K5 ) + (1 = ki (k3 (5) — K (9)kats)) (Kis) +3(5) +3())
ki (s )( '( s)k5 (s) — (S) 5(5)) K7 (5) (ko (8)K5 (5) — k3 (s)k5(s)) + K (5) (k’z’(S)k. (s)— ké’( 5)ka(s))

with the conditions k(s ( )l 0 and
(K1 (s)k5 (s) =k (s)k ())( 1(8)k) (5) = Ky ()ka(s)) # (k1 (s)k5(s) =K} (k3 (s)) (k1 (k3 (s) — K] (s)ka(s))-

Theorem 3.3. Let a: 1 C R — E* be a regular curve with the parallel transport frame apparatus {ky (s),ka (s), k3 (s), T (s), M1 (s), M (s),M5(s) }.
If the curve o is the inclined curve in E* then it is satisfied the following equalities

(Mi(s),X) = Hi(s)(T(s),X), @3.1)
(My(s),X) = Ha(s)(T(s),X),
(M3(s),X) = H3(s)(T(s),X),

where H;(s) (i = 1,2,3) are the harmonic curvature functions of the curve o.
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Proof. Since the curve ¢ is the inclined curve in E*, the inner product (T (s),X) is a constant. Differentiating the last equation with respect
to s, we obtain for k; (s) # 0

1

<M1(S),X> = 7k1 (S)

(ka(s) (Ma(s),X) +ks(s) (M3(s), X))

is found. Again differentiating of the last equation

2 N 2 N 2 N N !
{Ma(s),X) = ("ZE]”)/ (kl( HZES;“‘*( )> <T(s)7x>f(28> (M3(s),X) .
k] S)

From the Definition (3.2) it is easily obtained the Eq. (3.1). O

Theorem 3.4. Let o : [ C R —s E* be the unit curve with the parallel transport frame {T (s),Mi(s),Ma(s),M3(s)} and the harmonic
curvature functions H;(s),i = 1,2,3. If the curve a is the inclined curve in E*, the axis of the curve o is given by

X = (T(s) + Hi(s)M1 (s) + Ha(s)Ma(s) + H3(s)M3(s)) (T (s), X)
or
X = (T(s)+H (s)M(s) + Ha(s)M>(s) + H3(s)M3(s)) cos ¢.

Proof. 1f the axis of the inclined curve « is X, then the vector X can be written in terms of the parallel transport vectors along the curve o as

X =A1(s)T(s)+ A2 (s)M1(s) + A3(s)M2(s) + Aa(s)M3(s). Since ¢ is the inclined curve A; = cos@ and then by using Theorem (3.3), we

get

Aa(s) = Hi(s)(T(s),X),  A3(s) = Ha(s) (T'(s),X), Aa(s) = H(s)(T(s),X).
Thus, the axis of the inclined curve & can be expressed by
X = (T(s)+H (s)M,(s) + Ha(s)M>(s) + H3(s)M3(s)) cos .

O

Definition 3.5. Let o : I C R — E* be an inclined curve and H;(s), i = 1,2,3 denote the harmonic curvature functions at the point oi(s).
D =T(s) +Hi(s)Mi(s) + Ha(s)M>(s) + H3(s)M3(s)
is called as a Darboux vector field of the inclined curve o in E*.

Theorem 3.6. Let o : 1 C R — E* be a regular curve with the parallel transport frame apparatus {k (s),ka(s),k3(s), T (s), M1 (s), M (s), M3 (s)}
and the harmonic curvature functions H;(s) (i = 1,2,3). The curve a. is the inclined curve in E* if and only if the Darboux vector D is a
constant vector field.

Proof. Let a be the inclined curve in E* and the fixed vector field X is the axis of the curve o.. From Theorem (3.4), we have

X

(T () +Hi (s)M1(s) + Ha(s)Ma(s) + H3(s)M3(s)) cos ¢
= Dcos¢

where cos @ and X are the constants. Hence D is to be a constant vector field.
Assume that the Darboux vector D is the constant vector field, that is, (D, D) is the constant. Using the Theorem (3.4) we have

X1 = [[D]|cos .

