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1. Introduction

A semigroup is an algebraic structure together with a nonempty set and an associative binary operation. The systematic study of semigroups
started in the early 20th century. Semigroups are important in different areas of Mathematics. The concept of hyperstructures was introduced
in 1934 as a suitable generalization of classical algebraic structures by Marty [1]. He obtained various results on hypergroups and applied
them in different areas, for instance, in algebraic rational fractions, functions, and noncommutative groups. Thereafter, many research papers
have been published on this subject and has been studied recently by many algebraists such as: Prenowitz, Corsini, Jantosciak, Leoreanu,
Heideri, Davvaz, Hila, Gutan, Griffiths and Halzen.

It is a well known fact that, in a semigroup, the composition of two elements is an element, while in a semihypergroup, the composition
of two elements is a nonempty set. In fact, semihypergroups are the simplest algebraic hyperstructures with the properties of closure and
associativity. They are very important in certain applications. Around the 1940s, the general notions of the theory and some applications
in Geometry, Physics and Chemistry were studied. Various classical notions of semigroups have been extended to semihypergroups and
I"-semihypergroups and a lot of results on ordered I'-semihypergroups are obtained by many algebraists all over the world.

The monograph on application of hyperstructures to various area of study has been written by Corsini et al. [2]. Prenowitz et al. investigated
its applications in Geometry [3]. Davvaz et al. wrote a book beginning with some basic notions related to ring theory and algebraic
hyperstructures [4]. Various types of hyperrings are introduced and discussed in this book. For application in Chemistry and Physics, we
refer [5]-[12]. It describes various types of hyperstructures: e-hyperstructures and transposition hypergroups. Heideri et al. studied ordered
hyperstructures [11]. For semihypergroups, we refer [6, 7, 8]. Hila and Davvaz studied quasi-hyperideals of ordered semihypergroups [13].
Corsini also studied hypergroup theory [14]- [15]. The notion of a I'-hyperideal of a I"-semihypergroup was introduced by Anvariyeh et al.
[16]. Hila et al. studied the structure of I'-semihypergroups [17]. Recently, Basar et.al. obtained various types of hyperideals in ordered
semihypergroups, ordered LA-I'-semigroups and LA-I"-semihypergroups [18]- [20].

In the second part of this paper, we recollect some basic definitions and then, we define the concepts of (m,n)-I'-hyperideal (resp. generalized
(m,n)-I'-hyperideal) and (m,n)-regular ordered I'-semihypergroup, where m,n are non-negative integers. In the third part of this paper, we
study ordered generalized I'-hyperideals in ordered I'-semihypergroups. In particular, we study (m,n)-regular ordered I"-semihypergroups in
terms of ordered (m,n)-I-hyperideals and obtain some ideal theoretic results in ordered I'-semihypergroups.
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2. Basic definitions

Let H be a nonempty set, then the mapping o : H x H — H is called a hyperoperation or a join operation on H, where P*(H) = P(H) \ {0}
is the set of all nonempty subsets of H. Let A and B be two nonempty sets. Then, a hypergroupoid (S, o) is called a ['-semihypergroups if for
every x,y,z€ Sand o, €T,

xo@o(yofoz)=(xoaoy)ofog,

U xooou= U voBoz.

ucyowqoz veExoooy

ie.,

A T-semihypergroup (S,0) together with a partial order ” < ” on S that is compatible with ['-semihypergroup operation such that for all
X,y,2 € S, we have
x<y=zoaox<zoBoyandxoaoz<yoBoz,

is called an ordered I'-semihypergroup. For subsets A, B of an ordered I'-semihypergroup S, the product set A oI"o B of the pair (A, B) relative
to S is defined as below:

AoToB={acyob:acAbeB,yeT},
and for A C S, the product set A oI" o A relative to S is defined as A2 =AoToA.

ForM C S, (M] = {s € S| s < mforsomem € M}. Also, we write (s] instead of ({s}] for s € S.

