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Abstract

Let H C K be two subgroups of a finite group G and Aut(K) the automorphism group
of K. In this paper, we consider the generalized autocommuting probability of G relative
to its subgroups H and K, denoted by Pr,(H,Aut(K)), which is the probability that
the autocommutator of a randomly chosen pair of elements, one from H and the other
from Aut(K), is equal to a given element g € K. We study several properties as well as
obtain several computing formulae of this probability. As applications of the computing
formulae, we also obtain several bounds for Pr,(H, Aut(K)) and characterizations of some
finite groups through Pr,(H, Aut(K)).
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1. Introduction

Let G be a finite group acting on a set Q. Let Pr(G, Q) denotes the probability that a
randomly chosen element of € fixes a randomly chosen element of G. In 1975, Sherman
[13] initiated the study of Pr(G, ) considering G to be an abelian group and 2 = Aut(G),
the automorphism group of GG. Note that

~ H(=z,0) € G x Aut(G) : [z,a] = 1}|
Pr(G, Aut(G)) = EEeE]

where [z, a] is the autocommutator of x and « defined as 2~ 'a(x). The ratio Pr(G, Aut(G))
is called autocommuting probability of G. The case when G is non-abelian is considered
in [1,3,12]. Few generalizations of Pr(G, Aut(G)) can also be found in [3,4,9,12].
Let H and K be two subgroups of GG such that H C K. We define
- H(z,a) € H x Aut(K) : [z,a] = g}|
[H || Aut(K)]|

where g € K. That is, Pry(H, Aut(K)) is the probability that the autocommutator of a
randomly chosen pair of elements, one from H and the other from Aut(K), is equal to
a given element g € K. The ratio Pry(H, Aut(K)) is called generalized autocommuting
probability of G relative to its subgroups H and K. Clearly, if H = G and g = 1
then Pry(H, Aut(K)) = Pr(G, Aut(G)). Note that the cases when H = G and K = G

Pry(H, Aut(K)) (1.1)
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are considered in [3] and [4], respectively. If we replace Aut(K) by Inn(K), the inner
automorphism group of K, in (1.1) then Pr,(H,Inn(K)) = Pry(H, K) where

H(z,y) € Hx K : 27y lay = g}
Prg(H,K): ‘HHK|

which is introduced and studied in [2]. In this paper, we study several properties as well
as obtain several computing formulae of Pry(H, Aut(K')). We also obtain some bounds for
Pry(H,Aut(K)) and characterize some finite groups through Pry(H, Aut(K)) as applica-
tions.

We write S(H,Aut(K)) to denote the set {[z,a] : * € H and a € Aut(K)} and
[H,Aut(K)] := (S(H,Aut(K))). We also write L(H,Aut(K)) := {x € H : [z,0] =
1 forall @ € Aut(K)} and L(G) := L(G, Aut(G)), the absolute center of G (see [6]).
Note that L(H,Aut(K)) is a normal subgroup of H contained in H N Z(K). Further,

L(H,Aut(K)) = aeAQt(K)CH(a)’ where Cy(a) = {z € H : [x,a] = 1} is a subgroup

of H. Let Cauyk)(z) = {a € Aut(K) : a(z) = x} for x € H and Cpyyx)(H) =
{a € Aut(K) : a(z) = zforallz € H}. Then Cpyexy(z) is a subgroup of Aut(K)
and Cauyx)(H) = QHCAut(K) (). We consider the action of Aut(K) on K given by
(o, z) — a(z) where o € Aut(K) and = € K. Let orbg(z) := {a(z) : o € Aut(K)} be
the orbit of x € K. Then by orbit-stabilizer theorem, we have
| Aut(K)|

|orbg (2)] = ——F.

|CAut(K) (m)]
Clearly, Pry(H, Aut(K)) = 1 if and only if [H, Aut(K)] = {1} and g = 1 if and only if
H = L(H,Aut(K)) and g = 1. Also, Pry(H, Aut(K)) = 0 if and only if g ¢ S(H, Aut(K)).
Therefore, we consider H # L(H,Aut(K)) and g € S(H, Aut(K)) throughout the paper.

