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A Sequence of Kantorovich-Type Operators on Mobile
Intervals
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ABSTRACT. In this paper, we introduce and study a new sequence of positive linear operators, acting on both
spaces of continuous functions as well as spaces of integrable functions on [0, 1]. We state some qualitative properties
of this sequence and we prove that it is an approximation process both in C([0, 1]) and in L?([0, 1]), also providing
some estimates of the rate of convergence. Moreover, we determine an asymptotic formula and, as an application,
we prove that certain iterates of the operators converge, both in C([0, 1]) and, in some cases, in LP ([0, 1]), to a limit
semigroup. Finally, we show that our operators, under suitable hypotheses, perform better than other existing ones in
the literature.
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1. INTRODUCTION

In [13], the author proposed a modification of the classical Bernstein operators B,, on [0, 1] that,
instead of fixing constants and the function z, fixes the constants and 2, obtaining, in such a
way, an order of approximation at least as good as the order of approximation of the operators
B, in the interval [0,1/3[. More precisely, those operators are defined by setting, for every

continuous function on [0, 1], B,,(f) = B, (f) o r,, where, for every z € [0,1],

x2 ifn=1,

’I"n(LU): 1 TLJZZ 1 .
_ fn>2.
2(n—1)+\/n—1+4(n—1)2 nn=

Subsequently, other modifications of the classical Bernstein operators, as well as of many other
well-known operators, that fix suitable functions were introduced (see [2] and the references
quoted therein). Here we limit ourselves to mention that, for example, in [9], the authors
considered a family of sequences of operators (B, o )n>1, @ > 0, that preserve the constants and
the function 2% + az. A further extension was presented in [12]; in that paper, Gonska, Rasa
and Pitul considered the operators V.7 (f) = B, (f)o, (f € C([0,1])), where 7, = (B, (7)) " tor
and 7 is a strictly increasing function on [0, 1] such that 7(0) = 0 and 7(1) = 1. In particular, the
operators V] preserve the constants and the function 7.

In [10], instead, the authors introduced a modification of Bernstein operators fixing constants
and a strictly increasing function 7 in the following way: considering a strictly increasing func-
tion 7 which is infinitely many times continuously differentiable on [0, 1] and such that 7(0) = 0
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and 7(1) = 1, they introduced the operators
Bi(f)=Bu(for Hor  (nx=1,feC([0,1])).

The authors studied shape preserving and approximation properties of the operators 57, and
compared them, under suitable assumptions, with the B,,’s and the V,!au's. General sequences
of positive linear operators fixing 7 and 72 have been recently studied in [1].

In this paper, motivated by works [7], [4] and [5], we present a Kantorovich-type modification
of the operators B] . In particular, in [7], among other things, the authors introduced a sequence
of positive linear operators (Cy,),>1 that generalize the classical Kantorovich operators on [0, 1]
and present the advantage to reconstruct any integrable function on [0, 1] by means of its mean
value on a finite numbers of subintervals of [0, 1] that do not need to be a partition of [0, 1].
Accordingly, in this work, for any integrable function f on [0, 1] we shall study the operators

Cr(f)=Cu(for Hor (n2>1),

where 7 is a strictly increasing function that is infinitely many times continuously differentiable
on [0, 1] and such that 7(0) = 0 and 7(1) = 1.

The paper is organized as follows; after giving some preliminaries, we discuss some qualitative
properties of the operators C7; in particular, we prove that they preserve some generalized
convexity. We also prove that the sequence (C7),>1 is an approximation process for spaces
of continuous as well as integrable functions and we evaluate the rate of convergence in both
cases by means of suitable moduli of smoothness. As a byproduct, we obtain a simultaneous
approximation result for the operators B,

By using some results of [5], we prove that the operators C], satisfy an asymptotic formula with
respect to a second order elliptic differential operator and, as an application, that suitable iter-
ates of the C}’s can be employed in order to constructively approximate strongly continuous
semigroups in the function spaces considered in the paper.

Finally, as a further consequence of the above mentioned asymptotic formula, we compare
the sequence (C7),>1 and the sequence (C,,),>1, showing that, under suitable conditions, the
former perform better.

2. PRELIMINARIES

From now on, we denote by C([0, 1]) the space of all real-valued continuous functions on the
interval [0, 1]. As usual, C([0, 1]) will be equipped with the uniform norm || - || .

