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QUASILINEARIZATION METHOD IN CAUSAL DIFFERENTIAL
EQUATIONS WITH INITIAL TIME DIFFERENCE

COSKUN YAKAR

ABSTRACT. In this paper, the method of the quasilinearization technique in
causal

differential equations is applied to obtain upper and lower sequences with
initial time difference in terms of the solutions of the linear causal differential
equations that start at different initial times. It is also shown that these
sequences converge to the unique solution of the nonlinear equation in causal
differential equations uniformly and superlinearly.

1. INTRODUCTION

The most important applications of the quasilinearization method in causal
differential equations [5] has been to obtain a sequence of lower and upper bounds
which are the solutions of linear causal differential equations that converge super-
linearly. As a result, the method has been popular in applied areas. However,
the convexity assumption that is demanded by the method of quasilinearization
has been a stumbling block for further development of the theory. Recently, this
method has been generalized, refined and extended in several directions so as to be
applicable to a much larger class of nonlinear problems by not demanding convexity
property. Moreover, other possibilities that have been explored make the method
of generalized quasilinearization universally useful in applications [7]. In the inves-
tigation of initial value problems of causal differential equations [5], we have been
partial to initial time all along in the sense that we only perturb the space variable
and keep the initial time unchanged. However, it appears important to vary the
initial time as well because it is impossible not to make errors in the starting time
[4, 6,7, 8,9, 10, 11, 12, 13]. Recently, the investigations of initial value problems
of causal differential equations where the initial time changes with each solution
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in addition to the change of spatial variable have been initiated [1, 13] and some
results on the comparison theorems, global existence, the method of variation of
parameters, the method of lower and upper solutions and the method of monotone
iterative techniques [3, 4, 7, 8, 11] have been obtained.

In this paper, the generalized quasilinearization technique in causal differen-
tial equations is used to obtain upper and lower sequences in terms of the solutions
of linear causal differential equations that start at different initial times and bound
the solutions of a given nonlinear causal differential equation [5]. It is also shown
that these sequences converge to the unique solution of the nonlinear equation
uniformly and superlinearly.

2. PRELIMINARIES

In this section, we state some fundamental definitions and useful theorems for
the future reference to prove the main result. First one is comparison result, the
second one is existence result in terms of the upper and lower solutions with initial
time difference.

An operator N : E — E,E = C[J,R"] is said to be causal operator if, for any
x,y € E such that z (s) = y(s), we have N(x) (s) = N(y) (s) for to < s < tg+T.

Let us consider the casual functional equation

z (t) = (Nz) (t) ,z(to) = w0

where the causal operator N : E — FE is continuous and z(tg) = zo for tg > 0
denotes the initial value for any x € E.
Let ag, By € CY[J,R] with ag (t) < B, (t) on J = [to, to + T, to, T € RT and

DQ={uecE:at)<u<p,t), teJ}.
We consider the following initial value problem for casual differential equation
u'(t) = (Nu) (t), u(to) = ug for t > to (2.1)

where N : E — E continuous causal operator, E = C[J,R] for J = [to,to + T,
to,T€RT and Q C E.

Definition 2.1: g, 8, € C'[J, E] are said to be the natural lower and upper
solutions of (2.1), respectively, if the the following inequalities are satisfied
(Nap) (t), aolto) <wug fort >ty (2.2)
(NBy) (), Bo(to) > ug fort >t (2.3)
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respectively.
Definition 2.2: ag,3, € C'[J, E] are said to be the coupled lower and upper
solutions of (2.1), respectively, if the the following inequalities are satisfied
ap (NBy) (t), ao(to) <wug fort >tg (2.4)
66 = (NOéo) (t) s ﬂo(to) Z Ug for ¢ Z to (25)
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respectively.