(1.2)

2. Some properties
We begin with the following lower bounds.

Proposition 2.1. Let H and K be two subgroups of a finite group G such that H C K
and g € K.
(a) If g =1 then

L(H,Aut(K |C auex) (F)I(|H|=|L(H,Aut(K))])

Pry(H, Aut(K)) > X |H\( e THIT AWt (K))| :
|L(H,Aut(K))||Caus(r) (H)|
[HI|| Aut(K) ’

(b) If g # 1 then Pry(H, Aut(K)) >

Proof. Let C denotes the set {(z, ) € H x Aut(K) : [z,a] = g}.
If g = 1 then we have S := (L(H, Aut(K)) x Aut(K)) U (H x Cayy(x)(H)) is a subset
of €. We also have

S| = [L(H, Aut(K))[| Aut(K)| + |Caus(re) (H)|[H| = [L(H, Aut(K))[|Caus(re) (H)I-

Therefore,

Pry(H, Aut(K)) {|L(H, Aut(K))|| Aut(K)|+

1
= THI[ Aut(K)]
Covutaer (DI H| — [ LCH, At ()| |Coaueiey ()|}

and hence part (a) follows.

Now we consider the case when g # 1. Since g € S(H,Aut(K)) we have C is non-
empty. Let (y,3) € C then (y, 8) ¢ L(H, Aut(K)) X Cpye(x)(H) otherwise [y, ] = 1. Tt is
easy to see that the coset (y, 8)(L(H, Aut(K)) x Cauyx)(H)) is a subset of € having or-
der |L(H, Aut(K))||Cau(x)(H)|. Therefore, |C| > |L(H, Aut(K))||Caut(x)(H )| and hence
part (b) follows. O
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Proposition 2.2. Let H and K be two subgroups of a finite group G such that H C K.
If g € K then
Pry-1(H, Aut(K)) = Pry(H, Aut(K)).

Proof. Let X and Y denote the sets {(x,a) € H x Aut(K) : [z,a] = g} and {(y,5) €
H x Aut(K) : [y,8] = g~'}, respectively. Consider the mapping f : X — Y given by
f((z,a)) = (a(z),a™t). Since f is bijective, we have | X| = |Y|. Hence, the result follows
from (1.1). O

Proposition 2.3. Let G and G2 be two finite groups. Let Hy, K1 and Hy, Ko be subgroups
of G1 and Gy respectively such that Hy C Ki, Hy C Ky and ged(| K|, |K2|) = 1. If
(91,92) € K1 x Ky then

Pr(gl,g2)(H1 X Hg,Aut(Kl X Kg)) = Prg1 (Hl,Aut(Kl))Pl“gQ(Hg, Aut(Kg)).
Proof. Let X denotes the set

{((z,y), oKy xk,) € (Hi x Ho) x Aut(Ky x K3) 1 [(7,9), ok, x 1] = (91, 92)}-

Also, let Y and Z denote the sets {(z,ax,) € H; x Aut(K1) : [z,ak,] = ¢1} and
{(y,ak,) € Hy x Aut(Ks) : [y, ak,] = g2}, respectively. Since ged(|Ki|,|K2|) = 1, by
[7, Lemma 2.1], we have Aut(K; x K2) = Aut(K;) x Aut(K3). Therefore, for every
ax, Kk, € Aut(K; x Ko) there exist unique ag, € Aut(K;) and ag, € Aut(K3) such that
AR Ky = QK X O, , Where ag, X ag, ((x,y)) = (ak, (), ak,(y)) for all (z,y) € Hy X Hs.
Also, for all (z,y) € Hy x Ha, we have [(z,v), ok, xi,] = (91, g2) if and only if [z, ax,] = 1
and [y, ak,] = g2. These show that X =Y x Z. Therefore

X I
‘Hl X HQH Aut(K1 X KQ)’ ‘HIH Aut(Kl)\ ’HQH Aut(Kg)\
Hence, the result follows from (1.1). O

In the year 1940, Hall [5] introduced the concept of isoclinism between two groups.
Following Hall, Moghaddam et al. [8] have defined autoisoclinism between two groups, in
the year 2013. Recall that two groups G and G are said to be autoisoclinic if there exist
isomorphisms 1 : % — %, B : [Gh, Aut(Gy)] — [Ge, Aut(G2)] and ~ : Aut(Gy) —
Aut(G2) such that the following diagram commutes

P
I X Aut(Gr) 5 7 x Aut(Ga)

la(Gl,Aut(Gﬂ) la(GzﬂAut(Gz))

[G1, Aut(Gy)]  —2—  [Ga, Aut(Gy)]
where the maps a(q, Auw (@) % x Aut(G;) — |Gy, Aut(G;)], for i = 1,2, are given by