For every i > 1, the symbol e; stands for the functions e;(x) := 2’ for all z € [0, 1]; moreover 1
will indicate the constant function on [0, 1] of constant value 1. If X C R, we denote by 1x the
characteristic function of X, defined by setting, for every x € R,

1 ifzxeX;
Lx(@) ':{ 0 ifz¢ X,

Moreover, for every k € N, we denote by C*([0,1]) the space consisting of all real-valued
functions which are continuously differentiable up to order k£ on [0,1]. In particular, if f €
C*([0,1]), for every i = 0,...,k, DUW(f) is the derivative of order i of f. For simplicity, if
i = 1,2, we might also use the usual symbols f’ and f”. Further, C*°([0, 1]) is the space of all
real-valued functions which are infinitely many times continuously differentiable on [0, 1].

Finally, for every p € [1,+o00[, we denote by LP([0, 1]) the space of all (the equivalence classes
of) Borel measurable real-valued functions on [0, 1] whose p'" power is integrable with respect
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to the Borel-Lebesgue measure A; on [0, 1]. The space L?([0, 1]) is endowed with the norm

1= ([ oL dx)l/p (f € 70, 1))

In what follows we recall the definition of certain operators acting on the space L' ([0, 1]) which
represent a generalization of the classical Kantorovich operators on [0, 1]. They were studied in
[7, Examples 1.2, 1] and subsequently extended to the multidimensional setting in [4, 5].

Let (ay)n>1 and (b,,)n>1 be two sequences of real numbers such that, for every n > 1, 0 <
an < b, < 1. Then, consider the positive linear operator C,, : L' ([0, 1]) — C([0, 1]) defined by
setting, forany f € L'([0,1]),n > land z € [0, 1],

n ktbn
_ n+ 1 ntl n k n—k
@) Clh@ =3 (bn [ dt) HEE
k=0 n+1
Since C},(1) = 1, the restriction to C([0, 1]) of each C,, is continuous and we have ||C,,|| = 1 for
any n > 1, where || - || denotes the usual operator norm on C([0, 1]).

We notice that if, in particular, a,, = 0 and b,, = 1 for any n > 1, the operators C,, turn into the
classical Kantorovich operators on [0, 1].
Foreveryn > 1,

n a, + b,
(2.2) Cn(el) = 1 e1 + 2(77,—|- 1) R
1 ) b2 + anb, + a2
(2.3) Cnle2) = m n“es +nei(l —e1) + n(a, + by)er + T T 1.

We also point out that (see [7, Formula (4.2)]), the operators C,, are closely related to the classical
Bernstein operators on [0, 1].

In fact, if one denotes by B,, the n-th Bernstein operator on C([0, 1]), for every f € L([0,1]),
considering the function

1 e 1 by — a :
(24) Fo(f)(z) = bnja /M+an f(t)dt:/o f<( an)t—:rla +nz> &

(x € [0,1],n > 1), it turns out that

(2.5) Cn(f) = Bn(Fn(f))

(f € L'([0,1]),n > 1).

As quoted in the Introduction, in [10] the authors introduced a modification of Bernstein oper-
ators that fixes suitable functions.

More precisely, consider a function 7 € C*°([0, 1]) such that 7(0) = 0, 7(1) = 1 and 7/(z) > 0
for every z € [0, 1].

The operators introduced in [10] are defined by

26) Bi(f) = Ba(forYor  (n>1,1€C(0,1]).
Namely, for every f € C([0,1]),n > 1land z € [0, 1],
@) BN =3 (3 )rea-ry* (ror ) (£),

k=0
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After the above preliminaries, we pass to introduce a new sequence of positive linear operators
acting on integrable functions on [0, 1], which is a combination of (2.1) and (2.6). More precisely,
forany f € L'([0,1]) and n > 1, we set

(2.8) Cr(f) = Cu(for Yo
hence, for every f € L'([0,1]),n > land z € [0, 1],

i) =Z< e <t>dt> (3)rra =+,

k=0 bn — Qnp

where we have used the fact that, thanks to the change of variable theorem, fo7~* € L!([0, 1])
provided f € L'([0,1]).

Note that, if 7 = ey, the operators C;, turn into the operators C,, defined by (2.1), and hence in
the classical Kantorovich operators whenever a,, = 0 and b,, = 1 for every n > 1.

The operators C;, can be viewed as integral modification of Kantorovich-type of the operators
B! with mobile intervals.