Definition 2.3: N : E — FE is said to be semi nondecreasing in ¢ for each x if
(Nz) (t1) = (Ny) (t1) and (Nz) (t) < (Ny) (t),t0 <t <t1 <T 4+t (2.6)

for
x(t)=y(t1), z(t) <y(t), to <t <t1 <T+to. (2.7)

Definition 2.4: Let N e C[J x E,E]. Atz € E
(N (z+h)) (8) = (N2)(t) + L (2, h) (&) + [[2]| 7 (z, h) (2) (2.8)

where limp—o [|7 (2, k) (t)|| = 0 and L(z,-) (t) is a linear operator. L(z,h) (1)
is said to be Fréchet derivative of N at x with the increment h for the remainder

n(z, h)(t).
3. CAUSAL FUNCTIONAL INEQUALITIES
We give some basic results in causal functional inequalities for the scalar case as
follows [5].
Theorem 3.1: Assume that
(1) N: E — FE is a continuous causal operator, E = C [J,R] for J = [to,to + T,
to, T € RT and let ap, 3, € E satisfy
oy < (Nao) (t) for tg <t <T +tg (31)
60 > (Nﬂo) (t) for T +tg >t >tg.
(#4) N is semi nondecreasing, i.e.
Z‘(tl) :y(tl),l‘(t) < y(t),to <t<ti <T+t1y
implies
(Nz)(t1) = (Ny) (t1) and (Nx) (t) < (Ny) (t),to <t <ty <T +to.

Then
(e} (t) < 50 (t) for tg <t < T+t (33)

provided
Q) (t()) < [30 (to) . (34)

Proof [5]: Suppose that the conclusion (3.3) of the theorem is not true and
ap < (Nag) (t) . Then because of the continuity of the functions and (3.4), there
would exist a t; > £y such that

(%) (tl) = 50 (tl) and ag (t) < ﬁO (t) for tg <t <ty <T +tg. (35)

Since N is assumed to be semi nondecreasing, we have
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ag (t1) < (Nao) (t1) < (NBo) (t1) < Bo (t1) -
This is a contradiction since ag (t1) = B, (t1) . Therefore, it proves the claim (3.3).

Theorem 3.2: Assume that
(i) N : E — FE is a continuous causal operator, E = C'[J,R] for J = [to,to + T,
to, T € R and let ap, 3, € E satisfy

(e} S (NOLQ) (t) for to S t S T+ to (36)
By > (NBy)(t) for T+t >t > to. (3.7)

(#4) N is semi nondecreasing.
Then the conclusion of the Theorem 3.1 remains the same.

Proof [5]: Suppose that the conclusion of the theorem is not true and 5, >
(NBy) (t). Then because of the continuity of the functions and such that (3.4) is
satisfied, there would exist a ¢; > to such that (3.5 ) is satisfied. Since N is assumed
to be semi nondecreasing, we have

ag (t1) < (Nao) (1) < (NBy) (t1) < B (ta) -
This is a contradiction again since aq (t1) = B (t1) . Therefore, it proves the claim
(3.3).

First we state the following theorem and prove it.
Theorem 3.3: Assume that

(i) N : E — FE is a continuous causal operator, E = C'[J,R] for J = [to,to + T,
to, T € R and let ap, 3, € E satisfy

ap < (Napg)(t) fortg <t <T+tg (3.8)

Bo = (NBy)(t) for T4ty >t > to. (3.9)
or

ap < (Nag)(t) fortg <t <T+ty (3.10)

By > (NBy)(t) for T+tg >t >t (3.11

(74) N is semi nondecreasing.
(i7) (Nz) (t) — (Ny) (t) < Lmaxy,<s<t [2(s) — y(s)] whenever z(s) > y(s) for
to<s<tand 0 < L < 1.
Then
(o)) (t) < ﬂO (t) fortg <t<tg+T (312)
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provided
ap (o) < By (to) - (3.13)

Proof [5]: Let us define 8. (t) = 5 (t) +¢ where € > 0 is arbitrary small. Then
we have

Boe(to) = Bolto) +€ = ap (to) + & > ao (to)
and
ﬂos(t) > ﬂo(t) for tg <t <tog+1T.
Now, by using the one sided Lipschitz condition in (iii), we get
Boelt) = Bolt) +2 > (NBy) () +2 > (NBy.) (6) — Le + 2 > (NBy,) ()
for tg <t <ty+T, since 0 < L < 1. Now by applying Theorem 3.2 with (3.10) and
(3.11) to ay (t) and B, (t), we find that

(a7y) (t) < 606(15) fortg <t <tg+T. (314)
Since € > 0 is arbitrary small, by taking ¢ — 0 in (3.14), we get

«p (t) § ﬂo(t) for to S t S to +T.
Therefore this completes the proof.

The proof of Theorem 3.3 can also be done by using (3.8), (3.9) and Theorem
3.1.

4. CAUSAL DIFFERENTIAL INEQUALITIES

We give a basic result in causal differential inequalities for the scalar case as
follows.