(G, Aut(G) (T L(Gi), i) = [, o).
Such a pair (¢ x 7, ) is called an autoisoclinism between the groups G; and Ga. We
generalize the notion of autoisoclinism in the following way:

Let Hy, K1 and Hs, K5 be subgroups of the groups GG; and G5 respectively. The pairs of
subgroups (Hy, K1) and (Hs, K2) such that H; C K; and Hy C Ky are said to be autoiso-
clinic if there exist isomorphisms 1) : L(HlfilutKl) — L(Hg,fl?t(Kg))’ B : [Hi,Aut(Ky)] —
[Ho, Aut(K>)] and «y : Aut(K;) — Aut(K3) such that the following diagram commutes

x Aut(K,) 22 x Aut(K3)

H1 H2
L(Hl,Aut(Kl)) L(H2,Aut(K2))

la(HlvAut(Kﬂ) la(HQvAUt(K2))

[Hy, Aut(K,)] —— [H2, Aut(K>)]
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where the maps a (g, aut(k,)) : m x Aut(K;) — [H;, Aut(K;)|, for i = 1,2, are
given by

am; Au(K,)) (@i L(Hi, Aut(K)), 06) = [, o).
Such a pair (¢ x 7, ) is said to be an autoisoclinism between the pairs of groups (Hy, K1)

and (Ha, K2). We conclude this section with the following generalization of [3, Theorem
5.1] and [12, Lemma 2.5].

Theorem 2.4. Let Gy and Go be two finite groups with subgroups Hi, K1 and Hs, Ko
respectively such that Hy C K; and Hy C Ky. If (¢ X 7, 8) is an autoisoclinism between
the pairs (Hy, K1) and (Ha, K2) then, for g € Ky,

Prg(Hl, Aut(Kl)) = Prﬂ(g) (HQ, Aut(KQ)).

Proof. Let us consider the sets 8, = {(z1L(H1, Aut(K1)), a1) € m X Aut(K7) :
[xl,al] = g} and ‘Iﬁ(g) = {(l’z,az) € % X Aut(KQ) : [xQL(HQ,Aut(KQ)),OCQ] =
B(g)}. Since (Hy, K1) is autoisoclinic to (Hz, Ka) we have [Sy| = [Tg(4)|. Again, it is clear
that

[{(z1, 1) € Hy X Aut(K1) : [w1, an] = g}| = [L(Hy, Aut(K1))||S] (2.1)

and
[{ (2, 22) € Ha X Aut(K3) : [w2, ao] = B(9)} = |L(Hz, Aut(K2))||Tg(g)l- (2:2)
Hence, the result follows from (1.1), (2.1) and (2.2). O

3. Computing formulae and applications

For any x € H, let us define the set T, ,(H, K) = {a € Aut(K) : [z,a] = g}, where g is
a fixed element of K. Note that T, 1(H, K) = Cay(k) (7). Also, Ty 4(H, K) is non-empty
if and only if g € orbg (z). We have the following useful lemma.

Lemma 3.1. Let H and K be two subgroups of a finite group G such that H C K. If
Ty y(H, K) is non-empty then T, ;(H, K) = pCayy(k)(x) for some p € T, 4(H, K) and
hence [Ty g(H, K)| = |Caut(a) (7)]-

Proof. Assume that T, ,(H, K) is non-empty. Let p be an element of T, ,(H, K). If
v € puCan(k)(x) then v = pa for some a € Cpyyk) (7). We have

[z, 0] = [z, pa] = 2™ p(a(z)) = [o, 1] = ¢

which implies v € Ty ,(H, K). Hence, uCayyx)(z) C Ty g(H, K).

If v € T, y(H, K) then v(z) = xg. We have pu~'vy(x) = p~(xg) = = which implies
p iy e Caut(k) (7). Therefore, v € pCayuy k() and so Ty y(H, K) C pCpy(k)(z). Hence,
Tx,g(Ha K) = :UJCAut(K) (.%‘) U

The following theorem gives two computing formulae for Pr,(H, Aut(K)).
Theorem 3.2. Let H and K be two subgroups of a finite group G such that H C K. If
g € K then

1

Pry(H, Aut(K)) = Corui i ()
g HTAwE)] 2 ol
zg€orbg ()
1 1
%, Tow@]

zg€orbg (x)
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Proof. Clearly {(z,a) € H x Aut(K) : [z,a] = g} = UH({:U} x Ty 4(H, K). Since for
ze

any two distinct elements x,y € H the sets {«} x T} (H, K)) and {y} x Ty 4(H, K) are
disjoint, we have

| H|| Aut(K)[Pry(H, Aut(K)) = | U ({2} x Tog(H, K))| = 3 [Tog(H, K)|.
zeH
Hence, the result follows from Lemma 3.1 and (1.2) noting that T, ,(H, K) # ( if and only
if xg € orbg (z). O

Considering g = 1 in Theorem 3.2, we get the following computing formulae for the
ratio Pr(H, Aut(K)).