3. SHAPE PRESERVING PROPERTIES OF THE C}’S

This section is devoted to show some qualitative properties of the operators C},. To this end,
we first remark that, taking (2.4), (2.5) and (2.8) into account, the following formula holds true:

(3.9) Cr(f)=Bu(Fu(for ™)) or

(f € ([0, 1]),n > 1),

Hence, one can recover some properties of the operators C; by means of the relevant ones held
by the B, ’s.

First off, as F),(f) is increasing whenever f is (continuous and) increasing, the B,,’s map (con-
tinuous) increasing functions into increasing functions (see, e.g., [3, Remark p. 461]), and 7 is
increasing, we have that the operators C; map (continuous) increasing functions into increas-
ing functions.

The C7’s preserve also a particular form of convexity.

We recall (see [17]) that a function f € C([0,1]) is said to be convex with respect to 7 if, for
every 0 < zp < z1 < x2 <1, one has

1 1 1
m(zo) T(x1) T(x2) | >0,

f(xo)  f(x1)  flx2)

In particular, it can be proven that a function f is convex with respect to 7 if and only if f o7~
is convex.

In [7, Proof of Th. 4.3]) it has been shown that the operators C,, map (continuous) convex
functions into (continuous) convex functions; hence, thanks to (2.8), the operators C] map
(continuous) convex functions with respect to 7 into (continuous) convex functions with respect
tor.

Moreover, we investigate the monotonicity of the sequence (C7,),>1 on convex functions with
respect to 7.

1

Proposition 3.1. If f € C([0,1]) is convex with respect to T and increasing (resp., decreasing), then,
foreveryn > 1,

(3.10) e o ot ()],
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(resp.,
(3.11) F<C(f) on {71 <“"“’") ,1}).

2

Moreover, if (an)n>1 and (by)n>1 are constant sequences and f € C([0, 1]) is convex with respect to T,

then
(3.12) <oy Lo,

“n42 " n+ 2
B being defined by (2.7).

Proof. In [7, Proposiotion 4.5] it has been proven that, if g is convex and increasing, then g <
Cn(g) on [0, %=t2=]. Hence because f is convex with respect to 7 and increasing, f o 7~ is

convex and increasing, so that

forl<Cu(forl) on [07 a”’}

2

and from this we get (3.10). Reasoning in the same way, one can establish (3.11).

Moreover, fix f € C([0,1]) convex function with respect to 7. In [7, Theorem 4.4] it was estab-
lished that, if g € C([0, 1]) is convex, then, for alln > 1, C,,11(g) < Zié Cnlg) + %ﬁBnH(g), SO
that, by applying this result to f o 771, we get (3.12). O

Besides the convexity with respect to 7, the operators C] preserve another type of convexity.
More precisely, given ¢ € C°°([0,1]) such that ¢'(z) # 0 for all x € [0,1] and ¢(0) = 0, and
k € N, a function f € C*([0,1]) is said to be -convex of order k if, for every x € [0, 1],

D (f)(x) == DP(f o) (p(x)) > 0.

For more details about ¢-convex functions of order k see [14].
Since in our case 7 : [0, 1] — [0, 1] is a bijection and a positive function, it is easy to show that a
function f € C*([0,1]) is 7-convex of order k if and only if

DWW (f):=D® (for=t)>0.

In other words, f is 7-convex of order k iff f o 7= ! is k-convex. Here we recall that a function
g € C*([0,1]) is said to be k-convex if D*)(g) > 0.
By using the fundamental theorem of calculus, F;, maps k-convex functions into k-convex func-
tions and the same happens for the B,,’s (see, for example, [6, Prop. A.2.5]). Then, thanks to
(3.9) we have that the C}’s map 7-convex functions of order % into 7-convex functions of order
k.
We point out that the operators C}, do not preserve the convexity. In order to construct an
example, we use the following alternative representation for the operators C;: for every n > 1
and f € L([0,1]),
Ch(f) = BL(GL(for™h)),

where
nr (@) +by

n+1

- _n+l1
GL(f)(z) == b ez,

F(t)dt.

Then, choosing a,, = 0,b, = 1foralln > 1,7 = (e; +ez)/2and f = ey,
1

T n T
Ch(e1) = mBn(el) + m
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Recalling that in this case B (e1) is not convex for lower n (see [10]), we get that the same
happens for C7, (e1).

Now we pass to show that each C], preserves the class of Holder continuous functions. Given
M >0and 0 < o < 1, we shall write f € Lip,,a if

If(z) — fly)] < M|z —y|* forevery0<uz,y<1.