Theorem 4.1: Assume that

(i) ap,By € C'[J,R] and N : E — F is a continuous causal operator, £ =
C[J,R] for J = [to,to + T, to,T € R* and let o, B, € F satisfy

ap < (Nag)(t) for tg <t <T+t (4.1)
Bo = (NBy)(t) for T+t >t >t (4.2)
or
apy < (Nag)(t) fortg <t < T+t (4.3)
By > (NBy)(t) for T +tg >t > to. (4.4)
(i) the causal operator N is semi nondecreasing.
Then
ao (to) < By (to)
implies

(7)) (t) < BO (t) for tg <t <T +tg. (45)



60 COSKUN YAKAR

Proof : Suppose that the conclusion (4.5) of Theorem 4.1 is false and af(t) <
(Nap) (t). Then the continuity of the g (t), 8, (¢t) and the fact that ag (tg) <
By (to) yield that there exists a t; > t¢ such that

[e7)) (tl) = 50 (tl) , O (t) < ﬂ[) (t) for tg <t < ty. (46)
The semi nondecreasing nature of N and (4.6) give
(Nao) (t1) < (NBy) (t1).- (4.7)

In view of (4.6), we get for small h > 0,
ag (t1 = h) = ao (t1) < By (tr = h) = Bg (t1)
and hence (4.1) and (4.7) show that
(Nao) (t1) < (NBy) (t1) < By (t1) < o (t1) < (Naw) (t1).-

This is a contradiction and therefore the claim (4.5) is valid. The proof is complete.

The proof of Theorem 4.1 can also be done by using (4.3) and (4.4).

As before, for nonstrict differential inequalities, we require a one-sided Lipschitz
condition.
Theorem 4.2: Assume that

(i) ap, By € C*[J,R] and N : E — E is a continuous causal operator, E =
C[J,R] for J = [to,to + T, to,T € R" and let vy, B, € E satisfy

af < (Nag)(t) fortg <t < T+t (4.8)

By > (NBy)(t) for T+tg >t >t. (4.9)
or

ap < (Nag)(t) for tg <t <T+t (4.10)

By > (NBy)(t) for T +tg >t > to. (4.11)

(#4) N is semi nondecreasing.

(14) (Nz) (t) — (Ny) (t) < Lmaxy,<s<¢ [z(s) — y(s)] whenever z(s) > y(s) for
tp<s<tand 0 < L < 1.
Then

(7)) (t()) S ﬁO (to) (412)
implies

ap (t) < By (t) for tg <t < T +to. (4.13)

Proof: Let us set 8,.(t) = B¢ (t) + cexp (2L (t — to)) for small € > 0. Then
Boe(to) > By (to) and Bo(t) > By (). (4.14)
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Now we use the one-sided Lipschitz condition

(NBo2) (1) = (NBo) (£) < L max [Bo.(s) — Bo(s)] < Leexp (2L (t — ty))
to obtain

Boc(t) = By(t) +2Leexp (2L

(NBy)(t) + 2Leexp
(NBoe)(t) — Le exp
(NBo.)(t) + Le exp
(NBoe) () -

We will show that ag(t) < By (t) for tg <t < to+ T. If this is not true, because
of (4.13), there would exist a t; > o such that

t o))

2L (t —tp))

2L (t —to)) + 2Leexp (2L (t — o))
2L (t = to))

v v

V

ao(tl) = 505(1}1) and ao(t) < ﬁoa(ﬁ), to <t<ty <T. (415)

Now we have

Boe(t) > (NBy.) (t),Bo:(to) = 2o and ap(t) < (Nag)(t), ao(to) < o
for t() S t < to +T.

And semi-nondecreasing nature of N and (4.15) give

(Nap)(t1) = (NBoe)(t1) and (Nap)(t) < (NBp)(t) Jto <t <t <T. (4.16)
Also, in view of (4.15), we get for small A > 0
ao(ts = h) — ao(t) < Boc(tr — ) = Boc(t1)-
Hence the assumption (7), (4.11) and (4.16) show that
(Nao)(t1) > ag(ts) = Bo-(t1) > (NBo.)(t1) = (Nao) (t)-
This leads to the contradiction because of (4.15). Then we have

Boe(t) > (NBo.) (1), Boc(to) = ao(to) and ap(t) < (Nao)(t), aolto) < Bo.(to)
fortg < t<tg+T

and ag(t) < B (t) for tg <t < to+T. We get ap(t) < By(t) as € approaches to
zero for tg <t < tg+ 1. This completes the proof.