Corollary 3.3. Let H and K be two subgroups of a finite group G such that H C K.
Then

5 Cani el = _ Jotbi (i)

Pr(H, Aut(K)) = i

\HHAut
where orbg (H) = {orbg(x) : x € H}.

Corollary 3.4. Let H and K be two subgroups of a finite group G such that H C K. If
Caut(r)(x) = {I} for all x € H \ {1}, where I is the identity element of Aut(K), then

1 1 1
- _|_ — .
[H| - [Aut(K)|  [H]| Aut(K))|

Pr(H,Aut(K)) =

Proof. By Corollary 3.3, we have
|H|| Aut (K)| Pr(H, Aut(K)) = Y |Cau(x) (@) = | Aut(K)| + [H| - 1.

T€H
Hence, the result follows. O
Note that the fact [{(z,a) € H x Aut(K) : [z,a] =1} = Y |Cg(«a)| also gives the
acAut(K)
following computing formula
1
Pr(H,Aut(K)) = ————— Z |CH(a)l.
[HI| Aut(K)] AT

In the remaining part of this section, we shall discuss some applications of the computing
formulae obtained above. More precisely, we shall obtain some bounds for Pry(H, Aut(K))
as well as some characterizations of finite groups in terms of Pry(H, Aut(K)). We begin
with the following upper bound.

Proposition 3.5. Let H and K be two subgroups of a finite group G such that H C K.
If g € K then

Pry(H, Aut(K)) < Pr(H, Aut(K)).
The equality holds if and only if g = 1.

Proof. Using Theorem 3.2, we have
1

Pry(H, Aut(K)) = T Aut(K)| Y. Cau) (@)]
zeH
zg€orb ()
< =Pr(H, A
T At O] = P M),

The equality holds if and only if zg € orbg (x) for all x € H if and only if g = 1. g
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Corollary 3.6. Let H and K be two subgroups of a finite group G such that H C K.
Then
Pry(H,Aut(K)) < Pri(H, K).

Proof. By [2, Theorem 2.3|, we have
Pri(H, K)
!H! 2 Telie(@)] 7|
where cli () = {a(z) : @ € Inn(K)}. Slnce clg(z) C orbK( ) for all z € H, we have
Z Z |OI“bK

z€H| CIK(

Therefore, by Theorem 3.2, we have Pr(H , Aut(K )) < Pry (H , K). Hence, the result follows
from Proposition 3.5. O
Proposition 3.7. Let H and K be two subgroups of a finite group G such that H C K.
Let g € K and p the smallest prime dividing | Aut(K)|. If g # 1 then

(1]~ |L(H, Awt(K))| _ 1

CIK

Pry(H, Aut(K)) <

plH]| P
Proof. For x € L(H,Aut(K)) we have xg ¢ orbg (x). Therefore, by Theorem 3.2,
1 1

Pr,(H,Aut(K)) = — —_— (3.1)

9 LW e

zg€orbg (x)

If v € H\ L(H,Aut(K)) and zg € orbg(x) then |orbg(z)| > 1. Also |orbg(z)| divides
| Aut(K)| and so |orbg (x)| > p. Hence, the result follows from (3.1). O

Proposition 3.8. Let Hy, Hy and K be subgroups of a finite group G such that H; C
Hy C K. Then
Prg(Hl,Aut(K)) S ‘HQ . HﬂPI@(HQ,AIlﬁ(K)).
The equality holds if and only if xg ¢ orbg (x) for all x € Hy \ H.
Proof. By Theorem 3.2, we have
[Hi|| Aut(K)[Pro(Hy, Aut(K)) = > [Cau(i) (2))]

reHq
zg€orbg ()

< Z ‘CAut(K) (x)‘
rEHo
zgcorbg ()

= |Hs|| Aut(K)|Pry(Ha, Aut(K)).
Hence, the result follows. ]