In particular, if o = 1, we get the space of all Lipschitz functions of Lipschitz constant M.

First observe that, from hypotheses on 7, both 7 and 7! are Lipschitz functions. Precisely,
7 € Lip; 1 with L := ||7/||oc and 77! € Lip 1 with N := (minjy;; 7/)~'. Therefore, by recalling
that C,,(Lip,,1) C Lip,,1 with C' := max{1,|f(0)| + |f(1)|} (see [7, Th. 4.1 and Example n.
1]), from (2.8) it follows that

(3.13) C; (Lip,,1) C Lip, 41 foreveryn >1.

On account of [3, Cor. 6.1.20], since ||C|| = 1 and property (3.13) holds, for every n > 1,
fecC(o0,1]),>0,M>0and 0 < a <1,

w(Cr(f),0) < (1+C)w(f,0) and Cj(Lip,,a)C Lip(CLN)QMa.
Finally, for every k € N, denote by P, ;. the linear subspace generated by the set {7% : i =
0,...,k}. P, is said to be the space of the T-polynomials of degree k. Since both the B,,’s and
the F,’s map polynomials of degree k into polynomials of degree k, taking (3.9) into account,

we have that
Cl(Pry) CPry (keN,n>1).

4. APPROXIMATION PROPERTIES OF THE C’S

In this section, we prove that (C),,>1 is a positive approximation process both in C([0, 1]) and
in L?([0,1]), 1 < p < +00, and we provide some estimates of the rate of convergence, by means
of suitable moduli of smoothness. As a byproduct of the uniform convergence, we obtain a
property of the operators B, introduced in [10], which seems to be new.

We begin by stating the following result.

Theorem 4.1. For every f € C([0, 1)), we have that

(4.14) lim Cr(f)=f
n—oo

uniformly on [0, 1].

Proof. From (2.2) and (2.3) it easily follows that

n an + by,
4.1 " =
@18 i) = e it
1 b2 + anby, +a?

T (-2 _ 2.2 _ n nn n .
416) Cr(t%) = 7(n T (n 7+ nr(l —7)+n(an, +b,)T + e 1) :
since C (1) = 1 and {1, 7, 7%} is an extended Tchebychev system on [0,1], (4.14) comes directly
by an application of Korovkin Theorem (see [3, Example 5, p. 246]). O

In order to get a quantitative version of the above uniform convergence, we use a result due to
Paltanea (see [15]) which involves the usual modulus of continuity of the first and second order,
denoted, respectively, by w(f,d) and wz(f,d). To this end, we need some further preliminaries.
For z € [0, 1], we denote by e ; the function

eZ(t) = (r(t) — 7(x))" (i=0,1,2,...).

T,
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When 7 = e; we shall simply write ¢% (¢) = (t — z)".
In particular, for any n > 1 and =z € [0, 1]) (see (4.15) and (4.16)),

1—-n 2()+n*an*bn ()+b%+anbn+a%
—5T7 (T ————= T7\T — &=

(n+1)2 (n+1)2 3(n+1)2

Moreover, we recall the following result (see [11, Formula (8)]): there exists a constant { > 0
such that

(4.18) K2(t) < 7'(z)el,(t) forevery z,t € [0,1].
Obviously, K = 1if 7 = e;.
Proposition 4.2. Considern >1, f € C([0,1]),0 <ax <1,and § > 0. Then

(4.19) ICR(N) (@) = f(@)] < w(f,05(2)) + ng(ﬁ o7, (2))

where

(4.17) Crlefo)(z) =

gy = VT@ [ _ e b + anbn + 0
5n(x)(n+1)m\/(n Dr(x)1 —7(z)) + (1 — ap — byp)7(x) + 3 )

Moreover,

. HT’IIW + 2 ||r'||1/2

Proof. Letn > 1, f € C([0,1]),0 <z < 1and ¢ > 0. Paltanea’s estimate ([15, Theorem 2.2.1];
see, also, [6, Theorem 1.6.2]) runs as follows:

ICr(f)(@) = f(@)] < |f(@)ICr(1)(2) — 1
HOR (W) (@)|w(f,8) + (Cr(1)(2) + (26%) 7' CT (¥3) (2)) wa(f, 6)
= 07O (o) (@) lw(f, ) + (1 + (26%) 7' CT (v3) () Jwz (£, 6) -
Cauchy-Schwarz inequality yields
|Ch ()| < VCR(¥2),

so that

G (f)(@) = f(a)] <671/ Cr(2)(x)w(f,8) + (1 + (26%) O (¥2) (2) )wa(f, 8) -
From (4.18), (4.17) and the positivity of C';’s, we have