The proof of Theorem 4.2 can also be done by using (4.10) and (4.11).

Theorem 4.3: Assume that

(l) Qo € ct Hto,to+T},E}, tg, T > 0, ﬁO e Ct [[To,To+T],E], 70 > 0 and
N € C[Rt x E,E], ay(t) < (Nap)(t), aolte) < zo for tog <t < top+ T and
Bo(t) = (NBy)(t), xo < By(7o) for 7o <t < 70+ T;



62 COSKUN YAKAR

(17) (Nz)(t) — (Ny) (t) < Lmaxy,<s<t [2(s) — y(s)] whenever z(s) > y(s) for
tp<s<tand 0 < L < 1.

(747) (Nu)(t) is semi-nondecreasing in u for each t.

(iv) to < 7o, (Nu)(t) is nondecreasing in ¢ for each wu.
Then (I) ap(t) < Bo(t+n) for tg <t < tg+T where n = To—to, (IT) ap(t—n) < Bo(t)
for 79 <t < 79+ T where n = 79 — tp.

Proof: Suppose that Bo(t) = By(t +n) so that Bo(to) = Bo(to +1n) = Bo(T0) >
T > ap(to), and
_/

Bolt) = Byt +1) = (NBy)(t +1) = (NBy)(t) for to < t <t +T.
Let BOE (t) = Bo(t) +eexp (2L (t — to)) for small € > 0. Then
Boe(t) > Bo(t) and By, (to) > Bo(t) = a(to)- (4.17)

We will show that ag(f) < BOE(t) for tg <t <to+ 7. If this is not true, because
of (I), there would exist a t; > to such that

ao(t1) = Bo.(t1) and ag(t) < Bo.(t), to <t <t < T. (4.18)

Now we use the one-sided Lipschitz condition

(B0 ) 0= (850) () < £ [ Guc(6) = B < Leexp (2L~ ta)

to obtain o
Boclt) = Bolt) + 2L exp (OL (1 — 1)
> (NBo)(t) + 2Leexp (2L (t — to))
> (NBy)(t) + 2Le exp (2L (t — to))
> <Aﬂﬂk>(0Lsexp(?L(tt0D+2L5exp(2L(tt0D

> <Nﬁ%>ay

Boe(t) > (Né05> (t) s Boe(to) > o and ap(t) < (Na)(t), ao(to) < zo

forty < t<ty+T.

Now we have

Semi-nondecreasing nature of N and (4.18) give
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(Nao)(t1) = (NBo.)(t1) and (Nag)(t) < (NBo)(t) to <t <ty <T.  (4.19)
Also, in view of (4.19), we get for small h > 0

ao(ts = h) — ao(tr) < Bo.(tr — h) — Bo.(tr)- (4.20)
Hence the assumption (i) and (4.20) show that

_ !
(Nao)(t1) > o) > Bo.(tr) > (NBp)(t1) > (Nao)(hr).
Since tg < 79, assumption (iv), (Nu)(t) being nondecreasing in ¢, leads to a con-
tradiction because of (4.19).
By applying Theorem 4.1, we have

Boe(t) > @%Q@ﬂgmz%%MM%@swmwmmmg%ww
fOI’tO S t§t0+T

and ap(t) < BOE(t) for tg <t < tog+T. We get ap(t) < Bo(t) as ¢ approaches to
zero for tg <t < tg+ T. This completes the proof.

To prove (I1), we set ag(t) = ag(t —n) for 79 < t so that ag(79) = ao(T0 —n) =
ao(to) < wo < By(70), and

Go(t) = a(t+1m) < (Nao)(t — n) = (Nao)(t) for 7o < t < 79 +T.

Setting ae (t) = ag(t)—cexp (2L (t — tg)) for some ¢ > 0 small. Then proceeding
similarly, we derive the estimate ag(t — 1) < By(t) for 7o < t < 7¢ + T where
1n = 79 — to. Therefore the proof is completed.

If we know the existence of lower and upper solutions of (2.1) such that ag (t) <
Bo (t+mn), t € J, then we can prove the existence of a solution of the initial value

problem (2.1) in the closed set @ = {u € E: ag (t) <u < By (t+17), t € J} where
n=1t9—to .