Let A C S. Then, for a non-negative integer m, the power of A is defined by A” =Aol'ocAol'ocAol'0A---, where A occurs m times. Note
that the power vanishes if m = 0. So, AoT'0§ =5 =SoT 0 A,

In what follows, we denote ordered I'-semihypergroup (S,0,T’, <) by S unless otherwise specified.

Suppose S is an ordered I'-semihypergroup and / is a nonempty subset of S. Then, / is called an ordered right (resp. left) [*-hyperideal of S if

(i) IoT oS Cli(resp.Sol'ol C1I),
(i) aecl,b<aforbeS=bel.

We now define the concepts of (m,n)-I'-hyperideal (resp. generalized (m,n)-I'-hyperideal) and (m,n)-regular ordered I'-semihypergroup,
where m,n are non-negative integers.

Definition 2.1. Suppose B is a sub-I'-semihypergroup (resp. nonempty subset) of an ordered I'-semihypergroup S. Then, B is called an
(m,n)-I'-hyperideal (resp. generalized (m,n)-I'-hyperideal) of S, where m,n are non-negative integers if (i) B” oT'oSoI'o B" C B, and (ii)
forbeB,seS,s<b=s€cB.

Note that in the above Definition 2.1, if we set m = n = 1, then B is called a (generalized) bi-I-hyperideal of S.

Definition 2.2. Suppose (S,T,0, <) is an ordered I'-semihypergroup and m, n are non-negative integers. Then, S is called (m, n)-regular if for
any s € S, there exists x € S such that s < s™ oy oxo 7y 05" for 71,7 € I. Equivalently: (S,T’,0,<) is (m,n)-regularif s € (s" oo SoT 05"
forall s € S.

3. Ordered (m,n)-I'-hyperideals

In this part, some classical notions of semigroups and semihypergroups have been extended to ordered I'-semihypergroups and some results
on generalized ordeded (m,n)-I-hyperideals and (m,n)-regular ordered I'-semihypergroups are obtained. The results concern with ordered
I'-semihypergroup theory which represent the most general algebraic context in which these results are studied. We begin with the following:

Lemma 3.1. Suppose (S,T",0, <) is an ordered I'-semihypergroup and s € S. Let m,n be non-negative integers. Then, the intersection of
all ordered (generalized) (m,n)-I'-hyperideals of S containing s, denoted by [, is an ordered (generalized) (m,n)-I'-hyperideal of S
containing s.

Proof. Let {A;:i € I} be the set of all ordered (generalized) (m,n)-I-hyperideals of S containing s. Obviously, (;c;A; is a sub-I'-
semihypergroup of S containing s. Let j € I. As (;c;A; € Aj, we have

((A)"eToSolo((|A))" CAT ol oS0l oAl CAj.
icl i€l
Therefore,

(A" eToSoTo((A)" € (A

il il i€l
Let a € N;c;Ai and b € S so that b < a. Therefore, b € ;c/A;.
Hence, (;¢;A; is an ordered (generalized) (m, n)-I'-hyperideal of S containing s.

Theorem 3.2. Suppose (S,T’,0,<) is an ordered I'-semihypergroup and s € S. Then, we have the following:

(@) [slmn = (UM s{ Us™oT o Sol os"| for any positive integers m, n.
@) [s]m0 = (UL, s'Us™olo S] for any positive integer m.
(i) [s]o,, = (Ui s' Us"] for any positive integer n.
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Proof. (i) (U'"s'Usm"oloSoTlos"] #0. Let a,b € (U"s' Us"oToSoT os"] be such that @ < x and b <y for some x,y €
(U s'UsmoT oSoTos"]. If x,y € s"oloSoTos" orx € U s!, y € s"oloSolos" orx € s"oloSolos", y € UM ', then,
xoyoyC s™oloSol'os", and therefore, xoyoy C J/“" s'Us™ oo SoT 0" for y € . It follows thatao yob C (U s'Us™ oo SoT os"].
Letx,y e U?’gl”si. Then, x = s”,y = 57 for some 1 < p,qg < m+n. Now, two cases arise: If 1 < p+¢g < m+n, then, xoyoy C U?’jl"si. It
m+n < p+gq,then, xoyoy C s"ol'oSolos™ So,xoyoy C (U'}"s'Us™ oo SoT os"]. This implies that (/" s'Us™ oT'0oSol os"]
is a sub-I"-semihypergroup of S. Moreover, we have