KCT(w3)(x) < 7'(2)CF (€7 2)

- (nTlfl)V {(n — D)7(z)(1 = 7(x)) + (1 — ap — by)7(2) + W} .
Therefore,
4.21) Cr(y2) < K(Z(f)w {(n — D7) (1= 7(2) + (1 — an — bo)7(z) + W}
and, for § = 9], (x), we get (4.19). Estimate (4.20) follows by noting that
57y < T
VRVt 1

since 0 < 7(z) < 1. O
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As a byproduct of Theorem 4.1, we present a simultaneous approximation result for the oper-
ators B], given by (2.7). As far as we know, this property is new.

Theorem 4.2. Suppose that a,, = 0 and b, = 1 for every n > 1. Then, for every f € C1([0,1]),

(4.22) B (f) =7'Cr(f/7).
Moreover,
(4.23) lim BI(f) = f" wuniformly on [0,1].

Proof. Letx € [0,1], f € C*(]0,1]), and n > 1. From (2.7) if follows that
Bl @) =@ 3 () r)a - o)

k=0

<oy (e (B5) - 0o (557))
=@ 3 (} )t - e <<” o [ oy dt)

k=0 n+1
/
~rwe (L) @,
T
and this completes the proof of (4.22). Formula (4.23) immediately follows from (4.22) and
Theorem 4.1, because 7’ is bounded. O

Now we prove that the sequence (C7),,>1 is a positive approximation process also in L?([0, 1])
for any p € [1, +o0].

Theorem 4.3. Assume that

sup =M e R.
n>1 bn — Qn
Then, for every p € [1,+oo[and f € LP([0,1]),
(4.24) lim CI(f)=f in LP([0,1]).

n—00

Proof. By Theorem 4.1, for every f € C([0,1]), lim C,(f) = f in LP-norm, as well. Since
n—oo

C([0,1]) is dense in LP(]0, 1]), in order to prove the statement it is sufficient to show, thanks to
Banach-Steinhaus theorem, that the sequence of operators C7, : L?([0,1]) — LP([0,1]) (n > 1) is
equicontinuous, i.e.,

sup ||CrllLe,Lr < 400.
n>1

To this end, for every n > 1, f € L?([0,1]) and z € [0, 1], we preliminary notice that, since the
function [¢|? (¢ € R) is convex,

b,

M/T (for™) (t)dt] :

(b — an) bhan

cH@P <3 (") e - e
> ()
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By applying Jensen’s inequality (see, e.g., [8, Theorem 3.9]) to the probability measure
n+1

bn_a'n

1[k+an k+bn])\1 on [0 1] we get

n+1 ? n+1

3 |p<2(> 1= ry gt [ (e )

" won ) R
Z() *(1 = 1)) ’“(b_)/( ) @) dy

k=0 n+1 )

—1(k+bn

<l Z() “1 = (@) ‘f/;(ij:)f@npdy.

bn k:O )
We point out that
1 1 4k n—k
~ (1 —t) 1 1
Txkl—TJand.T:/ dt < — .
[, r@ru=re o T " Wit ) (D)
Hence, by integrating with respect to x, we obtain
ICL (NI < MNJIfIIF,

where ,
[I'11%
mingeo 1] m(y)’
hence ||C7 || zr.0r < (MN)Y/P < 4o00. O

N =

An estimate of the convergence in (4.24) can be obtained by using a result due to Swetits and
Wood [16, Theorem 1] which involves the second-order integral modulus of smoothness de-
fined, for f € L?([0,1]),1 < p < +o0, as

wap(f,0) = S [fC+8) =2fC) + fC =Dl (6>0).

We define
(4.25)
1/2
1 b2 + anby, + a? }1/2
s = ——————x W7 (n=1)7(1=7)+ (1 —a, — bp)T + 2t~ 17
Bur = TR ‘ {or- =)+ ) : p
and
. 1
Tn,p,m = (n+1)2p/(2p+l)Kp/(2p+l)
(4.26) /(2p+1)
b2 nbn prsp
X T/{(n—1)7’(1—7’)4—(1—(1"—()”)7'4-Wl} ,
P

where K is the strictly positive constant in (4.18).
Then we can state the following result.