Theorem 4.4: Assume that

(i) ao € C*[[to,to +T] E} to,T > 0, By € C'[[ro,70 +T],E], 70 > 0 and
NEC[R“‘XEE} ah(t) < (Nag)(t),ao(ty) < mo for tg < t < to + T and
) > (Nﬁo)()x0<60(7')f0r7'0<t<70—|—T
) (Va) () ~ (V) () < L mai<oce f2(5) ~y(s)] whenever 2(5) = y(s) fo
s<tand 0 < L <1;

) (Nu)(t) is semi- nondecreasing in u for each ¢;

v) to < To, (Nu)(¢) is nondecreasing in ¢ for each w;

Bolt
(i
to <
@
(i
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(v) the operator N is bounded on €.
Then there exists a solution u(t) of (2.1) in the closed set Q with u(ty) = wuo,
satisfying ag (t) < u < B, (t+1n) for tog <t <tog+T.
Proof: Let P € C (J,R) be defined by
(Pu) (t) = max [ag (¢) ,min [u (¢),, Bo (£ +n)]] -
Then (N Pu) (t) defines a continuous extension of N on F which is also bounded

since N is assumed to be bounded on €. Therefore, there exists a solution of the
initial value problem

W (t) = (NPu) (t) , ulto) = uo

on J. For any ¢ > 0, and for Bo(t) = B, (t +n) consider

Boe(t) = Bo(t)+e(1+1)
aog(t) = Oéo(t) +e€ (1 — t) .
Then we have ag.(to) < ug < [_305 (to), since ap(to) < up < Bo(to). We need to show
that
aoe(t) < u(t) < By, (t), on J. (4.21)
If this is not true, then there exists a t1 € (to,to + 7] at which u(t;) = BOe(tl)
and ao.(t) < u(t) < Bo.(t), to < t < t1. Then

u(t1) > Bo(t1) and (Pu)(t1) = By(t1). (4.22)
Moreover,
ap (t1) < (Pu) (t1) < By (t1 +1n) -
Hence,

/
Bo(tr) > (NPu) (t2) =/ (1)

Since B;E(tl) > B;(tl), we have B;E(tl) > u'(t1). However, we have B;E(tl) <

u'(t1) since u(ty) = BOE(tl) and u(t) < BOE(t), to <t < t1. This is a contradiction

with B;E(tl) > u/(t1). Hence for all ¢t € J u(t) < 505(15) and consequently (4.21)

holds on J, i.e. ape(t) < u(t) < BOE (t) on J. We get

ao (t) < u(t) < By () on J as e — 0. (4.23)
This completes the proof.
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5. MAIN RESULTS

In this section, we will prove the main theorem that gives several different condi-
tions to apply the method of generalized quasilinearization to the nonlinear causal
differential equations [5] with initial time difference and state remarks and corol-
laries for special cases.

Theorem 5.1: Assume that

(1) N: E — FE is a continuous causal operator, E = C [J,R] for J = [tg, 79 + T,
to, 70,7 € R™ and there exists a constant M such that (Nu)(t) < M on J x ;

(#4) (Nu)(¢) is semi nondecreasing in u for each ¢ € J;

(iii) ap € C[[to,to + T, E] and By € C' [[10,70 + T, E] for 79 > to > 0 and
T >0,

ap(t)
Bo(t)

where ag(to) < Bo(70);

() to < so < To, (Nu)(t) is nondecreasing in ¢ for each u;

o, By € CH[J,R] such that af(t) < (Nap)(t)), (NBy)(t) < By(t) and ag(t) <
50@) S

(v) the Fréchet derivative; (N,z)(t) exists and is continuous and (N, z)(t) < Ly
for (t,z) € J x Q, for some L; > 0 and (Ny)(t) < (Nx)(t) — (Nyy)(t) (x — y) where
ao(t) <y <a < Bo(t), t € J;

(i) (Nzx)(t) — (Ny)(t) < La(z —y)7,t € J, where Ly is a positive constant and
0<y<1.

(Nao)(t) for to S t S to + T
(NBy)(¢) for o <t <79+ T

AVARVAN

Then there exist monotone sequences {&n(t)} and { By, (t)} which converge uni-

formly to the unique solution of (2.1) with u(sg) = xg where sg is between initial
time ty and 7o and the convergence is superlinear.