Proposition 3.9. Let H and K be two subgroups of a finite group G such that H C K.
If g € K then
Pry(H,Aut(K)) < |K : H|Pr(K, Aut(K))
with equality if and only if g =1 and H = K.
Proof. By Proposition 3.5, we have
Pry(H,Aut(K)) < Pr(H, Aut( )

’HH Aut Z |CAut(K

< |HHAU.t Z|0Aut K)
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Hence, the result follows from Corollary 3.3. U
Theorem 3.10. Let H and K be two subgroups of a finite group G such that H C K and
p the smallest prime dividing | Aut(K)|. Then
|[L(H, Aut(K))| | p(|H| — [ Xa| — |LH, Aut(K))|) + | Xn|

|H| [ HI| Aut(K)

Pr(H,Aut(K)) >

and

(p = DIL(H, Awt(K))| + [H] _ | Xu|(| Aut(K)[ - p)
plH| plH|| Aut(K)[
where Xp = {x € H : Cpyyi)(x) = {1}}.

Proof. Since Xy N L(H, Aut(K)) = () we have
> |Chue(ro) (@) =X | + | Aut(K)||L(H, Aut(K))|
zeH
+ > |C aut(r) ()]
e€H\(XyUL(H,Aut(K)))

Also {1} # Chrur(i) () # Aut(K) and s0 p < |Caue(ro) ()] < 28 for o € B\ (X U
L(H,Aut(K))). Therefore

> |Cnus(re) ()| 21X g | + | Aut(K)||L(H, Aut(K))|

Pr(H,Aut(K)) <

reH
+p(|H| = [Xg| = |L(H, Aut(K))]) (3:2)
and
D [Causroy ()] <IXn| + | Aut(K)||L(H, Aut(K))]
zeH
Auwt(K)|(|H| — | Xu| — |L(H, Aut(K
o [Aut[(1H] |f;| |L(H, Aut(K))[) (3.3)
Hence, the result follows from Corollary 3.3, (3.2) and (3.3). O

Following two theorems give characterizations of H in terms of Pr(H, Aut(K)).

Theorem 3.11. Let H C K be two subgroups of a finite group G.
(a) If p and q are the smallest primes dividing | Aut(K)| and |H| respectively then
Pr(H,Aut(K)) < p+q_1 In particular, if p = q then Pr(H, Aut(K)) < 27;_1 <3,
(b) If Pr(H, Aut(K)) = ptf L for some primes p and q, then pq divides |H||Aut(K )]
Further, if p and q are the smallest primes dividing |Aut(K)| and |H| respectively,
then m = Zq. In particular, if H and Aut(K) are of even order and

PT(H, Aut(K)) == % then m = ZQ.

Proof. (a) Since H # L(H,Aut(K)) we have |H : L(H,Aut(K))| > ¢q. Therefore, by
Theorem 3.10, we have
-1 p+tqg—1
+1) g PH2L
(H L(H, Aut(K))] Pq
(b) Using (1.1), we have (p+¢—1)|H|| Aut(K)| = pg|{(z, @) € HxAut(K) : [z,a] = 1}|.
Since pq does not divide (p + ¢ — 1), pq divides |H|| Aut(K)].
If p and ¢ are the smallest primes dividing | Aut(K)| and |H| respectively then, by
Theorem 3.10, we have
pta-1 _1 ( —1 n 1)
pqg  ~ p \|H:L(H, Aut(K))|

Pr(H, Aut(K)) <
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which gives |H : L(H, Aut(K))| < ¢q. Hence =7y O

’ W -
Theorem 3.12. Let H C K be two subgroups of a finite group G.

(a) Ifp, q are the smallest primes dividing | Aut(K)| and |H| respectively and H is non-
abelian then Pr(H, Aut(K)) < 4°L— +p L In particular, if p = q then Pr(H, Aut(K)) <
pPPp=1 ~ 5

=8

(b) If H is non-abelian and Pr(H, Aut(K)) = 4 ;5’ L for some primes p and q, then pq

divides |H|| Aut(K)|. Further, if p and q are the smallest primes dividing | Aut(K)|
and |H| respectively then m = Zg X Lg. In particular, if H and Aut(K)

are of even order and Pr(H,Aut(K)) = 2 then m = Zo X Lo.