Proposition 4.3. Under the hypotheses of Theorem 4.3, for every p € [1, +oo there exists C,, > 0 such
that, for every f € LP([0,1]) and for n sufficiently large,

1CR(f) = fllp < Cpla ,pr”f“erpr(f,ain))

where Qnpr = ma’X{/BTL,])ﬂ'?’YTL,]),T}‘
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Proof. First we introduce the following auxiliary functions:

F(2) = CL()(@), Gh(a) == CL(2) (@) (x € [0,1],n > 1).

Hence, the result in [16] applied to the uniformly bounded sequence (C7),,>; yields that there
exists a constant C;, > 0 such that

||C771—(f) - f“P S CP(/"’?L,;D f”P + vap(fv N’mp))a

where the sequence (1, , — 0 as n — oo and it is defined as follows:

pinp = { [ C7 (1) = 132, | B2, |G /@) )

= max { |7 |3/2, |Gyl 0
By Cauchy-Schwarz inequality we have

F7lP < (VG
SO
pinp < max { |G, |G/ @}

From (4.21) it follows that ||\/G7, H1/2 < B p,r and ||G,Tl||§/(2p+1) < Ynp,r (see (4.25) and (4.26)).
Moreover,

7|26
Tnpr S Y20 et D Kp ot D)
(il

(n+ 1)p/(2p+1)

—0 as n—o0.

" (n+ 1)p/@F) Kp/ D)

Similarly,
1/2 1/2
VTN g VTR
Brpr < (n+1) —0 as n—oo.
(n+1)VE (n+1)3/4+VK
Therefore, setting ., , - = max{By.p.r, Vnpr}, We have that o, , - — 0 asn — oo and this
completes the proof. O

5. ASYMPTOTIC FORMULA FOR THE C]’S

In this section we establish an asymptotic formula for the operators C;, which, in addition,
allows us to derive other properties of them. To this end, from now assume that

(5.27) there exists [ := li_>m (an +b,) €R
and consider the differential operator (V;, C%([0,1])) defined by setting
Vi(u)(z) := %x(l —x)u’(z) + (; - x) o' (),

(u € C%([0,1]),x € [0,1]).
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Theorem 5.4. Assume that (5.27) holds true. Then, for each f € C([0,1]), twice differentiable at a
certain x €]0,1],

i n(C7(0)) ~ ) = " D2 ) 0) 4 (§ - (@) DA

n—o0 2
(5.28)
_ T(Z‘)(l — T(JU)) " 1 £ — () — 7'(33)(1 — T(JJ))T,, T "z
= T @)+ s (5 - o) - ) ) o),
Moreover, for every u € C2(|[0,1])
(5.29) nh_}rr;o n(CT(u) —u) = Vi(uor HorT

uniformly in [0, 1].
Proof. In [5, Theorem 3.1] it was proven that
lim n(Cp(u) —u) = Vi(u),

n— oo

forevery u € C?([0, 1]) uniformly on [0, 1], but it is easy to prove that the same limit relationship
holds pointwise for each f € C([0,1]), twice differentiable at a certain = €]0,1[. From this,
formulas (5.28) and (5.29) easily follow. O

5.1. An application to iterates of the operators C}. In this subsection we show how iterates
of operators C] can be employed in order to approximate constructively certain semigroups
of operators. For unexplained terminology concerning Semigroup Theory and its connection
with Approximation Theory, we refer, e.g., to [6, Chapter 2].

We begin by recalling that, as shown in [5, Theorem 3.2] the operator (V;, C*([0, 1])) is closable
and its closure generates a Markov semigroup (7;(t));>0 on C([0, 1]) such that, if ¢ > 0 and if
(pn)n>1 is a sequence of positive integers such that nlin;o pn/n =t, then

nlgr;o CP(f)y=Ti(t)(f) uniformly on [0, 1]

for every f € C([0,1]), where C£» denotes the iterate of C), of order p,,.
Moreover (see [5, Theorem 3.4, Remark 3.5,1]), if either a,, = 0 and b,, = 1 for every n > 1, or
the following properties hold true

(i) 0<b, —a, <1lforeveryn > 1;
(ii) there exist lim a, = 0and lim b, = 1;
n—oo

n—oo
(i) My :=supn(l — (b, — an)) < 400,
n>1

forevery p > 1, (T;(t)) >0 extends to a positive Cp-semigroup (f (t))e>0 on LP(]0, 1]) such that, if
(pn)n>1 is a sequence of positive integers such that ILm pn/n =t, then for every f € L?([0,1]),

T O (F) =T in L(0.1)).
We remark that, for every f € C([0,1]) and k > 1,
(COMH =Ch(for o
From this we get the following result.