m+n m+n m+n
(J s'usmoTos]"olos (Y s'UsoT oS tolo( |J s'uUs™oToS]oT0s
i=1 i=1 i=1

m+n ) m+n )
C (U s'UsmoT o8 1olo( U s'oToSUs"oloSol'0S]
i=1 i=1
m+tn
c (Us’UsmOFOS]mfloFO(SOFoS}
i=1
m+n m+n
= (U S’Usmol"oS]mfzol—‘o( U s'Us™oToS]oTo(sol 0]
i=1 i=1
m+n m+n
C (U s'UsmoT o8] 20l 0 ( U s'UsmoloSolo(sol o]
i=1 i=1
m+n
C (U s'Us™oT 08" 200 (s? 0l 0]
i=1
C (s"oToS].

In a similar fashion, SoT o (U/“}"s' Us™ oT'0oSol 0s"" C (SoI'os"]. Therefore, (J"}"s'Us™oT0oSolos"m ol oS0l o (U"s'U
smoloSolos"]" C (s"oToSolos"] C (UM"s'Usm ol oS0l os"]. So, (U)"s'Us™oT oS0l 0s" is an (m,n)-I-hyperideal of S
containing s; hence, [s];n,, C (Ul’.’;ﬁ” s'Us™ ol oSoT os"]. For the reverse inclusion, suppose a € (U;”:ﬁ" s'Us™ ol oSoT os"] is such that
a <t forsomet € ( ?S”s’ Us™oloSolos"]. If t = s/ for some 1 < j < m+n, then, t € [s]n,,, therefore, a € [s]y . Ift € s 0T 0SoT 05",
by

§"oToSoTlos" C ([slmn)" oL oSoT o ([slmn)" C [slmn,

then, 7 € [s];n,,; hence, a € [s]y . This implies that (U;”:'ﬁ" stUs™oToSoTo0s"] C [$]mn-
Hence, [s]m, = (U s'Us™oT oS0l os".
(ii) and (iii) can be proved in a similar fashion.

Lemma 3.3. Suppose (S,T’,0,<) is an ordered I'-semihypergroup and s € S. Suppose m,n are non-negative integers. Then, we have the
following:

(@) ([s]m0)"oToSC (s"ol0s].
@) Solo([s]on)" € (Solos"].
(i) ([s]mpn)" 0T oS0l o([slmn)" C (s"oT0Solos"].

Proof. (i) Using Theorem 3.2, we have

m+tn

(J s'us™oT o8]m0l o8

i=1

m+tn m+tn

= (U S’UsmoFoS]mfloFo( U s'Us™oloS]oloS

i=1 i=1

([slmo)"oLoS

m+tn m+tn
- (USIUSmOFOS]milor‘O(USIOFOSUSmOFOSOFOS]
i=1 i=1
m+tn
C (Us’Usmol—‘oS]mflol—‘o(sol—‘oS}
i=1
C (s"oToS].

Hence, ([s];n,0)" cT0S C (s"oT 0S].
(ii) can be proved similarly as (i).
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(iii) Applying Theorem 3.2, we have

mtn

(Islmn)"oToS = (|Js'Us"oToSoTos""ol0S
i=1
m+n m+n
= (U s’Us'"ol"oSol"os”]m’l olo( U s'Us"oloSollos" o0 S
i=1 i=1
m+n m+n
(U slUsmol"oSol—‘os"]m*1 olo( U s'oToSUs"oloSolos" ol 0S|
i=1 i=1
m+n
= (U s'Us™oToSolos"" olo(sol 0]
i=1

N

= (s"oloS].
Therefore, ([s]m,n)" 0cT'0S C (5™ oI'0S]. In a similar fashion, SoI"o ([s];m,,)" C (SoT'os"]. So,
(Islma)" 0T oSoT o ([s]mn)" s"oT'oS[oT" o ([s]mn)"
oLo(Solo([s]mn)")]
olo(Solos"]]

-
-
c
C (s"ol'oSolos"].