Since X is a unit vector and || D|| is the constant, we have cos ¢ = 1oy - SO» the curve a s the inclined curve. O

Theorem 3.7. Let o : I C R — E* be a regular curve with the parallel transport frame {T (s),M{(s),Ma(s),M3(s)} and the harmonic

3
curvature functions Hi(s) (i = 1,2,3). If the curve  is the inclined curve in E* then Y. H?(s) is a constant.
i=1

Proof. Since the curve ¢ is the inclined curve, then the axis X = (T'(s) + H{ M (s) + HyM,(s) + H3M3(s)) cos ¢ = Dcos @ is the unit vector
field. So, it is satisfied

X = &x.x)

3
cos? @ + Z H?(s)cos® ¢
i=1

and then

?(s) = tan® @ = constant.

e
=

Il
—



20 Konuralp Journal of Mathematics

Theorem 3.8. (Main Theorem) Let o : I C R — E* be a curve with arc length parameter s. {ky(s),kx(s),k3(s), T (s), My (s),Ma(s),M3(s)}
denotes the parallel transport frame apparatus and {H (s),Hy(s),H3(s)} denotes the harmonic curvature functions of the curve . The
curve o is the inclined curve if and only if the following condition is satisfied

ki (s) / ki (s)ds + ko (s) / ko (s)ds + ks (s) / ks (s)ds = 0. 3.2)
Proof. 1If we differentiate D along the curve o, we get
D' = —(ky (s)H, (s) +ka(s)H(s) + k3 () H3(5))T () + (ki (s) + H] (5)) M (s) + (ko (s) + Hy (s)) Ma(s) + (k3(s) + H3 (5)) M3(s)-
If the curve « is the inclined curve, D is a constant vector field and so, the following conditions are obtained
ki (s)H (5) + k2 ()Ha (s) + ks (5)H3 (s) = 0, H(s) = —ki(s),  Hals) = —ka(s) and Hj(s) = —ks(s). (3.3)

From the above equations, the desired result in Eq. (3.2) is obtained. Conversely, if the Eq.(3.2) holds, we can easily see that D’ = 0 and
then from Theorem (3.6), we have an inclined curve o with the Darboux vector D in E*. O

Remark 3.9. Let o : [ C R — E* be a curve with arc length parameter s. {ki(s),ky(s),k3(s), T(s), M (s),Ma(s),M3(s)} denotes the
parallel transport frame apparatus and {H\,H,Hx} denotes the harmonic curvature functions of the curve . The curve o is the inclined
curve if and only if the vector D = (1,H,,Hy,H3) € E* satisfies the following equality

1 0 ki ky ks 1

d H { | =k 0 0 0 H;
ds| H, | | =k, 0 0 0 H)
H; —k3 0 0 O H;

Theorem 3.10. Ler ¢ be a unit speed curve with the parallel transport frame apparatus {ki (s),kz(s),k3(s), T (s), M1 (s),M(s),M3(s)}.
If the curve o is the inclined curve in E* then its spherical image curves O, » O, » Olyg, are the inclined curve and also, they have the same
axis with the curve o.

Proof. Let o be a unit speed non-degenerate curve in E*. Its spherical image is the parametrized curve with arc length parametes sy, » then
we have

oy, (spr,) = My (s).
Differentiating the above equation with respect to s we obtain

doyy, dsy, _ dmy

dsy, ds ds '

Using the Eq. (2.1), we obtain Ty, (spr,) = T(s) where dsp = ki (s)ds. Consequently, if (T (s),X) is a constant, then (Tpy, (sp, ), X),
(Ta, (5m,),X) and (Tiy, (sar; ), X ) must be a constant. Therefore, if the curve « is the inclined curve in E* then its spherical image curves
Oy, , O, » Oy are the inclined curve with the fixed axis X. O

Example 3.11. The unit speed curve
o(s) (sin 5 cos ! sin ! cos)
s) = [ sin —,cos —, —=sins, —coss
V2TV T2
V3 V6

is a spherical curve with radius 1. The Frenet curvature functions of the curve o.(s) are given by k(s) = ?, 7(s) = %> and 6 (s) = 5 and
Frenet frame vector fields are

1 K s
T(s) = —=|cos—=,—sin—=,coss,—sins |,
0 = Flogpmns; )
N(s) 2 (lsin S 1cos s 1 sin ! cos)
s = R Y T =0 A = /A 8, —= s,
V32 V22 V22 V2
1 K s
Bi(s) = —=|cos—,—sin—,—coss,sins |,
0 = 5oz )
By(s) = _8 (Lsini Lcosi flsins flcoss)
’ VA2 V2 a2 V8T R
Also, the curve has the parallel transport frame vector fields
1 s s
T(s) = —=|cos—,—sin—,coss,—sins |,
) \/E( V2 V2 )