Proof: Since 8, (t) = By (t+n1), 1 = To — to we get S, (to) = By (T0) >
ao (to) = o (to) and By (t) > (NBy) (t+mn,) for tg < t < to + T. Using the as-
sumptions (iv), it is clear that N(¢,x) satisfies the Lipschitz condition in z for
(t,z) € J x Q. Furthermore, we have the following inequalities

(Nz)(t) > (Ny)(t) + (Noy)(¢) (& — y) whenever ao(t) <y <z < Bo(t) on J (5.1)
and also by using (iv) we see that whenever &g (t) <y <z < B, (t),
(Nz)(t) = (Ny)(t) < L (z —y) (5.2)
for some L > 0.
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Consider the linear IVPs of causal differential equations for 1, = so — ¢

~/!

Gy = (NG0) (E+ 1) + (Nado)(E+m0) (31 =0 ) s @1 (to) = w0 (5:3)

By = (NBo)(t+ ) + (Nao) (t + o) (El - Eo) LBy (to) =uo (5.4

where ao(ty) < ug < Z’O (to) . We shall show that &y < &; on J. To do this, let
p = ap(t) — ay1(t), so that p(tg) < 0. Then

pPo= a-d&
(Naio) (¢ +my) = [ (NGo) (¢ + o) + (Nado)(t + 1) (G1 — dio) |
= (Nabo)(t +na)p.
Theorem 4.2 gives p(t) < 0 on J proving that ég(t) < é1(¢t) on J. Now set
p=a; — Eo and note that p(tg) < 0. Also, using (5.1)

IN

’ ~!
, ~
p ay — By

(Naio) (¢ + ) + (Nadio)(t +mz) (31 = G0 ) — (VBo) (¢ +my)

IA

(Nﬁo)(t +15) — (NapGo)(t + 12) (50 - 5«)) + (Nzo)(t +12) (541 - @o)

IN

—(NBo) (t + 1)
< (Nabo)(t+ma)p
which again implies o (t) < ,E’O(t) on J. )
Similarly, we can obtain that &g(t) < 81(t) < 8(t) on J. In order to prove that

a1 (t) < B,(t) on J, we proceed as follows. Since &y < &1 < fBy,using (5.1), we see
that

Ga(t) = (NGo) (¢ + 1) + (Nado)(t +12) (81 — o) < (Naa)(t+ 1),

~ ~/!
Similarly, (N3;) (t +1n5) < 5,(t) and therefore by Theorem 4.2 it follows that
~/!
a1 (t) < B,(t) on J which shows that

do(t) < @ (t) < By(t) < Bo(t) on J.

Assume that for some n > 1, 54; < (Néw,) (t+n5), (NB,)(E+ny) < ,E’n and

an(t) < B, (1), t e J.
‘We must show that

jo)!
3
=
IN

jo)!
3
+
—
=
IN
Wt

n+1(t) S Bn(t) on J (55)
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where &, (t) and 3, 41(t) are the solutions of linear IVPs of casual differential
equations as follows

~/!

Qpi1 = (Néw) (t+m5) + (Nybep ) (T + 772)(5%4-1 — @), Gy (to) = uo (5.6)

~1! ~ ~ ~

Bri1 = (N%n) (t+m2) + (Naben) (E+12)(Bry1 — Br)s Buyr (o) =uo.  (5.7)

Hence setting p = &, (t) — d,y1(t), it follows as before p’ < (N,&,)(t + n5)p on J
and hence &, (t) < &,+1(t) < B,,(t) on J. In a similar manner, we can prove that

Gn(t) < Bpar(t) < B,(t) on J.
Using (5.1), we obtain

Qi = (Naw) (E+ 1) + (Nodn) (E4+15) (G — )
< (Naa) (t4m2) = (Nadiu) (£-472) (G — )
+ (Vo) (¢4 15) (G — o)

= (Nan4) (E+n2)-

~/!

Similar arguments yield (N B, +1) (t +m,) < B, and hence Theorem 4.2 shows

that d,11(t) < B,41(t) on J which proves (5.5) is true. So by using induction we
obtain

Qo< a1 < <ap <Ayt S B SB, < < B < Byon

Now using standard arguments (Arzela-Ascoli and Dini’s Theorems, see[2]), it
can be shown that the sequences {&, (¢t)} and {3, (¢t)} converge uniformly and
monotonically to the unique solution of w (¢) of (2.1) on J.