(
("
("
(

Hence, (iii) holds.

Theorem 3.4. Suppose (S,T’,0, <) is an ordered I'-semihypergroup and m, n are non-negative integers. Let '%’(%0) and ,2(07,0 be the set of
all ordered (m,0)-I'-hyperideals and the set of all ordered (0,n)-I"-hyperideals of S, respectively. Then,
(i) Sis (m,0)-regular if and only if for all R € %, 9),R = (R" o0 S].
(ii) Sis (0,n)-regular if and only if for all L € %y ,),L = (SoI'o L"].
Proof.(i) Suppose S is (m,0)-regular. Then,

foralls € S,s € (s"oloS]. (3.1)
Suppose R € %y, 0)- As R"oT0S C R, and R = (R], we have (R" oT'oS] C R. If s € R, by Equation (3.1), we obtain s € (s" oT'0§] C
(R™oT o8], therefore, R C (R™oI'0S]. So, (R"oT'oS] =R.
Conversely, suppose

forallR € %y ),R = (R"oT'0S§]. 3.2)
Suppose s € S. Therefore, [s],.0 € %(,n,0)- By Equation (3.2), we obtain

[sln.o = (([s]m,0)™ 0T 0 S].
Applying Lemma 3.3, we obtain
[$]mo C (s" o0 S].
Therefore, s € (s" oT" 0 S].
Hence, S is (m,0)-regular.
(ii) It can be proved analogously.

Theorem 3.5. Suppose (S,I,0,<) is an ordered I'-semihypergroup and m,n are non-negative integers. Suppose Vtzf(m’n) is the set of all
ordered (m,n)-I'-hyperideals of S. Then,

Sis (m,n) —regular <= forall A € oy, ,,A=(A"oloSoloA". (3.3)
Proof. Consider the following four conditions:
Case (i): m = 0 and n = 0. Then, Equation (3.3) implies
Sis (0, 0)-regular <= for all A € o ), A =S because 7 o) = {S} and S is (0, 0)-regular.
Case (ii): m = 0 and n # 0. Therefore, Equation (3.3) implies
S is (0, n)-regulare<=> forall A € &g ,),A = (SoI'o A"]. This follows by Theorem 3.4(ii).
Case (iii): m # 0 and n = 0. This can be proved applying Theorem 3.4(i).
Case (iv): m # 0 and n # 0. Suppose S is (m, n)-regular. Therefore,
forallse S,s € (s"oT'oSolos"]. (3.4)

Let A € o, ). As A" ol oSol'oA” C A and A = (A], we obtain (A" oI'oSoI'0A"] C A. Suppose s € A. Applying Equation (3.4),
s€ (s"oloSolos"] C (A" ol oSoTI 0A"]. Therefore, A C (A" oI'oSoI'0A"]. Hence, A = (A" oT'oSoT 0 A"].
Conversely, suppose A = (A" oT'oSoT"0A”"] for all A € 47,,, ). Suppose s € S. AS [s]n,n € F{, ), We have

[slnn = (([slmn)" 0oL oSoT o ([s]nn)"].

Applying Lemma 3.3(iii), we obtain [s],; » C (s" oT 0 SoT os"], therefore, s € (s" oTl'oSolos"].
Hence, S is (m,n)-regular.
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Theorem 3.6. Suppose (S,T,0, <) is an ordered I'-semihypergroup and m,n are non-negative integers. Suppose Km0y and Z(q ) is the set
of all (m,0)-I"-hyperideals and (0,n)-I-hyperideals of S, respectively. Then,

S is (m,n)—regular ordered I" — semihypergroup <= for allR € Km0, Torall L € Ly,

(3.5)
RNL=(R"oT'oLNRoI'oL"].

Proof. Consider the following four cases:

Case (i): m = 0 and n = 0. Therefore, Equation (3.5) implies

Sis (0, 0)-regular <= forallR € %(g ) forall L € g ),RNL = (LNR] because Z(g9) = -Z{9,0) = {S} and S is (0,0)-regular.