8 1 s 1 s 1 1
Mi(s) = —|—=sin—,——=cos——,——sins,——coss |,
1s) V3 (4\& V2'4v2 V2 8 8 )

My(s) = sin (?v) N(s)+cos (fs) By (),

Ms(s) = cos <\?s> N(s) —sin <\?s> Bi(s)
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with parallel transport frame curvatures ki (s) =0, ky(s) = g sin <§s> and k3(s) = g cos (gs) . Since the integral characterization

in Eq. (3.2) is satisfied for the curve o, the curve  is the inclined curve. The spherical image curves Gy, , Oy, , Oy, are also inclined curves
in E*. We give the visualization of the inclined curves &, Oy, , G, , Opg, with the parametrization o(s) = (et (s), 0 (s), 03 (s), ay(s)) in E*
by use of Mathematica program language. We plot the graphs of the curves with plotting command

ParametricPlor3D[{a; (s), o (s) + a3 (s), as(s) }, {s,..,.-}]

In this example, since the o and its spherical image curve 0y, have the same graphics, we only presented various views of the curve o in
Figure 3.1. Also, the same case is obtained for the spherical image curves oy, and Oy, (see Figure 3.2).

Figure 3.1: The projections of the inclined curves & or oy, in E 3 obtained for s € [~ 157, 157].
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Figure 3.2: The projections of the inclined curves oy, or oy, in E3 obtained for s € [—77,7x].

4. Characterizations of generalized helices according to Bishop frame in £

In this section, we will give some theorems without proofs of the generalized helices according to Bishop frame. These proofs can be shown
using the similar method of the proofs of the above theorems for inclined curves in E*. Finally, we give the some examples of the generalized
helices according to Bishop frame and plot their graphs with the help of Mathematica program.

Definition 4.1. Let o : I C R — E3 be a unit speed curve with the arc length parameter s and X be a unit constant vector of E3. If the
following condition is satisfied for all s € 1

(o/(s5),X) =cosO, 6# g

then the curve o is called as a generalized helix in E3 where 0 is a constant angle between the vectors o' and X.
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Definition 4.2. Let o be a unit speed curve with arc length parameter s in E3. Harmonic curvature functions of the curve o are defined as

H:T—R, (i=1,2)

N 25
o = L),
() — 00+ £)

f'(s)

where f(s) = 28 and {ky(s),ka(s)} are the curvatures of the curve & according to Bishop frame.

Theorem 4.3. Let a: I C R — E> be a unit speed curve with the Bishop frame apparatus {ki(s),k2(s), T (s),M;(s),Ma(s)}. If the curve
Q is the generalized helix then the following equations are satisfied

(My(s).X) = Hi(s)(T(s),X),
(My(s),X) = Ha(s)(T(s),X)
where H;(s) (i = 1,2) are the harmonic curvature functions of the curve o.

Theorem 4.4. Let o : I C R — E3 be a unit speed curve with the Bishop frame apparatus {ki(s),ka(s), T (s),M{(s),Ma(s)}. If the curve
a is the generalized helix in E3, the axis of o is given by

X =(T(s)+H (s)M(s) +H(s)Mz(s))cos 6.
where H;(s) (i = 1,2) are the harmonic curvature functions of the curve Q.

Definition 4.5. Let o be a generalized helix with the harmonic curvature functions H; (i = 1,2) at the point a(s).
D =T(s)+Hi(s)Mi(s) + Ha(s)Ma(s)
is defined as a Darboux vector field of the generalized helix o in E3.

Theorem 4.6. Let o : [ C R — E3 be a unit speed curve with Bishop frame apparatus {ky (s),ka(s), T (s), M1 (s),Ma(s)} and the harmonic
curvature functions H;(s) (i = 1,2). The curve o is the generalized helix in E3 ifand only if D is a constant vector field.

Theorem 4.7. Ler & be a unit speed curve with Bishop frame {T (s),M;(s),M>(s)} and the harmonic curvature functions H;(s) (i = 1,2).
If the curve a is the generalized helix in E then H?(s) + H3 (s) is a constant.