Proof. (a) Since H is non-abelian we have |H : L(H,Aut(K))| > ¢*. Therefore, by
Theorem 3.10, we have
-1 Z+p—1

(!H L(H, Aut(K))| pq*

(b) Using (1.1), we have (¢> +p—1)|H|| Aut(K)| = p¢®|{(z,a) € H x Aut(K) : [z,a] =
1}|. Since pg does not divide (¢? +p — 1), pq divides |H|| Aut(K)|.

If p and g are the smallest primes dividing | Aut(K)| and |H| respectively then, by
Theorem 3.10, we have

Pr(H,Aut(K)) <

C+p—1 1 —1
b o (f{;_L(f{,Alw(;<>ﬂ +1)
which gives |H : L(H, Aut(K))| < ¢?. Since H is non-abelian we have |H : L(H, Aut(K))|
# 1,q. Hence, m = Zg X Ly. O

Proposition 3.13. Let H and K be two subgroups of a finite group G such that H C
K. Let p,q be the smallest prime divisors of | Aut(K)|, |H| respectively and | Aut(K) :
Caw(r) ()| =p for allz € H\ L(H,Aut(K)). Then

ptq-1 if m ~7
Pr(H,Aut(K)) = zf_q_l ) ’ Ll[l ~
=k if Ty = La % Lq-

Proof. For all z € H \ L(H,Aut(K)) we have |Aut(K) : Cauyx)(z)| = p and so
|Caut(r) ()| = Mu;ﬂ. Therefore, by Corollary 3.3, we have
|L(H, Aut(K

)] 1
. Y [Cauo@)
|H| |H| AUt(K)‘er\L(H,Aut(K))

(L(H, Awt(K))| | |H| = |L(H, Aut(K))|
]| plH

1 p—1

‘pQHaumAmmwﬁ*>

Hence, the result follows. 0]

Pr(H,Aut(K)) =

Note that Proposition 3.13 gives partial converses of Theorems 3.11(b) and 3.12(b). We
conclude this paper with the following two lower bounds analogous to the lower bounds
obtained in [11, Theorem A] and [10, Theorem 1].

Theorem 3.14. Let H and K be two subgroups of a finite group G such that H C K.

Then
) S(H, Aut(K))| — 1
Pr(H, Aut(K)) > S(H, Aut(K))| (1+ |H:L(H,Aut(K))|)'
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The equality holds if and only if orbg (x) = zS(H, Aut(K)) for allz € H\ L(H, Aut(K)).

Proof. We have pu(x) = z[z,u] € xS(H,Aut(K)) for all x € H \ L(H,Aut(K)) and
p € Aut(K). Therefore, for all x € H \ L(H, Aut(K)) we have orbg (z) C xS(H, Aut(K))
and so |orbg ()| < |S(H, Aut(K))|. Using Corollary 3.3, we have

Pr(H, Aut(K)) = ‘;’ ( )DL o 1)

wEL(H,Aut(K)) | orbe ()| w€H\L(H,Aut(K)) | orbg ()
|L(H,Aut(K))| | 1 1
> + o ,
|H| |H| 2 |S(H, Aut(K))|

x€H\L(H,Aut(K))

Hence, the result follows. U]

Corollary 3.15. Let H and K be two subgroups of a finite group G such that H C K.
Then

Pr(H, Aut(K)) > |[H, Aut(K)]| -1 )

ey (1 s 20, aw(i)
If H # L(H, Aut(K)) then the equality holds if and only if [H, Aut(K)] = S(H, Aut(K))
and orbg (x) = x[H, Aut(K)] for all x € H \ L(H, Aut(K)).

Proof. 1t is easy to see that
1 n—1 1 m—1

— |1 >— 11 3.4
2 (U i agey) 2w (O e s (3.4
for any two integers m > n. If L(H,Aut(K)) # H then equality holds in (3.4) if and
only if m = n. Now, the result follows from Theorem 3.14 and (3.4) since |[H, Aut(K)]| >
|S(H, Aut(K))]|.

Note that the equality holds if and only if equality holds in Theorem 3.14 and (3.4). O

It is worth mentioning that Theorem 3.14 gives better lower bound than the lower
bound given by Corollary 3.15. Also

1 (1+ |[H, Aut(K)]| — 1 ) >]L(H,Aut(K))|
|[H, Aut(K)]| |H : L(H,Aut(K))|/) — |H |
p(|H| — |L(H, Aut(K))|)
| H|| Aut(K)]
Hence, Theorem 3.14 gives better lower bound than the lower bound given by Theorem
3.10.
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