~!

u () = (Nu) (t+m,), u(to) = uo (5:8)

But letting s = t+7, and changing the variable, we can show that (5.8) is equivalent
to

u' (s) = (Nu) (s), u(s0) = uo.

Finally, to prove superlinear convergence, we let

Note that p, (to) = gn (to) = 0.
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Pt) = (1) —al, ()
- N (a) t+ 1)
[(N (t+1n9) + (Nypbp—1) (t +1m5) (an - &nfl)}

= /0 (NI (su +(1- s)&n_l)) (t+mny) (INL - dn_l) ds
~No@n1) (4 12) (G = G )
= /01 (Nm (STL +(1- s)&n,1>) (t+1n9) pn_1ds
=Ny (@p—1) (t +12) (Pr—1 — Pn)
= [ [Nl (= 9)-0)) (¢ 13) = (Vo) (4 15)] s
0
+Nzbn—1) (t +ng) Pn-

From (iv) and (v), it follows that

1
~ - - Y
O < [ Lo s (0= ) = )] Ipacsllds + L
0
1 - 5
< /LQHSU_Serle -1l ds + L1 ||pn]]
0
1
< / Lo llspmrll” [pn_sll ds + L1 [po]
0
= Lo|paaal"™ + Li ||pal|-

Then setting a,, = ||pn||, we find

al, < Ip|l < Lo (an—1)""" + Lia,.

Now Gronwall’s inequality implies

0<an(t) < LQ/O exp [Ly (t — 5)] (an(s))" ™ ds on J

which yields the estimate

exp (LT 1
e [ ()] < Lo S s,y ) 4
1 J
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Similarly,

qy (t)

B ()= (1)
= (VBusa) (E4m2) + (Vo) (t4ma) (B = Bur ) = N (0(8)) (¢ 4+ m2)

[ (NP4 0 @) ) (B — ) e

+ (Natin-1) (t+712)) (B = Bucs )
- | (Nals s (L= )0 (0)) (¢4 1) gurds +

(Nwdﬂfl) (t + 772) (Qn - anl)

[ (N2) (4 m2) = (Nai 1) (4 m0) | a1+ (Nai 1) (£ 4 m)an.
We find, using (iv) and (v), that

1
~ ~ ~ |1
Iy @ < [ L sBas+ 0= 9= sl ds

+La (@ = B || Ngasll + Lo llau

< Lo lgaall™ + Lo lIpa—1l” g1 | + L1 lgall -
Setting by, = ||gn|| and ay,—1 = ||pr-1]| , it easily follows that

H’Y

b, < llarnll < Lz (bn1)""" + Lo (an-1)" bp1 + Liby.
Similarly, an application of Gronwall’s inequality yields

t
0 laall < Lo [ exp (L (= 5 [lans* + [pas O lan-a(5)]] ds on 7,
0

and hence

exp (LlT) 1
mase o (8)] < Lo =03 ma gua (B + maclps ()] lanaa (0]

This completes the proof.
Next we give the following remarks and corollaries for special cases.

Remark 5.1 Instead of assumption (v) in Theorem 5.1 if we assume that
[(Noz) () = (Nay) ()] < Lo |z =yl t € J

where L is a positive constant, then we can see that the convergence is quadratic.
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Remark 5.2 Let the assumption of Remark 5.1 be valid. If we assume that
(Nz) (t) is uniformly convex in z instead of the assumption (iv) in Theorem 5.1,
then by Lemma 4.5.1 in [2], we have quadratic convergence as well. Moreover, the
quasimonotonicity of (Nx) (¢) in « implies by Lemma 4.2.5 in [2] that (N,«) (¢)x
is also quasimonotone in z.

Corollary 5.1: If the assumptions of the Theorem 5.1 hold with sg = tg, then
the conclusion of the theorem remains valid.

Proof: For the proof, welet B, (t) = 8 (t+mn,), &o (t) = o (t) and @ (t) = u (t)
and proceed, as we did in Theorem 4.1.

Corollary 5.2: If the assumptions of the Theorem 5.1 hold with sqg = 7¢, then
the conclusion of the theorem remains valid.

Proof: Similarly, we let aq (t) = a(t —1,), By (t) = B (t) and @ (t) = u (t) and
proceed, as we did in Theorem 5.1.
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