Remark 4.8. Ler o be a unit speed curve in E3. {ki(s),ky(s)} and {H(s),H»(s)} denote the curvature functions and the harmonic
curvature functions according to Bishop frame of the curve «, respectively. The curve o is the generalized helix if and only if the following
equality is obtained

J 1 0 ki(s) ka(s) 1
S HG) [ =| k) 00 Hi (s)
Hy(s) —ky(s) O 0 Hy(s)

for the vector D = (1,H,(s),Hx(s)) € E> .

Theorem 4.9. Let o : 1 C R — E3 be a curve with arc length parameter s. {ky(s),ky(s),T(s),M(s),My(s)} denotes the Bishop frame
apparatus and {H (s),Hy(s)} denotes the harmonic curvature functions of the curve . The curve a. is the generalized helix if and only if
the following equation is obtained

ki(s) / ki (s)ds +ka(s) / ka(s)ds = 0.

Theorem 4.10. Let o be a unit speed curve with Bishop frame apparatus {ky(s),ka(s),T (s),M1(s),Ma(s)}. If the curve ¢ is the generalized
helix with the axis X then its spherical image curves O4yy,, Oy, are the generalized helix with the axis X.

Example 4.11. Let us consider the spherical nephroid curve B(s*) = (Bi(s), Ba(s), B3(s)) of E> with arc length parameter s* and
2coss

ds* = NG ds. It is a helix that makes a half-turn between two cuspidal points, also its horizontal projection is a nephroid.
Bi(s) = 3 sin(s) — 1 sin(3s) + 1 sin(s) cos(2s)
=y 12 2

3 1 1 . .
Ba(s) = — 1 cos(s) + In cos(3s) + 5 sin(s) sin(2s)

Ba(5) = = sin(s)
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The Frenet-Serret frame apparatus {x(s),7(s),T (s),N(s),B(s)} of the curve B = B(s*) are calculated with the help of Mathematica program
as follows

T(s) = <\£§cos(2s),\£§sin(2s)7;>,

N(s) = (—sin(2s),cos(2s),0),
B(S) = (_;COS(25)7_;SiH(2S),\g§>
K(s) V3

B 2cos(s) and  7(s) = 2cos(s)

Also, the curve 3 has the Bishop frame apparatus {ki (s),k»(s), T (s),M;(s),M>(s)} with the angle of rotation 0(s) = — [ T(s)ds* = —s+cg
where c is a constant.

T(s) = T(s),
Mi(s) = cos(—s+co)N(s)+sin(—s+co)B(s),
My(s) = —sin(—s+co)N(s)+cos(—s+co)B(s),
ki(s) = 20033(s) cos(—s+cg) and ky(s)= ~Jooss sin(—s+cg).

Using the above curvatures, it is obtained
ki(s) / ki (5)ds™ + ko (s) / ko (s)ds™ = 0.

So, the curve B is the generalized helix. From Theorem (4.10), we know that spherical images By, , Bu, of the curve B are the generalized
helices (see Figure 4.2). Since the spherical image curves By, , Bu, have the same graphs, only one’s graph is shown in figure 4.2 (b).

2
(a) The spherical nephroid curve 3 on sphere with radius 3

(b) Bishop spherical image curve B, on $2.

Figure 4.1: The spherical helices.

Example 4.12. Let us consider the Euler Spiral y(s) = (% [sin(s® + 1)ds, % [ cos(s*+1)ds, %s) of E3. The Frenet-Serret frame apparatus
of the curve y = Y(s) are calculated as follows:

T(s) = <§Sin(s2+1),§cos(52+1),g>,
N(s) = (cos(s>+1),—sin(s*+1),0),
B(s) = (%sin(sz—i—l)écos(sz—l—l),—g).
6s 8s
K(s)z; and T(s):—g.
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To construct the Bishop frame, we calculate the angle of rotation 6(s) = — [ tds = 4%2. So, the Bishop frame apparatus of the curve 7y are

T(s) = T(),

cos (4512) N(s) +sin (45ﬁ> B(s),

My(s) = —sin(?)N(s)ﬁ—cos(iﬁ)B(s).

6s 4s? 6s . (457
ki(s) = ?cos( 5 ) and ky(s) = — sin (?> .

M (s)

(a) The Euler spiral y. (b) Bishop spherical image curve yj, on s2.

Figure 4.2: Helices.
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