Theorem 5.5. Under assumption (5.27), for every f € C([0,1]), t > 0 and for every sequence (py)n>1
of positive integers such that li_>m pn/n=1t,

Jim (C7)(f) = Ti(®)(f o T Hor uniformly on [0, 1].
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Moreover, assume that either a,, = 0 and b,, = 1 for every n > 1, or the following properties hold true

(i) 0 < by, —a, <1foreveryn >1;
(ii) there exist lim a, = 0and lim b, = 1;
n— oo n— o0

(iii) M; :=supn(l — (b, — an)) < +o0.
n>1
Then, if t > 0 and if (p,,)n>1 is a sequence of positive integers such that lim p, /n = t, then for every
- n—oo

J € (0, 1)), )
lim (C7)P(f) = T(t)(for " or  inL7(0,1]).

n—oo
5.2. Comparing the operators C; and C,,. The asymptotic formula (5.28) can be also used to
prove that, under suitable conditions, the operators C], perform better than the operators C,
in approximating certain functions. In fact, arguing as in the proof of [10, Theorem 9], we are
able to show the following result.

Theorem 5.6. Let f € C?([0,1]) and assume that there exists ng € N such that, for every n > ng and
x €]0,1],

Then, for x €]0, 1],

rie= Sl TS
(5:30) (1 — 2)7(z)? 7'(2)%(2x — 1)
> (1- o) 0+ Ft e
In particular, f” > 0in ]0,1/2] (resp., in |l/2,1]) whenever f is decreasing in |0,1/2[ (resp., f is

increasing in /2, 1[).
Conversely, assume that at a given point zo €]0,1[, (5.30) holds with strict inequalities. Then there
exists ng € N such that, for every n > ny,

f(zo) < CL(f)(wo) < Cn(f)(20)-

Example 5.1. Take
es + aeq
= - >0
T +a (a )
and suppose that f € C*([0,1]) is increasing and strictly convex.
Moreover, assume that the sequences (a,)n>1 and (by)n>1 are such that | = lim,,_, o (a, + b,) = 2.

We show that there exist x,, €]0,1[and ng € N such that, for each x €]z, 1] and n > ng,

fl@) < CR(f)(x) < Cu(f)(@).
On account of Theorem 5.6, it is sufficient to prove that there exists x, €0, 1 such that, for x €]zq, 1],
" () T(@)@r(x) =2) .
1'(w) > Sl e+ T )
_ .’E(l — ,T)T/(.Z')Q " T/(x)Q(Qx — 2) "z
> (- S o) O ey @

The first inequality in (5.31) is satisfied for o > 2f'(1) /M, where M = minq q) f"(x). Indeed, for this
choice,

(5.31)

2 , 2 , 22 + «
> -2
et al @5 l@

f(x) > f'x), 2 €o,1].

72 + ax
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The second inequality in (5.31) is obviously fulfilled for those x for which
z(1 —2)7(z)?

(5.32) @1 =r(2) = !
and

) (a)? -1
(5.33) (@) >27—(x)(1—7(x)) (x ! () )

From one hand (5.32) is verified for x €|yq, 1] where

1—2a+ v4a? +8a+1
Ya = 6
(see [10, Corollary 11, (iii)]). On the other hand (5.33) is equivalent to solve (with respect to x) the
following inequality:

go(z) = (2 +ax)(1+x+a)— 2z +a)?*(1—2)>0.

By observing that go(0) < 0, go(1) > 0, and evaluating the critical points of g, and their position
within the interval [0, 1] depending on « > 0, we can conclude that, for every o > 0, there exists
zo €]0, 1] such that g, (zq) = 0 and go(x) > 0 for every zo, < x < 1. By setting z, = max{yq, Za }
(o> 2f"(1)/M), we get the claim.

We point out that, in the case « = 0, T = ep and the corresponding operators C;, are a Kantorovich-
type modification on mobile intervals of the operators in [10, p. 159]. On the other hand, T7.c =
limy 400 7 = ey uniformly w.r.t. x € [0,1], so that CJ= = C,, forany n > 1.
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