Case (ii): m = 0 and n = 0. Therefore, Equation (3.5) implies

Sis (0,n)-regular <= forallR € %o, forallL € g ,),RNL = (LNRoI'oL"]. Suppose S is (0,n)-regular. Suppose R € % ¢ and
L € Z(o,n)- By Theorem 3.4(ii), L= (SoI"oL"]. As R € %|¢ ), we have R = S, therefore, RN L = L. Therefore,

(LARoToL" = (LNSoToL"| = ((SoToL"|NSoToL"] = (SoT'oL"| =L =RNL.
Conversely, suppose
forallR € Z ), forall L € g ,),RNL = (LNRoToL"]. (3.6)
IfR€ %), thenR=S.If L € £ ), SoI'oL" C L and L = (L]. Therefore, Equation (3.6) implies
forallL € Zgp),L=(SoTl'oL".
Applying Theorem 3.4(ii), S is (0,n)-regular.
Case (iii): m # 0 and n = 0. This can be proved as before.

Case (iv): m # 0 and n # 0. Suppose that S is (m,n)-regular. Suppose R € %, ) and L € Z{g ). To prove that RNL C (R™oT' o L] N (Ro
I'oL"], suppose s € RN L. We have

s€(s"oloSolos"| C(s"oloL] C (R"oToL]ands € (s"oToSoTlos"] C (Rolos"] C (Rol'oL"].
Hence, RNLC (R™oToL]N(RoloL"]. As
(R™"oT'oL] C(R"ol'oS] C(R]=Rand (Rol'oL"] C (Sol'oL"| C (L] =L.

This implies that (R oT'o L]N(RoT" o L"] C RN L, therefore, RNL = (R" oT' o L]N(RoT o L"].
Conversely, suppose

forall R € Z (), forall L € £, RNL = (R"oT'oLNRoT'oL"]. 3.7
Suppose R = [s],,0 and L = S. Applying Equation (3.7), we obtain [s],, 0 C (([s]y,0)" oI oS]. Applying Lemma 3.3, we obtain

[s]mo C (s oToS]. (3.8)
In a similar fashion, we obtain

[slo,s C© (SoTos"]. (3.9)
As R™ C R and L" C L, by Equation (3.7), we have

forall R € Z (), forall L € Zp,),RNL C (RoT'oL].
As (s"oT 0S| € %) and (SoT os"] € Z g ), We obtain
(s"oT o8] N(SoTos"] C ((s"oT o8] olo(Solos"]| C (s"oToSoTos").

Applying Equations (3.8) and (3.9), we obtain
(510N [sJon (" oToSoTos"]

Hence, S is (m,n)-regular.

4. Conclusion

In this paper, we introduced the concepts of (m,n)-I'-hyperideal (resp. generalized (m,n)-I-hyperideal) and (m,n)-regular ordered I'-
semihypergroup, where m, n are non-negative integers and studied some properties of (m,n)-I'-hyperideals in ordered I'-semihypergroups. In
particular, we studied (m,n)-regular ordered I'-semihypergroups. We proved that if (S, I, o, <) is an ordered I'-semihypergroup, where m, n are
non-negative integers and if <7, ,) is the set of all ordered (m, n)-I-hyperideals of S. Then, Sis (m,n) — regular <= for all A € &y ), A =
(AMoToSoI'oA"]. We also proved that if (S,I",0,<) is an ordered I"-semihypergroup, where m,n are non-negative integers; and if %<m70>7
Loy is the set of all (m0)I-hyperideals and (0,n)-I-hyperideals of S,  respectively. Then,

S is (m,n)—regular ordered I — semihypergroup <= for all R € %y, ¢, forallL € .%o ,),RNL = (RMol'oLNRoToL"]. The results
of this article can also be applied on semihypergroups and on ordered semihypergroups by some suitable modifications. We hope that this
work will provide the basis for further study on ordered I'-semihypergroups.
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